AIMS Mathematics, 9(8): 20811-20825.
DOI: 10.3934/math.20241012
AIMS Mathematics Received: 03 May 2024

Revised: 18 June 2024

Accepted: 21 June 2024
https://www.aimspress.com/journal/Math Published: 27 June 2024

Research article

Mean chain transitivity and almost mean shadowing property of iterated
function systems

Thiyam Thadoi Devi', Khundrakpam Binod Mangang'*, Sonika Akoijam',
Lalhmangaihzuala’, Phinao Ramwungzan® and Jay Prakash Singh*

! Department of Mathematics, Manipur University, Canchipur, Imphal, Manipur 795003, India
2 Department of Mathematics, Government Serchhip College, Serchhip, Mizoram 796181, India
3 Department of Mathematics, Manipur Technical University, Imphal, Manipur 795004, India

4 Department of Mathematics, Central University of South Bihar, Gaya, Bihar 824236, India

* Correspondence: Email: khubim @manipuruniv.ac.in.

Abstract: In this paper, we introduce the notions of mean chain transitivity, mean chain mixing, totally
mean chain transitivity, and almost mean shadowing property to iterated function systems (/FS). We
study the interrelations of these notions. We prove that an iterated function system is chain transitive
if one of the constituent maps is surjective, and it has almost mean shadowing property.

Keywords: transitivity; shadowing; pseudo-orbits; chains; iterated function systems
Mathematics Subject Classification: 37B65, 37B99, 26A18

1. Introduction

A classical dynamical system consists of a phase space M together with a unique function g, where,
by iterating this function, we obtain the orbits of points. However, we can find many systems with some
finite maps rather than a single map that acts on the phase space. Indeed, we can find many natural
processes involved with two or more interactions whose evolutions evolve with discrete time [1, 2].
Therefore, there is a need to extend the study of dynamical systems by considering more than one
mapping. Mathematicians have studied such systems either as non-autonomous systems or as iterated
function systems (/FS). Therefore, these systems originate from a common study, specifically, the
study of classical dynamical systems. Hence, important concepts in dynamics, including transitivity
and shadowing [3], could be extended to /F'Ss.

In a dynamical system, generally, the future state follows from the initial state. Therefore, it is
often deterministic. However, they often appear chaotic, i.e., minor changes in the initial state bring
dramatically different long-term behavior. Both topological transitivity and shadowing are dynamical
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properties that are closely related to the chaoticity of dynamical systems. Usually, in chaos, topological
transitivity is a part of its definition, or it is implied by it (at least in some spaces), or it implies chaos.
Indeed, it is a part of the definition in Devaney’s chaos [4], while in Li—Yorke chaos [5], if a function
is topologically transitive (77T), then it is chaotic, but the converse is not valid. Moreover, a 7T map
g has points that eventually move under iteration from one arbitrary small neighborhood to any other.
As a result, one cannot break the corresponding system into a pair of invariant subsystems under g.
Recently, mathematicians have studied this property intensively since it is a global characteristic in the
dynamical systems theory.

Topological transitivity was introduced to dynamical systems by Birkhoff [6] in the 1920s. The
term ‘topologically transitive (77)" is not a unified one. Instead, some authors use ‘regionally
transitive’ [7,8], ‘nomadic’ [9], ‘topologically ergodic’ [10], cf. [8], and ‘topologically indecomposable
(or irreducible)’ [11]. A mapping g of a dynamical system (M, g) is 7T if, for any pair of non-
empty open sets Wi, W, C M, there is some k > 0 such that g“(W)) n W, # 0. The notion of
topological transitivity was introduced to /FSs by Bahabadi in [3]. Devi and Mangang [12] have
also discussed this notion in /FSs by giving several examples, and they also extend the notions of
equicontinuity, sensitivity, and distality to /F'Ss. Moreover, Mangang [13] has studied the notions of
mean equicontinuity, mean sensitivity, and mean distality of the product dynamical systems.

