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Abstract: In order to study the impact of seasonality on Zika virus dynamics, we analyzed a non-
autonomous mathematical model for the Zika virus (ZIKV) transmission where we considered time-
dependent parameters. We proved that the system admitted a unique bounded positive solution and a
global attractor set. The basic reproduction number, R, was defined using the next generation matrix
method for the case of fixed environment and as the spectral radius of a linear integral operator for
the case of seasonal environment. We proved that if R, was smaller than the unity, then a disease-free
periodic solution was globally asymptotically stable, while if Ry was greater than the unity, then the
disease persisted. We validated the theoretical findings using several numerical examples.
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1. Introduction

Zika virus infection is a recurring mosquito-borne flavivirus that it is transmitted through mosquito
bites [1-3]. Zika virus was first detected in Uganda in 1947 [4]. According to the World Health
Organization, about 86 countries were affected by Zika virus since the outbreak began [5]. In 2015 and
during two years more than 4,000 pregnant women were infected with Zika virus in Brazil which affect
their new babies born [6, 7].

The mathematical modeling in epidemiology began in the late 19th century and played an important
role in studying, predicting, and proposing optimal control strategies for infectious diseases. A large
number of mathematical models were proposed for a variety of infectious diseases [8—11]. In particular,
several mathematical models predicting the transmission of Zika virus were proposed [12—-14]. Many
diseases prove seasonal comportment and thus taking account of seasonally in diseases modeling
is important. For example, periodic fluctuations has the main impact in the evolution of disease
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transmissions which affect the contact rates that will change seasonally. Furthermore, periodic changes
can affect birth rates of populations and thus, vaccination programs change seasonally. Variants of
mathematical models are extensively used to model seasonally recurrent diseases. The mathematical
models that describe these diseases are seasonally forced. Therefore, the seasonality of infectious
diseases is very repetitive [15], and several mathematical models in epidemiology considering the
impact of seasonality were analyzed [14,16-25]. When considering the seasonality in a mathematical
model, the basic reproduction number can be approximated either trough the time-averaged model
as in [26-28] or other ways as in [29-33]. In [34], the authors studied a periodic reaction-diffusion
mathematical model for Zika virus transmission with seasonal and spatial heterogeneous structure,
in [35], studied a partial differential equation model with periodic delay and in [36], the authors studied
the impact of weather seasonality on the spread of Zika fever. Our aim is to consider the impact of
the seasonality on the dynamics of ZIKV with a generalized incidence rate. The basic reproduction
number, R, was defined using the next generation matrix method in the case of the fixed environment
and by using an integral linear operator for the case of seasonal environment. We perform the global
analysis of the proposed system. It is deduced that the disease-free solution is globally asymptotically
stable if Ry < 1. However, for the case where Ry > 1, we proved the persistence of disease. The
theoretical findings were confirmed by intensive numerical example.

The structure of this manuscript is as follows. In the next Section, we describe a generalised
compartmental model for ZIKV dynamics in a seasonal environment. In Section 3, we consider in the
first step the case of a fixed environment, we calculate R, and we study the local and global stability of
the equilibria of the system. It is deduced that the disease-free steady state is stable if Ry < 1; however,
the endemic steady state is stable if Ry > 1. In section 6, we focus on the influence of the seasonality.
We prove that the virus-free periodic solution is stable if Ry < 1; however, the disease will persist if
Ro > 1. We give in Section 7 several numerical tests confirming the theoretical results. We finish by
giving some concluding remarks in section 8.

2. Generalised Zika epidemic model

The ZIKV transmission follows the following steps. Mosquitoes get the virus when biting infected
humans. Later, infected mosquitoes spread the ZIKV when biting uninfected humans. It should
be noted that infected mosquitoes remain infected until they die. However, an infected human can
recover and become immune against the disease. Thus, the model that we proposed here uses an
SI compartmental model to predict the virus transmission in the mosquitoes population and a SIR-
compartmental model to predict the virus spread within the human population [37]. Thus, the proposed
model is a compartmental one generalizing the ones given in [38—41] and described by the following
five dimensional dynamics of ordinary differential equations.

