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1. Introduction

In [1], S. Omri and L. T. Rachdi define the Gauss-Weierstrass transform %, associated with the
Hankel transform as follows:

%mmmiwm”nﬁewym%mmw@, (1)

where _#,(-) is the normalized Bessel function defined in (2.2). This integral transform, which
generalizes the usual Weierstrass transform [2—4], is used to solve the heat equation problem:

FMM”Z%NMM&

u(x,0) = f(x),
where the Bessel differential operator is given by
> 2v+1d 1
B, = L (1.2)

@4- x dx’ 2
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The authors in [1] established practical, real inversion formulas for Hankel-type heat diffusion, building
on the ideas of Saitoh, Matsuura, Fujiwara, and Yamada [2—6], and utilizing the theory of reproducing
kernels [2—4].

Recently, many researchers have adapted and applied this same method to various types of Gauss-
Weierstrass integral transforms associated with several kinds of differential and difference-differential
operators. For instance, Soltani pioneered the exploration of L”-Fourier multipliers for the Dunkl
operator on the real line [7], extremal functions on Sobolev-Dunkl spaces [8], multiplier operators and
extremal functions related to the dual Dunkl-Sonine operator [9], and extremal functions on Sturm-
Liouville hypergroups [10]. More recently, the same authors examined Dunkl-Weinstein multiplier
operators [11]. Additional research was conducted by Dziri and Kroumi [12], as well as by Ghobber
and Mejjaoli [13]. For further work related to existing results on inverse problems, some important
findings can be found in [14-16].

In this work, we consider the space-fractional diffusion equation associated with the Bessel
operator, which is given by

{ ou(x,t) + (=B, *u(x,t) =0, x>0,1>0,

u(x,0) = ¢(x), t>0, (1.3)

where the parameters v and « are restricted by the condition v > —%, 1 < @ < 2, and the space-fractional
Bessel operator (—%,)*/?, which is defined pointwise by the principal value integral [17],

— T0(&)

(~B)9(5) = ¢ lim f ") i g (1.4)

here, the normalization constant c,, is given by
29T (v +5+ 1)
Cya = .
T(v+ DIC(-2)]

In this work, we introduce the generalized Gauss-Weierstrass transform associated with the Bessel
operator by

W ara®)y) = f F(x,y, D)o, (dx),
0

where . *"(x,y, t) is the fractional heat kernel, which will be defined later. For @ = 2, this integral
transform simplifies to the Gauss-Weierstrass transform defined in (2.3). Thus, it can be considered
a one-parameter extension of the transform (2.3). The principal motivation for considering the
generalized Gauss-Weierstrass integral transform is that for v = 7 — 1, it reduces to the ordinary
Gauss-Weierstrass transform for radial functions on the Euclidean space R". Since the Bessel operator
coincides with the radial part of the Laplace operator A = Y., 47, this transform provides a significant
extension. For more details, the reader is referred to the paper [18]. By using the properties of the
Fourier-Bessel transform .%#, and its connection with the s-convolution product (see Section 2), we
first show that the transform %, ,, is a one-to-one bounded linear operator from a Sobolev space H
nto L,z,(O, o0). By the same argument as the standard Gauss-Weierstrass transform, we can assume that
the operator %! is unbounded or that its range is not closed, which causes the ill-posed problem in

a,V,t

solving the operator equation
%,v,t(b = W
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Then, for stable reconstruction of ¢, some regularization techniques are necessary.  The
Tikhonov regularization techniques are widely applicable (e.g., Bakushinsky and Goncharsky [19],
Baumeister [20], Tikhonov and Arsenin [21], Tikhonov et al. [22]). In our case, the Tikhonov
regularization can be stated as follows: For given data ¢ € L?,(O, 00), we search for a minimizer of
a functional given by

1
JS@) = Wi =l + S0l & € HE,

with a parameter y > 0, which is called a regularizing parameter. We show that the above variational
problem has a unique solution denoted by %, and called the regularized solution; it is also referred to
as the extremal solution by Soltani [7]. The following theorem is the main result of the paper, which
provides a real inversion of the generalized Gauss-Weierstrass transform.

