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Abstract:  This paper deals with the well-known Becker-Stark inequality. By using variable
replacement from the viewpoint of hypergeometric functions, we provide a new and general refinement
of Becker-Stark inequality. As a particular case, the double inequality

- (*-8)sinx tanx 72— (4 —nx2/3)sin’ x
< <
2 —4x2 X 2 —4x2?

for x € (0,7/2) will be established. The importance of our result is not only to provide some
refinements preserving the structure of Becker-Stark inequality but also that the method can be
extended to the case of generalized trigonometric functions.
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1. Introduction

It is known in the literature that, for x € (0, 7/2), the inequality

8 tan x ?
<

2 — 4x? x n2 — 442 (.D
was first established by Becker and Stark [6]. This is always known as Becker-Stark inequality, which
has attracted much interest many researchers and has been generalized in many different ways; see [7,
8,10, 13,17,26-28] and the references therein. The importance of Becker-Stark inequality is to find
the bounds for tan x/x, which are the rational functions with the same order of infinity near 7/2. In
particular, the first of the notable refinements is given by Zhu [27, Theorem 1.3], who proved that, for
x€(0,7/2),

n? - @xz tanx - (%2 —4)x2

w2 —4x2 X w2 —4x2

(1.2)
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As a matter of fact, Zhu [27, Theorem 1.4] gives a general refinement of the Becker-Stark inequality.

In view of
. tan x 8 2
im - = —,
I\ x  w-4x?) n?

the left-hand side of (1.1) becomes a good approximate of tan x/x near /2. Motivated by this remark,
Zhu [28, Theorem 3] gives a refinement of (1.1), for x € (0, 7/2),

8 2 -9

tan x 8 2 10-nx2
ﬂ2—4x2+;_ 6t < B

+ —_
2 —4x2  n? a

where —(n? — 9)/(6n*) and —(10 — n%)/x* are the best constants. Further, Debnath et al. [13] present
two estimates of tan x/x near rr/2 but not in the whole interval (0, 7/2); more precisely, the following

inequalities hold true )
o 2(5-0)+ (-6 s

2 —4x2 X

(= 4x%) < (n* = 4x?),

for x € (0.373,/2) and

ane 3422 (38

x n? —4x?

for x € (0,301, 7/2). Recently, alternative good improvements can be found in [10, Equation (2.11)]
and [4, Theorem 2.1], where they establish the inequalities

2_ ALt Q2 2_
p2 4 12y a4 0 T8 0 160160 4
3 3t < < pis *
w2 —4x2 X 2 — 4x2

and

+
o (r - 4x?)? X 15 (2% —4x2)?

for x € (0, 7/2), where the second inequality had been improved by Zhu [29] to the following inequality

2 2 _ 2 2 42 2 _ 2
\/1+128x(57r 12:2) tanx<\/1 20 (57 - 12:)

\/ |, 40— 172y ¥ (s - ») _tanx \/ |, (240 - 1771024 ¥ (2 -2
45 (m? — 4x?) x (177 - 120) (72 — 4x?)

for x € (0,7/2) with the best constants (240_157”2)”2 and %?1_717:2”_2)112%?' It is observed that all the above
improvements keep the structure of the Becker-Stark inequality, that is to say, the denominator of their
approximate functions is 7> — 4x2.

Very recently, Wu and Bercu [18] approximated tan x/x by utilizing the cosine polynomials due to

the property of even function, and established the inequalities

1- 4 cos® x — 181 184 1- 1 - 2 4
1+( cos x)(604 cos* x — 1817 cos x + 18 3)<tanx<1+( cos x)(31 cos x — 5cos” x + 604)

945 X 945 cos x
(1.3)

for x € (0,7/2). Clearly, inequality (1.3) has broken the structure of the Becker-Stark inequality, which
leads to the left-hand side of (1.3) being just a bounded function.
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The main objective of this paper is to provide new lower and upper bounds for tan x/x whose
forms preserve the structure of the Becker-Stark inequality and numerator is a polynomial of sin” x.
More precisely, we transform the function (7> — 4x?)tan x/x into the ratio of two hypergeometric
functions by changing a variable = sin” x and use the first few terms of the series expansion to
approximate the objective function. This method, as a practice toy, can be used to reprove the Becker-
Stark inequality. The importance of our findings is not only illustrated by giving some new refinements
of inequality (1.1), but also by the fact that the method can be extended to generalized trigonometric
functions.