X0 (1) = mu(O)Aw(0) = Br(0) fu(X (0)X2(2) = mp(DX (1),
X[(1) = Bu() fuX] (O)X3(@) = (rat) + u(t) + mu(D)X] (1),
X)(1) = (r(0) + u(®)X}(t) = my(DX (1), (2.1)
Xy(1) = my(OA0) = (1) X[ ()X} (1) — m(DX(2),
X} (1) = B [XF )X (1) = my()X] (1)
with the positive initial condition (X”(0), X7(0), X!"(0), X¥(0), X/(0)) € R3}. The susceptible human
are denoted by X", the infected human population are denoted by X" and the recovered human are
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denoted by X", Similarly, the susceptible mosquito are denoted by X! and the infected mosquito
are denoted by X?. More details on the meaning of the parameters are resumed in Table 1. The
susceptible human catches up with the infection at a rate B, f;,(X})X", with B, describing the contact
rate of uninfected human and infected mosquito, and fj, is the infected mosquito to uninfected human
incidence rate. In the mosquito population, the susceptible mosquito catches up with the infection at a
rate (3, fV(Xf‘)XE, where £, is the contact rate of uninfected mosquito and infected human, and f, is the
infected human to uninfected mosquito incidence rate. The bilinear incidence rates in epidemiological
models are intensively used [42]. When considering real data of disease dynamics, incidence rates are
more appropriate with nonlinear forms [32].

Table 1. Meaning of parameters of (6.1).

Notation Definition

mp\y Periodic human recruitment rate

my\, Periodic mosquito recruitment rate

I Periodic incidence rate for X} and X"

o Periodic incidence rate for X” and X

B Periodic contact rate for X;" and X ?

By Periodic contact rate for X” and X!

my, Periodic human death rate

m, Periodic mosquito death rate

Ty Periodic human natural recovery rate

u Periodic human recovery rate by the use of treatment

We suppose that the parameters of the considered system are non-negative continuous bounded and
T-periodic functions. We assume also that a susceptible human catches up with the infection only in
the presence of an infected mosquito and similarly, a susceptible mosquito becomes infected only in
the presence of an infected human and that transmission rates increase with the infected human and
infected mosquitoes. Therefore, the model (2.1) satisfied the assumption given hereafter.

Assumption 1. (1) f, and f, are non-negative C'(R,), increasing concave functions satisfying
Ji(0) = £,(0) = 0.
(2) Au(t), A1), Br(t), B,(1), my(t), m,(¢), ry(t) and u(t) are continuous, bounded and T -periodic non-
negative functions.

Lemma 1. Xf/(X) < fi(X) < X£,(0) and Xf/(X) < f,(X) < Xf1(0), VX € R,.

Proof. For X, X, € Ry, let g1(X) = f,(X) — Xf/(X). By using Assumption 1, we have f/(X) > 0 and

»'(X) < 0. Then, g{(X) = -Xf"(X) > 0 and g,(X) > g(0) = 0 which leads to f,(X) > Xf/(X). By
the same way, let g2(X) = fi,(X) — X f;(0) then g5(X) = f,(X) — f,(0) < 0 and g>(X) < g2(0) = 0 then
fn(X) < X f;(0). The proof is the same for the function f,. |

3. Case of autonomous system

We start by studying the case of constant parameters and thus we obtain the following system
considered already in [41].
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X" = mp Ay, = Bufu( X)X — my X7,

X' = Bfu(XDX" = (ry + u + mp) XY,

Xf = (r, + u)Xl.h - thf, 3.1
Xy =mA, - B f,(XDX) - m,X],

Xy = B (XDX] — mX},

such that (X7(0), X"(0), X]'(0), X}(0), X/(0)) € R3..
We begin by giving some basic properties of the system (3.1) as follows.

