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Abstract: This paper considers nonparametric estimations of a density function in a two-class mixture
model. A linear wavelet estimator and an adaptive wavelet estimator are constructed. Upper bound
estimations over L” (1 < p < +o00) risk of those wavelet estimators are proved in Besov spaces. When
p = p > 1, the convergence rate of adaptive wavelet estimator is the same as the linear estimator up
to a Inn factor. The adaptive wavelet estimator can get better than the linear estimator in the case of
1 < p < p. Finally, some numerical experiments are presented to validate the theoretical results.
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1. Introduction and main results

Let X1, X5, ..., X,, be independent and identically distributed (i.i.d) vectors with a common density
function g(x), which satisfies

gx)=0+({1-0)f(x). (1.1)

In this equation, g(x) is a bounded function, which is defined on [a, b]¢ and the measure u{[a, b]¢} = 1.
6 is a mixing proportion parameter and 6 € [0, 1). The aim of this model is to estimate the unknown
density function f(x) with the observed data Xy, X, ..., X,.

The above model (1.1) is widely used in robust estimation (see [1,2]), multiple testing (see [3-5]),
among others. During the estimation model (1.1), it reduces to the classical density estimation problem
when the parameter 6 = (. Then, Parzen [6] constructed a kernel density estimator, and the
asymptotic statistical properties of kernel estimator was proved. A convergence rate over L” (1 <
p < +oo) risk of the linear wavelet estimator was considered by Kerkyacharian and Picard [7]. The
optimal convergence rates of wavelet estimators in Besov spaces were proved by Donoho et al. [8].
The problem of estimating the density function in classical or nonclassical spaces was studied by
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Cleanthous et al. [9]. Allaoui et al. [10] proved the strong uniform consistency properties of a wavelet-
based density estimator.

For the estimation problem (1.1), Robin et al. [11] proposed a semi-parametric estimator by
using a weighted kernel function and applied it in the framework of multiple testing. A randomly
weighted kernel density estimator with a fully data-driven bandwidth method was constructed by
Chagny et al. [12]. Although the kernel estimator can get good performances in many function
estimation problems, it does not show satisfactory results for some functions with cusp singularities.
Compared with the kernel method, the wavelet can get better performances by the local time-frequency
analysis properties. Wavelet method has been widely used in nonparametric statistics estimation.
Amato and Antoniadis [13], and Angelini et al. [14] considered nonparametric regression estimation
with wavelet method under different conditions. Cai and Zhou [15] proposed a data-driven wavelet
estimator, and studied the convergence rate of this estimator. The derivatives of regression function
based on biased data were studied by Chaubey et al. [16]. The consistency of wavelet estimators
under different dependence case were considered by Ding et al. [17] and Allaoui et al [18]. The
nonparametric wavelet estimations of density and regression for functional stationary and ergodic
processes were studied by Didi et al. [19] and Didi and Bouzebda [20]. In addition, convergence
rates of regression estimators with different conditions were proved by Allaoui et al. [21] and
Amato et al. [22]. Rodrigo et al. [23] considered wavelet estimations in nonparametric regression
models with positive noise. In this paper, we will construct a linear wavelet estimator and an adaptive
wavelet estimator of the unknown density function f(x) in model (1.1); the convergence rates under
L? (1 £ p < +o0) error of those two wavelet estimators will be proved in Besov space. It turns out
that the convergence rates of the linear estimator and the adaptive estimator are the same as the optimal
convergence rate of nonparametric wavelet estimation problems (see [8]).

Let &(x) be a scaling function. There are some corresponding wavelet functions ¥,(x) (u =
1,...,2%—1) such that for each function f(x) € L*([a, b]9),

oo 29-1
F@ =3 0P+ D0 Bk ikalx). (12)
keAj, J=Jx u=1 keA;

During this above equation, «; x = (f(x), @j, x(X)), Bjxu = {f(x), ¥jx.(x)) and
B, 4(x) =27 DQIx — k), ipu(x) =27 V,20x — k),

In addition, the compact support property implies that A; = {0, ..., 2/—1}¢. For more details of wavelets,
one can see [24,25].

One of the advantages of wavelet bases is that they can characterize Besov spaces. Now, we give a
definition of Besov space by wavelet bases (see [25]).