The rest of this paper is organized as follows: In this section, we give an introduction and highlight
the relevant previous results. Section 2 consists of some basic knowledge and two lemmas, and is
devoted to the proof of the main result. Diverse complements are offered in Section 3, including a
comparison of the obtained bounds by graphical analysis, a conjecture raised from the main result, and
a p-analogue of Becker-Stark inequality.

2. Main results and proofs

2.1. Preliminaries and lemmas

In this section, we first introduce some basic knowledge and present two lemmas that are used to
prove the main result.

Definition 2.1. For real numbers a, b, and ¢ with —c ¢ N U {0}, the Gaussian hypergeometric function
is defined as
(@),(b), "

F(a,b;c; x) := 2F(a,b;c; x) = ,
oy (¢), n!

for x € (-1, 1), where (a), =a(a+1)---(a+n—-1) =I'(a+ n)/T'(a) denotes the Pochhammer symbol
or the shifted factorial function for n € N. In particular, (a)y = 1 for a # 0. Here I'(x) = fooo *le7ldt is
the classical Euler gamma function [21,23].

Recall that the hypergeometric function F(a, b; c; x) has the following properties:

Property 2.1. A simple derivative formula

d b
—F(a,b;c;x) = a—F(a +1,b+1;c+1;x).
dx c

Property 2.2. The behavior of hypergeometric function F(a, b; c; x) near x = 1 satisfies the following
situations:

o ¢c>a+b(ct. [16,p. 49])
_T@I(c—a-D)

Fab:e:l) = 5o =b)

2.1

o ¢ =a+b(cf.[1,15.3.10]), the Ramanujan’s asymptotic formula
B(a,b)F(a,b;c; x) +log(l — x) = R(a,b) + O[(1 — x)log(1 = x)], (x—1). 2.2)
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o c<a+b(cf [15,(1.2)]),as x — 1,

I'eo)I'a+b-rc)

_ c—a-b
fare) G-V +e®] 23)

F(a,b;c;x) = (1 —x) " PF(c—a,c—b;c;x) =

where B(a, b) = [I'(@)I'(b)]/T(a + b), R(a,b) = =2y — y(a) — Yy(b), Yy(x) = I""(x)/T'(x) and y is the beta
function, the Ramanujan constant, the psi function, and the Euler-Mascheroni constant.

In a particular case of a,b, c, the inverse trigonometric tangent function can be represented by
hypergeometric function.

Property 2.3. (see [1, 15.1.5])

1.3 x 113 x?
t =xF|=, ;2 -x*| = Fl= = =——]. 24
arctan(x) = x (2 2 x) N (2 2'2 1+x2) @4

Remark 2.1. The second equality of (2.4) can be obtained from the transformation formula
F(a,b;c;2) = (1 —2)7™F(a,c — b;c;z/(z — 1)) (cf. [1, 15.3.4]), and also coincides with the case of
p =2in[3, Lemma 1].

Property 2.4. (see [31, (3.6)]) An identity

(1 - 0F@ Liex =1 - 2D

F(a,1;c+ 1;x). (2.5

As is known, a real function ¢ is said to be absolutely monotonic on the interval / if the kth derivative
of ¢, denoted by go(k)(x), exists and is non-negative for each k > 0 and x € /. In other words, if ¢ can be
expressed as a power series on /, then all coefficients are non-negative. In particular, a special power
series, roughly speaking, whose coefficients are first negative and then positive is said to be a negative-
positive type series, of which the name was first proposed formally in [25] although this type of special
series has been studied extensively in the literature [11,22,30].

Definition 2.2. A power series S (x) given by

m (o]

S(x):—Zakxk+ Z aix*

k=0 k=m+1

is called a “Negative-Positive type” (or “NP type” for short) power series, if its coefficients a; for k > 0
satisfy

(i) ax =0 forall k£ > 0;

(i1) There exist at least two integers O < k; < m and k, > m + 1 such that a,, a;, # 0.

Correspondingly, S (x) is called a “Positive-Negative type” (or “PN type” for short) power series if
—S (x) is a Negative-Positive type power series.

The following lemma is a simple and efficient tool to determine the sign of an NP (or PN) type
power series, which has been proved in [22,24].

Lemma 2.1. Let S (x) be a Negative-Positive type power series converging on the interval (0, R). Then
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(i) if S(R™) <0, then S (x) < 0 forall x € (0,R),

(ii) if S(R™) > O, then there is a unique X € (0, R) such that S (x) < 0 for x € (0, X) and S (x) > O for
x € (X, R).

As a consequence, for a PN-type power series, the inequalities of (i) and (ii) are reversed.

We provide a power series expansion of [F(a, b;a + b + 1/2)]* in the following lemma, which has
been demonstrated in [19, Example 14.11] (see also [9]).

