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1. Introduction

The concepts of fractional calculus have gained widespread recognition as an important area
within pure mathematics. The concepts within fractional calculus have been studied by numerous
mathematicians, given their significance across various fields of knowledge, see [1-4]. Theoretical
aspects of fractional differential equations have attracted considerable interest since the advent of
fractional calculus. Owing to the nonlocal nature of fractional-order differential equations, researchers
possess the flexibility to choose and apply the most suitable operator, thereby accurately representing
complex real-world phenomena. However, there are numerous versions of integrals and derivatives of
arbitrary fractional order, employing various types of operators, as detailed in [5—11].


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2024949

19474

Fixed-point theorems serve as valuable tools for establishing both the existence and uniqueness of
solutions to fractional differential equations. The methodology has been extensively studied by
numerous mathematicians, and vast results have been published, see [12—18] and references therein.
Furthermore, in the physical and life sciences, fractional calculus has widespread applicability across
various domains, including image processing, complex systems, traffic flow, etc. Numerous
researchers have studied many different kinds of initial and boundary value problems with various
types of fractional operators, using techniques based on fixed-point theorems, [19-26].

The concept of sequential fractional derivatives was first introduced in [27]. Since its inception,
numerous researchers have made significant contributions to the advancement of this field. As a result,
several research articles have been published. For more research insight, we refer to [28-34].

Wang et al. [35], studied the turbulent flow model within the framework of the Caputo-Hadamard
fractional derivatives of the form:

CHD Y0 (CH D u(s)) + g(u(s), 37u(s)) = 0, s € [1, 4],
w(1) = au(), u(l) = u’(1) = 0,
CHDTy(1) = 0, (1.1)

A 24
2<T2<3,0<T1<1, Q1,6¥2>0,§<Q3m.

In [36], the authors discussed the existence and uniqueness of positive solutions for a class of Caputo
fractional differential equations described by:

DY (CDu(s)) + g(s, u(5)) = 0, 5 € [0, 1],

u(O) =k u(l) = Y. 6,5 u(B,). m € N, ¢, 2 0, k> 0. (1.2)
n=1

0<ﬁ1<ﬂ2<...<ﬁm<l, 0<a1,a2<1, lpp(s)>2’ 6n>0

In 2018, Tariboon et al. [37] considered the sequential Caputo and Hadamard fractional nonseparated
boundary value problem given by:

Con (1D u)(s) = g(s,u(s)), s € (a,b), 0 < @y, < 1,

ciu(a) + e D" u)(b) = 0, csua) + ca( "D u)(b) =0,

and (1.3)
1o (CD"u)(s) = g(s. u(s)), s € (a,b),

cu(a) + cz(cbmu)(b) =0, csu(a) + 04(0301 u)(b) =0, ¢1,¢2, 3, ¢4 €ER.

The investigation employed Banach and Krasnoselskii’s fixed-point theorems, alongside
Leray-Schauder’s nonlinear alternative, to establish the existence and uniqueness of the results.

Asawasamrit et al. [38] studied the nonlocal boundary value problem involving the Hilfer fractional
derivative of the form:

HZ)(II’QZM(S) = g(S, M(S))a NS [Cl, b]’ 1 < ay < 2’ 0 < %) < 1’

k (1.4)
u(a) = 0, u(b) = Z e 3Pu(®), ¢; €R, ay > 0, 9, € [a, b].

i=1
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Jackson [39,40] initiated the idea of g-difference calculus. For more basic concepts of g-difference
calculus, see [41,42]. Since then, numerous researchers have delved into the theoretical analysis of
g-fractional-order differential equations, see [43—48].

Allouch et al. [49] studied the g-difference equation with nonlinear integral boundary conditions of
the form:

Diu(x) = gk, u(x), k € [0,b], 1 <¢<2,0<g<1,b>0,
b b (1.5
u(0) —u'(0) = f g, u(3))d?d, u(A) +u'(b) = f h(?, u(3))d?.
0 0

Measures of noncompactness and Monch’s fixed point theorems were utilized to derive the results.
Inspired by recent publications, we propose a new type of separated boundary value problems and
investigate its theoretical analysis. The problem under consideration takes the form of

1D (D)D) = f(t.2(1), 1 € [0,T],

200) + CDT 1 7(0) = 0, 2T) + LEDL ' (T) = 0, (1.6)
0<a,0,g<1,0<B<1, 31,1, eR, T>0,

where CZ)Z(-) and # Z)Zﬁ (+), respectively, are the Caputo and Hilfer fractional derivatives of orders ¢, «,
and type S such thaty = ¢+ (1 —a) withy+6 > 1,and f : [0, T] Xx R — R is a continuous function.