Theorem 1.1. Let s > v + 1. For every ¢ € H; and y = W,,,($), we have:
lim 1%, = Bl = 0.

Moreover, the set { %, },-0 converges uniformly to ¢ as y — 0*.
Our paper is organized as follows:

e Section 2 serves as an introductory section that provides an overview of fundamental concepts.
Topics covered include the Fourier-Bessel transform, generalized translation, generalized
convolution, fractional Bessel operator, and the space-fractional Bessel diffusion equation, setting
the stage for understanding subsequent content.

e Section 3 is devoted to introducing the generalized Gauss-Weierstrass transform and establishing
its principal properties.

e Section 4 states the main results of the paper and provides their proofs.

2. Preliminaries

Before revealing our main results, it is essential to establish the groundwork by introducing key
notations and collecting pertinent facts about the Bessel operator. This section serves as a primer,
elucidating the significance of the Fourier-Bessel transform and the Delsarte translation, which will be
pivotal for the subsequent analysis.

2.1. Fourier-Bessel transform

The normalized Bessel function is defined as follows:

A(x) =T+ 1)2/x)" J,(x), v>-1, 2.1

where I'(-) is the Gamma function [23] and J,(:) is the Bessel function of the first kind, see [23,
(10.16.9)]. Then

_Layk

_ - 4
F(x) = ;ﬁ EERIWE 2.2)

AIMS Mathematics Volume 9, Issue 8, 20826-20842.



20829

The normalized Bessel function arises as the unique solution to the eigenvalue problem related to the
Bessel equation. More precisely, the functions defined as x — _#,(Ax) stand as the unique solution to
the eigenvalue problem [23, (10.13.5)]

Bop(x) = —¢(x),
¢0) =1, ¢(0)=0.

The function _Z,(-) is an entire analytic function with even symmetry. Notably, there are
straightforward special cases that hold:

sin x

Fapx)=cosx, _Fiplx) = —

We introduce the following notation:

e 11(0,00) (1 < p) represents the Lebesgue space associated with the measure

2v+1

O'V(dX) = m dx.

(2.3)
The norm [|¢] .7 ) i the conventional norm given by

111220000 = fo I o (d) .

e 5.(R) signifies the space of even functions on R that are infinitely differentiable and decrease
rapidly, along with all their derivatives.

For v > —1/2, the Fourier-Bessel transform .%,¢ of ¢ € L},(O, 00) is defined as:

F,p(x) = f‘” o) 2 (tx)o(dx), v=>-1/2. 2.4)
0

This integral transform can be extended to establish an isometry of L2(0, ). For any function ¢
belonging to L!(0, o) N L2(0, o), the following relationships hold [24, Prop. 5.111.2]

fo () oy (dx) = fo | 7,0 o\ (db). (2.5)

Furthermore, its inverse is expressed as:

P(x) = fo Fp(1) F,(1x) o, (db). (2.6)

Moving forward, our focus shifts to the exploration of the generalized translation operator linked to
the Bessel operator. This operator is symbolized as 7* and operates on functions belonging to L!(0, o)
according to the following expression [25, §3.4.1]:

[ (/32 +y7 + 2xycos ) sin™ 0d6, if v > —1/2,
7,0 = 2.7)
5@ +y) +p(x—y), ifv=-1/2.

