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1. Introduction

This article investigates the stability of the nonlinear magnetic diffusion equation and its fully
implicit discrete scheme for the following equation system in [1]:

= O (100
EB(X’ t) - ax ( IUO axB(-x’ t)) ’
(1.1)
0 r _ﬁ n(e)B(x,t)ﬁ
a(e(x’ t) + %B (-xa t)) - ax( /,[% aXB ('x’ t)) ’


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.20241014

20844

where B is the magnetic field, e is the internal energy density (that is, internal energy per volume), y is
the vacuum permeability constant (uy = 47 x 107’N/A?), and 7(e) is the resistivity in the material. The

relationship between 7(e) and e results in nonlinearity of the diffusion term % %%B(x, 1) in (1.1).

The resistivity n(e) in the equation system (1.1) is a step-function, as shown in Figure 1a:

ns =9.7%x107°, e€[0,e.l,

n,=9.7x 1073, e € (e, +00), 1.2)

n(e) = n(x,n = {

e. = 0.11084958, representing the critical value of internal energy density.

In electromagnetic loading experiments [2], when the magnetic field outside the metal wall is
relatively small (below 10 T), the driving current is also very small, the heating in the metal is weak,
the temperature rise is slow, and the change in metal resistivity is not significant. At this point, the
diffusion of the magnetic field exhibits behavioral characteristics similar to common diffusion
phenomena such as thermal diffusion and concentration diffusion. When the magnetic field outside
the metal wall reaches a strong magnetic field level of 100 T, the diffusion of the magnetic field in the
metal will exhibit a nonlinear magnetic diffusion wave phenomenon. Compared to ordinary magnetic
diffusion in metals, nonlinear magnetic diffusion waves have higher penetration rates and velocities,
which can cause rapid magnetic flux leakage and device load erosion in high-energy-density physical
experiments. Although nonlinear magnetic diffusion waves in metals with strong magnetic fields were
proposed as early as 1970, it was not until after 2000 that phenomena related to nonlinear magnetic
diffusion waves gradually attracted people’s attention with the widespread development of
electromagnetic driven high-energy-density physics experiments. The fundamental reason for the
formation of nonlinear magnetic diffusion waves is that during the process of metal temperature rise
caused by magnetic diffusion, the metal resistivity also changes accordingly [3]. Before the metal
forms a highly conductive plasma, the overall resistivity shows an upward trend. After metal
gasification, as the temperature increases, the degree of metal vapor ionization increases, and the
resistivity gradually decreases. In [4, 5], authors such as B. Xiao assume that the electrical resistivity
of metals undergoes a sudden change of several orders of magnitude after reaching a critical
temperature, while the electrical resistivity before and after the sudden change is independent of
temperature. They consider an approximate theoretical analytical solution for one-dimensional
steep-gradient surface magnetic diffusion waves under the step-function resistivity model. In [1], C.
H. Yan et al. designed an explicit finite volume discretization scheme for one-dimensional magnetic
field diffusion problems based on the step resistivity model. By relaxing the time step, the formulas
for excessive magnetic flux transport and total internal energy transport were truncated when solving
strong magnetic diffusion problems. On the basis of using the truncated magnetic flux transport
capacity and total internal energy transport capacity, the program can allow for larger time steps
without causing oscillation dispersion. In addition, there are also some studies on magnetic diffusion
problems, such as [6-8].
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(b) resistivity of smoothed step-function.

Figure 1. Comparison between step-function and smoothed step-function resistivity.

The stability of solutions is an important issue in the study of differential equations. Stability
generally refers to the behavior of the solution remaining unchanged or tending to a certain equilibrium
state when there is a small disturbance in the initial or boundary conditions of the equation. In [9], Y.
L. Zhou et al. studied a class of parallel nature difference schemes for the initial boundary value
problem of quasi-linear parabolic systems, and proved the unconditional stability of the constructed
parallel nature difference scheme solutions under the discrete Wf’l) norm. In [10], author G. W. Yuan
proved the uniqueness and stability of the obtained difference solution under the general non-uniform
grid difference scheme. In [11, 12], based on the non-uniform grid difference scheme, the authors
constructed and developed an implicit discrete scheme that maintains the conservation of the implicit
scheme while maintaining the required accuracy and unconditional stability for parallel computing
through various methods such as estimation correction, to meet the needs of large-scale numerical
solutions to radiation fluid dynamics problems.

The magnetic diffusion problem studied in this article is also based on the step-function resistivity
model. We first reproduced the results of equation system (1.1) in [1] (under explicit finite volume
discretization scheme):

AIMS Mathematics Volume 9, Issue 8, 20843-20864.
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step-function resistivity. with step-function resistivity.

Figure 2. Magnetic field and internal energy density with step-function resistivity.
Note: The c in the above figure is the time step influence factor. In this paper, the solution under the explicit finite volume

scheme at ¢ = 0.4 is considered as the true solution of the problem.