The existence and uniqueness of solutions to g sequential fractional-order boundary value
problems have not been extensively studied. In our study, we introduce a new class of sequential
g-Hilfer and g-Caputo fractional differential equations with separated boundary conditions and
provide a comprehensive theoretical analysis.

The novelty of our study lies in the fact that we consider a sequential fractional boundary value
problem combining g-Hilfer and g-Caputo fractional derivative operators subjected to non-separated
boundary conditions. To the best of our knowledge, this is the first paper to appear in the literature.
The method used is standard, but its configuration in the Hilfer-Caputo sequential boundary value
problem (1.6) is new. The results are new and significantly enrich the existing results in the literature
on Hilfer boundary value problems.

The rest of the paper is organized as follows: Section 2 revisits essential definitions, lemmas, and
theorems. Section 3 focuses on establishing an integral equivalent form of the proposed problem,
which enables us to prove the existence and uniqueness of results. In Section 4, two examples are
presented. Section 5 provides the conclusion of the paper.

2. Preliminaries

The section includes prerequisite facts, definitions, and key lemmas that will assists in proving
the main results. The space X = C([0, T],R) constitutes a Banach space comprising all continuous
functions over [0, T'] with

llzll = sup |z(2)].

t€[0,T]
Recall that for g € (0, 1) and g, 4 € R, the following properties holds [42]:
-l
=

(g,

9
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and .
@-nP=1,  @-nP=]|E-hg; ke
n=0

Moreover, for @ € R, we have

2 1-()q
— @ = oo
(g )q g l—[( ( )qn+a]

n=

The g analog gamma function is given by

(1-qy"

T YR =20 ),

Iy(a) =

such that T'y(a + 1) = [a],],(a).
Foru :[0,T] - Rand 0 < g < 1, the g-derivative of u is defined by

Do) = XTI o Do) = lim D, (1)

(I -qx

Moreover, the higher-order g-derivative shows
DOu(r) = u(r), Diu(r) = D, (D'u) (), n € N.

For setting J; = {tq" : n € N, ¢t > 0} U {0}, the analog g-integral of a function u : J, — R is of the form:

(o)

Tqu®) = fo u(vydgy = Z (1 = q)q"u(tq"),

n=0

provided that the right-hand side converges. Note that O, (I qu) (1) = u(t), and if u is continuous at 0,
then
I, (Dgu) (6) = u(®) - u(0).

Definition 2.1. [45] Letw : [0,T] —» R, ©¥ € [0, T], and a > 0. The integral operator

9
I Zw(ﬁ) = f - qv)((f_l)w(v)dqv,
0

Iy(a)

is called the g-fractional-order integral in the Riemann-Liouville sense of order a > 0 for the function
w, and T)w(9) = w(®9).

Lemma 2.1. [45] For 0 < a < oo and o € (-1, +00). If w(¥) = (& — )7, then
I(c+1)

Tw) = —L———2 (9 — )@ 0 9 <T,
M) = e T We 0 sasi<
also {
IHW) = ——— @ - o).
(g H(@) Fq(a+1)( a),
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Definition 2.2. [50] Letw : [0,T] - R, ©# € [0,T], 0 < a < 1. The derivative operator

1 g
RL gy — (-a)
D) = 775D fo @ — g w()d,v,

is called the g-fractional-order derivative in Riemann-Liouville sense of order « for the function w.