AIMS Mathematics Volume 9, Issue 8, 20826-20842.
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With the help of this translation operator, one defines the convolution of ¢ € Li (0, 00) and y € LV (0, o0)
for p € [1, o) as the element f x, g of LY(0, oo) given by

(6%, W) = fo OO U dY), v ~1/2. 2.8)

The following properties are obvious.

o F(T;9)(1) = Z,(xt).F, (1),
g <g\v((p *y l//)(X) = y,,(b()C)ﬁvl//(X)
2.2. Space-fractional diffusion equation

In this section, we consider the space-fractional Bessel diffusion equation [17, 18]

(2.9)

Ou(x,t) + (=B, ?u(x,t) =0, x>0, >0,
u(x,0) = ¢(x), u(oo,t)=0,1t>0,

where the parameters v and « are restricted by the condition v > —%, 1 < @ < 2, and the space-fractional
Bessel operator (—4%,)*/?, which is defined pointwise by the principal value integral [17],

— T(&)

BP0 = oy lim [ PO g 2.10)

here, the normalization constant ¢, , is given by

27T (v+ 4 +1)
Cv,a = .
(v + 1)|r(—g)|

Moreover, the Fourier-Bessel transform of the fractional Bessel operator is given by [17]

Z,((=2B,)19) &) = £ F.(&). 2.11)

Let us denote the Fourier-Bessel transform of a function u(x, t) with respect to x as (¢, t), where & > 0.
Applying the Fourier-Bessel transform to both sides of the equation in (2.9), we obtain:

{ atﬁ(f’ t) = _é‘:a/u\(‘f’ t),

weE.n = 9&).
Then
U n = g&e .
Therefore,
u(x, ) = (4" * ¢)(x),
where

G =9 (0 = f ) e 7,(éx) 0, (dé). (2.12)

0
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Using the following scaling rules for the Fourier-Bessel transform:

(o] 1 (o)
fo f@x) £,Q0e,(dx) = fo £ F/(Ax/a)or(dx), a >0,

we obtain the following scaling property of the kernel ¢*”(x, )
GO (x,1) = 20VOG V), >0, x> 0.
Consequently by introducing the similarity variable x/t*, we can write
G (x, 1) = 20D (L),
where .
Har(X) = fo e JEx)o (dE).
Particular cases of the density .7 *" are the following [26]:

e The density .5 ,(x), where v > —%, corresponds to the Gaussian density kernel:

e The density .7/ ,, where v > —%, corresponds to the Poisson density:
27 T(v+3) 1

VI (a2
More generally, for 1 < @ < 2, we have [17, Proposition 4.1]:

1 & (=)' TEn+v+1) x_2"
a2y &4 nl T(v+1+n) '

H1y(x) =

Hay(X) =

4

Definition 2.1. Forv > —% and 0 < a < 2, the generalized heat kernel is defined as:

G(x,y,1) = j(; e _7,(x€) J,566)a(d€),  x,y € [0, 0).

Lemma 2.1. The heat kernel 9% (x, y, t) possesses the following properties:

i) 9% (x,y,1) = 1,9 (x,1).
i) G (x,y,1) = 9*(y, x, 1).
iii) 9*"(x,y,t) > 0.
) 197 (x, 3, Dllpy0,00) = 1-
V) gcm/(x, y, l) — t—2(v+l)/aga,1/(xt—l/a,yl—l/a’ 1)
vi) FAGCy,0)E) = e _F,(5).

(2.13)

(2.14)

(2.15)

(2.16)

2.17)

Proof. The proofs for properties i), ii), v), and vi) are straightforward. Property iii) follows from [18,
Theorem 7] and the positivity of the generalized translation operator 7,. The proof for property iv) is

derived by setting & = 0 in the formula from property vi.

O
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3. The generalized Weierstrass transform

Definition 3.1. The generalized Weierstrass transform associated with the fractional Bessel operator,
denoted as W,,,, is defined on L*(do,) by the following expression:

Wara®)(y) = (F7 %, $)(y) = f J(x,y, Hp(x)o(dx),
0
where ./ *(x,y, t) is the generalized heat defined in (2.17).
Let s > v + 1. We define the space 7-(5” as follows [1]:
HY = {¢ € L3(0,00) : (1 +E)P2.F($)(é) € L}(0, o)}, 3.1)

This space is equipped with an inner product defined by:

(D)0 = L (1 + &) Z(BEOFWE) o (dé),

||¢||q{y> = \/<¢, ¢>q45.v).