A natural generalization of topological transitivity is chain transitivity. It connects any two points
of the phase space by a chain with any desired error bound. It is an essential notion of a dynamical
system. For example, if a dynamical system is chain transitive, then several shadowing properties,
including thick shadowing and shadowing, are equivalent [14]. In a dynamical system, there might be
a circumstance where for any error bound y, we could not find a y-chain but it may be simpler to obtain
an n-average (or p-mean) chain with any average (or mean) error bound . It leads to the introduction
of average (or mean) chain transitivity to dynamical systems.

In dynamical systems theory, our main goal is to study the nature of all its orbits. Likewise, in IFSs,
we study the orbit behaviors of the system. Yet, in particular cases, it is unlikely to compute the accurate
initial value of a point, which gives rise to the approximate values of the orbits. Thus, we obtain pseudo-
orbits of the system. The notion of shadowing puts these pseudo-orbits close to the actual orbits of the
system. It was introduced independently by Anosov [15] and Bowen [16] in the 1970s. Shadowing
plays an essential part in developing the qualitative theory of dynamical systems. In systems with
shadowing property, any pseudo-orbit is followed uniformly by a true orbit over an arbitrarily long
duration of time. Usually, it is crucial in systems with chaos, where even an arbitrarily small error
in the initial position leads to a large divergence of orbits. Moreover, the shadowing lemma in [16]
roughly states that shadowing is a common phenomenon in chaotic dynamical systems. In recent years,
shadowing has developed intensively and has become a notion of great interest. Many researchers have
introduced different aspects of shadowing in dynamical systems, including average shadowing [17], h-
shadowing [18], ergodic shadowing [19], thick shadowing [20], and d-shadowing [20]. Consequently,
these aspects of shadowing have also been extended to IFSs; for references, one can see, [3,21-23].

Ruchi Das and Mukta Garg introduced the notions of average (or mean) chain properties and the
almost average (or mean) shadowing property to dynamical systems in [24]. Unlike the classical
shadowing property, the notion of the almost mean shadowing property deals with pseudo-orbits with
very small mean errors. In [25], the authors have also investigated the chaotic behavior of maps with
almost average (or mean) shadowing property.
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Motivated by this, in this work we wish to study the concepts of mean chain properties and
the almost mean shadowing property in /FSs. In Section 2, we give some preliminary discussions
on dynamical systems and /FSs. In Section 3, we introduce the notions of mean chain transitive
(MCT), mean chain mixing (MCM), and totally mean chain transitive (TMCT) to IFSs and study the
relations among them. We also give an example of an /FS that is not chain transitive (CT) but MCM
(Example 3.5). In Section 4, we introduce the notion of almost mean shadowing property (AMSP) to
IF'Ss and study some of its basic properties. We also study the relation between CT and AMSP in IF'Ss.
In particular, in Theorem 4.7, we find that an /F'S is CT if one of the constituent maps is surjective, and
it has AMSP.

2. Preliminaries

We consider (M, g) to be a dynamical system where, (M, d) is a compact metric space and f is a
self-continuous map on M. Put Z, = {n € Z : n > 0}}. Then the set O(s, g) = {g"(s) : n € Z,} is said to
be the orbit of s € M under (M, g).

Let (M, g) be a dynamical system. Let y,n > 0, then

1) A finite sequence {so, 1, ..., s,} in M is an p-chain if d(g(s;), si+1) <1, V0 <i<n-1. When i
is not bounded above, it is called an n-pseudo-orbit.

i1) An n-pseudo-orbit {s;};cz, 1s y-shadowed by s € M if d(g'(s), s) <y,Vi>0.
A dynamical system (M, g) is said

a) To have shadowing property (SP) if V y > 0, dn > 0 such that every n-pseudo-orbit is y-shadowed
by some point in M.

b) To be chain transitive (CT) if ¥ n > 0, and for any pair of points s,¢ € M, 3 an n-chain joining s
and 7.

¢) To be chain mixing (CM) if ¥V n > 0, and for any pair of points s, € M, 3 N > 0, such that V
n > N, J an n-chain joining s and 7 of length n.

