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1. Introduction

The nonlinear fractional Schrodinger equation like
(=8)*"u+u = [ul"*u on R", (1.1)

which is driven by a rotationally invariant stable process of index a € (0,2) , where p satisfies some
conditions, was studied by many authors. There are so many references about Eq (1.1) that we only
list some of them [1-9].

Nonlocal Eq (1.1) appeals to many authors, as just mentioned above, so people are interested in
studying other nonlocal equations. Since the generator (—A)?/? of some stable process has Lévy kernel
clx — y|™M~edy for some positive number ¢, Gu et al. [10] studied an equation involving Lk given by
Liu(x) := fRN (u(y) —u(x))K(x—y)dy for some function K and Xiang et al. [11] investigated an equation
driven by Lu(x) := fRN(u(y) — u(x))|x — y|"V=@)ds for a symmetric function s.

Thus, it is reasonable to explore the nonlocal Schrodinger equation

Lau+ Vu = f(x,u) onR", (1.2)

where Lyu(x) =2 [, (u(y) — u(x))A(x, y)dy.
Some assumptions are given as follows:
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(A1) The function A : RY x R¥ — R is a symmetric function such that A(x, y)dy is a Lévy kernel and
A(x,y) > alx — y|™¥=@ for some positive number a, where « € (0,2). The following assumption is
1 . . ) = L= N 5
satisfied: A(x + 7,y + 7;) = A(x,y), where 7; := (0,0, , 1, ,0)eRY, j=1,2 ,N.
jth

(A2) The 1-periodic function V : RY — R fulfills inf V(x) > 0.

XeRN

(A3) The function f is continuous on RY x R, 1-periodic in the variable in RY along with f(x, u)u > 0
and, for some p € (2,2}) and ¢ > 0,

Lf(x,u)| < c(Ju| + |,
where 2 < p <27 with 2} := 400 if N < @, and 2, := 2N/(N —a) if N > a.
(A4) There exists u > 2 such that uF(x,u) < uf(x,u) for every x € RY and u € R, where F(x,u) :=
f f(x, s)ds.
0
(A5) f(x,u) = o(|lu|) as |u| — O uniformly in x € R,
(A6) f(x,u)lu|™" is increasing as a function of # on R \ {0} for any x € R,

Example 1.1. Let / be a positive continuous function on R" such that A(- + 7 i) =h(),and y : RN -
(0,2) be a continuous function such that y(-)> < 2 and y(- + 7 i) = v(+). Define a Lévy kernel A(x, y)dy
satisfying (A1) by A(x,y) := h(x)h(y)|x — y| N 7O,

Example 1.2. Let / be a positive continuous function on R" such that A(- + 7 i) =h(),and y : RN -
(0,2) be a continuous function such that y(- + 7;) = y(-). Define a Lévy kernel A(x, y)dy satisfying (A1)
by A(x,y) := h(x)|x = yI™N 7Y + h(y)|x — y[ V7,

Equation (1.2) is an extension of the equations appearing in the papers [10,11].
Equation (1.2) has a variational structure. In light of (A1) and (A2), we define the space H to be
the completion of the space S of all tempered functions under the inner product, for u,v € S,

(mv):‘f j\WQO—uuDWQO—quAuQMde+(VVm\ﬁ%kr
RN JRN

The corresponding induced norm is denoted by || - ||.
Define a functional E : H — R by

1
Ewy:?MP—j‘n&mmmx (1.3)
RN

Then, by Lemma 2.1 and [12, Corollary 3.10], E is in C'(H,R). Thus,
u € H solves Eq (1.2) if and only if u is a critical point of the functional E.

The main results are summarized in the following theorem.
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Theorem 1.3. There is a nonzero function w € H such that
Lyw+Vw = f(x,w) on RY

in the distribution sense. Moreover,

E(w) = inf {E(u) cueH\ {0} and ||ull* = f f(x, u(x))u(x)dx}. (1.4)
RN

Remark 1.4. Here w is known as a least energy critical point of functional E [12, p. 71]. So we call w
a least energy solution to Eq (1.2).

The rest of the paper is organized as follows. In Section 2, we list some facts that will be used in the
proof of Theorem 1.3. In Section 3, drawing inspiration from [13], we provide a proof of Theorem 1.3.
We end the paper with some conclusions in Section 4.

2. Preliminaries

In order to prove Theorem 1.3, we make in this section the necessary preparations.
Lemma 2.1. (i) The following embeddings are continuous:
H — LYRY), N<aandg>2,
H— LIRY), N>aand2<q<2:.
(i) Let Q be a bounded domain of RN. If 2 < q < 2%, then every bounded sequence in H has a
convergent subsequence in L1(Q).

Proof. Ad (i). It follows from (A1) and (A2) that the embedding H — H Z(RM) is continuous. Then,
by [14, Theorem 7.63], we have the continuous embeddings in (i).
Ad (ii). The conclusion follows from (i) and [6, Lemma 2.1]. O

Lemma 2.2. Let r > 0and 2 < q < 2. If {u,}2, is bounded in H, and if

lim sup f |, (x)|9dx = 0,
B(@y,r)

n—oco yERN
then u,, — 0 in LYRY) for2 < g < 27.