The space H' features a reproducing kernel, which is defined by:

L[ AED SN
A=) i ey

Additionally, this space satisfies the following inclusions:

and a norm:

o, (dé), for (x,y) € [0, 00) X [0, 00). (3.2)

HY c L}(0,00), F,(HP) C L0, 00) N L0, o).
For further details concerning the space H.”, readers are referred to the paper [1].

Theorem 3.1. i) Let ¢ € Co(R) N L?,(O, 00). Fort > 0 and x € [0, o), the function W, ,,$(x) solves
the following heat equation.
du(x, 1) = —(=A,)"u(x, 1),
with the initial condition

lim Wup = ¢ in L3(0, 00).
t—0*

ii) The integral transform W, for t > 0, is a one-to-one bounded linear operator from H into
L2(0, ), and we have:

||%,v,t¢||L§(0,oo) < ||¢||(H§s), (OS 7{9~

Proof. The claim i) follows from [17, Theorem 4.5]. From Lemma 2.1, for all ¢ € L‘Z,(O, 00), we have:

||W(I,V,t¢||L%(O,oo) = I *, A 200.00)
< ||°5ﬁ1‘(l’V||L‘l,(O,oo)||¢||L‘2,(O,oo)
= ||¢||L3(0,oo) = ”ﬁv(b”Lg(O,oo) < ||¢||7{y>-

AIMS Mathematics Volume 9, Issue 8, 20826-20842.
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This inequality shows that the transform %, is indeed bounded. To complete the proof of ii), it
remains to show that this transform is one-to-one. Let ¢ € ?{5” such that %, ,,¢ = 0. Then

F W ) &) = e F (&) = 0,

from the injectivity of the Fourier-Bessel transform, we get ¢ = 0. This shows that %, is
one-to-one. ]

We denote by 7—[5:2,7, the space H equipped with the inner product

<¢|d’>7{527 = 7<¢|¢’>7{§) + <%l,v,t¢|W(I,V,llr//>L‘2,(0,oo)’

and the norm

12
_ 2 v 1112
Il = (MBI 0 + 1708072 00)
Then, we have the following main result:

Theorem 3.2. Let &, t > 0 and s > v + 1. Then the Hilbert space 7{5“27 admits the following
reproducing kernel:
= 2(x6) 2,(66)

o Y +&)+e

Ky say(X,y) = o, (d§),
that is

(i) For all x € [0, 00), the function'y & J,; . ,(x,y) belongs to 7‘(527
(ii) Forall ¢ € ﬂﬁiiy and any y € [0, 00).

<¢’ %/,s,a,y('a y)>7‘1527 = ¢(y)

Proof. For all x € [0, o), consider the function

JEx)
Y1+ &) + e

&

which belongs to both L!(0, o) and L*(0, o0). Then, by the Plancherel theorem for the Fourier-Bessel
transform, the function

A (éx)
y(1 + &2 + e 2"

Hrsay(X,y) = Fy )(y), (3.3)

is well-defined. Following this,

E (1+E)PFZUA a0y,

is a member of L2(0, o). This demonstrates that for all y > 0, the function My s.ay(+,y) belongs to 7-(53).
This establishes part (i) of the theorem.
Let ¢ € H.” and y € [0, c0). By Eq (3.3), we have

> (1+8) 7
Y1+ &) + 2

(b Hsay (Y = fo F (&) 0, (dE). (3.4)

AIMS Mathematics Volume 9, Issue 8, 20826-20842.
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From the relation

Wi = 7, (7€ F9)).

the action of %#,,,, on the kernel 7, , (-, y) is then:

%,v,t(fz/v,s,a,y(" y)) = Ly?:t * v,s,a,y('»y)
= ‘g\v_l (gv(yyvt) : gv(ji/v,s,a,y(', y)))

