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1. Introduction

The relativistic fluid models being involved in the study of different branches of physics, like
astrophysics and plasma physics. According to general relativity, a perfect fluid space-time is a four-
dimensional Riemannian manifold with Lorentzian metric g. For the study of idealized distribution of
matter, such as the interior of a star or an isotropic pressure, we use perfect fluid in cosmology. The
behavior of a perfect fluid inside a spherical object is described by Einstein’s field equation. A perfect
fluid is said to be a radiation fluid if its mass density ¢ is three times that of the isotropic pressure
p. O’Neill in 1983 studied the properties of semi-Riemannian geometry in relativity theory [23].
Also, Kaigorodov [19] studied the structure of space-time curvature. Later on, different differential
geometers [1,6,9,12,30] extended their study to the curvature structure of space-time. In 2020, Panday
and Chaturvedi [24] studied Lorentzian complex space form. In the fields of soliton theory, theory
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of relativity, and related topics, numerous geometers have investigated geometric and topological
characteristics concerning symmetry. Their works from references [2, 14, 17, 18] are a great place
to start when looking for ideas and a desire to learn more about symmetry. The Ricci solitons and
Einstein solitons generate self-similar solutions to partial differential equations. Ricci flow [16] and
Einstein flow [5] are defined as

% = _2S and % =S - gg), (1.1)
respectively, where S is the Ricci tensor, g is the Riemannian metric, and r is the scalar curvature.
Solitons are waves that travel across space with little energy loss and maintain their shape and speed
even after colliding with other waves of the same type. The trajectory of wave transmission is
characterized by nonlinear partial differential equations. The concept of n-Ricci soliton was given

by Cho and Kimura [11] . An n-Ricci soliton equation is given by
L:g+2S +2ug+2vmen =0, (1.2)

for real constants u# and v, where g, S, and ¢ denote pseudo-Riemannian metric, Ricci curvature, and
vector field, respectively, and 7 is a 1-form. The data (g, &, u, v) that satisfies Eq (1.2) is called n-Ricci
solitons. If v = 0, then the data (g, £, u) is called Ricci soliton [16]. It is referred to as shrinking, steady,
or expanding according to whether u is zero, positive, or negative, accordingly [10].

The Lie derivative of g(mry, m) with respect to & is given by

(Leg)(my, m2) = g(Va, &, m2) + (71, Vi, 6). (1.3)
With the help of differential Eq (1.3), Eq (1.2) can be written as

1
S (my,m5) = —ug(my, mp) — vp(m)n(n,) — E[g(vmf, m) + g(my, Vi, )1, (1.4)

for any my, m, € y(M).
The equation of the n-Einstein soliton is introduced by Blaga [3] in 2018 as follows:

Lig+28S +Qu-rg+2vmen=0, (1.5)

where g, S,r, &, n,u, and v are stated as above. The data (g, &, u, v) that satisfies differential Eq (1.5) is
called an n-Einstein soliton in M; for v = 0, the data (g, &, u) is called an Einstein soliton [5].
Using (1.3) in (1.5), we have

S (mi,m) = —(

for any my, m, € y(M).

Ricci soliton has been studied by Praveena and Bagewadi in [28,29], in which they obtained results
in almost pseudo-symmetric Kédhler manifolds. De et al. [13] in 2012 studied conformally flat almost
pseudo-Ricci symmetric space-times. Ricci soliton associated with perfect fluid space-time has been
discussed by Venkatesha et al. in [20, 34]. In [32], Siddiqi and Siddiqi have discussed conformal
Ricci soliton and geometrical structure in a perfect fluid space-time. Pratyay Debnath and Arabinada
Konar studied [15] quasi-Einstein manifolds and quasi-Einstein space-times. In 2020, Blaga [4] studied
solitons and geometrical structures in perfect fluid space-time. Recently, in 2023, Catuevedi et al. [8]
studied the concept of solitons in Bochner Flat Lorentzian Kéhler space-time manifold. These ideas
motivated us to study the n-Ricci soliton and n-Einstein soliton in pseudo-quasi-conformally flat and
pseudo-Wjg flat Lorentzian Kéhler space-time manifolds.

r

1
u-— E)g(m »12) = v(mn(m) = S18(Ve &, m2) + 81, V€)1, (1.6)
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2. Basics of Lorentzian Kéhler space-time manifold

A semi-Riemannian manifold (dim=n, even) (M", g) endowed with a Lorentzian metric g is referred
to as a Lorentzian Kéihler manifold if it satisfies the following conditions [24]:

F*= -1, g(Fn, Fm,) = g(m,m),and (VmF)ﬂz =0, (2.1)

where F is a (1,1) tensor field, / is an identity matrix, r; and m, are arbitrary differentiable vector
fields, and V is a Riemannian connection. We know that in a Lorentzian Kéhler manifold, the following
relation holds:

R(ﬂ'], T, T3, 7T4) = R(F7T1, F7T2, 3, 71'4) = R(ﬂ'], o, F7T3, F7T4). (22)

S(my,m) = S(Fmy, Fra),
S(Fry,m) = =S (my, Fmy), (2.3)
g(Fmy,my) = —g(my, Fry).

We refer to a four-dimensional Lorentzian Kéhler manifold as a Lorentzian Kihler space-time

manifold. This assumption is taken into consideration throughout the study.
The Einstein equation with cosmological constant for the perfect fluid space-time is as follows:

S(rma) = ~(A= 5 = Kp)glm, m) + K@ + pnir(rs), (2.4)

for any m,m, € y(M), where p, ¥, A, K, S, and r are the isotropic pressure, energy density,
cosmological constant, gravitational constant, Ricci tensor, and scalar curvature, respectively. 7 is
an associated 1-form such that n(¢) = —1, g is the metric tensor of minkowski space-time [22], and &
is the velocity vector of the fluid. Here, the Ricci tensor S is the functional combination of g and n®n
called quasi-FEinstein [7].

Consider an orthonormal frame field {E;}i<;<4, that is, g(E;, E;) = €;0;j, i, j € {1,2,3,4} with €, =
-1, g=-1,i€{2,3,4},€;=0,i,j€{1,2,3,4},i # j.

Let & = YL, £E;, then we can write

4

“l=g&d= ), ETEE) =) alé), (2.5)
1<i,j<4 i=1
and
4 . .
n(E) = g(Ei &) = ) E9(E, E)) = €€, (2.6)
j=1

Contracting Eq (2.4), we get
r=41+ K@ - 3p). (2.7)

The Einstein equation without cosmological constant for perfect fluid space-time is as follows:

S(mi.m2) = (3 + Kp)glm. m) + K + peon(ra) (2.8)

Now, contracting Eq (2.8), we have
r=K®W —3p). (2.9)
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3. Pseudo-quasi-conformal curvature tensor

In this section, we studied pseudo-quasi-conformal curvature tensor in a Lorentzian Kéhler space-
time manifold. In 2005, Shaikh and Jana [31] introduced and studied pseudo-quasi-conformal curvature
tensor on Riemannian manifolds. Kundu and Prakash et al. [21, 26] studied pseudo-quasi-conformal
curvature tensor on P-sasakian manifolds. In 2021, Suh et al. [33], studied pseudo-quasi-conformal
curvature tensor in space-times of general relativity.

The pseudo-quasi-conformal curvature tensor is defined by:

- d
V(ry,mo, 3, m4) = (a1 + d)R(wy, 702, 03, 14) + (a’z - g)[S(ﬂz,ﬂ.%)g(?Tl,M)
= S (my,m3)g(m2, m4)] + 2[g(2, w3)S (711, 714) — (w1, 73)S (772, 714)] 3.1
r
12
where R is the curvature tensor, S is the Ricci tensor, V(ry, 7y, 73, 14) = g(f/(m,nz),m,m), and

Ry, 7o, 3, 14) = g(R(ry, )73, 4).
If the manifold is pseudo-quasi-conformally flat, then from Eq (3.1), we can write

{ay + 6as}[g(my, m3)g(my, m4) — g(m1, w3)8 (72, 74)],

(@14 RO 7, 73,72 + (02 = SIS 2 g1, 3) = S 1, 7))
+ @2[g(7m2, 713)S (711, 4) — g(71, 73)S (72, 714)] (3.2)
- Sl + 6a2)[g(ns. ma)g(m 1) = gy, M)z 7] = 0.

Now, replacing 7y by Fmr; and 7, by Frr, in Eq (3.2), we get

d
(a1 + R(Fy, Fy, w3, ) + (02 = 3 ) (Fta, m)g(Fmy, 1) = S (Fauy, m)g (Fmo, o)

+ ap[g(Fry, m3)S (Frry, my) — g(Frry, m3)S (Frp, my)] (3.3)
- 1—rz{a1 + 60} [g(Fry m3)g(Fry, ms) — g(Fy, m3)g(Fy 7)) = .