Lemma 2.2. Forc =a+ b + 1/2, it holds that

I'orre-1)  I'2a + n)'(a + b +n)(2b + n) "
I'Ca)I'2b)'(a + b) n'I'(c+nm)l'QRc—-1+n)

F(l 13, )2_5“—”! . 2.6
222 T 4w DGa. (2.6)

2.2. Statement of Theorem 2.1

[F(a b;c; x)]

In particular, we have

Let ¢t = sin® x for x € (0,7/2), and then 7 € (0,1). This gives tan’ x = t/(1 — £), which by (2.4) is
equivalent to

t 113
X = arctan 1 - \/I?F(2 737 ) 22.7)

By (2.7), it can be rewritten as

. o (2.8)
[«(1 t)]l/zF(l,l,— t) &
where
113 Y >
_ 2 12 — 2 n+l
f()=n 4tF(2 515 t) n 4; unt™!, (2.9)
g(t):(l—t)Fll'E —1——F11 = li " (2.10)
2 3 3 & '
by (2.5) and (2.6). Here, u, and v, are given by
n! d n!
u,=———— and v, = )
(n+1)(3/2), (5/2),
Moreover, by (2.1), we have
® 0 (%’%;%”)F(l’l’_”)
lim TAQ; = li Fo lim = 8. (2.11)

m =
t—1- g(l) t—1- g’(l‘) t—1- 1 13 1 15
3F E’E’E’t =-2F |z, =5 =5t
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Suppose that @, is the Maclaurin’s coefficients of 72 — £(#)/g(?), that is,

(o)

2_@_ n
TR

n=1

then it follows from (2.9) and (2.10) that

- 42 Up_t" = [712 - i oznt”][l - % i v,,_lt”) ,
n=1

which deduces a; = 4 — n?/3 and the recurrence relation

n—1

3a,, (n —8—‘—‘)\;,1 VE D e, (n22). (2.12)

k=1

Before stating Theorem 2.1, we can compute a finite number of a, by (2.12), which are listed

numerically in Table 1. Table 1 illustrates that @, > 0 for 1 < n < 30. Although we only know a

finite @, > O, it still encourages us to prove the following theorem. These evidence demonstrate that
Theorem 2.1 is valid in the case of 2 < N < 28.

Table 1. The values of «, with 2-digit precision.

n 1 2 3 4 5 6 7 8 9 10
a,| 0.71 | 0.25 | 0.14 | 0.090 | 0.064 | 0.049 | 0.039 | 0.032 | 0.027 | 0.023
ni 11 12 13 14 15 16 17 18 19 20
a,| 0.020 | 0.017 | 0.015 | 0.014 | 0.012 | 0.011 | 0.010 |0.0094 |0.0087 |0.0080
ni 21 22 23 24 25 26 27 28 29 30
,10.0075{0.0070]0.0065 |0.0061|0.0058 | 0.0054 | 0.0051|0.0049 | 0.0046 | 0.0044

Theorem 2.1. Let a, be defined as in (2.12). If there exists an integer N > 2 such that a, > 0 for
1 <n < N +2, then the double inequality

N-1 N
2 — Y a,sin® x — ay sin®" x . 2 — 3 a,sin” x
n=1 an x n=1
5 < < 5 5 (2.13)
—4x X w2 —4x

holds for all x € (0, 7/2) with the best constants ay and ay, where

N-1

~ _ 2

ay=nm"—8— a,,.
n=1

2.3. Proofs

Proof of Theorem 2.1. In order to obtain inequality (2.13), it suffices to show that

—4x)t
(7‘( —Zansm x) o ») anx>0,

X
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N-1 2
— —4x)t
(ﬂz - Z @, sin®" x — @y sin®" x) - m <0
n=1 X
for x € (0,/2), which by (2.7) and (2.8) is equivalent to
N
O1(1) := (ﬂz - Z a/,,t")g(t) - f(®) >0,
n=1
N-1

$a(1) := (ﬂz - )t - ENZN) g - f() <0

n=1

fort € (0, 1).
In terms of power series, by (2.9) and (2.10), we can rewrite ¢;(¢) and ¢,() as

(9]

(1) = [n2 - ZN: oz,,t") (1 - % i vnt”“] - [712 -4 i u,,t”“) = Z .1,

n=1 n=0 n=0 n=N+1
N-1 o 00
N n_ =~ _ 1 +1| _ |2 _ n+1
$a(0) = |7 a,t" —ayt™ || 1 3 Z Vt" -4 Z Uyt
n=1 n=0 n=0

where

1 N
_ 2
Ty =4u,_ ) — 3TV T 2 i |
k=1

(i) To prove ¢;(¢) > 0 for ¢ € (0, 1).

