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Abstract: The degree Kirchhoff index of graph G is defined as Kf*(G) = », dw)dW)rg(u,v),
uvCV(G)

where d(u) is the degree of vertex u and rg(u, v) is the resistance distance between the vertices u and

v. In this paper, we characterize bicyclic graphs with exactly two cycles having the minimum degree

Kirchhoff index of order n > 5. Moreover, we obtain the minimum degree Kirchhoff index on bicyclic

graphs of order n > 4 with exactly three cycles, and all bicyclic graphs of order n > 4 where the

minimum degree Kirchhoff index has been obtained.
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1. Introduction

Let G be a simple connected graph of order n with vertex set V(G) and edge set E(G). Let d(v;)
be the degree of vertex v;, fori = 1,2,...,n. The distance d(u, v) between the vertices u and v of the
graph G 1is defined as the length of a shortest path between u and v. The resistance distance between
the vertices u and v in G is denoted by rg(u, v).

In 1993, Klein and Randi¢ [1] proposed a new distance function, resistance distance, based on
electrical circuit theory. Similar to the long recognized shortest-path distance, the resistance distance
is also intrinsic to the graph, and with some nice purely mathematical properties [2]. The effective
resistance is mainly used in electronic networks for which nodes correspond to vertices of G and each
edge of G is replaced by a resistor of unit resistance. The resistance distance is very sensitive to
small changes in the conductances, and it is suitable to discriminate between networks with similar
structure [3,4]. The resistance distance has been studied in mathematical, physical, and chemical
papers [5—7], and it has important applications in chemistry.

A bicyclic graph is a connected graph which satisfies |V(G)| + 1 = |E(G)|. Let B(n) be the set of
connected bicyclic graphs of order n. It is well known that any graph in B(n) contains either two cycles
or three cycles. There are two basic types: oco-type graphs and ®-type graphs; for the basic structure
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of co-type bicyclic graphs and O-type bicyclic graphs, see Figure 1. An co-type graph is obtained
by attaching trees T; to some vertices of Bi(p,q) or By(p,q), where Bi(p,g) can be constructed by
two vertex-disjoint cycles C, and C, by identifying a vertex u, and B,(p, q) can be constructed by
two vertex-disjoint cycles C, and C, connected by a new path v;v,---v, with length # — 1. Further,
the graph S77 is obtained from the graph B;(p, g) by attaching ¢ pendant vertices at vertex u, where
t=n—-p—-—q+1.

(@) Bi(p,q) (b) Bx(p,q)

Figure 1. The basic structures of co-type bicyclic Graphs.

A ®-graph is the union of three internally disjoint paths with two common end vertices (see
Figure 2). A O-type bicyclic graph, denoted by ®5%", is a union of three internally disjoint paths
Py v .. vy, Pyiug(= vp)uiuy . .. ug(= vo), Pyt : vowy ... Wy, of length p, g, m + 1, respectively,
with common end vertices, and the trees 7,,(0 < i < p—-1,p > 2), T, 0<j<gqg-14g22),
T,,(0 < k < m) are rooted at v;,u;,wy, respectively; see Figure 3 for an example of such a graph. Let a
O-type graph S*™ denote the graph obtained from a ®-type graph @™ by attaching all of its pendent
vertices to one of the two common end vertices.

U (v,)

s Up

Figure 2. An example of a ®-graph.
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Figure 3. An example of a ®,%"-graph.

In 1994, Bonchev et al. put forward the concept of the Kirchhoff index in [7]. After that, many
scholars began to study the maximal and minimal Kirchhoff index of the extremal graphs of unicyclic
graphs [8—11]. In 2016, Liu et al. completely characterized the bicyclic graphs of order n > 4 with
minimal Kirchhoff index and determined bounds on the Kirchhoff index of bicyclic graphs [12].

The Kirchhoff index of G is defined similarly to the Wiener index

KfG = ). rewv).
{uv}cV(G)
We define K f,(G) as follows:
Kf(G)= ). rou,v).
ueV(G)
The Kirchhoff index has been widely studied in the literature [13—15].
In 2005, the degree Kirchhoft index was proposed by Chen and Zhang in [16]. The degree Kirchhoff

index is defined !

Kf(G)= ), dwdrswy) =7 Y dwKf(G).
{u,v}CV(G) ueV(G)
where Kf)(G) = 3, d(v)rg(v,u). More results for the degree Kirchhoff index of graphs can be found

veV(G)
in [17-25].

Many scholars have studied the extreme values of degree Kirchhoff index in unicyclic graphs in
the literature. In 2013, Feng et al. completely characterized unicyclic graphs having maximum,
second-maximum, minimum, and second-minimum degree Kirchhoff index [20]. In 2014, Feng et al.
gave some upper and lower bounds for the degree Kirchhoff index of graphs under certain conditions
and characterized fully loaded unicyclic graphs having minimum and maximum degree Kirchhoff
index [23,24]. In 2020, Qi et al. determined the maximum degree Kirchhoff index of n-vertex unicyclic
graphs with fixed maximum degree [25].