Proof. 1t follows from (A1) and (A2) that the embedding H < H3>(R") is continuous and
then {u,}>, is bounded in H 7(RM). The rest of the proof is similar to that of [12, Lemma 1.21]

or [6, Lemma 2.2]. O

3. Proof of Theorem 1.3

We prove that Eq (1.2) possesses the least energy solution. To this end, we show that functional (1.3)
has a nontrivial critical point in Theorem 3.1, and this critical point is the least energy solution in
Theorem 3.2, respectively.

Recall functional (1.3)

E(u) = 1||u||2 ! f F(x, u(x))dx, ueH.
2 p RN
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Theorem 3.1. The functional E has a nontrivial critical point.

Proof. (1) Thanks to (A4), there exists r > 0 and a positive function k such that
F(x,u) > k(x)|ul* for x € RY and |u| > r.

By (A3), we also have, for some positive number ¢’,
F(x,u) > —c'|ul? for x e RY and |u| < r.

Set
I':={y:vyeC(0,1],H) such that y(0) = 0 and E(y(1)) < 0}.

As u > 2, we have, for T large enough,

T2
E(T exp(—| - ")) = 7|I6Xp(-l PP - f F(x, T exp(—|x*))dx
RV
T2
= jll exp(—| - DI - f F(x, T exp(=|x*))dx
T exp(—|x?)=r

—~ f F(x, T exp(—|x|*))dx
T exp(—|x?)<r

T2
7” exp(—| - P)II* - Tﬂf k(x) exp(—ulx*)dux
T exp(—|x[?)>r

IA

+ T2 f exp(=2|x*)dx by (3.1) and (3.2)
T exp(—|x|?)<r
< 0.

Thus I # 0.
(2) Define
0 :=1inf sup E(y(?)).
Yel tef0,1]
Thanks to Lemma 2.1, there is a positive constant ¢; such that

[lull;2 < cqllull and ||ullz, < ci]|ul| for all u € H.

In light of (A3) and (AS), there exists a positive number ¢, such that

1
F(x,u) < —2|u|2 + co|ul?.
dcy

Then it follows from the definition of the functional E that
1
E(u) > —lull* = ¢l eallull”.
4
Setting d := (8c7c;)!/P), we have

1
min E(u) =0 and  min E(u) > g(8(;1;@)2/(2*1’) > 0.

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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It follows from the above fact that 6 > 3(8¢c,)?>™” > 0. Therefore, by [12, Theorem 2.9], there
exists a sequence {u,}>", C H satisfying

Eu,) -6 and E'(u, —0 as n — oo, (3.8)

(3) By (3.8) and (A4), we have, for n large enough,
L, , 1 1 5
0+ 1+ |lupll = E(up) — —CE"(un), un) = | 5 — — | luall”
U 2 p

It follows that {u,}, is bounded in H. Thus, {u,} possesses a subsequence, again denoted by
{u,}7,, such that
U, — U in H (3.9

for some u € H, and, by Lemma 2.1,

RY). (3.10)

u, > u in L |

Therefore, by (3.8)—(3.10), we get
E'(uy = lim E'(u,)y =0  for any ¢ € C7'(R"),

namely, u is a critical point of E.
(4) It follows from (A3) and (AS) that, for any natural number m, there is a positive number k,,, such
that ul

If(x,u)| < — —+ K lulP L. (3.11)
We claim
lim sup sup f |, (x)[*dx > 0 (3.12)
n—oo  zeRN JB(z,1)

by contradiction.
Otherwise, by Lemma 2.2, we have

u, — 0 in L?(RM). (3.13)

For n large enough, we have, by (3.8),

L s < B - 2B Gy = - f S (Xt (X)dlx — f F(x, un(0)dx.
2 2 2 RN RN

In light of (3.11), we get

1 1 n 2 n 2 km n b
1 _f it ()] kmlun(x)lpdx+f n I Kl
2 2 RNV 2m p

Thus, together with (3.13) and the boundedness of {u,}>”, in H, it follows that § < 0 by taking the
limits first as n — oo and then as m — oo, which is contradictory to § > 0.
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(5) Thanks to (3.12), there is a subsequence of {u,} . |, also denoted by {u,},, such that

f u,(x)’dx > ¢
B(z,,1)
for some positive number € and a sequence {z,} . | with z, € RY. Then there are integral lattices {Z 102,
satisfying
f u,(x)*dx > &.
B(z,2)
Define w,(-) :== u,(- +z,),n =1,2,---. Then
f wa(x)?dx > &, (3.14)
B(0.2)
and
Ew,) -6 and E'(w,) —0 as n — oo, (3.15)
By repeating Step 3, {w,} > | possesses a subsequence, again denoted by {w,} ,, such that
W, = w in H (3.16)
for some w € H,
w, o> w  in Ll (RY), (3.17)
and w is a critical point of E. Moreover, by (3.14) and (3.17), w is nontrivial. O

We prove in the following theorem that the function w in (3.17) is the least energy solution to
Eq (1.2).

Theorem 3.2. Define Nehari manifold N by
N ={u:ueH\{0}and E'(u)u = 0}.