Definition 2.3. [50] Letw € C}I([O, T1,R), #€[0,T], 0 < a < 1. The derivative operator

1 19
COIw(9) = Ta-a fo & — qv)s D w(v)d,v, (2.1)

is called the g-fractional-order derivative in the Caputo sense of order .
Lemma 2.2. [50] Letw : [0,T] —» R and a, 0 > 0. Thus
(D). To(Tgw)(t) = I, 7w(n),
(ii). “D5 (T gw)(®) = w(?).
Definition 2.4. [5]] Letw € C;([O, TIR)and 0 < a < 1, 0 < B < 1. The operator

) = 13070 [0, (13900 0, @

is called g-Hilfer fractional derivative of order a with a parameter 3. Note that HZ)Z’ﬁ can be written
as
H qya, — 781-o) (1-p1-a) — 7B(1-a) 1- —
Dgﬁw—f"; “Z)q([q A “w) —[g “Dq(fq yw), y=a+pB(1-a).

Lemma 2.3. [50] Suppose that 0 < a < 1. Then we have

1

a—1 -«
AR

72 (F-Dlw) (@) = w() -

and moreover,

72 (CO5w) (9) = w@) + k, k € R.
Remark 2.1. Note that if B = 0, from problem (1.6), we have

RLDHCD)(0) = f(t.2(1), 1 € [0, T],
2(0) + 1,°D¢H712(0) = 0, «T) + LD '«(T) = 0,

and if B = 1, we have

CDUCDR)D) = f(1,2(1)), 1 € [0, T],
200) + 1,°D%2(0) = 0, Z(T) + LD(T) = 0,

which are the q sequential Riemann-Liouville and Caputo derivatives with separated boundary
conditions.
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3. Main results

In this part, we begin by employing techniques from Lemma 2.3 to establish an integral equation
associated with problem (1.6). To this end, we introduce the lemma, addressing a linear variant of
problem (1.6), which serves as the fundamental tool for transforming the problem into a fixed-point
problem.

Lemma3.1. Let0<a,0<,0<B< 1, y=a+p(0 -a), 41,1, eRand0 < qg <1 and
Q =TV 4+ (2 — )T,y +6) # 0.

Suppose g € C([0,T1,R). If z € C5([0,T1,R), then, the linear problem

1DGP(COL)1) = g(n), € [0,T],
(3.1)
20) + L, DY 2(0) = 0, «T) + LD «(T) = 0,
is equivalent to the integral equation:
4T, (y + 6) — (v+=D 1 T e
20 == T fo (T — qv) g ()d,
q
e f T(T — g Vg()d,v (3.2)
Tla—y+ D)y o &% '

1 !
T+ o) f (t=qv);"*Vgdyy, 1€10.T].
q 0

Proof. Suppose z € Cg([O, T],R) satisfies problem (3.1), then, we show that z is satisfies the
integral (3.2). Since

"D = 0D ISPV = TIHOD, I, (3.3)
then, make use of Eq (3.3), the first equation of (3.1) can be simplified as
0D, T (CD (1) = g(0). (3.4)

Taking I to both sides of Eq (3.4) and utilize the techniques in Lemma 2.3, yields

A 1 !
D) = —— D f (t — g)* Vg(v)d,v, A € R, (A constant). (3.5)
<D= T, T a) Jy  Ta 8

Also, taking I g to both sides of Eq (3.5) and utilize the techniques in Lemma 2.3, we get

A 1 !
z(1) + L, (y+96) + T @i, (t—qv), gvd,v. (3.6)

where B € R is an arbitrary constant. Applying the operator CZ)Z“H to both sides of Eq (3.6), yields

1

Ta—7:D fo (t = gv)\g(v)dyv. (3.7)

C +0—1
D H=A+
[T = At
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Thus, from the condition z(0) + /llci)y‘s_lz(O) =0, Egs (3.6) and (3.7), we get
20) + 1,°DI72(0) = 1A+ B=0 = B=-4A. (3.8)

From z(T) + /lzci)y‘s_lz(T) =0, Egs (3.6) and (3.7), we obtain

T
0 = B+LA+ (T - qv)g(v)dyv (3.9)

(y+6-1) f
I,y +9) Fyla—y+1) Jo

1 T roe
e Jy T sy

Upon simplification and substituting B = —4;A in Eq (3.9), we get

Al (y+9) 1 ’ @+l A ' — gY@
= ) T+ fo (T = qv)y " " gdgv + Ta—y+D fo (T = qv)y"g(dyv|,
and
I,(y+o
= q(YQ ) = (a/ 5 f (T = q)** Vg(v)dyv + —F < D f (T - qv)i~ Ve(v)d, v]