Next, in the magnetic diffusion equation system (1.1), the smoothed step-function resistivity 7;(e)
is used, where ¢ is used to describe the distance from the smooth curve inflection point to e., as shown
in Figure 1b. The experimental results of the implicit finite volume method are as follows:
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(a) Magnetic field under implicit finite volume with (b) Internal energy density under implicit finite volume
smoothed step-function resistivity, 175(e),d = 0.01. with smoothed step-function resistivity, n5(e), o = 0.01.

Figure 3. Magnetic field and internal energy density with smoothed step-function resistivity.

The above experiment indicates that by replacing the step-function resistivity 7(e) in equation
system (1.1) and using the smoothed step-function resistivity model 7;(e), the experimental results
in [1] can be well reproduced. Can the modified resistivity maintain the stability of the solution to the
magnetic diffusion equation? What are the advantages of the corrected resistivity compared to the
step-function resistivity? These are the starting points of this study and will be answered one by one
in the following text. Below, we will first theoretically prove that the solution of the one-dimensional
nonlinear magnetic diffusion equation and its fully implicit scheme under the smoothed step-function
resistivity are stable with initial values. Then, the correctness and stability of the magnetic diffusion
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model under the smoothed step-function resistivity in the implicit finite volume discrete scheme are
further verified through comparative experiments of explicit and implicit schemes [13].

2. Mathematical preliminaries

A measurable function u[0, 7] — X that satisfies the following conditions:

T 1/p
(D) lllzr0.7:x) := (f ||u(t)||pdt) <o00,1 < p< oo,
0
(2) lleellz0.7:x) 2= esssupyrllu@)| < oo,

forms the L7(0, T; X) space.
The polishing function J(x) satisfies

1

oy 1

J(x):{ C€21,|x|<l, c = l 1 , (21)
Oa |x| Z 1’ Ll exz—ldt

and the conclusions are as follows.

Lemma 1 ( [14]). For any € > 0, when taking J.(x) = éJ (f) J (x) and J.(x) satisfy the following
properties:

(1) J (x) € C* (R), and when |x| > 1,k e N, J® (x) = 0;

(2) [Jx) dx= [ Jo(x)dx=1.

Then, the step-function resistivity (1.2) can be smoothed to the following continuous differentiable
function:

ns(e) = ns(x,1) = {"6(8)’ ¢€lecmeectel (2.2)
n(e), else,
where,
Ne (6’) = ne(xa t) = f’] (y) Je (X - )’) dy, I = [ec — €6, + E]- (23)
I

According to [14], it is easy to know that the resistivity (2.3) after the effect of the polishing function
(2.1) satisfies the following properties:

neeC*(®), and 7(x) = fR DT (x-ydy,  xyel. (2.4)

Thereby, ns(e) in (2.2) is continuously differentiable across all real number fields. Further, 7;s(e)
converges to 7(e): n(e) is integrable on I, = [e. — €,e. + €]. By the Lemma 1, for each x € I, =
[e. — €, e, + €], there is fR Je(x—y) dy =1, and for any € > 0, it is easily available that

Ins (x) — n7(x)|
fn(y)JE(x—y)dy—fn(x)lf(x—y)dy
R R
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sfm(y)—n(x)ue(x—y)dy
R

SCfC 7 () — 1 ()| dy

c—€

e e +€
=Cf s —n(x)|dy + f 7. —n(x)|dy
<2C(nL — ns)e, (2.5)

where C = max|J.(x — y)|, and ng,n, are the minimum and maximum values of 7(e). Thus, it can be
concluded that lim._,ons;(x) = n(x).

Remark: This provides us with a theoretical basis for a stability proof by replacing the step-function
resistivity n(e) in equation system (1.1) with the smoothed resistivity rs(e) (continuous, differentiable).

Lemma 2. (Young’s inequality) If p > 1,q > 1, such that 117 + }1 = 1, then Ya,b > O, the following
inequality holds:
a’ bt

a-b< —+—,
p q

v

, .
W Young’s inequality can be expressed as

and specifically, when a = \Jeu,b =

1
u-v<eut+—v>~ (2.6)
4e

Lemma 3. (Continuous Gronwall’ inequality) Let g(t) and h(t) be non negative integrable functions,
and satisfy f'(t) < f(t)g(t) + h(t). The following inequality holds:

£(t) < eh E9B(£(0) + fo h(s)ds).

Lemma 4. (Discrete Gronwall’ inequality) [15] Let {f"}, {g"}, and {h"} be sequences of non-negative
n+1 n
functions satisfying, L t_f < frilgmtt 4 gt forVa > 1, such that

A
-1
At max g" < ¢
1<n<N a
where At > 0. Then, the following inequality holds:
fr< CetTmma s (£ 4 N kA, 2.7)
=0

where C and T are constants that depend on the initial conditions.