The extreme values of degree Kirchhoff index in bicyclic graphs has also been widely studied in
the literature. In 2017, Tang, et al. obtained graphs having maximum and minimum degree Kirchhoff
index among all n-vertex bicyclic graphs with exactly two cycles [21]. In 2018, Fei et al. completely
determine bicyclic graphs of order n > 6 having the maximum degree Kirchhoff index, and bicyclic
graphs of order n > 7 with the second-maximum degree Kirchhoff index [18].

Let L* = D 2LD"? be the normalized Laplacian matrix of a graph G, and let its eigenvalues be
P1=p2 2> 2 pu1 = pn = 0. Then, a known result for the degree Kirchhoff index is [16]
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n—1
1
Kf'(G)=2m )’ =
i=1 !

It is well-known that rg(u,v) = rg(v,u), d(u,v) > rg(u,v), and this equation holds if and only if
there is a unique path connecting the vertices u and v.

As usual, P,, C,, and S, denote, respectively, the path, cycle, and star on n vertices. Let U} consist
of a cycle size k to which a path with n — k vertices is attached. Let H,; be obtained from C; by
attaching n — k pendent vertices to a vertex of C;. For other undefined notations and terminologies
from graph theory, the readers are referred to [20].

This paper is organized as follows. In Section 2, we list some previously known results. In Section 3,
we characterize the minimal degree Kirchhoff index among all the bicyclic graphs of order n > 5 with
exactly two cycles. In Section 4, we obtain a lower bound on the degree Kirchhoff index of ®-type
graphs. In Section 5, we deduce the degree Kirchhoff index of ®-graphs, and show the minimal degree
Kirchhoft index of the bicyclic graphs.

2. Preliminaries

This section lists some known results to be used in this paper.
Let C,, be the cycle on n > 3 vertices, and v be the central vertex of S,. Then [26]
(J—D-[n=(j-0]

re,(vivj) = " , 2.1

where 1 <i < j < n. And [20]

2 _ 2 _
Kf(Cp) =" - L Kf (Cy) == L fori<izn (2.2)
3 _
KF'(C,) = 4Kf(C,) = = 2.3)
Kfy(S)=n—-1, Kf*(S,) =m—-1(2n-3). (2.4)

Lemma 2.1. []] Let x be a cut vertex of a graph G, and let a and b be vertices occurring in different
components which arise upon deletion of x. Then rg(a, b) = rg(a, x) + rg(x, b).

Lemma 2.2. [19] Let x be a cut vertex of a graph G such that G — {x} consists of vertex-disjoint
subgraphs G'1 and G'Z. Let G; be the subgraph of G induced by V(G;.) U {x}, where i = 1,2. Then:
(1)

Kf(G) = Kf*(G1) + Kf(G2) + 2lE(G)IK £, (G2) + 2|E(G)IK f(G1);

(2) in particular, for G, = P,
Kf(G) = Kf'(Gy) + 2K f(Gy) + 2|E(G)| + 1.

Lemma 2.3. [20] Let G = H, 3 be a unicyclic graph of order n > 5. Then K f*(G) = %(6112 - 5n—-15).
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Lemma 2.4. [2]] Let G be a bicyclic graph of order n with exactly two cycles. Then
Kf (G) > Kf (S)).

Lemma 2.5. [5] Let rg and ry be resistance distance functions for edge-weighted connected graphs

G and G’, which are the same except for the weights w and w’ on an edge e with end vertices i and j.
Then, for any p,q € V(G) = V(G’),

0 [re(p, D) +rg(q, j) —rg(p, ) — 16 (q, 0)]?
A[1+6 - re (@, )] ’

ra(p,q) = rg(p,q) —

where 6 =w —w'.

Lemma 2.6. [20] Let the graph G = U} consist of a cycle of size k to which a path with n — k vertices
is attached. Then

1
Kfangeﬁ—%ﬁ+%ﬂm)

Let v be a vertex of degree p + 1 in a graph G, such that vvy,vv,, ..., vv, are pendent edges incident
with v, and u is the neighbor of v distinct from vy, v,,...,v,. We say that G’ is a o-transform of G
if the graph G’ = o(G, v) is obtained by removing the edges vv;,vv,,...,vv, and adding new edges
uvy, uva, ..., uv, (see Figure 4).

L vy
v, V2
1]
u v u
Vy Vy
G G’

Figure 4. The o-transformation o(G, v).

Lemma 2.7. [20] Let G’ = 0(G, V) be a o-transform of G. Then K f*(G) > K f*(G"). This equation
holds if and only if G is a star with v as its center.