(2.14)

(2.15)

(2.16)

(2.17)

We first assert that if 7, < 0 forn > N + 1, then 7,41 < 0. To confirm this, if 7, < Oforn > N + 1,

that 1s,

1
Up-1 = IZ(ﬂ Vp-1 — Za’kvn k— 1],

k=1
then we deduce by (2.18) that

1

N
_ 2
Tye1 = 4u, — 3TV T Ly Wk
k=1

Vnkl
Vin—k-1

1 u
<= 7T2 = V-1 + Zak n Vi1 <0
3 Un—1 Vn 1 Vin—k-1 Mn 1

(2.18)
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forn > N + 1, where the last inequality follows from

U, vy, 2n
_ S <0,
Up_1  Vp_i 3+ 11n+ 12n2 + 413
Vo U, 1+3n 3
Voket  Upey  (L+n)(1+2n) 3-=2k+2n
1 +3n 3 2

< — = — <0
AQ+m(+2n) 3-2+2n (A +n)l+2n)

for 1 < k < N. This confirms the truth of the assertion.
We now complete the proof in the following two steps:

Step 1: We prove 7y,; > 0. Otherwise, we see from the above assertion that 7, < 0 forn > N + 2.
This, together with (2.16) implies that ¢;(f) < 0 for r € (0,1). On the other hand, it follows
from (2.14) and ay,; > O that

S, L O™,
PO ,,Z::‘a"t g(t)_za"t>0

n=N+1
for t € (0, €) with a sufficiently small €; > 0, which is a contradiction.
Step 2: There are only two situations:

(a) Ifall7, >0forn > N + 1, then ¢(¢) > 0 for t € (0, 1) by (2.16).

(b) If there exists an integer m > N + 2 such that 7, < 0, we may assume that 7, is the first
non-positive term. Then the above assertion tells us that 7, > O for N+ 1 <n <m -1 and
7, < 0 for n > m. That is to say, ¢,(f) is a PN-type power series on (0, 1). Combining this
with Lemma 2.1 and ¢(17) = 0, it follows that ¢(¢) > O for r € (0, 1).

(ii) To prove ¢,(t) < 0 for ¢t € (0, 1).

Due to ay,, > 0, by repeating the above steps, it can also be shown that

by (2.11), which gives ay > ay + ay;1 > ay. Observe that v,/v,_;1 = 1 —3/(3 + 2n) < 1, that is to

say, v, is strictly decreasing for n > 0. According to this, with @y > Oand a; >0 (1 <k <N+ 1), it
follows that

N-

— — 1
Ty + 5ANVi-N-1 = 4Uty_ — —Vn 1t 3 Zakvn k-1t a/NVn N-1
3 3 =
N-1
1 , 4 —
>—|[8—7"+—]|v,_1 + Zozk+0/N Vo
3 n —

>0

4
[_vn 1+(7T _8)(Vn 2~ Vn- 1)

1
3
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forn > N+ 1. If Ty —ay > 0, then ¢,(¢) > O for ¢ € (0, 1) by (2.17). This, together with (2.15), implies
that
$2(1) 2 ~ v JO ~ N
RE A WA=yt - = = - "+ W< 0
0 Vs E a ay P (ay —ay) E a

for t € (0, ) with a sufficiently small e > 0. This contradicts ¢,(¢) > 0 for ¢t € (0, 1) and thereby
Ty — ay < 0. According to (2.17), we conclude that ¢,(¢) is an NP-type power series on (0, 1) and so
¢,(t) <O fort € (0,1) by Lemma 2.1 and ¢,(17) = 0.

In this end, the optimality of constants follows from

1 p= 2 _ 432yt 1 P t
[JTz_Z:OJnsinz”x—or *) anx]:_[ﬂz_ Oznt”—&
n=1

sin®V x X N po| g()
and N-1 N-1
- f@ L, N fo|_~
lim — |7° — WA — | =ay, lim—|1°— W= —| =
zi%l N [ﬂ p— g N zirlrl N d — @ g N
This completes the proof of Theorem 2.1. O

Remark 2.2. It is worth pointing out that the numerator of (2.13) is just a N-order polynomial of
sin” x, but the condition of Theorem 2.1 still requires ayy; > 0 and ay,, > 0. This is mainly used to
determine the sign of the first terms of the power series in (2.16) and (2.17). As a fact to remember, if
a specific integer N > 2 is given, then it can be directly verified the sign of 7y, and Ty — a without
the conditions that ay,; > 0 and ay., > 0.