Hutchinson introduced /F'Ss in [26] and were popularized by Barnsley [27]. Moreover, Barnsley
and Demko [28] first named the word /FS, and it has garnered much attention since then. Let A be a
non-empty finite set; an IF'S § = {M; g,|la € A} is a family of continuous mappings g, : M — M,
where @ € A, and (M, d) is a compact metric space. Put A%+ = {(@;) : @; € A Vi € Z,}. We use the
short notation

%U'i = 8a;1 ©8ai, © 7" O 8ay © Bay-
Let o = {a;) be a typical member of A%*. An infinite sequence {s;};cz, in M is an orbit of & if 3
o € A%, such that 5; = &,.,(50), where Fo.(50) = Zary © air © *** © &ay © Zao(S0) and Fo,(50) = so.
So, for any o € A%, we define O,(s) = {F,,(s) : i € Z,} as an orbit of s € M related to o. For an
IFS & and for a fixed integer n > 0, we define A" = {(ap,@1,...,@p-1) t @; € A, 0 < i <n-1}
Jiu = 8ayy © 0 8oy © 8ag> and F" = {f, [ € A"}

Bahabadi [3] extended the notions of SP, average (or mean) SP (MSP), TT, CT and CM to IFSs. An
IFS § is TT if for any pair of non-empty open sets W;, W, ¢ M, 3 o € A% such that o (WDNW, #0
for some k > 0.
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Let & = {M; g,|la € A} be an IFS and let y,n > 0, then

i) A finite sequence {so,Si,...,S,} in M 1is an p-chain if I {ap,ay,...,a,-;} such that
d(ga,(8i),si41) <, VY0 <7 <n-1. When iis not bounded above, it is called an n-pseudo-
orbit.

i1) An n-pseudo-orbit {s;};cz, 1s y-shadowed by s € M if Ao € A% such that d(Fs(s),8) <7y, ¥V
i>0.

iii) {s;}icz. is an p-mean-pseudo-orbit if I N > 0, and I o € A%+ such that for any n > N,

n—1
% ;) d(ga, (i), siv1) <.

1v) An n-mean-pseudo-orbit {s;},cz, 1S y-mean shadowed by s € M if

1 n—1
limsup — > d(Fr(5). 5) < v.
i=0

An IFS § = {M; g,|a € A} is said
a) To have SPif VY y > 0, 4 n > 0 such that every n-pseudo-orbit is y-shadowed by a point in M.

b) To be CT if V n > 0, and for any pair of points s,7 € M, 3 an n-chain joining s and .

¢) Tobe CM if VY n > 0 and for any pair of points s, € M, 4 N > 0 such that Y n > N, 4 an n-chain
joining s and ¢ of length n.

d) To have mean shadowing property (MSP) if V v > 0, 41 > 0 such that every n-mean-pseudo-orbit
is y-mean shadowed by a point in M.

Mean chain properties and almost mean shadowing properties in dynamical systems have been
introduced in [24]. The main aim of this paper is to extend these notions in /FSs. Therefore, we recall
the following definitions in dynamical systems:

Let n > 0, a finite sequence {so, s1, ..., s,} is an y-mean chain of length » if 4 an integer 0 < P < n
suchthatV P <m < n,

m—1
%%ﬂﬂﬂm@<n

(M, g) is said to be mean chain transitive (MCT) if, for every n > 0 and for any pair of points
s,t € M, 3 an p-mean chain joining s and . It is said to be totally mean chain transitive (TMCT) if g*
1s MCT for each k > 0. And, it is said to be mean chain mixing (MCM) if for every n > 0 and for any
pair of points s, € M, 3 an integer N > 0 such that ¥ n > N, 3 an n-mean chain joining s and ¢ of
length n.

Let n > 0, a sequence {s;};ez, 1s an almost n-mean pseudo-orbit of (M, g) if

n—1
lim sup 1 '—26 d(g(si), sis1) <.

n—oo
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An almost n-mean pseudo-orbit {s;};cz, 1S y-mean shadowed by s € M if

n—1 )
limsup ;. 3, d(g'(s), 5:) <.
i=0

n—oco

(M, g) has almost mean shadowing property (AMSP) if for every y > 0, 4 an n > 0 such that every
almost n-mean pseudo-orbit {s;},cz, 1s y-mean shadowed by a point in M. Throughout the paper, we
consider (M, d) to be a compact metric space and g, : X — X to be a continuous self-map in X for any
a € A.