3. The minimum degree Kirchhoff index of bicyclic graphs with exactly two cycles

Theorem 3.1. Let B, be a bicyclic graph of order n > 5 with exactly two cycles. Then K f*(B,) >
2n* 4+ 32p -3,
3 3

Proof. By Lemma 2.4, we have K f*(B,) > Kf*(S;").

Let G| and G, be the subgraphs of S 33 induced by V(S 3’3 \ V(C3)) U {u} and V(C3), respectively.
By Lemma 2.3 and Eqgs (2.2) and (2.3), we get

. 1
wa@:§%ﬂ4whaf—m
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Kﬁ«L):%wm—zf—sm—zy-w):%m#-z%r+wx

7 -q

Kf(G) = 3 =38
pr-1 7
Kf(Gy) = +n—5:n—§;
2
. g-1_38
K = =2
1 (G2) 3 3

So, by Lemma 2.2(1),

1 7
Kf%&f):gwﬁ—Z%r+w)+8+ﬂn—D-§+2-3(n—§)

5 31
:bﬂ+§n—§< (3.1
Therefore, we have K f*(B,) > 2n* + 3n — 3. [

This is just to obtain the minimum degree Kirchhoft index for bicyclic graphs with exactly two
cycles, which does not account for all bicyclic graphs. Next, we will consider bicyclic graphs which
contain three cycles, that is, ®-type graphs.

4. Lower bounds on the degree Kirchhoff index of ©-type graphs

Lemma 4.1. [12] Let G be ®O-graph of order n. Then

k(p — k)(q2 +gm + m? + m)

4.1
(I+m)(p+q) +pq &1

K1, (G) = Kf,,(G) =

Lemma 4.2. Let G be ®-graph of order n. Then
Kf, (G)<Kf,(G), 1<k<p-1.

Proof. Leti = w,, j = up, and G’ be attained from G by deleting the edge w,,uy. For convenience,
r(vi, v;) denotes the rg (v, v;). Based on Eq (2.1), we can get

(p—K)g+k

pPq
r(vo, wp) =m, r(vo,up) = ——, 1(Vg, Up) =
p+q pP+q

k(p+qg—k
r(vi, vo) = M, r(Wm, o) = r(vo, wp) + r(vo, up) = m + P4 ,
pP+tq pP+tq
k(p+qg—-k
N (p+q )
pP+tq
Since every vertex in V(G) \ {vo, uo} has degree 2 and d(v¢) = d(up) = 3, by using Lemma 2.5 we get

(Wi, Vi) = r(vo, W) + r(vo, vi) = m

Kfn(G) = " d0yra(v,v)
veV(G)
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> Z {F(VO, v) - [r(vo, W) + (v, ug) — r(vo, uo) — (v, Wm)]z}

veV(G) 4[1 + I"(Wm, MO)]

[r(vo, W) + (o, tto) — r(vo, o) — r(ttg, wy)]*
4[1 + r(w,,, up)]

+ r(vo, up) —

Similarly,

Kf(G)= ) dWwyirg(v,v)

veV(G)
_ [r(vi, W) + (v, o) — r(ve, ttg) — (v, w,,)1?
=2 2, {r(v""’)_ 4T+ (0 u0)] }

VeV(G)
[r(Vi, W) + 1(vo, ttg) = r(v, o) = r(vo, wn)I?

411 + r(wWy,, up)]
[r(vi, W) + r(uo, o) — r(ve, ttg) — (g, wy)1?

411 + r(wy,, up)]

+ r(vo, Vi) —

+ r(ug, vi) —

Therefore, based on the Eq (4.1), we can obtain

Kf;(G) - Kf;(G)
=2 Z [r(vi, v) = 7(vo, V)]
veV(G)

[r(vo, W) + (v, g) — r(vo, o) — r(v, wy)]?
*2 ), ATT + (W )]

veV(G)

=5 [r(vi, W) + (v, o) — (g, thg) — r(v, W) ]

4[1 + r(wy,, ug)]

VveV(G)
kprg-ky[mr MR g - et ]
P+q 4T +m+ 2]
=Bk [+ K2t oobtart) %]2
p+q 42[1+m+£]
o pg Imo g om e
p+q 4[1+m+%]
2pk — 2k? 2kpg? — 2k

=2(K f,(G) = K f,,(G)) +

B .k(p—k)(q2+qm+m2+m)+2' k(p—k)(m+qg+1)

- (L+m)(p+q)+pq (1+m)(p+q) + pq

k(p —k)(q* +qgm+ 1) +m?> +2m + 1) -0
(L+m)(p+q)+ pq '

=2.

P+q +((1+m)(p+q)+pq)(p+q)

4.2)
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Lemma 4.3. Let G be a O-type bicyclic graph of order n, s pendent vertices x, x», . .. , Xy attached at

Vo, and t pendent vertices y1, 2, . .., y; attached at vy. Let

G =G —{Viyi, Viya, - - Vieh + {Voyi, Voya, - - - Voyihs

and

Gy =G — {(vox1,voXa, ..., VoXs} + {ViX1, ViXa, ..., ViXs).