Remark 2.3. Inequality (2.13) can provide better bounds for larger N. First, our remark is obvious on
the right side of (2.13). To see the left side, it suffices to verify from ay,; > 0 that

N-1 N
Z @, sin® x + ay sin®" x — Z @, sin®" x + ay sin?"*? x]
n=1 n=1

= —ay sin® x + @y sin?Y x — @yy sin?V 2 x

= (—ay + ay — aysp) sin?) x = 0.
Remark 2.4. It is worth noting that it can be seen from the left side of (2.13) that N must be greater

than or equal to 2. Now we can extend the range of N to N > 1. Indeed, due to ay,; = ay — ay, we
can rewrite as

=

-1
=) a,sin” x —aysin® x

=

-1
@, sin®" x — (ay+; + ay)sin? x
1

Il
3
|

S
Il
—_

n

@, sin®" x — @y sin?" x.

I
ﬁl\>
|
1=

n=1
This, together with (2.13), gives
N ) ~ N N )
7 =3 a,sin” x — @y, sin™" x 7 =3 a,sin” x
=l LJEX el (2.19)
2 — 4x2 x 2 —4x2 )

holds for all x € (0, 7/2).

AIMS Mathematics Volume 9, Issue 7, 19677-19691.
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Taking N = 1 into (2.19), we obtain
Corollary 2.1. For all x € (0,7/2), it holds

- (2 -8)sinx tanx B 2 — (4 — n%/3) sin® x

2.20
wr —4x2 X n? —4x? (2.20)
with the sharp constants n* — 8 and 4 — n*/3.
Proof. The sharp constants follow from
1 2 —4x)t 1 t 2
lim oo Tt e JOF T
0" gin’ x x =0% 1 8() 3
and )4
1 - t 1 t
lim ) [7’(2—(7( X)anx]:hm—[ﬂz—&]:ﬂz_
x—>§— sin” x X t—1- t g(l)
by (2.11). O
Taking N = 2 into Theorem 2.1, we obtain
Corollary 2.2. For all x € (0,7/2), it holds
- (@4 -Dysintx - gintx any a2 - (4 - T)sin’ x - I i ot
2 —4x? < X < 2 — 4x2 ’ ( : )

(m*-9) 120-112
3— and ==

where the constants * are sharp.

Remark 2.5. Remark 2.3 enables us to know that the inequality (2.21) is better than inequality (2.20).
Further, it is easy to see that inequality (2.20) is better than (1.1). In conclusion, inequality (2.13)
completely improves the Becker-Stark inequality. As a matter of fact, Corollaries 2.1 and 2.2 can also
be obtained through the method used in [5, 14].

3. Complements

In this section, we provide a graphical analysis of the obtained bounds, give a conjecture and
propose a p-analogue of Becker-Stark inequality.

3.1. Graphical analysis

We now provide a graphical analysis of the lower bounds of Theorem 2.1 (N = 5) and (1.3) by
distinguishing lower bounds.
By (2.12), we can compute the first few «,, as follows:

s 8 1 32 191 64 2497
G=TTE EFT S BT Toas 0 M T35 T 14175
512 147977 _ 39612 652
as = — . as = - - .
315 93555 2025 35

AIMS Mathematics Volume 9, Issue 7, 19677-19691.
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We denote by L;(x) and U;(x) (j = 1, 2) the lower and upper bounds of Theorem 2.1 (N = 5) and (1.3),

respectively, as follows:

4
w2 — 3 a,sin” x — assin' x

n=1
b

Lit=) = 2 —4x?
1- 4 cos® x — 181 184
Lo(x) = 1+( 08 x)(604 cos* x — 1817 cos x + 18 3),
945
5
-3 a, sin®" x
n=1
U = ,
1(x) 2 a4
Us(0) = 1+ (1 = cos x)(31 cos x — 5cos® x + 604).
945 cos x

Figure 1 presents the graph of the functions L;(x) and L,(x) for x € (0, 7/2). An immediate remark
arising from Figure 1(a) is that the lower bound of Theorem 2.1 (N = 5) is better than (1.3). Figure 1(b)

illustrates that the upper bound of Theorem 2.1 (N = 5) is better than the one of (1.3) near at x = 0.

lllustration of the lower bounds : llustration of the upper bounds
o
1.5 oo L1(x)-L2(x) | 4x10°T_____ Uy (0)-Up(x) '
i !
| 3.x 1078} !
] 1
1 1
1.0F ! h
1 1
I 2.x1078} i
! 1
! i
1 "y h
0.5F // 1.x10 ,"
7/ 1
’ 1
,/ Of mmmmm o
(O] i —— —re————— - ‘ s
0 05 1.0 15 110 : : ‘ : :
0. : : : 0.0 0.1 0.2 0.3 0.4 0.5
X X
(b) x€(0,1/2)

(a) x€(0,7/2)
Figure 1. Plots of “the bounds of Theorem 2.1 (N = 5) and (1.3)”.