Lemma 5. (Abel’s identity) Let {a,} and {b,} be sequences of real or complex functions. If Q,, = >, b;,
the following identity holds:

n

n—1
S = Z aib; = 0,a, - Oi(ai1 — ay). (2.8)
i=1

i=1
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Lemma 6. (Embedding inequality)
1
W, I, < elwxC, 93 + ~lw, Ol[E (2.9)
derived from the Poincaré inequality, w(-,t) € Hé(O, ). Then, the inequality |w(-,0)l> < |lw.(-,Dll2

holds. Substituting this inequality into (2.9) yields |w(-, D% < [w.(-, DII5.

Lemma 7. (Discrete embedding inequality) (space direction)
1
Wil < elléwill; + EIIW’;‘,H%, (2.10)

and similar to Lemma 6, it is easy to derive ||Wi(-, D2, < [lSwh(-, D13
Remark: The conclusions of Lemmas 6 and 7 hold only in one dimension.

Lemma 8. (Discrete embedding inequality) (time direction)
. 1
IwWill3 < Z(SIIATWZ’H% + 2—8||W2”||2) + [Iwpll3. (2.11)
m=1

3. Stability proof of one-dimensional magnetic diffusion equation

3.1. Homogeneous boundary conditions

This section proves that the equation is stable with initial values. Now, we will transform the non-
zero boundary value problem into a non-zero initial value problem.
0 0 (nele) 0
—B(x,t) = —|————B(x, 1|,
ot (x-2) ﬁx(,uo Ox (- 2)
B0,1 =0.2, B(0.5,71)=0,re(0,1],

B(x,0) = 0,x € (0,0.5].

3.1)

Let B(x,t) = u(x,t) + v(x, 1), and v(x, r) satisfies the boundary conditions in (3.1), that is,

V(.X, t)|x:0 = 02, V(-x7 t)lsz‘S = 0.

2
Construct auxiliary functions v(x, ) = 0.2 — gx, x € [0,0.5], based on boundary conditions. Then,

the equation satisfying the definite solution condition in (3.1) with respect to u(x, t) is
0 0 [(ne) 0
A, at = a_ 5t )
oD = 5y ( o o ))
u(x,0) =—-0.2 - gx), x €(0,0.5],
l/l(.x, t)|x=0 = O, u(x, t)|x:0.5 = 07 re (0’ 1]

(3.2)

Remark: The equation to be proved below indicates the stability with respect to initial values, which
also implies the stability of the original equation with respect to boundary values.

AIMS Mathematics Volume 9, Issue 8, 20843-20864.
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3.2. The proof of stability

Consider the one-dimensional magnetic diffusion equation with Dirichlet boundary as follows:

9 pen=2 (n(e(B)) 9 g t))’
ot ox Mo o0x

B(0,t) = B(L,t) =0, € (0, T], (3.3)
B(x,0) = ¢, x € (0,1],

OBen=2 (n(e(B)) 93 t)]’

ot ox Ho Ox w
B(0,9) = B(l,H)=0,t€ (0, T, (3.4)
B(x,0) = g, x € (0, 1],

where, B and B are the magnetic field, and e and e are the internal energy density (e = e(B), e = e(E)).
The solutions of Eqs (3.3) and (3.4) belong to L(0,T; Hy(0,1)) N L*(0,T; H*(0,1)), and the
following is an inequality for energy estimation:

T
sup [|1B.(-, 0)ll3 +f 1B, Dlldt < ClIB.(-, 0);. (3.5)
0

0<t<T

On the premise of not causing misunderstandings, for the convenience of labeling and calculation,
in this section, we still use 7(e) to represent the step-function resistivity after polishing. Let w(x, ) =
B(x, 1) — B(x, 1), and based on the differentiability of the smoothed resistivity n(e), it can be assumed
that the derivatives of i and e satisfy the following relationship:

[y +n.l <ci, ep<co. (3.6)

Remark: The c; in (3.6) depends on the value of € in (2.3).
Subtract the first equation in (3.3) from the first equation in (3.4) to obtain

S| — _
B, — B; = FTO[TI(e(B))xBx — n(e(B)) B, + 1(e(B))B.x — n(e(B))B.]. (3.7)

The above equation can be changed to
pow: = 1(e(B))wy + B((e(B))x — 1(e(B))) + n(e(B))W.y + By(n(e(B)) — n(e(B))). (3.8)

According to the Lagrange mean value theorem, 1(e(B)) — n(e(B)) in (3.8) can be resolved as
n(e(B)) — n(e(B)) = n({)(e(B) - e(B)) = n.(0)e' €)(B — B) = ne({)e (€)w, (3.9)

where, 77.({) represents the first derivative of n with respect to e, ¢ is the value between e(B) and fi(E),
¢’'(¢) represents the first derivative of e with respect to B and B, and ¢ is the value between B and B.
Substituting (3.9) into (3.8) yields

pow; =n(e(B)) w, + B.((e(B)), — n(e(B)),) + n1(e(B)Wyx + Byt ()€ (€)w. (3.10)

AIMS Mathematics Volume 9, Issue 8, 20843-20864.
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Multiply w,, on both sides of (3.10) and integrate on x € (0, /) to obtain

! 1
o f WWedx — f n(e(B))wixdx
0 0

[ l~ . l~
- fo n(e(BY)wwendix + fo B.(n(e(B))s — n(e(B))wodx + fo Bon ()¢ (©wwondx.