Then, either K f*(G) > Kf*(Gy) or Kf*(G) > Kf*(G»).

Proof. Let A = {x1,x2,...,Xxs}, B = {y1,¥2,...,):}, and H be the subgraph induced by ®-graphs.
For convenience, we write rg(vo,vy) = [. For G — G, and any pair of vertices u, v satisfying u,v €
V(H—-vy—vi), u,v € A,u,v € Bjoru € A,v € V(H — vy —v), >, du)d(v)rg(u,v) does not change.

Then, by Lemma 2.1, we have

Kf(G)
= Z + Z + Z + Z d(w)d(v)r(u, v)
uveV(H-vo—vy) u,veA  u,veB UEA

veV(H—-vo—vi)

+ ) dwdWre + > dwdWreu,v)
u€A

ueV(H-vo—-vi)
veB veB

+ d(vo)d(vi)rg(vo, vi)

+do)| Do+ Y+ |dwyre(u, vo)

LueV(H-vo—vi) ueA UeB |

wd| Y+ Y+ e, v

lueV(H-vo—vy)  ucA ueB |

_ Z +Z+Z+ Z dw)d(v)re(u, v)

u,veV(H-vo—vy) u,ve€A  u,veB UEA
veV(H—-vo—vy)

+(+2)st+t Z (dw)yrg(u, vi) + duw)) + (s + 3)(t + 2)!

ueV(H—-vo—vy)

+(3+s)

Z dwyrg(u,vp) + s+ (I + Dt

ueV(H-vo—vg)

+(t+2)

dwyrg(u,vi) + (I + 1)s + t} ,

ueV(H-vo—vy)
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and similarly

Kf(Gy)
_ Z ¥ Z + Z + Z dw)d(v)re(u, v)
u,veV(H-vo—vy) u,ve€A  u,veB UEA

veV(H—-vo—vy)

+2st+t Z (dwrg(u,vy) + d(u)) +2(s +t + 3)l

ueV(H-vy—vy)

+B+s5+1)

Z dwyrg(u,vp) + s+t

uGV(H—Vo—vk)

+2

Z dwyrcgu,vi) + (I + Ds+ I+ 1)t

ueV(H-vy—vi)

So, we have

Kf(G)-Kf (G = ZI{ Z dw)[rg(u, vi) — rg(u, vo)] + 2sl + 1

ueV(H-vo—vy)

And analogously, for G — G, and any pair of vertices u, v satisfying u,v € V(H — vy —v), u,v € A,
u,ve Borue B,v e V(H-vy—w), 2, du)d(v)rg(u, v) does not change. Then, by Lemma 2.1, we have

Kf(G)
=l e Y dwdorety)
u,veV(H-vo—vy) u,veA  u,veB weB

veV(H—-vo—vy)

+ > dwdWrew )+ Y dwd®)re(,v)

UEA ueV(H-vo—vi)
veB veEA

+d(vo)d(vi)rg(vo, vi)

wdoo)| DL+ >+ | dreu,vy)

L ucV(H-vo—vy) ueA ueB |

wd)| Y+ Y+ Y | dre(uvy)

| ueV(H-vp—vy)  ucA UEB |

=Y e Y dwdeyrst )

uyveV(H-vo—vy) u,veA  u,veB ueB
veV(H—-vo—vy)

+(+2)st+s Z dwyrg(u,vo) +dum)) + (s + 3)(t + 2)l

ueV(H-vo—vi)

@+ Y dwrguvo) + s+ 1+ 1)
ueV(H-vo—vy)
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@+ Y dwrgv)+ U+ Ds 1],
ueV(H-vo—vy)

and similarly

Kf(G,)
_ Z n Z + Z + Z dw)d(v)re(u, v)
uveV(H-vo—vy) u,v€A  u,veB ueB

veV(H—-vo—vy)

+2st+ s Z (dw)rg(u, vy) + d(u)) + 3(s + t + 2)I

ueV(H-vo—vi)

+3{ Z d(w)re(u, vo) + L+ s + (1 + 1)t

ueV(H-vo—vg)

+2+s+1) dw)rg(u,vi) + s+t

ueV(H-vo—vi)

So, we have

Kf(G) - Kf(G,) = 25[ dw)[rg(u, vo) — ra(u, vi)] + 2t — l] .

ueV(H-vy—vy)

It Kf*(G) — Kf*(G;) > 0 fori = 1,2, then the result follows. If at least one of the differences
is negative, say, Kf*(G) — Kf*(Gy) < 0, then >, dw)[re(u,vi) — rg(u,vo)] < —2ls +1). So

ueV(H-vo—vy)

Kf*(G) - Kf*(Gy) >2sQls+1+2lt—1) > 0. [ |
Theorem 4.1. Let G € O and G £ ST, Then

Kf(G) > Kf (S7*™).