3.2. A conjecture
From Table 1, it can be seen that @, > 0 for 1 < n < 30. This allows us to pose the following

conjecture:
Conjecture 3.1. Let f(t) and g(t) be defined as in (2.9) and (2.10) respectively. Then n* — f(t)/g(t) is

absolute monotonic on (0, 1).
Remark 3.1. If Conjecture 3.1 can be confirmed, then inequality (2.13) can be directly derived from
Conjecture 3.1. However, the advantage of Theorem 2.1 is that we only need to know a finite number

of @, > 0 to prove inequality (2.13) .
Volume 9, Issue 7, 19677-19691.
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3.3. p-analogue of Becker-Stark inequality

For p > 1, the generalized sine function sin, is the eigenfunction of the one-dimensional p-
Laplacian problem [12]

—Apu = —(u'"2u'Y = Aul”2, w(0) = u(1) =0,

which is also the inverse function of arcsin, : (0, 1) = (0,,/2) defined as
arcsin, x = f(l — ")y Vrgy,
0

where

1
2
n,= | A=) VPt = ——.
P Of psin(r/p)

In this case, sin, x is defined on the interval [0, 7,/2] and can be extended to the whole R by symmetry
and periodicity. Define cos, : R — R by

d .
Cosp X := —siny X, X € R.

In particular, it holds
sinp x +cospx =1, x€[0,7,/2],

which leads to

- — _ qinP-1 2-p
e cos, X = —sin~ xcos, ’ x.
Similar to the classical trigonometric function, one can define the generalized tangent function
sin, x
tan, x = , forx e R\{(Z+1/2)m,}.
COS, X

It is natural to ask whether the p-analogue of the Becker—Stark inequality holds for x € (0,7,/2).
Observed that

o 1<p<?2,
. (m—4x*)tan, x . 8 p
lim = lim = = 8, p=2,
x—o27 X -2 sin?” xcos, © x
: ’ p b 0, p>2,

which allows us to pose the following problem:

Problem 3.1. To determine the range of p in [2, co) (resp. (1, 2)) such that the inequality

2
tan, x VI8

p
< D) P——
(resp )7757 i

3.1

holds for x € (0, 7,/2).

Remark 3.2. Inequality (3.1) can be viewed as the p-analogue of Becker-Stark inequality. Our method
in this paper reveals that it only needs to study a ratio of two hypergeometric functions by changing
the variable 7 = sin} x in (3.1).
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4. Conclusions

In this paper, from the viewpoint of hypergeometric function, we study the well-known Becker-
Stark inequality by changing a variable r = sin? x. Our main result is to approximate the function
n — [(n* — 4x°) tan x]/x by the first few terms of the Taylor series, even if we only know finitely many
positive coefficients. In particular, the double inequality

72— (n® — 8)sin’ x _ftanx 2 — (4 — n2/3)sin® x

2 — 4x2 X 12— 4x2

holds for x € (0,7/2), which improves Becker-Stark inequality (1.1).
Author contributions

Suxia Wang: Conceptualisation, writing — original draft, formal analysis; Tiehong Zhao: Writing —
review & editing, supervision, validation. All authors have read and approved the final version of the
manuscript for publication.

Use of Al tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

The authors would like to thank the anonymous referees for their valuable comments and
suggestions, which led to considerable improvement of the article.

This research was supported by the Natural Science Research Project of Colleges and Universities
in Anhui Province (2022AH051588, 2023AH051549), the Natural Science Research Project of
Huainan Normal University (2022XJZD031) and the National Natural Science Foundation of China
(11971142).

Conflict of interest

The authors declare that there are no conflicts of interest regarding the publication of this paper.