3. Mean chain properties

This section introduces the notions of mean chain transitivity (MCT), mean chain mixing (MCM),
and totally mean chain transitivity (TMCT) to IF'Ss, and proves some preliminary results.

Definition 3.1. Let n > 0, a finite sequence {sy, S1,...,S,} is an n-mean chain of length n if 3
{ag, ay,...,a,_1} and an integer O < P < n such that v integer m with P < m < n,

m—1
i ;O d(g(l,'(si)’ Si+1) < TI

Definition 3.2. An IFS § is considered to be MCT if for any n > 0 and for any pair of points s,t € M,
d an n-mean chain joining s and t.

Definition 3.3. An IFS § is considered to be TMCT if ¥ is MCT for each k > 0.

Definition 3.4. An IFS & is considered to be MCM if for any n > 0 and for any pair of points s,t € M,
dan integer N > 0 such that ¥ n > N, 3 an n-mean joining s and t of length n.

Following, we give an example of an /FS that is not CT but MCM.

Example 3.5. Consider (M, d) to be a metric space with more than two elements, and let a,b € M.
Let g1, g» be two self-maps in M defined by g,(s) = a and g>(s) = b for every s € M. Then, the IFS,
§ ={M;g, g} is not CT but MCM.

Proof. Clearly, & is not CT, indeed for any pair s,t € M with ¢ ¢ {a, b}, there is no n-chain joining s and
t with n < min{d(t, a), d(t, b)}. Now, we claim that & is MCM. Take n > 0 and s,t € M. For t € {a, b},
it is obvious. Suppose ¢ ¢ {a, b} and, let max{d(t,a),d(t,b)} = y > 0. Choose an integer N > 0 for
which N > % For every n > N and a finite sequence {ai}?z‘()l where «; € {1,2}, define s; = §,(s) for
0 <i<n-1ands, =t Then, for every integer m with N < m < n, we have

m—1
% ,_22) d(8a,(8i), Sis1) <.

Thus, {s;}! is an 7-mean chain joining s and ¢ of length n. Hence, § = {M; g, g2} is not CT but
MCM. O

Theorem 3.6. Let § be an IFS. Then, § is MCT if §* is MCT for some k > 1.
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Proof. Let 7 > 0 and let s,t € M be two points. Let k > 1 be fixed such that F* is MCT. Then,
there exists an n-mean chain {s;}7_, of § joining s and ¢. Therefore, there exists a finite sequence

{to, (15 - - - s u—1} and an integer 0 < P < n such that V integer m with P < m < n,
1 m—1
— > d(fu(si)s sie1) <7 (3.1)
m 4
i=0
where fi, = 841 084 ©° 1 08 and y; = {ag, @, ..., }for0<i<n-1.
For 0 <i<n,let
Sis if j = ki,
t' —
7 lgw  0gy  o0-r-ogu(s), ifki<j<(i+ 1k,
Jj—ki— Jj—ki-2 0
1.e.,
{lj};io ={ty=s51t= gaO(S), I =800 ga/g(s)’ v e = Sk = gag)(sl),
lk+2 = 8ol © gal(S1) Ink-1 = 8an-} © ++- © gagfl(sn—l), b = 1}.
Again, let
k
(o Vo = ={ad,a’,....apa,..., ;... &}, )" )

Then, V integer / with n < [ < nk, we have

nkl

1 =
7 Z d(g, (1), 1) < ~ Z (g, (1)), 1j21)-
=0

For j # ik, the term vanishes, therefore

-

1 1 n—1
7 Z (g, () 1701) <~ 3 d(fu(s0). sie0).
Jj=0 i=0

By using (3.1), we have

-1
1
7 Z d(8y/ (1)), t+1) <71
=0
Thus, {t j}’}i o 18 an p-mean chain joining s and ¢ of length nk. Hence & is MCT. O

Theorem 3.7 shows that a TMCT IFS is MCM if the constituent maps are Lipschitz. A self-
continuous function g on a metric space M is a Lipschitz function if 3 L > 0 such that d(g(s), g(¢)) <
Ld(s,t),VY s,t e M.