Proof. Recall the description of ®}%"-graphs given in Section 1. Let T, be the tree found at vertex
v. Let G’ be the graph obtained from G through a sequence of transformations. so that, instead of T,
G’ has a star graph S, at v, where |S,| = |T,|. Then, by Lemma 2.7, Kf*(G') < Kf*(G). Further, by
Lemma 4.2, there exists a G~ obtained from G’ by moving the stars S, to a common vertex, so that
K £*(G') is minimal with respect to these transformations.

Next, we consider where all the pendent vertices should be located in order to attain the minimal
degree Kirchhoff index of the graph.

Let G be a ®-graph of order n. We attach an additional ¢ pendant vertices S = {aj,a,...,a;}
attached at vy or v;. So, let

G =G + {way,voay, ..., voa},

and
G, = G + {viay, viaz, ..., via,}.

AIMS Mathematics Volume 9, Issue 7, 19822—-19842.
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Then, by Lemma 2.1, we have

2,7 2,

u,veS  u,veV(G-vo—vy)

+ > dwd)re(,v) +d(ve) Y dur(u,v)

ueV(G) ueV(G)
veS

Kf'(G) = d(w)d(v)r(u, v)

+dv) Y d@yre(u, vi) = dvo)d(virg(vo, vi)

ueV(G)
|3

u,veS  u,veV(G-vo—vy)

d(w)d(v)rg(u, v)

w1 > [dwyreu,vo) + dw)]

ueV(G)
+ 3+ DKf(G) + 2K f1(G) = 2(3 + Drg(ve, vi),

and similarly

Kf'(Gy) = dwd(v)re(u, v)

>+

u,veS u,veV(G-vo—vg)
w1 ) [dwyrgu,v) +dw)]

ueV(G)
+3Kf, (G) + 2+ K f, (G) = 3(2 + O)rc(vo, i)

Based on Lemma 2.5, we can have

[r(vo, W) + r(vi, o) — r(vo, tg) — r(vy, Wm)]z}

re(Vo, Vi) = {r(VO’ Vi) = 411 + r(Wy,, up)]

[m + (p=k)g+k) _ pg m— k(p+q—k)]2

:k(P +q—k Ptq p+q p+q
p+q A[1+m+ L]
_kp+q-h) _ (=2kg)*

p+q 4p+q) - [L+m)p+q) +pq]
:k(P+q—k)[(l+m)(p+q)+pq]_k2q2
P+ [A+mp+q@+pq

Therefore, based on Eq (4.2), we can obtain that

Kf'(Gy) - Kf(Gy)
=20(K 1,,(G) = K f,,(G)) — t - r6(vo, vi))
:I{Z' 2-k(p—k)(@*+qgm+1)+m?>+2m+1)
(I +m)(p+q) + pg

AIMS Mathematics Volume 9, Issue 7, 19822—-19842.
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_ kp+q-0[1+mp+qg) +pq] —kzqz}
(p+q - [A+m)p+q) + pq]
:tk{4-(p—k)(p+q)[q2 +gm+ 1)+ (m+ 1)

[(1+m)(p+q)+pq]-(p+q)
(p+g =0 [ +m)p+g) + pq] —qu}
[(1 +m)(p+q)+ pq]-(p+q) '

We can obtain that

2=4(p - k)P + Plg* + gim + 1) + (m + 1)?]
—(p+q -1 +m)(p+q) +pql + kg’
=(p k) {2(p +@lg +gm+ 1)+ m+ 1’1 = (1 +m)(p + q) + pq}
+2(p—k)(p+lg* + gim+ 1) + (m + 1)°]
—q[(1 + m)(p + q) + pq] + k¢’
>0.

Then Kf*(Gy) < Kf*(G,), so by Lemma 4.1, we can attain the minimal value when all pendent
vertices are attached to v, or ug, that is, K f*(G) > Kf*(ST*™). [ ]

5. Minimal degree Kirchhoff index of bicyclic graphs

Lemma 5.1. [12] Let G be a ©-graph of order n. Then

Z [r(u, uo) — r(u, wy)]? :PCI(pq +2) . m(m? + 2)

b 3(p+q) 3
2mpq  p*q’m
+(p+qm® + + . (5.1)
P4 p+q (p+qg)?
) = Y rww) = m = (p+ gm+ oL (5.2)
uev(G) uev(G) p+q
(p+qP -1 mm+1)
Kf,y(G) =L q6 + ==
p+q [pq(qu+ D, (m+ D2m+ 1) 5-3)
- . mim m .
6[(1+m)(p+q) + pq| pP+q

Now we precisely deduce K f (G) and K f*(G) for any ©-graph G.