Subtracting Eq (3.3) from Eq (3.2), we have

d
(1 + ARGy, w2, 73, 14) = ROF1, Fria, 73, 74)] + (0 — %)

3
[S (72, m3)g (1, 4) — S (1, m3)g (o, 714) — S (F'7p, m3)g(F 7y, 74)
+ S (Fry,m3)g(Fry, ma)] + aag(rm, m3)S (1, 714) — g(my, m3)S (712, 714) (3.4)
— g(Fmo, 73)S (Fry, 74) + g(F1, 13)S (Fo, 70)] = = {1 + 62)[g(a, 3)g (1, 74)

12
— gy, m3)g(ma, m4) — g(Fry, m3)g(Fmy, mty) + g(Fry, m3)g(Fry, m4)] = 0.
Now, using Eq (2.2) in Eq (3.4), we get
d
(042 — 5)[5 (12, 3)8(71, 7t4) — S (701, 703)8(72, a) — S (F702, 3)g(F 71y, 714)
+ S (Frry, m3)g(Fry, ma)] + a[g(ma, m3)S (1, m4) — g(mry, 73)S (72, 714)

-
— g(Frmy,m3)S (Fmy, my) + g(Fmy, m3)S (Frrp, m4)] — -

— g(my,m3)g(ma, my) — g(Fma, m3)g(Frry, mts) + g(Frry, m3)g(Fma, my)] = 0.

3.5
{a) + 6ar}[g(my, m3)g(mry, 14)
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Taking a frame field over 1y and 74 in Eq (3.5) and using Eqs (2.1) and (2.3), we get

S (m2.7m3) = = gl ). (3.6)
From Eqgs (3.6) and (1.4), we get
1
_%g(m, n3) = —ug(ma, m3) — vp(m)n(ns) — E[g(V,rz.f, m3) + (7, Vi, ). (3.7)

Multiplying (3.7) by €;;, taking m, = 3 = E;, and using Eqgs (2.5) and (2.6), we get
du—v= r% + 4divé. (3.8)
Using Eq (2.7) in Eq (3.8), we get
4u—v =141+ K - 3p)]% + 4divé. (3.9)
Now, putting m, = 3 = £ in (3.7), we get
U—v=-—. (3.10)
Again, using Eq (2.7) in Eq (3.10), we get
U—v= [/l+§(w—3p)]%. G.11)

From Egs (3.9) and (3.11), we have

u=[1+ g(w - 3p)]% 4 gdivg and v = 4d3ivf. (3.12)
If v = 0, then we get the Ricci soliton with u = [/l + & -3 p)]%
This will be steady if u = 0; therefore, from Eq (3.12), we get p = %% + %, or % 0.
Shrinking if u < 0, therefore, from Eq (3.12), we get p < ‘3—‘% + %, and % >0orp > ‘3—‘% + %, and
= <0.
Expanding if u > 0, therefore, from Eq (3.12), we get p > %% + %, and % > Oor p < %‘% + %, and
= <0.

Thus, we conclude:

Theorem 3.1. Ricci soliton (g, &, u) in a pseudo-quasi-conformally flat Lorentzian Kdhler space-time
manifold with cosmological constant is:

: . _ 42 W a;

(1) steady: if p = 3£ + 3 or 7 =0,

(ii) shrinking: if p < 24 + £, a d U>0orp>2d+ L and <0,
(iii) or expanding: if p > 24 + £, and 4>0orp<id+fand <0
Using Eqgs (2.9) and (3.8), we get
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4u—v = [KG - 3p)]% + 4dive. (3.13)
Using Eqgs (2.9) and (3.10), we get
K@y - 3p)ya
-V = —. 14
u-v=| 7 ] y (3.14)
After calculating (3.13) and (3.14), we get
KW -3 4 4
- [y]% +2divg and v = Zdivé. (3.15)
and if v = 0, then we get the Ricci soliton with u = [@]%

This will be steady if u = 0, therefore, from Eq (3.15), we get p= K— r = =0.
Shrinking if u < 0, therefore, from Eq (3.15), we get p < &£ and "‘ > O orp> & and = <0.