References

1. M. Abramowitz, I. S. Stegun, Handbook of mathematical functions with formulas,
graphs, and mathematical tables, U.S. Government Printing Office, Washington, 1964.
http://dx.doi.org/10.1119/1.15378

2. G. D. Anderson, M. K. Vamanamurthy, M. Vuorinen, Conformal invariants, inequalities, and
quasiconformal maps, John Wiley & Sons, New York, 1997. http://dx.doi.org/10.1016/S0898-
1221(97)90243-1

AIMS Mathematics Volume 9, Issue 7, 19677-19691.


https://dx.doi.org/http://dx.doi.org/10.1119/1.15378
https://dx.doi.org/http://dx.doi.org/10.1016/S0898-1221(97)90243-1
https://dx.doi.org/http://dx.doi.org/10.1016/S0898-1221(97)90243-1

19690

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

A. Baricz, B. A. Bhayo, T. K. Poginy, Functional inequalities for generalized inverse
trigonometric and hyperbolic functions, J. Math. Anal. Appl, 417 (2014), 244-259.
http://dx.doi.org/10.1016/j.ymaa.2014.03.039

Y. J. Bagul, C. Chesneau, New sharp bounds for tangent function, Bull. Allahabad Math. Soc., 34
(2019), 277-282.

B. Banjac, B. Malesevic, M. Micovic, B. Mihailovic, M. Savatovic, The best possible constants
approach for Wilker-Cusa-Huygens inequalities via stratification, Appl. Anal. Discrete Math., 18
(2024), 244-288. https://doi.org/10.2298/ AADM240308012B

M. Becker, E. L. Stark, On a hierarchy of quolynomial inequalities for tan x, Univ. Beograd. Publ.
Elektrotehn. Fak. Ser. Mat. Fiz., 602 (1978), 133-138.

C. P. Chen, W. S. Cheung, Sharp Cusa and Becker-Stark inequalities, J. Inequal. Appl., 2011
(2011), 136. https://doi.org/10.1186/1029-242X-2011-136

C. P. Chen, N. Elezovi¢, Sharp Redheffer-type and Becker-Stark-type inequalities with an
application, Math. Inequal. Appl., 21 (2018), 1059-1078. https://doi.org/10.7153/mia-2018-21-72

T. Clausen, Demonstratio duarum celeberrimi Gaussii propositionum, J. Reine Angew. Math., 3
(1828), 311.

C. P. Chen, R. B. Paris, Series representations of the remainders in the expansions for certain
trigonometric functions and some related inequalities, I, Math. Inequal. Appl., 20 (2017), 1003—
1016. https://doi.org/10.7153/mia-2017-20-64

Y. J. Chen, T. H. Zhao, On the convexity and concavity of generalized complete elliptic integral of
the first kind, Results Math., 77 (2022), 215. https://doi.org/10.1007/s00025-022-01755-9

P. Drabek, R. Mandsevich, On the closed solution to some p-Laplacian
nonhomogeneous eigenvalue problems, Differ. Integral Equ., 12 (1999), 723-740.
https://doi.org/10.57262/die/1367241475

L. Debnath, C. Mortici, L. Zhu, Refinements of Jordan-Steckin and Becker-Stark inequalities,
Results Math., 67 (2015), 207-215. https://doi.org/10.1007/s00025-014-0405-3

B. Malesevic, M. Makragic, A method for proving some inequalities on mixed trigonometric
polynomial functions, J. Math. Inequal., 10 (2016), 849-876. https://doi.org/10.7153/jmi-10-69

S. Ponnusamy, M. Vuorinen, Asymptotic expansions and inequalities for hypergeometric functions,
Mathematika, 44 (1997), 278-301. https://doi.org/10.1112/S0025579300012602

E. D. Rainville, Special functions, Chelsea Publishing Company, New York, 1960.
https://doi.org/10.1002/3527600434.eap458

Z.J. Sun, L. Zhu, Simple proofs of the Cusa-Huygens-type and Becker-Stark-type inequalities, J.
Math. Inequal., 7 (2013), 563-567. https://doi.org/10.7153/jmi-07-52

Y. Wu, G. Bercu, New refinements of Becker-Stark and Cusa-Huygens inequalities
via trigonometric polynomials method, RACSAM Rev. R. Acad. A, 115 (2021), 8&7.
https://doi.org/10.1007/s13398-021-01030-6

E. T. Whittaker, G. N. Watson, A course of modern analysis, 4 Eds., Cambridge Univ. Press,
Cambridge, 1996.

AIMS Mathematics Volume 9, Issue 7, 19677-19691.