Leti = w,, j = up and G’ be attained from G by deleting the edge w,,uo. For convenience, r(vi, v;)
indicates the ¢ (v, v;). The set C indicates vertices in cycles and the set P indicates other vertices, that
is, P = V(G) \ C. Based on Eq (5.3), we now can obtain

Kf,,(G)
_ [7(vo, W) + 1 (v, o) = r(vo, tg) = r(v, W) I*
= V;(G) {r(vo’ i HT+ (W 10)] }

AIMS Mathematics Volume 9, Issue 7, 19822—-19842.
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L Pq r’e
p+tq (P+q(m+1)p+q +pg)
MO 516)12117 : :11))+ Pq
“3[a ml)j(;-?-q) d] - [pq(ipf;r D +m(m+ 1)2m + 1)|. (5.4)

Then we calculate K f*(G) by Lemma 2.5.

1
Kf(G)= ), dwdvrsn =5 Y ) dwdoreuv)
u,vCV(G) ueV(G) veV(G)

:% Z Z dw)d) {r(u,v)

ueV(G) veV(G)
[, win) + 1(v, ) = (i, ug) = r(v, wa)l?
411 + r(wy,, up)]

:% DD dwdeyrw,v)

ueV(G) veV(G)

M
1 [r(u, wy) + r(v, ug) — r(u, up) — r(v, wy,)]?

-3 Z Z d(u)d(v) - A1 + r(wy,, up)]

ueV(G) veV(G)

N

Completely expanding M, among d(u) and d(v) are degrees of vertex for graph G. Since every
vertex in V(G’) \ {ug, wn, vo} has degree 2 and dg/(vo) = 3, we can obtain

M:% Z Z dw)d(v)r(u, v)

ueV(G) veV(G)

= > de@de M) +2 Y rug,v)

{u,v}CV(G") veV(G")
+2 3" W, ) + Fug, Vo) + F(Wi, Vo)
veV(G’)
=Kf*(G") + 2K f,,(G") + 2K f,,, (G") + r(ug, vo) + r(Wp, Vo).

It is easy to see that

K fu(G") =K fu, (C) + K fiiy (P)
21
_(p+q) +( Pd_ o Pd
6 p+q P+q
2 _
_pror -1 pqg  mntl)
6 p+q 2

(5.5)
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and

Kf,,(G") =K {,,,(C) + K f,,,,(P)
= (m +m+r(vo,vy) + - +m+ r(vg, uq,l))
+(m-1+m-2+---+1)

(P+Q)2—1+m(m—1).

=(p+qm+ 6 5

By Lemma 2.6, we know

3 -
Kf*(G,) :2% + 2(p + q)ml " (2(P + q3) l)m
N p+q)(p+q-D(p+qg+1)
3 .

Therefore, based on Eqgs (5.5)—(5.7), we can get

3

2 2 21 -1 1
M:%+2(p+q)mz+( (p+q3) )m+(p+q)(p+q3 p+g+1)
2.1 2 2_q
+(p+q) + mpq+m(m+1)+2(p+q)m+—(p+(p
3 p+q 3
+mm—1)+ 2L 4 m.
pP+q

Then we calculate N:

N :8[1 + r(lwm, ug)] Z Z d(u)d(v){ [rz(u, up) + rz(u’ W)

ueV(G) veV(G)

=2r(u, ug)r(u, w,)] + [rz(v, ug) + rz(v, W) — 2r(v, ug)r(v, wm)]
+ [2r(u, ug)r(v, wy,) — 2r(u, ug)r(v, ug) — 2r(v, w,,)r(u, w,,)

+2r(u, w,)r(v, up)] },

— 1 _ 2
=80+ row, )] {2(m +tp+q+l) u;@ d(u) [r(u, uo) = r(ut, wi)]

+2m+prg+1) D d) (v, ue) = r(v, wy)

veV(G)
2
2| Y dwrug) = Y dwr(v, wm)]
ueV(G) veV(G)
1

=T TG 20+ P+ a4 DI D o) = raw)F

ueV(G)

+ [r(vo, to) — r(vo, w)I” + [r(utg, o) = r(utg, )1}

- [2 Z r(u, ug) — 2 Z r(u, wy) + r(vo, up)

ueV(G) ueV(G)

AIMS Mathematics
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2
= 1(utg, W) = r(vo, wm)] } :

By Eqgs (5.1) and (5.2), we can obtain that

_ pP+q _{Xm+p+Q+1)2«w@q+D
4 +m)(p + g) + pq] 3(p+9g)
m(m® +2) 2, 2mpq ﬁfm) 2p’q’ >
——+(p+gm + + + +2m
3 PO g T o) Tt gP
2
—4m? [ﬂ -(p+q| ¢-
ptq
Thus,
2m? 2 2_1
Kﬁ«n:%?+2@+qu+((p+? o
L Pt tg-Dp+g+]) 2Ap+qe’ 2
3 3 3
2m+ 1
+M+m(m+l)+2m(p+q)+m2
Pty
_ pP+yq ,[pq(pq+2) L mm® +2)(p +q)
(I +m)(p +q) + pq 3 3

202 1 1 2
pQW+)+M@+@m+m+W+)@W'Wq
P+q 3(p+q)
N m(m + 1)(m2 +2) N 2mpg(m + 1) N p2q2(2m +1)
3 pP+q (p + q)?
+m*(m + 1)+ 2m’ pq|. (5.8)

+ 2mpq +

: 4 P @D, La.p-1 a m+lg-1
According to the symmetry, we know S54" = SIP" gPam ~ §UTLEPTIqpnd SR~ ML
Lettingm+1<¢q < p,

K, ={(p,gm|l <m+1<g<p,p+g+m<n}.