O

To explore the numerical behavior of the integral solution of the proposed problem (1.6), we vary
the fractional-orders associated with the problem. The following parameters, «, 3, and 6, respectively,
were considered. The respective graphical analysis are shown in Figures 1 and 2, respectively. Figures
la—1c illustrate the behavior of the solution of the integral (3.2) when varying the fraction-order «.
Moreover, the corresponding 3D plots is displayed in Figures 2a—2c, respectively.

AIMS Mathematics Volume 9, Issue 7, 19473-19494.
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% Solution of the integral equation for varying o % Solution of the integral equation for fixed a = 0.5
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Figure 1. Solution of the integral Eq (3.2) for values of a, and ¢ for the function g(¢) =
> +2t+1andte]0,1].
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Solution of the integral equation Solution of the integral equation for varying 3
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Figure 2. 3D plots for the solution of (3.2) for the function g(¢) = ¥ + 2t + 1 and ¢ € [0, 1].

3.1. Existence results

By employing Krasnoselskii’s fixed-point theorem and Leray-Schauder’s nonlinear alternative, in
this subsection, we will present the proof of the existence results of (1.6).

Lemma 3.2. (Krasnoselskii’s fixed point theorem) [52] Let M C X be closed, bounded, convex, and
nonempty. Suppose F, F, be operators such that:

(i) F1z + F2z1 € M whenever z,7, € M;
(ii) 9> is a contraction mapping;
(iii) F1 is compact and continuous.

Then there exists w € M such that w = Fiw + Fow.

Theorem 3.1. Let 0 < a,0 < 1,0 < B < 1,andy = a + B(1 — ). Suppose that the function
f:10,T] xR — R is continuous and satisfies:

AIMS Mathematics Volume 9, Issue 7, 19473-19494.
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(Hy) There exists L > 0, (constant) such that

|f(t,2) = f(t,z)| < Llz — 71|, fort €[0,T],and z,z; € R.
(Hy) |f(t,2)] <W¥(@),¥Y e(t,z) €[0,T] xRand ¥ € C([0,T],R*);

Then there exists at least one solution of the quantum Hilfer and Caputo separated boundary value
problem (1.6) on [0, T], provided that

T(a+6)
LA-——) <1, 3.10
( T ato+1) (3.10)
where
A= |4 T,y + 6) + TO*7D T(@+ ) T@r+h N T+ 3.11)
|0 Fa+o6+1) 2l"q(cy—y+2) T a+6+1) '
Proof. Now, from equation 3.2, define ¥ : X — X by
4T, (y + 6) — (v+-D 1 g e
o = s | T o,
q

A r
t—-o— [ (T =g f(v,z(v)d,
Tla—y+D fo (T =qv)y " f(v,2() qV]
1 t
+ — r— (@+6-1) A d,v, tel0,T].
ot fo (t = q0)\=* (20 d,v, 1€ 10.T]
Suppose sup,.io.r; P(#) = [Pl and o > ['P]|A such that B, = {x € X : ||z]| < o} . Now, we set

1 ! _
Fiz() = T, (@+0) L (t =gV f(v,z00)d,v, 1€[0,T],

and

Foz(t) =

AT (y + 8) — o=b 1
0 T, (a+96)

A T -
+mfo (T =qv); 7 f Z(V))qu], t€[0,T].

T
f (T — ) f(v, z(0))d,v
0

Then, for any z, z; € B,,, we get

[(F12)(@) + (Faz1)(D)]
1 t @)
< 1 {mars [ oo
LT,y +6) — ! 1 4 (a+6-1)
v . [Fq —— fo (T = gn)e £, 21 ())dyy

A T .
+Fq(af——zy+l) j(; (T - qv); 1/)f(V, Zl(V))qu]}

AIMS Mathematics Volume 9, Issue 7, 19473-19494.
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T (@+6) || (7, +0) + Tr+o-1) T (@+9) T (@=y+1)
< I - + + 2] ))
Ja+o+1) |O| Iya+o+1) Iy(a—-vy+2)
< YA <o