Theorem 3.7. Let § = {M; g,la € A} be an IFS where each g, is a Lipschitz function. If & is MCM,
then & is TMCT.

Proof. Let k > 1 be an integer, let n > 0 and let s, € M be any pair of points. For each @ € A, as
8 1s Lipschitz, 4 L, > 0 such that d(g,(u), g,(v)) < L, d(u,v), Y u,v € M. Let L =max{L, : @ € A}.
Then, d(ga(u) g.(v)) < Ld(u,v), Y @ € A and VY u,v € M. Without loss of generality, let L > 1 and
take y = Lk r. Since § is MCM, 4 N > 0 such that YV n > N, 4 a y-mean chain of & joining s and ¢
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of length n. Take an integer r > O such that vk > N. Then, we can get a y-mean chain of § joining
s and ¢ of length rk, say {so = s, 51,..., Sx = t}. Therefore, there exists an integer 0 < P < rk and a
finite sequence, say {a;}5;' = {af,@),...,a) 5,0} |, e, ),...,_,_|,..., ), a; |} such that ¥

integer m with P < m < rk,

1 m—1
— > d(ga(51), 5i1) < 7. (3.2)
ms
Put y; = d(ga,sy» Si+1) for 0 < i < rk — 1. Then, from Eq (3.2), we get
1 rk—1
- i . 33
prs ZO Yi <V (3.3)

Define t; = sy for 0 < i < r. We claim that {to, , ..., .} is an 7-mean chain of F* joining s and ¢.
Let fiu = 841 ©8ai O+ * 0 &y Where y; = {af,a,...,a,_ },YO0<i<r—1.Then,VO<i<r-1I,
we have

d(f,(t), tis1) = d(f, (i), Si+1ye)
= d(8ai_ ©8ai, © 08l (Sik) (Siv1n))

d(ga;c—l 084l 00 8ui(Sik):8ai  ©8ui ©" O 8at'1(5ik+1))
+otd (8024 © 8ai_, (S(ir1-2); gaiil(s(iﬂ)k—l))

+d (gaj;_] (S+1k-1)5 S(i+1)k)

Ly + -+ + Ly + Ly

< L'+ -+ Y + Yarneer)-

IA

IA

Therefore, using Eq (3.3), it is clear that

rk—1

1S 1
- d ; t,' ,tl' —Lk_l i Lk_lk =1.
r;mm )< ;y< y=n

Thus, {9, t1,...,t.} is an y-mean chain of & joining s and ¢. Hence, & is TMCT. m]
Given two compact metric spaces (M, d) and (M’ d), we take the metric space M X M’ with metric
d” ((Sl’ tl)’ (SZ’ t2)) :maX{d(Sl, S2)9 dl (tl7 t2)}

and let § = {M, g,la € A} and & = {M’; gs|B € I'} be two IF'Ss.
Then, we define the IFS, § X ® as

FXO={MXM;hyplacApel}
where h, (s, 1) = (ga(5), 85(1)), Y s € Mand t € M.
Theorem 3.8. If § = {M; g,|la € A} is a MCM IFS, then & X & is MCT.

Proof. Letn > 0 and let (s, 1), (u,v) € M X M be any two points.
Since § is MCM and as g > (0, there exist integers Ny, N, > 0 such that for any n; > N; and
ny > N», there are 2-mean chains joining s and u, and joining ¢ and v respectively.
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Put N =max{N;, N,}. Then, we can find two g—mean chains joining s and u, ¢ and v respectively;
say {so = 8,81,...,5y = u}and {tp, = t,t1,...,ty = v}. Therefore, there exist finite sequences
{ap, @1, ..., ay-1} and {ay, @, ..., @, ,}, and integers 0 < Py, P, < N such that V integers m’, m"”
with P; <m’ < N and P, <m” < N, we have

m' =1

1 1
- d @;\Pi)s Vi ~
" ZO: (8ai (80), 8iv1) < >

and

m'’—1

1 n
E (1), 1 =
m’’ d(gal( 1)7 z+1) < 2

i=0

Take P =max{P;, P,} and consider {(s;, ti)}ﬁi o- Then, ¥ integer m with P < m < N, we have