Lemma 1.1. Let a scaling function ®(x) be m regular, p,q € [1,+00) and 0 < s < m, then, the
following conclusions are equivalent:
(1) fx) € B, ([a, b);
(2) (271 Pjr f(x) = Pif®ll,p) € ly;
(3) {2/~ B), ) € L
29-1

In the above conclusions, ||8 jIIZ = 3 Y Bjkul’ and Zif(x) = Y @jxDjr(x).
u=1 kGAj kGAj
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Now, we will construct a linear wavelet estimator f,(x), and state the upper bound estimation over
L? (1 < p < +00) risk of this linear estimator in Besov space. In addition, we define the following
mathematics symbols: s, := max{s,0}. The symbol f < g means that there is a constant ¢ > 0 such
that f < cg. f ~ g implies that f < gand f > g.

A linear wavelet estimator f,,(x) is defined by

Fule) = ) kD u(x) (1.3)
kEAj*
and
DL S (¢ (X;) 92J¥) (1.4)
QAj k= n 1-0 Jak \ i . .

i=1
Theorem 1.1. Let f(x) € B%’q([a,b]d),f), q € [1,00) and s > 0. The linear estimator ﬂ(x) is defined
by (1.3) with 27+ ~ n¥ and s' = s —d(% — §)+. Then, for{1 < p<p, s> %} or{p>p=1}

E|

fo) = fe)|[] s =

Remark 1.1. Note that n"5a is the optimal convergence rate over L (1 < p < +o00) risk of
nonparametric wavelet estimation in Besov spaces [8]. Hence, this linear wavelet estimator can attain
the optimal convergence rate when p > p.

Remark 1.2. According to the definition of this linear wavelet estimator and 2> ~ nx+, the
construction of this linear wavelet estimator depends on the smooth parameter s of the unknown density
function f(x), which means that this linear estimator is not adaptive.

An adaptive wavelet estimator f,(x) is constructed by

J1 24-1
Fu) = > a5 ®i )+ >0 3T Bikadypy e v Pikal®) (1.5)
kEAj* j:j* u=1 kEAj
with 1, = ]“T” and
B -—li LX) (1.6)
Jku - = n 1 _ 9 Jku i) .

i=1
Theorem 1.2. Let f(x) € Bg’q([a, b1Y), p,q € [1,00) and s > 0. The adaptive estimator f,(x) is defined
by (1.5) with 2/ ~ nzma(m > s) and 29" ~ (#)5. Then, for{1 < p<p, s> %} or{p>p=>1)}

E|

) = f@] < nm¥ o
with

S - pd

s—244 25 +d’ P> s

. S p p d d

= nun , = —d4d
4 {2s+d 2(s—%)+d} SThT < pd

2s-Dra T
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Remark 1.3. The convergence rates of this adaptive wavelet estimator are the same as the optimal
3
convergence rate of classical nonparametric wavelet estimations [8] up to a logarithmic factor (Inn)? .

Remark 1.4. Compared with the linear wavelet estimator, this adaptive wavelet estimator keeps the
same convergence rate when p > p. However, this adaptive estimator can get better than the linear
one in the case of p < p.

Remark 1.5. According to the definition of the adaptive wavelet estimator in (1.5), it is easy to see
that this estimator only depends on the observed data X, ..., X,. This characteristic shows that this
wavelet estimator does not need any prior information of the unknown density function f(x). Hence,
this estimator is adaptive.

2. Numerical experiment
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Figure 1. The estimation results of density function fi(x): (a) the estimation result of
the linear wavelet estimator fn(x); (b)y MSE(f, f,,) with different scale parameter j.; (c)
the estimation result of the adaptive wavelet estimator f,(x); (d) MS E(f, f,) with different
thresholding parameter A.
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In this section, some numerical experiments are presented to illustrate the performances of the

linear wavelet estimator and adaptive wavelet estimator proposed in this paper. During the simulation
study, we estimate the density function f(x) by random variables X, X5, ..., X,, with n = 4096.
For the linear wavelet estimator f,(x), a collection of the scale parameter j, is given by j, =
0,1,...,log,(n) — 1. Then, we select the optimal scale parameter by minimizing the mean squared
error MS E(f, ﬂ) = }l 2 (f(x) — f,,(x,-))z. For the adaptive wavelet estimator f,,(x), the optimal scale
parameter j. of the linear estimator is used, and the scale parameter j; is fixed as the maximum level
by j; = log,(n) — 1. Moreover, the best thresholding parameter A := %Kln of adaptive estimator is also
selected by minimizing the mean squared error MS E(f, f,l) = % 2 (f(x) — fn(xi))z. The following
simulations are performed using R software.
Example 1. For the estimation model (1.1), we choose the density function f(x) as fi(x) =
1112351 -0505(x) and 6 = 0.05. The estimation result of the linear wavelet estimator and adaptive
wavelet estimator are shown in Figure 1(a) and (c), respectively. According to Figure 1(b), it is
easy to see that the optimal scale parameter j. = 4. Moreover, the best thresholding parameter is
A = 0.0034044494, as shown in Figure 1(d). Under those best parameter selections, two wavelet
estimators can approximate the unknown density function f(x) effectively. However, the adaptive
wavelet estimator shows a better performance than the linear one.
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Figure 2. The estimation results of f,(x).
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Example 2. For the estimation model (1.1), the density function f(x) is chosen by f>(x) = [;)2.37— “12;53;:)‘