Hence |1z + F2z1|| £ o, which shows that F;z + F»z; € B,. Therefore, the condition (i) of Lemma 3.2
is satisfied.
To show condition (ii) of Lemma 3.2, we proceed as follows, for any z,z; € C([0, T],R), gives

[(F22)(1) = (F221)(1)]
LT, (y +6) + 107D

1 T
[F @i fo (T = g V1f 0, 20)dgy = F(v, 21(7)dV]
q

- 10
__Bi——jﬂT—WW”VMAwMv—ﬂumwmwv
Lja-y+1 Jo 1 4 q

|/l |r (*y + 5) + To+6-D T (@+6) Tla=y+D
= L( — + ol || llz -zl
10 [ (a+d+1) T (a—y+2)

(a+6)

L{a- T (a+6+ 1))

llz =zl

(a+9)
Consequently, [|(F22)— (F2z)Il < L(A - m)
q

Hence, condition (i7i) of Lemma 3.2 is satisfied.
Moreover, since f € C([0, T'], R), the operator ¥ is continuous and it is uniformly bounded, as

llz—z1l|, and hence, by (3.10), 7 is a contraction.

(a+9)

< —|¥II.
lF1zll < T(ato+ 1)II I

Set sup |f(t,2)| = f. Then
(t,2)€[0,T1X B,

|(F12)(12) = (Fr2)(10)]

f 1t — g = (6 — @)V, 200,
0

T (a+06)
15}
+ f (2 = gD f(v, 2",y
n
f [2(t2 _ tl)(a/+5) + |t((1/+5) _ t(a/+6)|]
[ (@+6+1) 1 2 b

— 0.as , — 1, — 0, independently of z. Hence, as a consequence of the Arzela-Ascoli theorem, this
shows that ¥ is compact on B,,.

Therefore, since all the assumptions of Lemma 3.2 are satisfied, we conclude that there exists at
least one solution of quantum Hilfer and Caputo separated boundary value problem (1.6) on [0, 7]. O

The next existence result relies on Leray-Schauder’s nonlinear alternative.

Lemma 3.3. (Leray-Schauder’s Nonlinear Alternative) [53] Let C C X be closed and convex of X,
U C C be open, and 0 € U. Suppose F : U — C is a continuous and compact map. Then either

(i) F has a fixed point in U or

(i) 3z € OU and w € (0, 1) with z = wF (7).

AIMS Mathematics Volume 9, Issue 7, 19473-19494.
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Theorem 3.2. Suppose that the function f : [0,T] X R — R is continuous and satisfies:

(H3) there exists a function A : [0,00) — (0, 00) continuous and nondecreasing and a function G €

C(0, T1,R,) such that
|/ (7, 2] < GOA(zl]) for each (1,z) € [0, T] X R;

(Hy) There exists C > 0 (constant) such that

C
< ———r.
AO)IGlA

Then, there exists at least one solution of problem (1.6) on [0, T].

Proof. Firstly, we show that ¥ maps a bounded set into bounded sets in X. For any k£ > 0, let B, = {z €

X : ||zl < k} be a bounded set in X. Then, for ¢ € [0, T'] yields

1 ' _ (a+6-1)
I(F@0 < [:[gg] {—Fq @+9) fo (t=gqv), " f(v,z(v)dgv
AT (y+6) -+t 1 !
=g ars J, T ooy
A ! (a=y)
+m fo (T =g, 7" f, Z(V))qu]}
T (@+9) |4 T,y + 6) + TY*"D T (@+6)
< A(IIZII)IIGII{Fq(a 1o+ D) + 0] (Fq(a Yo+ 1)
T(@=y+D
e g 2))}
< A(lIDIGIIA,

which implies that
17zl < AllzIDIGIIA.