(3.11)

The first term at the left end of the above equation can be written by the partial integration method

as follows:

[
1d
fowzwxxdx=wthlé—fwzxwxdx———f — = -5l w3,

By combining (1.2) n(e) > ns > 0 with (3.12), the left end of (3.11) can be simplified as

/ / /JO d [
Ho f WWdX — f n(e(B)Yw? dx < ———|lw,|l5 — f w?,dx
0 0 2 dt 0

_Ho d 22
- X wxx D)
> dt” 15 = nslwili3

that is,

d [ [
’“;0 Il + s W < —Guo f Wy — f n(e(B))W?,dx).
0 0

Take absolute values on both sides of (3.13) and obtain from (3.11)

Ho d
> dt”WxHQ + s lw2, 113

[ [
Sl,ll() f Wthxdx - f U(e(B))Wixdﬂ
0 0

[ [ . [
< j; [n(e(B)xw.wxxldx + fo |B.(11(e(B))x — n(e(B)))wxldx + j; |Bixtle(D)e’ ()wwildix.

On the basis of the assumption (3.6), (3.14) can be resolved as

ﬂod
2 dt

! !
Sclf wawxxldx+2c1f |waxx|dx+c1czf |Bxww,ldx,
0 0 0

—Awill3 + s lwed;

and according to the Lemma 2 (Young’s inequality), (3.15) can be transformed into

o d
“2 il + sl

[ [
1 1 —
<c f (Sllwxxl +—|wx|2)dx+201 f (32|Wxx|2+_|Bx|2)dx
0 4e 0 4e,y
[ 1 .
o0 f (83|wxx|2+—|w|2|3xx|2)dx
0 4e;

AIMS Mathematics
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!
2 2 =2 23 2
<csllwadly + callwsllz + esliB.ll;dx + C6f IWI"| Byl “dx,
0
where c; = c1&1 + 2¢18, + c10283.
By the Lemma 6 (embedding inequality)

!
cs f wPIB ol < co sup wPIBul < colwiZIBul < crllwilBIBLB.
0 0<x<l
Remark: The conclusion of (3.17) only holds for one-dimensional cases.
Substitute (3.17) into (3.16), and from the energy estimation inequality (3.5), obtain
Ho i 2 2 2 2 7R TR
> dtllwxllz + s lwadly Scslwadly + [wills(cs + e7llBally) + csliByll;

2 2 712 712
<cslwadly + csllwsll;(1 + [1Bl) + ¢s sup || Bqll;
0<t<T

2 2 3R
<csllwally + cslwalla(1 + [|Bll3) + co,

where cg = ¢sC||B,(-, 0)II3.
According to (3.18)

2 2 2 o2
77S||Wxx||2 < c3||Wxx||2 + CSHWx”z(l + ||Bxx”2) + Co,

SO
C3Cg 2 = 2 C3C9
Iwxll(1 + [1Bl3) +

Ns —C3 Ns —C3

C3||Wxx||§ <
Remark: c; = c1&; + 2c¢1&; + c1c2€3 can ensure that g — ¢3 > 0.
Substitute (3.20) into the right-hand end of (3.18), and organize it to obtain

d ) 27 2 2 o 2
E”lelz + lu_HWxxllz < crollwills(1 + [|Byll3) + c11.
0

In (3.21), on the one hand

d. o 2 B IR
E”lelz < crollwalla(1 + [|Byill3) + ¢

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

d ~ .
In (3.22), take f'(r) = d—tllwxllﬁ, f@ = w3, &) = cio(l + IBull3), h(t) = ci1, by using the

Lemma 3 (continuous Gronwall’ inequality), it can be concluded that

r -
2 1+]|Byl2)d 2 _ ~ 2
w (-, Dl < g1 by (LB w05 = cralloy — @ull; + 3.

On the other hand, as can be seen from (3.21).

215 =
Iu_llwxx(', t)”% < CIOHWXHE(I + ”Bxx”%) +Cq1-
0

Integrate the two sides of Eq (3.24) in the time direction on [0, '] and obtain from (3.23)

(3.23)

(3.24)

) T T _ T _
%f W, Dllds < f crolwil5(1 + 1By li3)ds + f endt < cullex =@l +enT. (3.25)
0 Jo 0 0

AIMS Mathematics Volume 9, Issue 8, 20843-20864.
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From (3.23) and (3.25), it can be concluded that
!
Iw.(x, DI} + a f Iw(x, Dl3ds <Clligx — @ill5 + c. (3.26)
0
Thus, the stability of the magnetic diffusion equation is proven.