and x € [-1,-0.5] U [0.5,1]. The corresponding estimation results are presented in Figure 2. The
optimal scale parameter j, = 6 and thresholding parameter 4 = 0.01825362 are given in Figure 2(b)
and (c), respectively.

Example 3. For the estimation model (1.1), we choose the density function f3(x) = Wil—ﬂ)
x € [-3.5,-3] U [3,3.5]. Note that when the scale parameter j. = 5, the MSE(f,fn) is smallest, i.e.,
MSE(f, f,) = 0.05344466. By Figure 3(d), the optimal thresholding parameter is A = 0.0017081201.
With those best parameter selections, two wavelet estimators have a good performance in estimating
the unknown density function.
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Figure 3. The estimation results of f3(x).
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et

Example 4. For the estimation model (1.1), the density function f(x) is given by f4(x) = ey
and x € [2,3]. It is easy to see from Figure 4(a) and (c) that those wavelet estimators can approximate
the density function effectively. The optimal parameter values of two wavelet estimators are shown in
Figure 4(b) and (d).
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Figure 4. The estimation results of f;(x).
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2
Example 5. For the estimation model (1.1), we choose a density function fs(x) = % and

x € [0.5,1.5]. The estimation results of linear wavelet estimator and adaptive wavelet estimator are
presented in Figure 5(a) and(c). According to Figure 5(b) and(d), the best parameter is j. = 5 and
A =0.003181313.
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Figure 5. The estimation results of f5(x).
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1 cos? x

Example 6. For the estimation model (1.1), the density function f(x) is given by fs(xX) = 55 \/ Ton2
with x € [-0.5,0.5]. From Figure 6(a) and (c), two wavelet estimators can attain a good performance
for estimating the unknown density function f(x). In addition, the best scale parameter j. and
thresholding value A are presented in Figure 6(b) and (d).
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Figure 6. The estimation results of fs(x).

The following Table 1 shows the best scale parameter j., thresholding value A, and the MSE of
two wavelet estimators in the different examples. From the above figures and Table 1, two wavelet
estimators can estimate the density function f(x) effectively. Moreover, the adaptive wavelet estimator
can get a better performance than the linear estimator.
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Table 1. The estimation results of two wavelet estimators.

fi f2 f
J 4 6 5
A 0.0034044494 0.018253620 0.0017081201
MSE(f,, f) 0.032390300 0.032406400 0.053444660
MSE(f,, f) 0.025682578 0.017157530 0.052734985
fa fs Jo
J 9 5 5
A 0.010511680 0.003181313 0.023444220
MSE(f,, f) 0.032156860 0.032098990 0.032251160
MSE(f,, f) 0.030742526 0.020808970 0.001171874
3. Relevant results and proofs
This section will give some relevant results, and prove the main theorems.
Lemma 3.1. Let &, x be defined by (1.4) and B iku be defined by (1.6),
Eld.4] = @)k ElBjkal = Bisu-
Proof. For the first equation, according to &; x := 1 i = (@ k(X)) — 02‘%) and J ., Pi(x)dx =

1

1

277412 one has

E|d;4] =E % .n

1 ( jud
— dS‘,-*,k(Xf)—ez‘z)]
P 1-6
1

0
=E [IT@ (;.4(X) ))] 1.5 f[a » D; (x)dx

1 0
B dx——— | @ x)dx.
«f[;lb]d 1-6 J k(x)g(x) X 1—o o J*,k(x) AW

By (1.1), g(x) = 0 + (1 — 6) f(x). Furthermore,

Eltja] = [ @ = (. 0y =
[a.b]

For the second equation, by B ik = i ; Le Yiku(X;) and gx) = 6+ (1 - 0)f(x),

1
Zl V(X)) = f T Vika@)g()dx
[a.b] -
0

o ) ¥k u(x)dx + f 1 Viku(x) f(x)dx.
(a,b] [a,b]