Therefore, we claim the following result.

memilLw@wmmweﬂhm—m@m@wﬂm=(m?%@—mww—mMn%me7ﬂ
p.q.m €'

When max{py — mg, go — mp} = min{max(p —m, g — m)|(p, q,m) € K}, Kf*(SL*""™) can obtain the
minimum value.

Proof. Let Gy have minimal degree Kirchhoff index among the graphs S7%" and assume that p, >
o+ 1. Then, we construct the graph G| € S,7*", where pj, = po— 1, q;, = qo + 1, m{; = my. By Eq (5.8),
we obtain

K1 (Go) - Kf*(Gp)
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(Po—qo—1
3(mopo + mogo + pogo + 2po — 1)(mopo + moqo + poqo + po + qo)
{=(po + qo)mg + [2(po + qo)(po + qo — 2)] m
+[2(po + q0)4pogo + 5po + go — 5)| mg
+ [0 + Dpy + (845 + 210 + 13)p}
+Q2qy + 11q5 + 6g0 — 12)po — g3 — 3¢5 — 12q0] my
+ pods + Pods + 3P40 + 8P5ds + Pody + Py + 12p5q0 + 2poqs
— o + 5P — 2poqo — 342 — 5p0 — 5qo}-

Obviously,

3(mopo + mogo + pogo + 2po — 1)(mopo + moqo + poqo + po + qo) > 0.

And

[2(po + q0)(Po + o — 2)] mg + [2(Po + qo)(4Pogo + 5po + qo — 5)] my
+ 290 + Dy + (845 + 210 + 13)pf + (2g3 + 1143 + 690 — 12)pg
—qg - 3q(2) - IZQQ] my > 0.

Due to my + 1 < g, then the remaining part of the numerator is

Pods + Pods + 3P0do + 8Podo + Podi + P + 12p540 + 2pog;
— g4 + 5P§ — 2poqo — 345 — 5po — 5q0 — (Po + qo)my
>pods + Pody + 3Podo + 8Pads + Pody + Py + 12P5q0 + 2pods — 4o
+5p5 — 2podo — 345 — 50 — 540 — (Po + go)(qo — 1)
=[po’q0” + Po°q0> = Podo” — qo°] + [8 po*q0” — 70’1 + [5pogy + 44 + g5 — 6]
+[pg + 5p5 + 2podo — 6pol + [12p5q0 — 4pogs] + 3P5q0
=q5(Po — q0)(Po + 90)” + 48P — 7q0) + qo(5pody + 445 + g0 — 6)
+ PO(P(Z) +5po + 2q0 — 6) + 4pogo(3po — qo) + 3P(3)(]o
>0.

Since pg = qo > 2, we can see that each part is greater than 0, so K f*(Go) — Kf*(G) > 0. Then,
this contradicts the choice of Gy. [ ]

Next, we will consider the graphs §7%" for small n.

(1) If n = 4, there is only one case.

. . 47
p=2,g=2,m=0,Kf;(S;*") =4, Kf(S;*°) = =

(2) If n =5, by Lemma 5.1, there are two cases. By Lemma 2.2 (2), we have
Hp=2,9=2,m=0,
85
Kf (S =K (S7) + 2K £ (ST + 21E(S 7)) + 1 = =
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)p=2,g=2,m=1,
Kfi (S =6,Kf (S3™") = 42.

If n > 6, we can get

Kf(S320) = Kf (S22

:477+(n—4)(2(n—3)—3)+2-5(n—4)+2(n—4)-4

424 (-5 Qn—-4)-3)+2-6(n-5)+2(n->5)-6]

21
:7_2’1' (5.9)

Therefore, when n > 6, we know K f*(S 3,2,0) -Kf (S ,%’2’1) <0,s08 ,%’2’1 will not be considered.
(3) If n = 6, by Lemma 5.1, there are two cases. By Lemma 2.2 (2), we have
Hp=2,9=2,m=0,
. . . 131

K (S = Kf (S + 2K [ (S + 2lE(S ) + 1 = -
i)p=3,g=2,m=1,
281

1

Motivated by the above discussion, we give the following result.

. 17 .
Kfp (S = = Kf b

Lemma 5.3. ( mi?w (KF*(SE")\(p,q.m) € K,} = Kf*(S2*%) as n > 6.
p.q.m €

Proof. We will consider the following two cases.