1 m—1 , 1 m—1 1 m—1
— Z d ((ga,-(si)a 8a, (), (Sis1, fi+1)) < = d(gu,(5i), Six1) + — Z d(ga; (), tiv1)
mes 771 i=% =
~+==1.
S 2t

Thus, {(s;, ti)}fio is an n-mean chain of § X § joining (s, ) and (u, v) of length N. Hence, § X § is
MCT. =

Theorem 3.9. If & is a TMCT IFS, then § X & is MCT.

Proof. Let n > 0 and let (s,1), (u,v) € M X M be any two points. By definition of TMCT, we have

& 1s MCT. Suppose, {sg = §,51,...,5, = u} and {uy = u,uy,...,u = u} are two g—mean chains
respectively, joining s and u, and joining u to itself. Then, there exist finite sequences {ag, @1, ..., @1}
and {e,, @, ..., @, ,} and integers 0 < P; < nand 0 < P, < k such that

L
m

m—1
Y, d(8a.(si), siv1) < 1,V integer m with Py < m < n,
i=0
and
m'—1
1

= 3 d(ga; (), uir1) < 3,V integer m’ with P, <m’ < k.

m
i=0

In particular,

n—1
% ;0 d(ga,-(si), Si+1) < g’
and
kel
k %d(ga;(ui), Uip1) < 7.
From the definition of TMCT, §* is MCT. Let {ty = g, , © -+ © &ao(1), 11, ..., 1, = v} be an 2-mean

chain of * joining g, , o -+ o g4 (¢) and v of length p. Therefore, we can find a finite sequence
{to, 1,5 - .., p—1} and an integer O < P < p such that

AIMS Mathematics Volume 9, Issue 8, 20811-20825.
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m'’—1
— ZE) d(f, (1), tiv1) < 2,V integer m” with P < m” < p,
=

where fi, = 84 084 © 08y and ;= {ag, @), ..., }for0<i<p-L.
Consider
k
{z)i)” =1t 8ao (s - - 8apy © **+ © &a(0)
= To,gag(l‘o), >80 00 8ag(fo), tl,ga(l)(tl), e+>8al 070 g(,g)(ﬁ), fz,gag(fz),
s l‘p_l,ga/(p)—l(lp_]), .. ’garszl 0--+0 gagfl(l‘p_l), t, = v}
with respect to the finite sequence

7 n+pk 0 0 0 1 1 r-1 p-1
la; )2y =lag,an,. o, 0p,af, ., Qg gy @ e

Then, it is clear that the term d(g,”(z;), zi+1) vanishes whenever i # n + jk where 0 < j < p — 1.
Therefore,

1 n+pk—1
n+ pk ZO A8y @), 2i1) = o ka d(8ai_, © 8ail, © """ © 8uj (1): ir1)

= (), tiv1)
1 &

< = A ), 1)
p i=0

<1
2

Thus, {z;}/y" is an Z-mean chain of § joining 7 and v.
Again, consider

] n+pk _ _ _ _ _ _ _
Witisg ={s0=8,S1,...,8n T U= U, Uy, Uy = U Uy, U = Uy Uy, U = U}
—_—
p times
with respect to the finite sequence
"’ + k ’ ’ ’ ’ ’ ’
{a; Vo) =Hao,an, .. @, @, @y, @, )
————
p times
Now,
1 n+pk—1 1 n—1
D d(gr (W) win) D d(ga(s), i) + p Z d(g, (1), 1)
n+ pk 4 i n+ pk
i=0 i=0 i=0
1 n-1 p k—1
= d(ga, (i), Siv1) + Z d(g, (u), uir1)
n+pki:0 n+ ki:() i

1 n—1 D k-1
< - Z.; A(ga (51, siv1) + Z.; d(g, (), Uis1)
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NS I3
+
13

k. ) L. .. . i .
Thus, {w;}"";" is an Z-mean chain of & joining s and u. This implies that {(w;,z)}iy" is an Z-mean

chain of & X § joining (s,7) and (u, v) with respect to d’. Hence, & X & is MCT. m|
4. Almost mean shadowing property

This section introduces the notion of almost mean shadowing property (AMSP) to IFSs.