ﬁ]ku =

T 1-6

AIMS Mathematics
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Since f[a b Viku@)dx =0and B, = f[a b ¥k u(x) f(x)dx, one can get

E Bk = f VO L)X = B
[a,b]¢

Rosenthal’s inequality [25]: Ler X, X, ..., X, be independent random variables with E[X;] = 0
and | X;| <M (i=1,2,..,n),

(1) E[ 3 X, ,,] < MP? 3 E[X?] + (z E[X?])z, p>2
i=1 i=1 i=1

2

P] g(iE[xl?]) 1<p<2.
i=1

@) E DZ] X,

Lemma 3.2. Let &, x be defined by (1.4), 214 < nand 0 < 0 < ¢y < 1 with a positive constant c.
Then, for any 1 < p < oo,

A _p
Ell&; x —aj 1’1 <sn 2.

Proof. According to Lemma 3.1,

n

1 & 1 Jxd 1 1 Jxd
- — | D 1 (X; —92_7)—E — —(@- X; —02_7)
HZI_Q( k(XD [nzl_g £ (X ]l

i=1

|k —aj il =

-0

D Qi‘ 3.1

with Q; := @; 1 (X;) — E[D;, x(X)].
For Q;, it is easy to see that E[Q;] = 0. Due to the boundness of function g(x) and &(x),

oo
Z 1—(¢j*,k(Xi) - E[QJ*,k(Xz)])‘

Qi < D), k(X)) + [E[D;, 1 (X)]|

f 25 D2 x - k)g(x)dx
la.b)¢

Jxd

- ‘27’ PO X; - k)‘ + <25, (3.2)

Then, the condition 2/*¢ < n implies that |Q;| < n?.
Note that

E|[Q}| = E[(®,.4(X) - EL®; x(X)])’]
< E[(@) 4(X))] + E*[®;. 4(X))]

2
:f qﬁi’k(x)g(x)dx + (f qﬁj*,k(x)g(x)dx) .
[a,b)? [a.b)?

Using Cauchy inequality, one can have

2
( f ¢j*,k(x)g(x)dx) <(b-a) gbi,k(x)gz(x)dx
[a.b]¢

[a,b]?

AIMS Mathematics Volume 9, Issue 8, 20588-20611.
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Furthermore, it follows from the boundness of function g(x) and the property of scaling function
D;, x(x) that

Epﬂéfwﬁﬂmma+f P; 4 (x)g*(x)dx

[a,b]?

sfléhwﬂsL (3.3)
[a.D]¢

According to Rosenthal’s inequality, when p > 2 and 2/+¢ < n,

n p L n n
> o ]5(2’3)"‘ZZE[Q?]+( E[Q%])
i=1 i

i=1

nd \P72
S(ZZ) ‘n+n

E

[STas}
(SIS

(3.4)

When1 < p <2,

P

p n 4
] < (ZE[Qg]] <t 3:5)

i=1

n

2.0

i=1

E

By (3.1), (3.4) and (3.5), for any 1 < p < oo, one can get

. » 1\ 1
E[Wj*,k — @il ] “\1-9) - EE

n

>0

p
_Pp
]Sn 2,

i=1

Proof of Theorem 1.1.
Proof. By triangle inequality, we have

@) = @ < (|fux) = 25 @) +12,.f(x) = f@)))

<|h@ - 2. @] +12, f@) - fer.
Hence,
E [ f[ » fulx) - f(x)l"dx] SE||h® - 2, /@] + 25100 - fo] (3.6)
For E [ fux) = 2 i f (x)||§]. It follows from the properties of wavelet functions that

E|

fulx) - gzj*f(x)”ﬂ =E Z @k — @), 1 )P, x(x)

kEA/'*

1

p
pd_d ~

< 20T Z E[|a/j*,k - a’j*,k|p]-

k EA_ jix
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P
2
)

Using |A;,| ~ 2/¢ and E[|&,x — ;4’1 S 0~

cod_d n
2P Z E [1d.4 - a4l
kGAj*
(3.7)

14
2 < px-p
one knows that B} ([a, b]) < By ([a,b]).