_ egz_l ( e_t"’w /V(é‘:y) )

v 7,(1 + 62)5- 4 o226 |°

Therefore .
e 7,(&y)
Y1+ 8y + e

<%,v,t¢7 %,v,t%,s,a,y('a y)>L‘2,(0,oo) = fo

Combining Egs (3.4) and (3.5), we get

T A+ )
<¢’ %,s,a,y('a y)>q{527 - yﬁ ')/(1 n gz)s t o200

VA
i j; y(1 + £2)7 + e 26" Fp(&) o, (dE)

FP(&) o(dE)

_ fo IAEN T (&) 0 (dE)
= o).

This confirms the reproducing property (ii).

4. Tikhonov regularized method

o, (dE).

(3.5)

We now consider the variational functional associated with the generalized Weierstrass integral

transform %#,,,, defined as

1
@) = Wi = Ul + 201, ¢ € HL.

4.1)

For y > 0, the functional J, is strictly convex and J,(¢) > %Ilgblly. Hence, J, has a unique minimizer,

which can be characterized by the first-order condition
(J3(@), @) =0, for all ¢ € H”,

where J;(¢) is the Fréchet differential of J,.
We denote by %, the regularized solution of the Eq (4.2), that is,

Ryy = ;1271}} Jy().

The following theorem is our second main result.

4.2)

4.3)

AIMS Mathematics Volume 9, Issue 8, 20826-20842.
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Theorem 4.1. Forv > —1/2,y > 0, and y € L*(0, co). Then there is a unique function %, € H,
where the infimum of the functional J,, defined by

1
TS9) = 3 W i =Wl + S0 & € HE, (4.4)

is attained. Furthermore, the regularized function %, is given by

Py y(X) = fo N say W) (dy), 4.5)

where g () F,06)
e’ v (X v
NMsay(X,Y) = f S+ £ + o2 o, (d&).

0

Proof. Observe that

1
I + £00) = (@) = { W ® + £00) = Ul ) = W = W5 )
+ {10+ eA012 ~ I0IE )-

where A¢ denotes the increment.
Since,

(P A ari®)E) = € (F,8)(E). (4.6)

Taking into account Eq (4.6) and using the Plancheral formula for the Fourier-Bessel transform to get

1,6 + 500) ~ 1) =317 7,0 + eADE) ~ P,
— e F,0(&) = TN )
+ {10 + s8¢l — 12 )
= &{Re(e ™" Z,4(&) = FW(E), € FLAYE 20,0
+yRe((1 + E Z (&), FobD) 120,000 + %2{||e-’f"%A¢<§>||§3(O,w)

I+ ) T A2, )
Hence, the Fréchet differential of J, can be written as

(L (@) ABY 120,00y = (€ Fp(€) — e F (&) + y(1 + ) T, FVAB) 120, -

By the Perseval formula for the Fourier-Bessel transform, it follows that the regularized solution R, ,(£)
is given by

e TR, (E) — ¢ Fa€) + ¥(1 + EV FR,(E) = 0.

Therefore
e

PR =iy T

—m P

AIMS Mathematics Volume 9, Issue 8, 20826-20842.
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It is easy to see that
—tfa

abvimwonwer L0 L}(0, 00) N L2(0, o).

3

By the inversion formula for the Fourier-Bessel transform, we have

W)
I+ &) + e

Ry () = F( ).

We have

T E)
Y1+ &) + 2

) f‘” T
o Y1+ + e

By(x) = 7' ))

A (xE)o,(dE)

00 o0 —1g@
:fo fo S gz)ffiy)e_z,g, ) F0E)0(dy)r (dé)

- fo N fo e 708) 1,06)

YL +82) + e

o (d&))w(y)e(dy)

= ‘fOV </Vv,s,a,y(x’ y)l//(y)o-v(dy)’

where

e 2,0 106
Hisar(,y) = f ) £ e T

0
_ g )
Ty + 8y e

).