Definition 4.1. Let 17 > 0, a sequence {s;}icz, is an almost n-mean pseudo-orbit of an IFS § if 1o € A%
such that

n—1
lim sup % % d(8q,(5i), Six1) < 1.

n—oo

An almost n-mean pseudo-orbit {s;}icz, of an IFS & is y-mean shadowed by s € M if

n—1
limsup 1 ¥ d(Fo,(s), 51) <.
=0

n—oo

Definition 4.2. An IFS § has AMSP if for any y > 0, 4 an n > 0 such that every almost n-mean
pseudo-orbit {s;}icz, is y-mean shadowed by a point in M.

Remark 4.3. From the definition, it is clear that AMSP implies MSP, but the converse may not be
true.

In the following, we give an example of an /F'S that has MSP but does not have the AMSP.

Example 4.4. Let (M, d) be the metric space as defined in [29, Example 9.1]. Let g, g, be self maps
on M defined as

gi1(p) = p, gi(a,) = aps1, 81(by) = bpyy,
gZ(p) =D, gZ(an) = dy, gZ(bn) = bn+]-

Then, the IFS, § = {M; g1, g} has MSP but does not have the AMSP.

Proof. Proceeding similarly, as in the proof of [29, Theorem 9.2], it is clear that § has MSP.

Also, in [24], it is given that (M, g;) does not have the AMSP. So, for any € > 0, we can finda ¢ > 0
and an almost d-pseudo orbit with respect to o = {g1, g1, g1, - - - } which is not e-shadowed in average
by any point in M. Hence, the IF'S § = {M; g, g»} does not have the AMSP. O

Example 4.5. Let § be the IFS as defined in [30, Example 3.5]. Then, &, does not have MSP and
AMSP.

Proof. In [31, Remark 4.5], it has been given that ¥ does not have MSP. Using, the above Remark 4.3,
it is clear that & does not have the AMSP. O

Theorem 4.6. If § is an IFS with AMSP, then so does §* for every k > 2.
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Proof. Let k > 2 and y > 0. By hypothesis, 4 an > 0 such that every almost n7-mean pseudo-orbit is
Z-mean shadowed by a point in M.
Let {#;};cz, be an almost n-mean pseudo-orbit of &*. Then, Ao = (u;) such that ¥ u; € o

n—1
lim sup 1 % d(f.,(t), i) <m,

n—sco
where f,, = 8ol  ©8al ,°" " 08l and ; = {ag, “li’ ) _.’a,;'{_l} eA VieZ,.
Now, for some o = (@) = {a, @}, ..., a]_,, ay,.. .}, consider a sequence {s;} ez, defined by
i if j = ki,
0T {ga ©8at c0 g,i(t), ifki<j<(@i+ Dk
Jki= Jki=2 0

For ki < j < (i+ 1)k, wehave 0 < < k-1 such that s; = sjy; = 8ai ©8ai, 0" og%(ti). Also, for
any integer n > 0, we can get some i > 0 and 0 </ < k — 1 for which n = ik + [. Thus,

n—1 ik+1-1

1
lim sup — Z d(ga (s7), Sjr1) = hm sup "y Z d(ga;(sj), Sis1)-
n—oo =0

For j # ki — 1, the term vanishes. Therefore,

n—1

hmsup Zd(ga ($)), Sjs1) = hmsup

-1
k Z d(f, (), 1j1)
j=0

IA

limsup H Z d(fu; (1)), tj41)
i—00 =0

< n

This implies that {s;} ez, is an almost n-mean pseudo-orbit of §F with respect to o . Therefore, 3
Z € M such that

n—1
limsup 1 ¥ d(§,(2), ) < L.
J=0 /

Now,
1 n—1 -1
l. - d k N tl' = l i
?ﬂ%;(%@) im sup Z(%@&
1 k-1
< limsup Z Z d(¥ o (25 Skir1)
n—o0 =0 1—0
= khm sup — Z d(§, (z) 5;)
< .
Hence, & hasAMSP for every k > 2. m]