[ee]
J=Js

p

This, with 2/- ~ n3¥w shows that
N Jxpd _
||/ - 2. f@)|] 27 -n

For |2, f(x) — fx)|l). When 1 < 5 < pand s > ¢

=

Then according to Lemma 1.1,

12).f@) = f@ll, = Z(Wﬂlf(x) - 2,f(x)

J=Js

Furthermore, the condition 2/ ~ n¥ implies that
127;.f(6) = FQOI, € 277 ~ n7rta, (3.8)
Combining the above conclusions (3.6)—(3.8), one has
A = f)| dx| < no (3.9)

“|)
la,b}

inthecaseof 1 < p < p.
On the other hand, when p > p > 1, according to the Holder inequality,
14
A p-é P 1-2
fa@) = fo|" 7 dx 1" v dx
[a,b])

i) — feo| dx < ( f
[a.b]d

‘[[;t,b]‘i
[a,b]"

Moreover, it follows from Jensen inequality that
fe) - r@l| s E[|A® - r@ll)] < (E|

ASTaST

i) - feof” dx)ﬁ .

fuor - s}

(3.10)

’
S’

B[
Note that (3.9) also holds when p = p. Hence, one knows
_shp 'p
S N W+ P ~pn 29+,

E[[l/0) - f®)|’]

Finally, by (3.9) and (3.10), for 1 < p < +oc0, one can attain that
E|[[/) - f@|] 5 n72a,

Lemma 3.3. Let f3 iku be defined by (1.6), 2/ < nand 0 < 6 < ¢y < 1 with a positive constant cy. Then

_r
2'

EllBjxu — Bjxul’1 <n
Volume 9, Issue 8, 20588-20611.
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Proof. BY Bk = 1 ; =¥ u(X) and E [,@ j,k,u] = Bjku> One has

. 1o 1
Bk~ Bixal = ~ Z T (P X0) ~ EL¥ (X))
1 n
=-1>" D, G.11)
n (<
i=1
where D, = ﬁ{&”j,k,u(Xi) — E[¥x.(X)]}. Note that E[D;] = 0. Similar to the arguments of Q;, one
can easily get
ID| < 2% and E[DY) < 1. (3.12)

Using Rosenthal’s inequality, when p > 2 and 2/ < n,

n p n n
ZD,~ }s (ﬁ)f"ZZE[Df] +( E[Df])
i=1 i

i=1

E

dp-2
S22y ™ n+n

n

2 D

i=1

p n % )
] < (Z E [Dlz]) < n’. Those results with (3.11) imply that
i=1

p
_P
ISn 2,

Bernstein’s inequality [25]: If random variables X, X»,...,X,, are independent with E[X;] = 0 and

|X;| < 7. Then for any € > 0,
s el cne ne?
>gp <2expi———
P 202 + 1

WhenlSpSZ,E[

n

S

i=1

E [lﬁj’k’ u _IBj,k,u p] = l’l_p -E

n

n 2%

1
P{
i=1

Lemma 3.4. Let ,3 iku be defined by (1.6), 2/ < p=and 0 < 0 < ¢y < 1 with a positive constant co.
Then, there exists a constant k > 1 such that

with o2 = 1 3 V[X].

5 )
P(Bjx — Bjxl = kt,) < n™°".

Proof. By the proof of Lemma 3.3, we can obtain IB k=B j,k| = % 'Z D;| and
i=1
N 1<
{Bix =Bl = kta} = {; PR Ktn}. (3.13)
i=1
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In addition, according to the arguments of D; in Lemma 3.3, one can easily know that E[D;] = 0,
D] <2% < JZ ando? = ZV(D)— 1 ZED2 < 1.

Using Bernstein’s 1nequahty, for any « > 0

1 n n'KZ(h;ln) 2
P|- i| >kt | Sexpi— - S
n_\s ny\s
Tl 2+ (GGp)r e GF)

Then, one can choose a large enough « such that

2

P(LBJLk —5j,k| = Ktn) snwm s

Proof of Theorem 1.2.
Proof. We first prove that Theorem 1.2 holds when 1 < p < p and s > %. By (1.2) and (1.5),

Fix) = &) = [/i0) = 2, @) = [ F®0) = Pjy1 f )]

J129-1
+ 20 00 2 Biral it — Bike) Viaax).
j=j» u=1 keA,;
Then one has
E[|lf®-f@|)] sTi+T2+G (3.14)
with the following definitions: X
T = E||h®) - 2@,

= |f@) - Zjnf@lf),

i p

-1
ZZZ ﬂ!"" {Bikal23xta} — ﬁj,k,u) ¥ikeu(X)
u=1 keA;

p
For T, it can be concluded that E[ fn(x) - Z; f(x)”p] 2yt by (3.7). In addition,