3.3. Stability of fully implicit scheme for magnetic diffusion equation
The following proves the stability of the fully implicit scheme corresponding to Eq (3.3) or (3.4):

HoABI™! = n(e(BL)S*BI + Sn(e(B1*))dBy*,

B =B} =0, (3.27)
B? = @(x j),
taking
HoAB) = ie(B] )6 B} + 6n(e(B}))SB],
B =B =0, (3.28)
B? = FQZ(XJ').
The energy estimation in the discrete scheme is
N
sup (B3 + Z 16> B3 |I3dt < ClI6BY)5. (3.29)
0<n<N ' =0

Let w’}“ = B;?“ — E;f“, and subtract the first equation in (3.27) from the first equation in (3.28) to
obtain:

o (B! = B) = (n(e(B} )0° B} = (e )°B])
+577(€(B;f+1 ))(5335” - 5;7(6(55&1 ))5§?+1 .

After applying the Lagrange mean value theorem to the above equation, the following is obtained:

/JOATW;H—I _ (n(e(B7+1))52W?+1 + 52§?+ldn({7+l)5e(§7+l)wi}+l)

1 1 T+l 1 T+l (3.30)
=o1(e(B}* )ow! + 5B} (dn(e(B}™) — on(e(B}*))),

where on({ ;’“) represents the first derivative of 1 with respect to e, ¢ ;’“ is the value between e(B;?”)
and e(E?”), Se(£1*1) represents the first derivative of e with respect to B*' or E;f”, and ¢7*! is the

value between B’}“ and E;f“.
Multiply 62w;+‘ on both sides of (3.30) , and sum j = 1,2,...,J — 1 to obtain

Sl J-1
2
. > J-1
5By sn(y o wi S wit + - sn(e(ByT)ow T Pw (3.31)

J=1

~
~

~ ~.
—_ =

~ i 1 n+l 2.+l
+ > OB} (Gn(e(B}™)) - Sn(e(B)&*wy™.

j=

—_

AIMS Mathematics Volume 9, Issue 8, 20843-20864.
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We can consider the first term in equation (3.31)

J-1
62 n+lzx M)n+1
=1

~.

Let
n+1 n+1
| Wi Wi
aj 7 ,
n+l _ . .n
0 W Wi
/ At
n+l _ . n n+l _ . on
poo i T Wi T Wi
/ At At

Using Lemma 5 (Abel’s identity), it can be obtained that

J-1 J=1 |+l
W) —w"
52 n+1A n+1 2: j(ajn —ay)
J=1 J=1 h
J-1

According to the inequality
u(u—v) = l(u2 —u*+ (u-—- v)z) > 1(u2 - vz).
2 2

n+1 n+1 n n

Letu = ~ hw"] V= Wj_:"_', and from (3.34), (3.33) can be changed to
LG (o (e wew
At ; h h h

witl ] wh — w" }
2

11 < | :
1 J e J-
ZZAtZ[( PR

:2_At(”6 wi 5 = llswili),

AIMS Mathematics
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that is

J-1
Ho Y 6w A < = lowi I — low ). (336)

j=1

From 1 > 1y and substituting (3.36) into (3.31), it can be concluded that

n+1 2. n+l||?
2w = o)+ s oo
J-1 J-1
— Z |6an+16n(§n+l)5€(§n+l)wn+162 n+l| + Z |6n(e(Bn+l))6wn+162 n+l|
j=1
J —~— —~
oS B e8I — ontelE ot (337)
=1
By the assumption (3.6)
n+1 2.l ||?
2wt = ow )+ s oo
J-1 J-1 e
<cicy Y IPB W WI 4oy ) ow Wit + 2¢ ) 6B 6w (3.38)
=1 =1 =1

Applying Lemma 2 (Young’s inequality) to Eq (3.38) yields

n+1 2 n+l 2
20 (low=I; - lowall) + ns i
<cic; (81|I52 w3 + ||(5ZB"+1||2 sup Iw’”llz) + ¢ (32||52 witi2 + 4—||(5w"+1||2
0<h<J-1
2l (83”52 Wil + _'|5B"”||z) (3.39)

From the energy estimation inequality (3.29) and Lemma 7 (discrete embedding inequality, space
direction), (3.39) can be expressed as

2
o (I I = o)+ 2 oo

2 1 1 2 2 on+12 1 +1
<cglle*wi N5 + eslwit oINS BE 15 + colléw 13 + ¢7 sup 116813
0<n<N

2 1 1 2 1.2 pn+l 1 1
<callB* Wi I3 + eslwp L OIE NS B I3 + collow ™ 113 + ¢7 sup [I5B;™ 3. (3.40)
0<n<N

Leta = zﬂios, and according to (3.40)

2 |2 2. n+l 1 2 |12 pn+l 2 1 1
a[S®wit[ly < callB®wi G + eslwy ™ L DIRNIG B + collowy™ 115 +¢7 sup 6B, (34D
0<n<N

SO

C4C7

2 ntl C4Cs 1 2 152 Rn+1 2
cs ||?wyt ||2_a ™ G DI N6 B +

sup I6BI2. (3.42)

3+
—C4 0<n<N
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Substituting (3.42) into the right-hand side of (3.40) yields