Moreover, for t;,t, € [0, T] with t; < 1, and z € By, we obtain
I(F2)(12) — (F2)(1))]

6L o]y { ’

<7 10 1 [F (@ +6) j; (T = )yl f 0, 20)ld
q

ol

Fq(a’ -y + 1)

1 g
T@+o) f [(t2 = qv)g ™" = (11 = @) VN f (v, 20l
q 0

* f (s = gV D, 20l

151
+6—1 +6—-1
|57 =

<
1@

T
f (T — @) f O, z(v))|dqv]
0

1 ’ (a+6-1)
A(k) [Fq(a 7o) fo (T —qv), " '8Wdyv

(3.12)
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|AZ| T T (a—y) d
I“ (a, _,y_'_ 1) 0 ( - qv)q g(V) qV
q
il
0| [ 1= - - g ey
q 0
15}
+ f (tr — qv)y ™+ Vg(v)dyv
13
. IGINAGL™ = 7] T+ o Tla=y+D)
+
= 10| T a+6+1) Ty a—y+2)
IGlIA(k) N N N
Foa+a+ D205+ =477,
q

— Oast,—t; — 0.

This proves the equicontinuity of the set ¥ (By), and by the Arzeld-Ascoli theorem, it is relatively
compact. Thus, ¥ : X — X is completely continuous.
Now, for ¢ € [0,T], as in step 1, yields

lz()] < IGlAdIIDA,

which gives
el
GlAdIzIDA —

By (H,) IC such that C # ||z]|. Let
U={zeX: |7l <C}.

Then, ¥ : U — C is both continuous and completely continuous. From 9/, there exists no z € U such
that z = w¥ (2) for any w € (0, 1). Thus, as a consequence of Lemma 3.3, we conclude that ¥ has a
fixed point z € U which is a solution of problem (1.6). O

3.2. Uniqueness result
We proceed to establish the uniqueness of problem (1.6) using the Banach contraction principle [54].

Theorem 3.3. Let0 < @, 06 < 1,0 < B < 1,andy = a + B(1 — ). Suppose that f : [0,T] xR - R
fulfills the assumption (H,). If
LA < 1, (3.13)

where A is defined by (3.11), then, there exists a unique solution of problem (1.6) on [0, T].

Proof. To do so, problem (1.6) can be viewed as a fixed-point problem, z = ¥z, where ¥ is defined
as in (3.1). Next, we show that ¥ has a unique fixed point. Indeed, let sup |f(z,0)] = K < oo and

€[0,T]
KA
1-LA

< k. First, we show that ¥ B, C By, where B = {z € X : ||z]| < k}. Given z € By, gives

1 !
(F2)(H)] < sup {m fo (t = @) DI f (v, 2(v))ldgy
q

te[0,T]
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LT (y +6) — 17D
+
0

A T o
+1“q(a——2y+1)f(; (T—C[V)EI 7>|f(v,z(v))|dqy]}

1 T -
< L@+ fo (T = g™ 1f 05 200) = f, 01 + L (4 0))dlyv
LT (y + 8) + TV

1 T
[r (@+0) fo (T = qv)y ™ PIf 0 20y
q

10|
1 T
X [m L (T = ) V(1 f (7, 2(0) = f0, 0 + | f (0, O f(v, 2(v)dgv
q
/1 T
I“(a|—2;|/+1) f (T = )0 f (v, 2(7) = fFOL O] + | f (v, 0))dv
g\® 0
1 ! (a+6-1)
< Lzl + %K) {m I) (T - qv), d,v
|4 |C, (y + &) + TO+9~D 1 r roe
+ 1% q o [Fq(a/+6) ﬁ (T—qv); 5 l)dqv
+L fT(T — ) d,v
T a—y+D)Jy = T 4|
T (@+0) |4 [TyCy +6) + T+6-1 T (@+6)
= (el +7(){Fq(a+5+ DT 0] T @to+1)
T(e=r+D
e % 2))}
< (Lk+F)A
< k

and hence ||(F2)|| < k, which means that ¥ B; C B;.
Subsequently, for # € [0, T'] and any z,z; € C([0,T],R), we get

|(F2)(0) = (Fz)@|
1 t
F@to fo (t = g™ V1 0 20) = fOLm()ldgy
q

JLIT,(y +6) + 17+
+

10|
|4,

T
T, a—y+1) fo (T = g 1 05200) = f0 2 ))ldyy
|4 IT,(y + 6) + TY*"D T(a+8)
10l [Fq(a/+6+ 1)

T(a+6)
+
Fya+06+ 1))

1 T
[r @9 fo (T = @) DU 20) = F 210l
q

IA

Lllz - Zl”(
Tla=y+D)

ya-y+2)
LAllz = z]l.