Expanding if u > 0, therefore, from Eq (3.15), we get p < 52, and 0” <0orp>% and “‘ > 0.
Thus, we conclude:

Theorem 3.2. A Ricci soliton (g, &, u) in a pseudo-quasi-conformally flat Lorentzian Kdihler space-time
manifold without cosmological constant is:

(i) steady: if p = %L or & =0,
(ii) shrinking: 1fp < & and < >0orp > K and =<0,

(iii) or expanding: if p < K and Z<0or p > K and = >0.
From Egs (1.6) and (3.6), we obtaln

ra
_4_dl g(ma, 13) = (U - —) (112, 713) — vip(mwo)n(m3) — —[g(Vnzf m3) + g(ma, V)1 (3.16)
Taking m, = m3 = E;, multiplying Eq (3.16) by €;, and using Eqs (2.5) and (2.6), we get
4u—v = r(% +2) + 4divé. (3.17)
Using Eq (2.7) in Eq (3.17), we get
du—v=[41+KW - 3]9)](% +2) + 4divé, (3.18)

and taking m, = 3 = £ in Eq (3.16), we have

r,

u—v= Z(F +2). (3.19)

Again, using Eq (2.7) in Eq (3.19), we get

K (03]
w—v =1+ 5w =35 +2). (3.20)
From Egs (3.18) and (3.20), we have
K aq 4 . 4 .

u=|1+ W= 3p)](F +2)+ FdivE and b = 2divé, (3.21)
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if v = 0, then we get the Einstein soliton with u = [/l +X TW=3 p)](% 2).

This will be steady if u = 0, therefore, from Eq (3.21), we get p= ‘3—‘ R % or (%‘ + 2) =0.

Shrinking if u < 0, therefore, from Eq (3.21), we get p < % + ﬂ , and (’7 + 2) >0orp> %‘% + %, and
(% + 2) <0.

Expanding if u > 0, therefore, from Eq (3.21), we get p > 24 + ¥ and (“1 + 2) >0o0rp<id4l

and (%‘ + 2) < 0.
Thus, we conclude:

Theorem 3.3. An Einstein soliton (g, &, u) in a pseudo-quasi-conformally flat Lorentzian Kdhler space-
time manifold with cosmological constant is:

(i) steady: if p = 2 r(%+2)=0,
,and(%+2)>00rp>

and(%+2)>00rp

(i1) shrinking: if p %

(ii1) or expanding: if p
Using Eqgs (2.9) and (3.

du—v =KW - 3p)(% +2) + 4divé. (3.22)

Using Eqgs (2.9) and (3.19), we get

_ K@ -3p)
u—v= T(? +2). (3.23)
After calculating Eqgs (3.22) and (3.23), we get
K@y - 4 4
- WTM(% +2)+ Sdivg and v = dive, (3.24)

if v = 0, then we obtain the Einstein soliton with u = M(ﬂ + 2)
This will be steady if u = 0, therefore, from Eq (3.24), we get p = 2 or (‘Z‘ + 2) =0.
Shrinking if u < 0, therefore, from Eq (3.24), we get p < K3 ,
("71 + 2) <0.
Expanding if u > 0, therefore, from Eq (3.24), we get p > %, and (% + 2) >0orp < KT‘”, and
(% + 2) <0.

Thus, we conclude:

and(‘3+2)>00rp> £, and

Theorem 3.4. An Einstein soliton (g, &, u) in a pseudo-quasi-conformally flat Lorentzian Kdhler space-
time manifold without cosmological constant is:

(i) steady: if p = ﬂ or (ﬂ + 2) =0,
(ii) shrinking: if p < & and (“‘ + 2) >0orp> & and (‘” + 2) <0,
(iii) or expanding: 1fp > K and (“1 + 2) >0o0rp<® and (“‘ + 2) <0.
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4. Pseudo-W; curvature tensor

In this section, we studied the pseudo-Wg curvature tensor in Lorentzian Kihler space-time
manifold. In 1982, Pokhariyal and Mishra [25] defined Wg curvature tensor. Later in 2018, Pandey et
al. [27] gave the concept of the pseudo Wy curvature tensor on a Riemannian manifold. The pseudo-Wjs
curvature tensor is defined by:

Ws(rry, 10, 3, 7t5) = a1 R(my, 0, 13, 7s) + @[S (71, m2)g (3, s) — S (w2, 73)g (1, 705)]

re “4.1)
- —[ - az][g(ﬂl,ﬂz)g(ﬂ3,ﬂ5) — g(my, 73)g (11, ms)].
ntn-1
If the manifold is pseudo-Wj flat, then from Eq (4.1), we can write
aiR(my, my, 3, 75) + @[S (1, 12)g (13, 715) — S (702, 703)g (11, 705)]
e “4.2)
- 4_1[? - Clz][g(ﬂbﬂz)g(ﬂs,ﬂs) — g(m, m3)g(my, 7s)] = 0.
Now, replacing m; by Fmry and 7, by Frm, in Eq (4.2), we get
a1R(Fry, Friy, 3, mts) + @[S (Fry, Fry)g(ms, mts) — S (Frp, w3)g(Fry, 7s) ]
rra 4.3)
- Z[?l - 02][8(F7T1,F7T2)8(7T3,7T5) — §(Fmy, m3)g(Fmy, m5)] = 0.
Subtracting Eq (4.3) from Eq (4.2), we have
a1[R(my, 12, 13, 7t5) — R(F 1, Fry, 73, 705)] + @[S (1, m2)g (3, 7ts) — S (702, 703)g (11, 7rs)
rra
= S(Fry, Fry)g(ms, ms) + S (Frp, m3)g(Frry, 7ts)] — Z[?l - az][g(ﬂl,ﬂz)g(ﬂ& 7Ts) 4.4)
— 8(my, m3)g(my, mts) — g(Fmy, Fry)g(ms, ms) + g(Fmy, m3)g(Fmy, 7t5)] = 0.
Using Eq (2.2) in Eq (4.4), we get
@[S (71, m2)g(m3, ms) — S (mp, m3)g(my, ws) — S (Frvy, Fra)g(ms, ms) + S (Fay, m3)g(Fry, ms)]
rra
- Z[?l - az][g(ﬂl,ﬂz)g(ﬂ&ﬂS) — g(my, m3)g(my, 7ts) — g(Fmy, Frp)g(ms, 7s) 4.5)
+ g(Fmy, m3)g(Fmy, ms)] = 0.
Taking a frame field over 1y and 75 in Eq (4.5) and using Eqs (2.1) and (2.3), we get
ryap
S(my, m3) = 1(37[2 - l)g(ﬂz,ﬂ3)- (4.6)
From Egs (4.6) and (1.4), we get
r,a 1
~(37 = 1)g(r2, 13) = —ug(ma, 73) — vi(m)(ms) = 518V, 13) + 82, Vi)l (A7)
4\ 3, 2
Taking m, = m3 = E;, multiplying (4.7) by €;, and using Eqs (2.5) and (2.6), we get
du—v = —r(x2 1) + 4dive. 4.8)
30’2
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Using Eq (2.7) in Eq (4.8), we get
Au—v=[-41- KW - 3[9)](3(”71 — 1) + 4dive. (4.9)
2

Now, putting m, = 3 = £ in (4.7), we have

r, aq
u—v= _1(372 ~1). (4.10)
Using Eq (2.7) in Eq (4.10), we get
u—v=|- A——(w 3p)](3—2—1) (4.11)
From Eqgs (4.9) and (4.11), we have
_ K ] 4 4
=[-a N 3p)](3a2 1) + Jdivé and v = 2dive, (4.12)

if v = 0, then we get the Ricci soliton with u = [ A= ’—<(a,b 3 p)](m2 )
This will be steady if u = 0, therefore, from Eq (4.12), we get pP=3% + ﬂ or (30 - 1) =0.

Shrinking if u < 0, therefore, from Eq (4.12), we get p < £ + ¢ and( ) >0orp> %% + % or
(3%2 - ) < 0.
Expanding if u > 0, therefore, from Eq (4.12), we get p > 3% + %, and (3"7‘2 — 1) >0o0rp<3d+ %,

and ( "‘2 - 1) < 0.
Thus, we conclude:

Theorem 4.1. A Ricci soliton (g, &, u) in a pseudo-Ws flat Lorentzian Kdihler space-time manifold with
cosmological constant is:

(i) steady: if p = ‘3‘% + % or (%2 ) =0,
(ii) shrinking: p < 44 + % and (%‘2 - 1) >0orp> %% + % and (“712 - 1) <0,
(iii) or expanding: if p > ‘3—‘% %,and 3%‘2 - )>Oorp < %%+ %,and 3%12 - )<O
Using Eqs (2.9) and (4.8), we get
du—v =K@ - 3p) (e — 1) + 4divé. (4.13)
30’2

Using Eqgs (2.9) and (4.10), we get

_ KA
u—v=-"0 3p)(3a2 1). (4.14)

After calculating (4.13) and (4.14), we have
K 4 4
u=-70- 3]))(;’7:2 ~1)+ “divg and v = Zdive, (4.15)
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if v = 0, then we get the Ricci soliton with u = - Xy - (3‘22 1)

This will be steady if u = 0, therefore, from Eq (4.15), we get p = % or (3‘22 1) =0

Shrinking if u < 0, therefore, from Eq (4.15), we get p < % nd (3"712 - ) >0Qorp > %, and
(%‘2 - ) < 0.