1 n
L (o

Summing the two sides of (3.43) with respect to n, from inequality (3.29), it can be concluded that:

n
n+1]|2 2 k+1]|2
lowi™ [, +a > lo*wi [, A
k=0

n n
<cir sup Iwi™I2 D IS BT IBAL + o ) llowh AL + I6wll3 + cs

2 1 1 1 2 2 pn+1))2
)+a||6 Wil < collowi IR + crolbwy L OIISB IR + s (3.43)

1<k<n
n
k+1112 k+1112 0112
<cip sup WS + co D owE™ IBA + 6wl + cs. (3.44)
1<k<n =0

According to Lemma 7, the right-hand side of the (3.44) inequality can be written as

n
n+1]|2 2 n+l][?
lowi™ [l +a > llo*wi I, Ar
k=0

<c1> sup (ellow} |13 + —||w"“||2> +co ) llwh IBAL + Il + cs. (3.45)
1<k<n
From (3.45),
sup lows ||, < e sup(sucswk“n2 || k“||2>+c92||6w"“||2m+||6w2||§+c8, (3.46)
1<k< 1<

and then,

C12€ Sup ||6wh+1||2
1<k<n

(€)? | i1 C9C12 1 C3C1nE
< sup ———]w;"'[}} + Zné FIBA+ T llowil + 1

1<k<n I-cp

(3.47)

12€

Substituting (3.47) into the right-hand of (3.45) yields

n
2
lowi [ +a > [lo*w P A < cis sup W2 + c1g Z IoWE BAL + cisllonwll + cre. (3.48)

On the basis of Lemma 8 (discrete embedding inequality, time direction), ||w’;l” ||§ on the right hand
of (3.48) can be expressed as

k+1

Iy < Z(SIIA witllz + —IIW’”II ) + lwll3. (3.49)
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Using the bootstrapping and fully utilizing the properties of the format itself, it can be concluded
from (3.30) that

1 —
ATWI}+1 :lu_o (n(e(B’;-H))éZW;H—I + 62B?+16n(§;l+1)6€(§;l+1)w?+1)
1 — —
o (on(e(Br* Now'! + SBI (n(e(B1™)) - on(e(BL™)))).
0

Substitute the above equation into (3.49), use the energy estimation inequality (3.29) and the
assumption condition (3.6), and repeat the above steps to obtain

k k
1
k112 2 2 2 2 2 012
i1l < > etcislo™wi1h + casllowf 1B + conllwIB) + 5= - il + I, (3.50)
m=0 m=0
that is,
k k k
k12 2 2 2 2 012
IWSIB < c1s D" IPWHIB + cio > IowiIB + cao ) Wil + IIwhlB. (3.51)
m=0 m=0 m=0

For the ||whm||§ in the above equation, the embedding theorem is applied to obtain: IIWZ’II2 < ||WZ1||30 <
||6w21||§. Thus(3.51) can be simplified as

k k
k112 2 2 2 0112
WS < e1s D I6%WHIB + a1 D w13 + w3, (3.52)
m=0 m=0

Substituting (3.52) into (3.48) yields

n
n+1][2 2 k+1]|2
lowii Iy +a ) lo™wh [, Ar
k=0

1<k<n+1

k k n
2 2 2 02 k+1712 02
<ci sup (ers ) N6PwyIB + car ) IowI + IWGI) + c1a ) llowh™ IBAL + cisllowfI + ci. (3.53)
m=0 m=0 k=0

Similarly, by
. 2
2 k+1
aZ”é wy, ||2At

k=0

k k n
2 2 2 02 k+1112 02
<ci3 sup (i ) N6%wy1B + car ) IowiI + IWGIB) + c1a > lowf ™ IBAL + cisllowfli3,  (3.54)

m=0 m=0 k=0

1<k<n+1

it can be inferred that

n
a sup Z||52w§+1||§m

1<k<n+1 =0

1<k<n+1

k k n
2 2 2 02 k+1(12 012
<cis sup (cis ) ISPWHIB + can Y I6W}I3 + IWHIB) + c1a > llowi ™ IBAL + cisllowflB.  (3.55)
k=0

m=0 m=0

AIMS Mathematics Volume 9, Issue 8, 20843-20864.



20858

Thereby it can be deduced that
k

k n
2 2 2 0112 k+1(12 012
ciscis sup > ISWHIR < can Y (IowyIR + IWHIR) + c23 Y llowh ™ IBAL + eallowflB.  (3.56)
m=0 k=0

I<k<n+1 =)
Substituting (3.56) into the right end of (3.53) yields
a1 112 - 2 -
low ™[5 + @ > [l*whlls Ar < cas > lloWhIBAL + cagIw3 + lIwhiB). (3.57)
k=0 k=0
By Lemma 2.7 (discrete Gronwall inequality), we have

1=t S lewitIbAr — o llowk 12 At
At At

= llowy ™15, (3.58)

and from (3.57),

n
1|2 k+1)12 012 0112
lows 13 < cas > llowi IBAL + easIwhlB + low§IR). (3.59)
k=0