Case 1. When p + g + m < n, adopt mathematical induction. Obviously, n = 6 satisfies this. Next, we
will prove n = n + 1 satisfies this as well. Let G; and G, be subgraphs of G induced by V(G \ §) and
V(S) U {vp}, in which V(S) represents all the pendant vertices on v, of the graph G. Let G’ be obtained
by deleting a pendent vertex from G. According to Lemma 2.2 (1) and Eq (2.4), we get

Kf'(G) =Kf*(G1) + Kf*(G2) + 2|E(G1)IK f,,(G2) + 2|E(G2)IK f, (G1)
=Kf"(GH+n-p-qg-mQ2n-p-g-—m+1)-3)
+2(p+q+m+1)(n-p—-q-m)+2(n-p-q-mKf (G)
=Kf"(G+(n-p-g-m-1)2n-p-q-m)-3)
+2(p+g+m+1)(n—-p—-g-m-1)
+2(n—p-qg-m—-1Kf (Gy)
+dn-m-p-q)-3+2m+p+q+1)+2Kf, (G))
=Kf"(G") +2Kf, (G)) +4n—2m - 2p - 2g — 1.

Therefore, based on Lemma 5.2, we get

Kf*(Sﬁ’q’mH) :Kf*(SZ,_ql,mH) + 2Kfv4;(sp,q,m+il)

prg+m

+4n-2m+1)-2p—-2q—1.
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K[ (SHe™) =K [ (Sh4") + 2K fr (S tain)

n

+4n-2m—-2p—-2qg—1.
Obviously, forn > 6,

s m % gy % ,q,m+1 % ,q,m
Kf*(Shemhy — KA (SPem) =K fA (P4 — Kf*(SP4™)

n—1

% .q,m+1 * ,q,m
+ 2K fr (ST ) = K f (Spit) = 1.

p+q+m+1

Then, according to Eq (5.4),

s g, m+1 " q.m+1
KfVO(Szfq‘f':l—’l ) - Kfvo(Squ+:1+]) - 1
B 2 m3p2 + 2m3pq + m3q2 + 3m2p2q +3 mzpq2 +3 mpzq2 + p3q2
3 (mp+mq+pqg+p+q)(mp+mg+pg+2p+2q)
N 2 1
3 (mp+mg+pqg+p+qmp+mg+pg+2p+2q)
+ 6m2pq + 3m2q2 + 6mp2q + 6mpq2 + 3p2q2 + 2mp2 + dmpq + 2mq2

+2pq + 2pgd),

(P°q +3m*p’

where m > 0. So Kf*(S24"™*") — Kf*(S2%™) > 0. Thus, K f*(S2%%) < Kf*(S2%™) for any positive m.
Then, Lemma 5.2 implies that K f*(S2>%) < K f*(S2%™).
Case 2. When p + g + m = n, based on Eqs (5.8) and (5.9), we know

47 25
Kf(S>*%) = = +(n=H2n-9)+10n 40 + 8132 = 2n* +n— >

25
Kf (SPemy — Kf*(§22%) = Kf*(SP4™) — (2n* + n — =)

Subcase 1: n = 3k(k > 2).
Letp=k+1,g=k,andm =k — 1. We get

108k* — 144 k3 —= 208 k> + 171 k + 142 -0

KPSt = K837 = 18k + 12

Subcase 2: n =3k + 1(k > 2).
Letp=k+1,g=k+1,andm =k - 1. We get

108 k* — 72 k> — 208 k> + 115k + 57 0

K (SPm) = K (822 = T

Subcase 3: n = 3k + 2(k > 2).
Letp=k+1,g=k+1,and m = k. We get

Kf Sr™) - Kf Sy =6k - 12k + % > 0.

Combining the above lemmas, we can get the following result.
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Theorem 5.1. o
: * Kf*(Sy7"), ifn=40rn>6,
min {Kf*(SPP™) = '
s ={ GG
So, according to Eq (3.1), we can known that, for n > 6,
5 31 25 2 13
Kf@fU—KFW?%=2#+§n—§~%mﬁ+n—zq:éh_g>0

And, forn =5, Kf*(S2™") = 42,Kf*(S27) = 48.
To sum up, we can obtain the following results.

Theorem 5.2. Let G € B,,. Then

min (K f*(G)} =

GeB,

Kf*(S2*), if n=4orn>6,
Kf(Swh, if n=>5.

6. Conclusions

In this paper, we completely characterize the co-type graphs having the minimum degree Kirchhoff
index, and show that S has the minimum degree Kirchhoff index among all the bicyclic graphs with
exactly two cycles. Then, we prove S5%" has the minimum degree Kirchhoff index for the ®-type
graphs, and precisely calculate K/ (G) and K f*(G) of ®-graphs. Finally, we give that all bicyclic
graphs attain the minimum degree Kirchhoff index, that is, S2*°(n = 4 and n > 6) and § §’2’1.
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