+|A,]
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Therefore, ||(Fz) — (Fz1)ll < LA|lz — z1ll, and hence, by (3.13), F is a contraction, and hence,
problem (1.6) has a unique solution on [0, T']. O

3.3. Special cases of the proposed problem.
Case L. If 1, = A, = 0, problem (1.6) reduces to sequential g-Hilfer problems of the form:

(3.14)

1D (CD)@) = f(t,2(1), 1 €[0,T],
20)=0, (T)=0

Corollary 3.1. Let0 < ,0 < 1,0< g < 1,andy = a + (1 — @). Suppose f : [0,T] xR — Risa
continuous function. If 7 € C;([O, T1,R), then z satisfies the problem (3.14) if and only if 7 satisfies the
integral equation:

1 ' a+6—
0] meo(l—qv)(q =D £(y, z(v))d,v

{Or+6-1) o) (3.15)
- T (a =5 f (T = g @D f(v,z())d,v.
Case II. If 1, = A, = 1, problem (1.6) reduces to sequential g-Hilfer problems of the form:
1D D)) = f(t.2(1), t € [0,T], 516
20) + CD)72(0) = 0, «T) + €D '«(T) = 0 '

Corollary 3.2. Let0 < ,0 < 1,0 << 1,andy = a + (1 — a). Suppose f : [0,T] xR — Risa
continuous function. If 7 € CS([O, T1,R), then z satisfies the problem (3.16) if and only if 7 satisfies the
integral equation:

T,(y +6) — (7+D
TOo+6-1) r (a +0)

1 a—
+mfo (T =g ™10 Z(V»%V] (3.17)

(1) =

f (T = gy " fv, z2(n)dyv

1 ¢
T a+0) fo (t = qv)y "V f (0 2(v)dyy.
q

Case IIl. Let 8 = 1, then v = 1, and problem (1.6) reduces to the sequential g-Caputo fractional-order
differential equation given by

{CZ)Z(CZ);@(I) = f(t,z(1)), t € [0,T], (3.18)

20) + ,CDE2(0) = 0, «T) + L,EDT) = 0

Corollary 3.3. Let 0 < «a,0 < 1 be orders of fractional derivative and 0 < q < 1 be quantum
number. Suppose f : [0,T] X R — R is a continuous function. If 7 € C;([O, T1,R), then z satisfies the
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problem (3.18) if and only if 7 satisfies the integral equation:

AT, +1) -1

_ 1 ! (a+6-1)
A =6 G~ AL,6+ D | Ta o) fo (T =gy 02y
T
+rq(2a) fo (T - )V f, z(v))dqv] (3.19)

1 t
+ m j(; (t — qy)gﬂ-é—l)f(v, Z(V))dqv.
q

Case IV. Let 8 = 0, then y = a, and problem (1.6) reduces to the sequential g-Riemann and Caputo
fractional-order differential equation given by

{RL@;(CDZ@(Z‘) = f(t, z(t), t€[0,T], (3.20)

2(0) + 4, D7 12(0) = 0, 2(T) + LD '(T) = 0

Corollary 34. Let 0 < ,0 < 1, and f : [0,T] X R — R is a continuous function. If z € C([0,T],R),
then z satisfies the problem (3.20) if and only if 7 satisfies the integral equation:

AT (o + 6) — oD
Z(l’): 1 q( ) |:

Q*
T
+4 f f.z(v))dyv
0

(a+6-1)
Ly(a+ 5) f (T =qv)y S z(n))dyy

+ ﬁ fo‘ ( V)E](Y+6 ’l)f(v’ (V))dq :
q a 6 < V

where Q* = T@*~D 4 (1, — AL (a +9).