Then, take " = Yj_o l6w; AL g1 = cos,h"™! = co6(IIW)II5 + [l6W)II3), and we can obtain

D lowk s At < carwiE + iswli). (3.60)

k=0

Substituting (3.60) into (3.57) yields
2 - 2
low ™[5 +a > [l®wh![[; At < CwIB + liswiiR). (3.61)
k=0

Thus the stability of the discrete scheme is demonstrated.
4. Numerical verification

4.1. Verification of correctness of discrete scheme

Next, we will verify the correctness of the implicit finite volume discretization scheme for the
magnetic diffusion equation with constant resistivity, and consider the following magnetic diffusion
equation:

9 ety = LMD D i pyy = 24 205N,
Ox" po Ox Ho

% 4.1)

The solution interval is (x,7) € [0,0.5] x [0, 1]. Take yy = 4x. The number of mesh segments is,
respectively N = 40, 80, 160, and the number of nodes is, respectively, Ny = 41, 81, 161. The resistivity
n = 9.7 x 10 — 3. The length of the line segment L = 0.5, the average length of the grid dx = L/N,
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T = 1, and the time step dt = dx * dx. It is easy to know that the true solution to this problem is
2 . . . . ZNI (B_Bexa(‘t)z
B(x,t) = 2cos(x) + t=. The error used in the experiment is L,, that is, Errory, = ":‘N—l

Table 1. Error order test (space).

dt N Error;2  Error ratio
40 1.44E-04 -
dxxdx 80 3.64E-05 3.97
160 9.12E-06 3.99

(a) N=40. (b) N=80. (c) N=160.

Figure 4. Comparison of different space steps.

Table 2. Error Order test (time).

N dt Error;,  Error ratio
40 0.01 9.20E-03 -

40 0.005 4.60E-03 2.00

40 0.0025 2.30E-03 2.00

305

305
—Be

——8h

(a) dt=0.01. (b) dt=0.005. (c) dt=0.0025.

Figure 5. Comparison of different time steps.

Conclusions: From the above comparative experiments, it can be seen that when the grid size
increases by 2 times with a fixed time scale, the error ratio between the experimental results and the
true solution is close to 4. When the grid size is fixed, and the time scale increases by 2 times, the
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error ratio between the experimental results and the true solution is equal to 2, which conforms to
the expected experimental errors of o(h?) and o(t), thus verifying the correctness of the implicit finite
volume discretization scheme in this experiment.

4.2. Stability experiments with different resistivities

In this experiment, the true solution is denoted as B, and the perturbation solution is denoted as B,.
B'% represents the true solution at time step dt = 0.01, and B!% represents the perturbation solution at
time step dt = 0.01. The error ratio still uses L.

Experiment (1): Step-function resistivity

ns =9.7x107, e €[0,e.l,
n,=9.7x 1073, ee (€c, +00).

n(e) = n(x,n = {

Table 3. Error ratio of magnetic field under step resistivity.

dt=0.01 dt=0.001 dt=0.0001
P |B'% — BI%|| " ratio ||B%% — B9} ratio ||B!99%0 — BLOOOO| ratio
0.1 0.1779 - 0.2364 - 0.2409 -
0.01 0.0191 9.31 0.0309 7.65 0.0328 7.34
0.001 8.00E-04 23.87 0.0049 6.31 0.0032 10.25
0.0001 8.02E-05 9.98 0.0015 3.27 1.77E-04 18.10

Table 4. Error ratio of internal energy density under step resistivity.
dt=0.01 dt=0.001 dt=0.0001

£ e — el ratio  ||e!%% — I ratio ]! — !9 ratio
0.1 1.96E-02 — 0.0224 — 0.0231 —
0.01 6.60E-03 2.97 0.0039 5.74 0.0033 7.00

0.001 2.10E-03 3.14 8.56E-04 4.55 6.36E-04 5.19
0.0001  7.78E-06  269.95 2.69E-04 3.18 5.33E-05 11.93

Conclusions: Under the same time step df, when there is a small disturbance in the initial value, the
error ratio changes significantly, indicating that the solution of the magnetic diffusion equation under
step-function resistivity cannot be stable based on the initial value.
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Experiment (2): Constant resistivity n(e) = 9.7e — 3.

Table 5. Error ratio of magnetic field under constant resistivity n(e) = 9.7e — 3.

dt=0.01 dt=0.001 dt=0.0001
g |B'% — B} ratio  ||B'% — BI9O||  ratio  ||B10%%9 — B1OOOO|| " ratio
0.1 0.0895 - 0.0895 - 0.0895 -
0.01 0.009 9.94 0.009 9.94 0.009 9.94
0.001 8.95E-04 10.05 8.95E-04 10.05 8.95E-04 10.05
0.0001 8.95E-05 10.00 8.95E-05 10.00 8.95E-05 10.00
Table 6. Error ratio of internal energy density under constant resistivity.
dt=0.01 dt=0.001 dt=0.0001
£ le!% — el ratio !9 — %) ratio [|e!%%% — ¢109%||  ratio
0.1 0.0186 - 0.0191 - 0.0197 -
0.01 0.00185 10.05 0.002 9.55 0.002 9.85
0.001 1.82E-04  10.16  1.9703E-04 10.15  2.0298E-04 9.85
0.0001  1.82E-05 10.00 1.9708E-05 10.00  2.0303E-05 10.00