DMt ~ i 8 ~ pm 3 with 20 ~ pa (m > s). Therefore,
T, < nomi < T < p P, (3.15)

s—dpd
ForT,,whenl < p < pands > %, one has Bg’q([a, b1%) Bp,q”+”([a, b]%). According to Lemma 1.1,

T = |f@0) = 2 f@)|) s 270705

d d

This, with 2/' ~ (£~ )" and y = ml”{zwd’ 20— d) d

} implies that

Inn\-?
T, < (ﬂ) . (3.16)

n
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For G, it is easy to see that

J1 2d 1

G <G gt 7 Y 2D N S BBkl g3y ~ B

J=Jx u=1 keA;

|

Now, we can rewrite ’,E ikud (Bikalz36,} Bjku| as

= lﬁj’k’” _ﬁj’k’u I{Iﬁj,k,ulZ%Ktnslﬁjﬂk,u|<%Ktn}
+ I,Bj,k,u _ﬁj,k,u I

{1l 3 0B gl 5 610 )

Bkl tun) B

Bl )< <300
Bl (|| <3t 81l 300 )
By those above results, we discuss the following four parts:
(D) Bjxu - B il {13 |2 3000 18 < bt}
) Bjau — B il {13 |2 3000 18 02 bt}
O Bkl <3un,ip i3,
D Bkl <3ua,ipinnl>3o,)

For (1), the conditions [,@ k| = %Kt,, and |8l < %Kln imply that [,3 ik — Blku| = |,@j,k,u —|Bjkul >ty
and
A 3 1 N
{LBj,k,u > EKtn, |ﬁj,k,u| < EKtn} c {lﬁj,k,u _ﬁj,k,u > Ktn} .
Furthermore, we can get that
Bikae = Bt 13 s 3utnipraat<inn) < Bie = Bisall{ sl (3.17)
For (2) and (3), clearly, one knows
lﬂj’k’” _B-i’k’u I{Iﬁj,k,ulzg’(tnylﬁj,k,ulz%Ktn} S |ﬁj’k’u _ﬁj’k’u I{Iﬁj,k,ulzé’(tn} (3'18)
and
Iﬁj’k’ull{|ﬁ_j¢k,u|<%Ktna|ﬁj,k,u|§%’dn} < Iﬁj’k’ull{Wj,k.ulsgktn}' (3'19)

For (4), note that [,@ ik — Bikou
following conclusion is true:

{ LB Jik,u

A A 3 5
> |Bjxul — I,B iku| > Kt, by I,B k| < 5kt, and |Bx.| > 3kt,. Then, the

> Kt,,}.

3 5 N
< Ektn, |ﬂj,k,u| > EKtn} c “ﬁj,k,u _ﬁjsk,u

Hence, one has
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VBikal {1 | < 3 k108 > 30} = l,Bj,k,u = Bika + Biku| I
< (lﬁj,k,u — Bia| + Biscu
< (lﬁj,k,u = Bju| + I,Bj,k,u

. Finally, one can attain that

|Bj,k,u|<%Ktn»|,Bj.k,u|> %Ktn}

) I{ |ﬁj,k,u|<%Ktnalﬁj,k,u|>%’(tn}

) 1B -siealstn)

" 3 315
Moreover, [,B k| < 5Kty < 3 lﬁ ik — Bk

54
B s Hpaal<tuanipipnt=sian) < 5 Wik = Bisal Hpp-saafouas) (3.20)
Using (3.17)—(3.20),
A 74 A
Bkl un) = Bowa] <5 Bk = Biral i s-sfonny + Bt = Brcal Hig oo
+ lﬁj’k*“ [{Iﬂj,k,ulsgktn}.
Then one has
G < (i = ju + D" H(G1 + G2 + G3) (3.21)
with
J1 24
o (-1 A P
G1 .= Z 217 (2 p) Z Z E [Iﬁj,k,u _ﬁj,k,u I{'ﬁj,k,u—ﬁj,k,u|>Kln}] ,
j:j* u=1 kGA]
J1 24
J_J A
Gyi= ) 250 ) ) B ik = Bikal Tpieie ]
J=Js u=1 keA;
Ji o241
J_J
Gyi= ) 250 ) ) BBl T s
= u=1 keA;
For G, by Holder inequality,
1 1
A p A 2p]) 2 A 5
E “ﬂj,k,u _ﬂj,k,u I{Iﬁj,ki,u—ﬁj,k,ulm‘tn}] < {E [LBj,k,u _ﬁj,k,u ]} [P(LBj,k,u _ﬁj,k,u > Kl’n)]2 .
A Jjd ~ 2p
It follows from (3.12) and Lemma 3.3 that |8k, — B < 27 and E||Bjku —Biku <