https://dx.doi.org/http://dx.doi.org/10.1016/j.jmaa.2014.03.039
https://dx.doi.org/
https://dx.doi.org/https://doi.org/10.2298/AADM240308012B
https://dx.doi.org/https://doi.org/10.1186/1029-242X-2011-136
https://dx.doi.org/https://doi.org/10.7153/mia-2018-21-72
https://dx.doi.org/https://doi.org/10.7153/mia-2017-20-64
https://dx.doi.org/https://doi.org/10.1007/s00025-022-01755-9
https://dx.doi.org/https://doi.org/10.57262/die/1367241475
https://dx.doi.org/https://doi.org/10.1007/s00025-014-0405-3
https://dx.doi.org/https://doi.org/10.7153/jmi-10-69
https://dx.doi.org/https://doi.org/10.1112/S0025579300012602
https://dx.doi.org/https://doi.org/10.1002/3527600434.eap458
https://dx.doi.org/https://doi.org/10.7153/jmi-07-52
https://dx.doi.org/https://doi.org/10.1007/s13398-021-01030-6

19691

20.

21

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

@ AIMS Press

Z. H. Yang, Y. M. Chu, M. K. Wang, Monotonicity criterion for the quotient
of power series with applications, J. Math. Anal. Appl, 428 (2015), 587-604.
https://doi.org/10.1016/j.jmaa.2015.03.043

. Z. H. Yang, W. M. Qian, Y. M. Chu, W. Zhang, On rational bounds for the gamma function, J.

Inequal. Appl., 2017 (2017), 210. https://doi.org/10.1186/s13660-017-1484-y

Z. H. Yang, W. M. Qian, Y. M. Chu, W. Zhang, On approximating the arithmetic-geometric mean
and complete elliptic integral of the first kind, J. Math. Anal. Appl., 462 (2018), 1714-1726.
https://doi.org/10.1016/j.jmaa.2018.03.005

Z. H. Yang, J. F. Tian, Monotonicity and sharp inequalities related to gamma function, J. Math.
Inequal., 12 (2018), 1-22. https://doi.org/10.7153/jmi-2018-12-01

Z. H. Yang, J. F Tian, Convexity and monotonicity for elliptic integrals of
the first kind and applications, Appl. Anal. Discr. Math., 13 (2019), 240-260.
https://doi.org/10.2298/AADM171015001Y

Z. H. Yang, J. F. Tian, Y. R. Zhu, A sharp lower bound for the complete elliptic integrals of the first
kind, RACSAM Rev. R. Acad. A, 115 (2021), 8. https://doi.org/10.1007/s13398-020-00949-6

L. Zhu, Sharp Becker-Stark-type inequalities for Bessel functions, J. Inequal. Appl., 2010, 838740.
https://doi.org/10.1155/2010/838740

L. Zhu, J. K. Hua, Sharpening the Becker-Stark inequalities, J. Inequal. Appl., 2010, 931275.
https://doi.org/10.1155/2010/931275

L. Zhu, A refinement of the Becker-Stark inequalities, Math. Notes, 93 (2013), 421-425.
https://doi.org/10.1134/S0001434613030085

L. Zhu, New sharp double inequality of Becker-Stark type, Mathematics, 10 (2022), 558.
https://doi.org/10.3390/math 10040558

T. H. Zhao, W. M. Qian, Y. M. Chu, Sharp power mean bounds for the tangent and hyperbolic sine
means, J. Math. Inequal., 15 (2021), 1459—-1472. https://doi.org/10.7153/jmi-2021-15-100

T. H. Zhao, M. K. Wang, Sharp bounds for the lemniscatic mean by the weighted Holder mean,
RACSAM Rev. R. Acad. A, 117 (2023), 96. https://doi.org/10.1007/s13398-023-01429-3

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 9, Issue 7, 19677-19691.


https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2015.03.043
https://dx.doi.org/https://doi.org/10.1186/s13660-017-1484-y
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2018.03.005
https://dx.doi.org/https://doi.org/10.7153/jmi-2018-12-01
https://dx.doi.org/https://doi.org/10.2298/AADM171015001Y
https://dx.doi.org/https://doi.org/10.1007/s13398-020-00949-6
https://dx.doi.org/https://doi.org/10.1155/2010/838740
https://dx.doi.org/https://doi.org/10.1155/2010/931275
https://dx.doi.org/https://doi.org/10.1134/S0001434613030085
https://dx.doi.org/https://doi.org/10.3390/math10040558
https://dx.doi.org/https://doi.org/10.7153/jmi-2021-15-100
https://dx.doi.org/https://doi.org/10.1007/s13398-023-01429-3
https://creativecommons.org/licenses/by/4.0

	Introduction
	Main results and proofs
	Preliminaries and lemmas
	Statement of Theorem 2.1
	Proofs

	Complements
	Graphical analysis
	A conjecture
	p-analogue of Becker-Stark inequality

	Conclusions