Then the number 6 defined in (3.4) fulfills 6 = inAf/ E(u). Moreover, the function w in (3.17) is a critical

point of the critical value 6.

Proof. (1) Taking a function u € N, we have u # 0. Thus, for n € N large enough, we get, as y > 2,

2
E(u) = %uun2 - fR F(rnu(x)dx

AT f PP f > (3.18)
< —|lul|” —n k()|u(x)Hdx + c'n lu(x)|"dx (by (3.1) and (3.2))
|nu(x)|>r

n
2 [nu(x)|<r
0.

A

Define a path y(¢) := tnu, where ¢ € [0, 1]. Then, on account of (3.18),y € I' (for the definition of
I', see (3.3)). Consequently, we get

5 < sup EG()). (3.19)
t€[0,1]
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(2) It follows from (3.7) that

1
ﬁi_r; EW) > g(gc’;cz)w-m > 0.

Take n > 1 large enough such that n||u|| > d. Then, by (3.18) and (3.20),
the function E(y(+)) : [0, 1] — R reaches
its maximum at some point ¢ € (0, 1).
(3) Note that
%E(y(r)) = tn*||ul)* - fR ) FCx, tnu(x))nu(x)dx.

So
f(x, tnu(x)u(x)?
dx.

u(x)#0 ll’lM(X)

d o )
3 E00) = Off flull” =

fx, tnu(x))u(x)?

o Juw=o tnu(x)
0 has at most one solution in (0, 1).

Since u € N, we have

By (A6), as a function of ¢,

lJull> — fR SO u(@)u(dx = 0.

Inserting the above equality into (3.22), we get

f S (x, u(x))tnu(x)dx :f f(x, tnu(x))u(x)dx.
RN RN

(3.20)

(3.21)

(3.22)

d
dx is increasing, and then the equation d_tE (1) =

d
Therefore, d—tE(i(t)) = 0 has a unique solution = n~! on (0, 1). Consequently, the function E(¥(-)) :

[0, 1] — R reaches its maximum at the point t = n~'. Thus, by noting (3.19), we obtain
§ <EX(n")) = E(u) for any u € N.
(4) Lety € I'. Then E(y(1)) <0, i.e.,

1
Elly(l)ll2 - f F(x,y(1))dx < 0.
RN

Noting (A4), we have
1 1
§||7(1)||2 - = f S y(1)y(DHdx < 0.
H IRV
As u > 2, we get
Iy (DI - f S, y(1)y(Hdx < 0.
RN
(5) Set 7 :=sup{r: E'(y(2)y(t) >0, t €[0, 1]}.
By (3.5) and (3.11), choosing m such that %‘ < %, we get
E'(wu = |lull* - f S G u(x))u(x)dx
RN

1 2
2 5 llull” = cykllull”.

(3.23)

(3.24)
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Taking a positive number d; less than min {Ily(l)ll, (4c k) (2"’)}, we have

- 1,
Hfllhligl E (u)u z 4d ’
which and (3.24) give us that there is a point ¢y € [7, 1) such that E’(y(#))y(t) = O.

We prove that y(ty) # 0 by contradiction. If y(zy) = 0, then, by the same argument as above, there
exists a number 7’ such that 7 < 7" < 1 and E’(y(7’))y(7’) > 0, which is contradictory to the definition
of 7.

In summary, y(ty) € N, i.e., y([0, 1)) N N # 0.
(6) It follows from y([0, 1]) N N # 0 that 6 > inf E(u). This and (3.23) show us that § = inf,cn E(u).
(7) We have proven in Theorem 3.1 that w is a nontrivial critical point of E. In particular, it follows
that w € N. In this step, we prove E(w) = d. First, we have E(w) > § since w € N and ¢ = inf,cn E(u).
In the following, we show that E(w) < 6.

Noting that (A4) and

Hw%%ﬂw%;%ff@m@MMmeFUMMM%
RN RN

for any positive number R, noting (A3) and (A4), we have

ﬂmmwwmm—f Flxw, (x)dx.

1 1
E(Wn) - _E,(Wn)wn > =
2 2 B(O,R)

B(0,R)

Thanks to (A3), (3.1), (3.2), (3.6), and (3.15)—(3.17), taking limits in the above inequality, we find

0 fx, wywdx — f F(x,w)dx,

> —
2 Jpor) BO.R)

1.e., as R is arbitrary,
1
o> = fx,wywdx — f F(x,w)dx.
RN

T2 Jry
Therefore,
Lo Lo
06> | flx,wywdx — F(x,w)dx + <|w||” = <|wl|
R RN 2 2
1
=EMWw) - QE'(W)W = E(w),
where we have used the fact that w is a critical point of E in the last identity. O

4. Conclusions

In the present paper, we study a class of nonlinear Schrodinger equations that are driven by a kind
of nonlocal operator. This kind of operator generalizes the fractional Laplacian and some nonlocal
operators in the literature [10, 11]. We prove by the variational method that Eq (1.2) possesses a
nontrivial least energy solution, which extends the results in [10, 11]. The results may apply to
fractional quantum mechanics [15].
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