Jdp

27E I:Léj,k,u - ﬁj,k,u

P] < 2% . p % In addition, P(L@j,k —,Bj,k| > Kt,,) < n~? by Lemma 3.4. Therefore,

E [l,é ik — Bk

p Mo p\2 L, i s
I{|Bj,k,u_ﬂj$k,u|>mn}] < {2 2 .1 2} n P27 .p7,
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Now, it is easy to see that

Since the definition of y in Theorem 1.2, 0 < y <

0 <y < 3 that

For G,, we define 2/ ~ nw. Then, 2/« ~ nma <2/ ~ pma < 201 ~ (5=

241
2) 2y
u=1 keA;
J1
“3).id. 2% Y < Zz% ¥
J=s

o i L
%. Then, it is easy to see from 2/! ~ (;1-)7 and

’

Inn

GlS(—

n

(3.22)

)d We can rewrite G, as

2d 1
d(4
G, = <Z S DS S Bl i)
J=ie o =i+ u=1 keA;
=: Gy + Gy. (323)
Using Lemma 3.3,
J 24
d(§-1 A p
G 1 = Z 2p (2 p) Z E [lﬂj’k’u _ﬁj’k’u I{lﬂj,k,ulzéKtn}:I
J=Jj« u=1 keA;
7 24
<3 oA Sk,
J=Jx u=1 keA;
This, with 2/ ~ nz= shows that
Gy <2 0% ~ st <o, (3.24)
Clearly, 1 | < (B ~and
Yo HBjnalzxt,} Lty
P P L Iﬁjk ul _P
E“ﬁj,k,u_ﬁj,k,u I{|,6'j.k’M|Z%Kl‘n}:| sno ( lKl ] sn o Iﬁlkulp-
2 n
Furthermore,
J1 241
d(L—2L
Gy = Z 2P (2 p) E[l,Bjku ﬁjku {lﬁ/;k,uIZ%Kln}]
j:j'+l u=1 ke/\j
, Ji ; 241
snzfP opd($-7) Z Zlﬁf~’”‘|
j=j+1 u=1 keA,
AIMS Mathematics
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By f(x) € B;;, q([a, b]?) and Lemma 1.1, we can obtain that

. J1
Gy < (Inn)2n'7- opd(3-1). 9=jp(s-4+9)

ey

= (h’ln)_gn?. Z 2—j(sf)—@).

(p— p)d

When sp — > 0, 0nehasp>2+dandy

Gy < (Inn)y . n"2. 077 (0-1F) < (1nn)-§-n-% <. (3.25)

~ _d, d
When sp — @ < 0, there are p < 5— +d andy = om {,Jr)+d Let p; := (1 — 2y)p, it is easy to know

that p < p;. According to the Holder inequality, we obtain that

241

“ﬂj,k,ul Zi = Z Zlﬁj,k,ulp1 < “ﬂj,k,u”;l-

u=1 kEA_/'
Then, it follows from Lemma 3.3 that

241

Z2pd ZZ Iﬁjku —Biku|”

j=jy+1 u=1 keA;

Ji 24-1
Z 2pd(% 1 ZZ _P(ngku|)

j=j+1 u=1 keA;

G

{lﬁ/ku|> Kln}:l

A

Ji

(Inn)"7n"T - Z 2Pd(%—%)|wj,k,u||§i

J=j'+1

A

J1
P pP1—pP i _J
< (nny 20" 3 2 g

=7+
By f(x) € B; (la, b]?) and Lemma 1.1, one knows ||,8]ku||pl <27 im(s=5+%). Therefore,

Ji

Gy < (h’l}’l)_%lny Z 2pd( p) 2" Jpl(s_ﬂ"czl)

57
L PLP U '(ﬂ—d—v +M_M)
<(nn)y 2n 7 - Z I\ 5 =i+ =)
57+
s—44d d d
Sicen py = (1 —=2y)pandy = %, it can be inferred that Z- —d — sp; + % — &% = 0. Hence,
1 1
Gy < (In n)—5(1—2)’)p 2 A=29p=p1 < e, (3.26)
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According to (3.23)—(3.26), we can obtain that

G2 < n’,
For G5, we rewrite G5 as
2'1 1
= ( )2p" Bikal’T
3 Jku W}ku|<2/<tn}
= j=j+1 u=1 keA;

= G31 + Gap.