Experiment (3): Linear resistivity n(e) = 9.7¢ — 3.

nL—1s
2e,

n(e) =

where, e, = 0.11084958.

e+1ns,e € [0,2e.],

Table 7. Error ratio of magnetic field under linear resistivity n(e) = 9.7e — 3.

dt=0.01 dt=0.001 dt=0.0001
£ |B'Y — B! ratio  ||B'% — B9\ ratio ||B'%%%0 — B1OO0O| " ratio
0.1 4.37E-04 - 9.80E-05 - 8.08E-05 -
0.01 4.05E-05 10.78 8.68E-06 11.29 7.30E-06 11.06
0.001 4.02E-06 10.09 8.57E-07 10.13 7.22E-07 10.12
0.0001 4.01E-07 10.01 8.56E-08 10.01 7.26E-08 9.94
Table 8. Error ratio of internal energy density under linear resistivity.
dt=0.01 dt=0.001 dt=0.0001
£ le!% — el ratio !9 — !9 ratio [|e!%%% — ¢109%||  ratio
0.1 0.1821 - 0.4073 - 0.4729 -
0.01 0.0202 9.01 0.0443 9.19 0.0514 9.20
0.001 0.002 10.10 0.0045 9.84 0.0052 9.88
0.0001  2.04E-04 9.79 4.47E-04 10.07 5.18E-04 10.03
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Experiment (4): The step-function resistivity after polishing.

Table 9. Error ratio of magnetic field under the step-function resistivity after polishing.

dt=0.01 dt=0.001 dt=0.0001
£ B — B ratio [IB™ — B'®|| ratio [|B™ — B®| " ratio
0.1 9.89E-02 - 9.93E-02 - 9.94E-02 -
0.01 9.90E-03 999  990E-03  10.03  9.98E-03 9.96

0.001 9.89E-04 10.01 9.98E-04 9.92 9.94E-04 10.04
0.0001 9.87E-05 10.02 9.88E-05 10.11 9.87E-05 10.07

Table 10. Error ratio of internal energy density under the step-function resistivity after
polishing.

dt=0.01 dt=0.001 dt=0.0001
£ le!® — el ratio  [|e'% — el ratio  [|e'%% — 1990 ratio
0.1 0.0012 - 0.01891 - 0.0189 -

0.01 1.19E-04  10.08 0.0019 9.95 0.00198 9.55
0.001 1.19E-05 998 1.8903E-04 10.05 1.9998E-04 9.90
0.0001  1.19E-06  10.03 1.8708E-05 10.10 1.9803E-05 10.10

Conclusion: From experiments (2), (3), and (4), it can be seen that under the same time step dft,
when there is a small disturbance in the initial value, the error ratio does not change much. Especially,
the solution of the magnetic diffusion equation under the smoothed step-function resistivity model
has good stability. This is also the advantage of smoothed step-function resistivity 7s(e) compared to
step-function resistivity n(e).

4.3. Comparison experiment of explicit and implicit schemes under step-function resistivity

w(d)?
In the comparison experiment between explicit and implicit schemes, we take dtf = M

where, o = 4n, dx = L/N, n, = 100 X 9.7 X 10 — 3. Therefore, c is the factor that affects df, and the
larger c is, the larger the time step dr.

Conclusions: From the comparison experiment in the figure above, it is evident that when we use the
curve at ¢ = 0.4 as the true solution graph, as the value of ¢ increases (that is, as the time step increases),
the explicit solution gradually diverges from the true solution. In contrast, the implicit solutions remain
nearly identical to the true solution, with differences only noticeable upon close inspection. This
observation further demonstrates the strong stability and weak time step constraints of the fully implicit
method. These characteristics particularly underscore the superiority of the fully implicit method,
especially when dealing with models exhibiting strong nonlinearity.
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=20 (explicit)
=20 (implicit)
¢=15 (explicit)
=15 (implicit) 884
¢=10 (explicit)
c=10 (implicit)
——=5 (explicit)
=5 (implicit)
=1 (explicit)
c=1 (implicit)
¢=0. 4 (explicit)
c=0. 4 (implicit)

—c=20 (explicit)
—¢=20 (implicit)
—c=15 (explicit)
=15 (implicit)
¢=10 (explicit)
¢=10 (implicit)
—c=5 (explicit)
—c=5  (implicit)
c=1  (explicit)
c=l  (implicit)
——c=0.4(explicit)

=0.4(implicit)

Magnetic field (Tesla)
P ‘—1’~
Inter energy(J/cm™)

T T T T T T T T T
0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
x (cm) x (cm)

(a) Comparison of magnetic field. (b) Comparison of internal energy density.

Figure 6. Comparison of magnetic field and internal energy density.
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