Expanding if u > 0, therefore, from Eq (4.15), we get p > %, and (%2 - 1) > 0orp < %, and
(;‘7'2 - ) < 0.

Thus, we conclude:

Theorem 4.2. A Ricci soliton (g, &, u) in a pseudo-Wyg flat Lorentzian Kdihler space-time manifold with
cosmological constant is:

(i) steady: if p = ¥ S or ( ~L 1) 0,
(i1) shrinking: p < ¥ and ( 1) >0orp>Y, and ( )
- 30

(ii1) or expanding: 1fp > ¥ and (3— - ) > 0 orp<z and(
From Eq (1.6) and (4.6), we get

—1)<o.

@ r 1
D )gmams) = ~(u = 2)g(ma ) — () — 5 [g(Vdoms) + 82, Vel (4.16)
4\3a;, 2 2
Taking m, = m3 = E;, multiplying Eq (4.16) by €;, and using Eqs (2.5) and (2.6), we get
du—v=r(3 - 20) + ddivé. 4.17)
30’2
Using Eq (2.7) in Eq (4.17), we have
ay .
4u—v=[42+ KW -3p)I(3 - ) + 4divé. (4.18)
3&’2

Now, putting 1, = 73 = £ in (4.16), we get

v = - 4.1
u—v= 4(3 3a2) (4.19)
Using Eq (2.7) in Eq (4.19), we get
K (03]

u-v=|[1+ W= 3p)|(3 - 372) (4.20)

From Eqgs (4.18) and (4.20), we have

K | 4 4 .

u=|1+ 70~ 3p)|(3 - 372) + 5divé and v = 2dive, 4.21)

if v = 0, then we get the Einstein soliton with u = [/l + 5(1// -3 p)]( o )

3ap

%’or(3—ﬂ)=0.

44
K 3a
Shrinking if u < 0, therefore, from Eq (4.21), we get p < gf + %, and (3 — 3"—) >0orp> %

This will be steady if u = 0, therefore, from Eq (4.21), we get p = ‘3—‘

i ¢
E+§,and
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(3-2)<o.
Expandlng if u > 0, therefore, from Eq (4.21), we get p > ‘3—‘

and ( 3= ) < 0.
Thus, We conclude:

Theorem 4.3. An Einstein soliton (g,&,u) in a pseudo-Wyg flat Lorentzian Kdhler space-time manifold
with cosmological constant is:

; s 44 ¥ ) —

(1) steady: if p = 3£ + 5 or (3 - —‘2) =0,
(ii) shrinking: if p < $4 + %, and (3 - ££) > O or p > %
(ii1) or expanding: if p > ‘3—‘% + %, and (3 - "7‘2) >Qorp
Using Eqs (2.9) and (4.17), we get

du—v=Kw-3p)3- ;‘7‘2) + 4dive. 4.22)
Using Egs (2.9) and (4.19), we get

K@y —3p) i
—yp= ——(3 - —). 4.23
‘v T\ 3a/2) (4.23)
After calculating Eqs (4.22) and (4.23), we get

_ K@y -3p) 3! 4 . 4.
= T(3 - E) + glef and v = gleé:, (4.24)
if v = 0, then we get the Einstein soliton with u = W(?) - 3"7‘2)

This will be steady if u = 0, therefore, from Eq (4.24), we get p = % or ( - "—‘) =0.

Shrinking if u < 0, therefore, from Eq (4.24), we get p < % nd (3 %) >0Qorp > _%, and
( - 3"712) < 0.
Expanding if u > 0, therefore, from Eq (4.24), we get p > £, and ( - —2) > 0orp < %, and

3
( - 3“—0‘2) <0.
Thus, we conclude:

Theorem 4.4. An Einstein soliton (g, &, u) in a pseudo-Wy flat Lorentzian Kdhler space-time manifold
without cosmological constant is:

(i) steady: if p = ¥ S or (3 - 30(‘—;2) =0,

(i1) shrinking: 1fp< £ and(3— )>00rp> £ and(3—3a)<0
(iii) or expanding: if p > £, and (3 -3 2) > 0,and or p < ¥, and (3 - ﬂ) < 0.

3ay
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