In the following theorem, we will provide an error estimate for the inversion formula.

Theorem 4.2. Let s > v + 1. For all 1, ¥, € LX(0, ), the following inequality holds:

1
2y 1 = Ry gollgg < mll% = ¥2lli20,00-

Proof. Consider any ¢,¥, € L2(0,00). The squared norm of the difference between the operators
Ry, and Z, , in the space H? are given by:

1%y = Byl = fo (1 + E\ TS By )E) = TRy JOP T ).

Using the formula for the Fourier-Bessel transform of the extremal function %, ,:

e
Y1+ &) + e

TRy )E) = Fi)§) fori=1,2,

AIMS Mathematics Volume 9, Issue 8, 20826-20842.
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we can express the integral as:
(1 + 62)s6—2t§’1
(y(1 + &%) +e7")

1%y 1 — %’y,wzlli,y) = fo L FW)(E) = F )@ oy (dé).

By using the inequality

(L+&ye™ 1
(Y1 + &) + ey ~ 4y’

we can further estimate:

1 00
1Py 1 — ‘%)”l//zlli{é.v) < 1 fo | Z,W)(E) = T W)€ oy(dé)

1 2

This completes the proof.

Proposition 4.1. Let s > v + 1,y > 0, and € L2(0, o0). We have the following estimate:

- N
f %y ()P o(dE) < — f & (@) P o, (df).
0 Y Jo
where
M2 rs—v-1)
2By +1)
Proof. From (4.9) and applying the Cauchy-Schwarz inequality, we have:

ay o =

) 2

|2y (I < ( f | s,y (X y)l//(y)lm(dy))
0

< f e 2o, (dy) f | N, sy (X VPGP o (dy).
0 0
Integrating over [0, co) with respect to the measure o, (dx), we obtain:

) 2

12y Ol .,y < ( f W el y)z//(y)m(dy))
0

< f P, (dy) f & sy D WO ).
0 0

Howeyver,

e _7,(x€)
YA+ 8 + e

f/Vv,s,a,y(xa )’) = eg.v( )(,Y)’

it follows that

© e S
o (YA +&) +e)

sy @) = o (dE)

AIMS Mathematics Volume 9, Issue 8, 20826-20842.



20838

I 1
5 ), mran

Therefore,

. 1 © 1 .
12y Oy < fo e o fo R fo & WO (dy).

We complete the proof by using the relation (4.7) and the fact that:

. 2v+1)
f e_wafv(dy)=—r( )
0

2T+ 1)

and
® odé)  T(s-v-1)

o (1+&) 27I0(s)

Theorem 4.3. Let s > v + 1. For every ¢ € H' and y = Wy, (¢), we have:
lim 1%, ~ @l = 0.

Moreover, the set { %, },-0 converges uniformly to ¢ asy — 0*.

4.7)

(4.8)

Proof. Let ¢ € HY and y = Wevi(p). Utilizing the formula given in Eq (4.6), the Fourier-Bessel

transform of the extremal function %, takes the form:
_té_‘”

Y1+ &) +
e—2t§—‘“

T YA +E) +

F( Ky y)(E) = g R

—= T

We can express the norm of the difference between %, and ¢ in H.” as:

—21£® 2

1%y — ¢|I§w = fo 1+ AT 8y 1o 1| IFADE P, (dé)

oo 2 2\3s
1+&9)
- f YUPE) e )P ).
0 (Y1 +&) +e2)
Using the dominated convergence theorem and observing that
,)/2(1 +§2)3s
(Y1 + &) +e%")

SIFUDEF < (1+E)IFANEN,

and given that ¢ € H'”, we deduce that

lim (1, = Bl = 0.