Theorem 4.7. Let § = {M; g,|a € A} be an IFS, where one of the g, is surjective. If § has AMSP, then
itis CT.
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Proof. Lety > 0 and let 5,7 € M be two points. Since {g, : @ € A} is a family of uniformly continuous
mappings, it is uniformly equicontinuous. Thus, 30 < n < y such thatV u,v € M and V @ € A,
d(g.(u), g.(v)) < v whenever d(u,v) < n. By hypothesis, § has AMSP. Therefore, 4 6 > 0 such that
every almost §-mean pseudo-orbit of § is Z-mean shadowed by a point in M.

Let D =diam(M) and let K > 0 be an integer such that % < 0. Suppose for a fixed a* € A, g, 18
surjective. Then, we can easily see that g.!(7) exists ¥ integer [ with0 </ < K — 1.

For i € Z,, fix an infinite sequence o = (@;) € A?. Again, for j € Z,, we consider an infinite
sequence {s;} ez, , where

oo 2%K<j<Qi+DK-1,
S = . .
g gy i+ DK < j <23+ DK — 1.

a

For any o’ € A, let us define o = (o/j) € A%, where

@ j-2iK» 2iK < ] < (2l + I)K -2,

. j=Qi+ DK -1,
a. =
I e, Qi+ DK <j<2(i+ DK -2,
o j=2i+DK-1.

Now, for any n > 0 with iK < n < (i + 1)K, we have
n—1 .
. 2, d(8y/(5): 8j51) < =z <m
j:

Therefore,

n—oo

n—1
lim sup }l 'Zo d(ga;(sj), Siv1) <1
i

This implies that {s;} ez, is an almost 6-mean pseudo-orbit of §. By hypothesis, 4 z € M such that

n—

. 1 n—1
limsup — " d(F,(2). ) < g 4.1)
) =0

Notice that, there exist infinitely many i € Z, for which there is some / with 2iK <1 < 2i+ 1)K -1,
e, 81 € {5, B (9, Fors(8), - Forg, ()} such that d (F, (2), 51) < L. Otherwise,

n—1
limsupi ¥ d(F, (2),s)) > 2
n— j=0 J

o0

which contradicts (4.1).

Similarly, the above statement holds when (2i + ND)K < [ < 2(i + DK -1, ie., s €
(g, g, P, L g @, 1),

Thus, we can find two integers /; and [, with 0 < [; < [ such that 5;, = &Tp] (s) for some 0 <

p1 < K — 1 satisfying d(&r; (2), Szl) < g and 5, = g (1) for some 0 < p, < K — 1 satisfying
1
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d (‘Z‘;U; (2), Szz) < g Using the condition of equicontinuity, we have, d (ga; (‘802 (), 8o (Szl)) <. This
2 1 1 1
implies that d (‘&72 l(Z), 8, (Szl)) <vyandd (&T; (2), s,z) < 7. Therefore,
1t 1 2

{S9 %0’1(5‘)’ %0’2(5‘)’ D) %O-Prl(s)’ 30’1,1 (S) = S %O" (Z)’

l+1

8o @, By l(z),g;fz(t) = 5,87V, ..., 8:1(n), 1} is a y-chain joining s and 7 with respect to
1+ 2
the finite sequence {@g, @1, ..., @p,_1, Qs a’,a",...a"}. Hence, & is CT. |

p2 times

5. Conclusions

In this work, we have introduced the notions of MCT, TMCT, MCM, and AMSP to IFSs and studied
their interrelations. In Example 3.5, we have given an example of an /FS that is not CT but MCM.
In Theorem 3.7, we proved that a TMCT IFS is MCM if the constituent maps are Lipschitz. For an
iterated function system &, we show that ¥ X § is MCT if § is MCM. We also showed that F X § is
MCT if & 1s TMCT. Lastly, we prove that an IF'S &, one of whose constituent maps g, is surjective and
has AMSP, is CT.
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