Case V. If ¢ = 1, then problem (1.6) reduces to the sequential Hilfer and Caputo boundary value
problem of the form:

{H@aﬁ(cﬂéz)(t) = f(t,z(1), t€[0,T], (3.22)

2(0) + 1, D79717(0) = 0, «(T) + LED1(T) =0

Corollary 3.5. Let0 < 0,06 < 1,0 < B < l,andy = a + (1 — @). Suppose f : [0,T]XR — Risa
continuous function. If z € C*([0, T],R), then z satisfies the problem (3.22) if and only if 7 satisfies the
integral equation:

4D (y +6) — ot

= 1 ! a+o—1
W= Q I'(a + 6) f (T =) f(v, z(v))dv
Fa—y+1) nd 2
F(a/ y+1) f (T —v)*"7f(, z(v))dv] (3.23)
a+6—1
" F(a +9) fo =) fv,z(v))dv.
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4. Examples

Example 4.1. Consider the sequential fractional differential equation involving g-Hilfer and q-Caputo
fractional derivatives:

"D (DLW = f(t.2w). 1€ |0.2]. wh
2(0) + %C@?Z(O) =0, z(%) + g%)?z(%) = 0. .

2 2
Now, we choose constants as a = 3/5, 8 =2/5,6 =4/5, q=1/2, T =9/7, 4, = 11/23, 1, = 13/29.
Then we compute v = 19/25, which yields y + 6 — 1 = 14/25. These information can be used to find
that Q ~ 1.123420003, A ~ 3.821919331, and A — (T““*? /T (@ + 6)) ~ 2.578777897.
Case (i). Let the nonlinear bounded function f(t,z) be presented by

f(t,2) = h(t) + l (4.2)
p+l
where h : [0,9/7] — R, and p is a positive constant.
Thus,
lf(#. 2l < @) + 1 := ().
and

0.2~ Fa.z0l < =i

for all t € [0,9/7] and z,z; € R. Therefore, conditions (H,) and (H>) in Theorem 3.1 are satisfied
with L = 1/p. Thus, from Theorem 3.1, we say that problem (4.1) with (4.2) has at least one solution
on [0,9/7) if p > 2.578777897. In addition, the unique solution of problem (4.1) with (4.2), can be
guaranteed if p > 3.821919331 by applying the result in Theorem 3.3.

Case (ii). If the nonlinear, unbounded function f(t,z) is expressed as

1 (22 +2|z|) 3

Jed= s\ Taq ) T (4.3)

then it is easy to check that condition (H,) is fulfilled by inequality

1
£t 2) = f(t. 20l < e = ail,

with L = 1/4, which leads to
LA ~ 0.9554798328 < 1.
Hence, problem (4.1) with (4.3) has a unique solution on [0,9/7].

Example 4.2. Consider the sequential boundary value differential equations in the frame of q-Hilfer
and g-Caputo fractional derivatives given by:

Nelles)

H‘Z)%’% CD% f) = 1 2% 1 t 0
2 ( ;Z)()— +2 4(1+22°22(t))+ Vi+3)? €Y

3 n 11
0+ §ol0) -0, <(3) » Eple(f) =0

I

4.4)
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Here « = 5/7, B = 3/4, y = 13/14 (by computing), g = 2/3, 6 = 6/7, T = 8/9, 4, = 17/31, A, =
19/37,and y + 6 — 1 = 11/14. From all constants, we have Q ~ 0.8787426597 and A ~ 2.500884518.

Now, we see that the nonlinear non-Lipschitzian function f(t,z) shown in the right-side of the first
equation in (4.4), is bounded by

lf @, 2)| =

1 220%4(1) 1 I (1, 1
+ < -+ =]
t+2\4(1 +22922()  \i+3 r+2\4 3
Choosing G(t) = 1/(t + 2) and A(u) = (1/4)u® + (1/3), we have ||G|| = 1/2, and we can find that

AC € (0.492701921,2.706166297) satisfying (H,). Thus, by applying Theorem 3.2, we say that
problem (4.4) has at least one solution on [0, 8/9].

5. Conclusions

Since the appearance of fractional operators, many research articles have been dedicated to
improving and generalizing those operators. This paper investigates the existence and uniqueness of
the results of a sequential boundary value problem in the setting of g-Hilfer and g-Caputo fractional
derivatives with separated boundary conditions. The proposed problem is new and can be visualized
as a generalization of Hilfer, g-Caputo, Caputo, g-Riemann-Liouville, and Riemann-Liouville
fractional differential equations.
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