AIMS Mathematics Volume 9, Issue 8, 20826-20842.
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The function .#,(¢) belongs to both Li(O, o0) and L%(O, o). Applying the inversion formula for
the Fourier-Bessel transform, we compute the deviation of the function ¢ under the operator %,

as follows:

00 1 2\s
=000 = - [ L@

Thus, for all ¢ € [0, +oo[, the magnitude of the deviation is bounded by:

1 2\
S I( gz;i)e_w FAD Ol ()de.

|( %y = D)) < f
0
Employing the dominated convergence theorem and noting that:

1 2§
v Z(gz;i)e_gtgn [FASNEN < |F A,

we deduce that the supremum over all £ > 0 of the deviation approaches zero as y tends towards zero

sup J(%W — )| > 0, asy —> 0.

£€[0,+00
This completes the proof of convergence in the " norm and uniform convergence as y — 0. O
Example 4.1. As an illustrative example, consider the fractional heat equation on (0, 00) X (0, o)
1/2
al‘u(xv t) = _( - axx) u(x’ t)a

with the initial condition
li .’ t - .
t\,In ||I/t( ) ¢||2,v 0

To apply the Tikhonov regularization method to this fractional heat equation, we consider the integral
operator W\ _1/2;: 7‘{91)/2 — L*(0, 00) defined by

1 T p(x+y) + p(x —y)
(W ~12.,9)() = N j(; i p xdx,

where the Sobolev space 7{91)/2 is realized by the reproducing kernel Hilbert space #,(x,y) given by

cos(xu) cos(yu)

1 00
Hi(x,y) = \/Efo ] = \/g(eXp(—lx—yl)+eXp(—x—y)),

where x,y > 0.

We now consider the following best approximation problem, that is, the Tikhonov functional. For
any W € L*(0, 00) and y > 0, we aim to solve

. Y
inf {5”‘15”;{(1) + S -1200 = 'ﬁ”iza),m)} .
2

1
¢E7{S]1)/ -172 2
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Then for the RKHS 7{551)/2’1’7 consisting of all the members of 7{91)/2 with the norm

2 2
= + _
||¢||7_(£11)/2 \/yll(ﬁ”q_{(ll)ﬂ “Wl’ 1/2,t¢”L2(0’00),

the reproducing kernel N_, 1 1,(x,y) can be calculated directly using the Fourier integrals as follows:

exp(—tu) cos(xu) cos(yu)

1 00
N Y) = '
1/2,1,1.9(X, y) N j(; y(1 + u?) + exp(—2tu) !

Hence, the unique member of Will)/z with the minimum 7{91)/2 norm—the function %, which attains

the infimum—is given by
1 (o)
Ryy(X) = N fo N 121,156 VW) dy. (4.9)

For ¢ € HY

"1 and for = Wi ~12.9, we have the formula

lim %, 4(x) = ¢(x),
y—0

uniformly on (0, 00).

5. Conclusions

In this paper, we have explored the generalized Gauss-Weierstrass integral transform associated
with the Bessel operator, emphasizing its application to space-fractional diffusion equations. This
extension is significant because the Bessel operator coincides with the radial part of the Laplace
operator, thereby broadening the scope of the classical transform.

We utilized the properties of the Fourier-Bessel transform and its connection with the x-
convolution product to demonstrate that the transform %, ,, is a one-to-one bounded linear operator
from the Sobolev space H? into L?(0,c0). Given the ill-posed nature of the inverse problem, we
applied Tikhonov regularization techniques to achieve stable reconstruction of functions. Our main
theorem established the convergence of the regularized solution %, to the original function ¢ as the
regularization parameter y approaches zero.

The implications of our findings extend beyond theoretical interest, offering potential applications
in solving inverse problems associated with fractional diffusion equations. Future research could
further investigate the numerical implementation of the regularized inversion process and explore other
types of fractional differential operators within this framework.

Overall, our work provides a robust foundation for the generalized Gauss-Weierstrass transform’s
utility in fractional calculus and opens avenues for further investigation into its applications in various
mathematical contexts.
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