For G3,, the upper bound of G3; can be concluded by

J o2l
J_J
Gsi = Y 2 3 S Bl Ty s
= u=1 keA;
i 24-1 5 P
J_J
< Z 2pd(2—p) Z Z EKZ‘,,
Jj=J u=1 kEA/
(0 g
- . P
\n )G

S +
This, with 2/ ~ nm+ and v = min {2S+d, o ”Z) d} shows that

+ |z

V4
Inn\? _im s
Ggls(—) 2% < (nn)’n 7 < (Inn)2n 7.
n

For G3,, using f(x) € B;’q([a, b1%), p < p and Lemma 1.1, one has

241
— pd
Go= 3 DY S
j=j+1 u=1 keA;
2d 1
5/2«t,|”
d
s 3 ot ROIPICG
j=j+1 u=1 keA;
p=p
Inn\7 & i 5
< (_) ' Z 2P (2 p)Hﬁj,k,u”g
" 7
p=p
(lnn) 2 Z - j[Yp (= P)d]
j=j+1

When sp — 2224 ”) >0and 2/ ~ pza,

r=p

Inn\ % A ox (=P s
Gy < (—) 277 < () in P < (Inn)in.
n
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—P -/ % . o o
When sp — w < 0, we define 2/1 ~ (#)ﬂs-d/ﬁﬂd. Then, it can be proved that 2/ ~ nma < 201 ~

1 .
() 2died < 201 ~ (ﬁ)é. Now, we split G5, with the following two parts:

7 Ji 24
— pd(5-% T
Ga=| D+ 2 |2 3 D inal M)
J=i+l =+ u=1 keA;
=G + Gan. (3.31)
For G32] ,
i 24-1
- pd(}
G = 3 2D S S Bl
Jj=j+1 u=1 keA;
I\
(nn) 221 ~(17p)d
Jj=j+1
. . v JE . .
This, with 2/t ~ (Z-)2-a/»+ implies that
Inn
nn\=
nn _ ol en_p=pd sp=pd/p+d _ sp=pd/p+d
Gy S (—) .2 Jl[W’ 2 ] < (Inp)26-ap+d - p~ 6=+ < (In I’l)zl’l P (3.32)
n

For Gy, dueto p < pand f € B;_([a,b 1, 1Bjxallh < 1B j,k,ullg. Furthermore, one can easily get

241
d(%
Gipn = Z 2r(3 ZZIﬁjkul (1B kel 3t}
J=j+l u=1 keA;
J1 24
< 3D S
=J, u=1 keA;
J1 o
J_ 1
< 12Dl

J=i

d d

.. J1 pd(l_l) —jp(s—4+f) ]p(s— +4 ) j(s—:+4)
In addition, Gz, < D, 2P\27%/).2 P72 S Z 2" with ||Bx.ll; < »72), Therefore,

J= J=i

according to 2/1 ~ (#)Wl/fmd and 0 < y < 1, the upper bound of G3,, is given by
Gy < 270P07575) < (Inny?-n77” < (Inm)2n 7. (3.33)
Based on the above conclusions (3.28)—(3.33),
Gs < (Inn)*n™”. (3.34)
This, with (3.21), (3.22), and (3.27) shows that

G < (Inn)¥n. (3.35)
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Now, when 1 < p < p, itis easy to see from (3.14)—(3.16) that

E|

@) - f|] < anmy ¥, (336)

When j > p > 1, there is || f,(x) —f(x)||p <
addition, using Jensen inequality

ﬂ(x) —f (x)”ﬁ thanks to the Holder inequality. In

E| -l

fue) - f@|] < E

fuw - f07] < (B
Note that the result (3.36) also holds when p = p. Furthermore, for p > p > 1, one can get

E|

) = f}] < Anmy Zn.
4. Conclusions

This paper considers nonparametric density estimations in a two-class mixture model. Due to the
local analysis properties of wavelet in time and frequency domain, two wavelet density estimators
are constructed to approximate the unknown density function. According to the main theorems, two
wavelet estimators can attain the optimal convergence rates in different cases. What’s more, the
adaptive wavelet estimator does not rely on any prior knowledge and information of the unknown
density function. Because this paper focus on wavelet density estimations, some numerical experiments
are presented to discuss the performances of the linear wavelet estimator and adaptive wavelet
estimators. From the simulation study, it is easy to see that the two proposed wavelet estimators can
approximate the unknown density function effectively.
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