3.1. Basic properties

Lemma 2. The dynamics (3.1) admits an invariant attractor set given by
L= (X0 X0 X0 XL X)) € RY: X+ X!+ X! = Ap, XY+ X) = A}

Proof. Since X" |yi_o= muAy, > 0, X" Ixizo= Brfu(X)XE > 0, X |yico= (u+ X" > 0, X |xizo=
m,A, > 0, and XIV | x=0= By fV(Xf’)XE > 0. Therefore, Ri is invariant by the model (3.1). Let us denote
by T, = X" + X! + X" and T, = X} + X to be the sizes of the total human and mosquitoes populations,
respectively. From Eq (3.1) we have T}, = mA, — m;,T,. Hence T, = A, if T,(0) = A,. Similarly,
T, = m,A, —m,T,. Hence T, = A, if T,(0) = A,. O

Let us now discuss the existence and uniqueness of equilibrium points of system (3.1).

3.2. Steady states: existence and uniqueness

We start by calculating the basic reproduction number of our system (3.1) denoted by R, [10, 11].
We consider the matrices
F:( 0 &ﬂ@m)
B Sy (O)A, 0

and
V:(rh+u+m;1 0 )
0 m,
Then,
0 Brf (O)A,
-1 _ m,
FV2=1 pron, .
(rp+u+my)
and Ry is given by

wWﬂmm@mm
Ry = ;

mv(rh tu+ mh)

Lemma3. e [f Ry, < 1, then the system (3.1) admits an equilibrium point denoted by &) =
(Aha 09 Oa Av’ O)
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o If Ry > 1, then the system (3.1) admits two steady states; &y and an endemic equilibrium point
denoted by &.

Proof. To prove the existence and uniqueness of the equilibria according to the values of the basic
reproduction number, let E(X”, X", X!, X!, X") be any steady state satisfying

0 = muAy — B fu(X)X! — mp XY,

0 = BufuXNX] — (ry + u + my)XY,

0=+ u)Xf’ - thf, 3.2)
0=mA, _ﬁva(th)X: - va:’

0= ﬁva(th)X: - va,‘-/,

which is equivalent to

Pt U+ (ry + WX o Bofy (XA,

Xh = Ah - r - L s
my my ﬁva(th) +m,

s

and
Vv mV AV

B
Now, using the second equation of (3.2), one has

ﬁva(th)Av )(Ah _ (rh +u+ mh)

—_— XM = (rp+ u+mp)X' = X)X = (ry, + u+ my)X"
A T o ") - (o WX! = BufuXDX! = (ry X!

Bufi
=0.

If X! = 0, then we obtain an equilibrium point given by the ZIKV-free equilibrium point &, =
(A4, 0,0,A,,0). If Xf’ # 0, let us define the function g as follows:

5 f( Bufu (XA, )

hJh o

(K%)= ﬁva(if,-) iy, - (rn + u + my) XE) = (b ),
Xi my,

The limit of the function g at the origin is

B (XA,
. \ .B hf”(ﬁva(m n mv)
lim g(X!) = lim h’ Ay — (rp + u+my)
Xt—0+ XI—0+ X
BiB.f; (0) £ (O)ALA,
= - —(rp +u+my,)

(rp + u+m) (RS = 1) > 0if Ry > 1.

Note that the value of g at A, is

IB_I’l h( ﬁva(Ah)Av )(A _(rh+u+mh)A

A \Buf(Ay) +my m,
_ﬁhﬁvfh(Av)ﬁ/(Ah) (rh + Ll)

Bufo(Ay) + m, my,

g(Ay) n| = (rp +u+my)

—(r,+u+my) <0.
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Furthermore, the derivative of g on (0, A) is expressed as follows

V-V , h vJv hAv ﬁva(Xh)Av
XPA, mB, 1, (X;) ¢ Bo (X)) B i
oy BhD o Mo m) PG e )
g§W;) = (th)z
B (XA,
(rp +u+my)_, 'Bhfh(ﬂva(Xf’) + mv) (rp + u + my)
(- Oty B
my Xi my,
mvﬁhﬂvﬂ(XIh)X,hAvf,( ﬁva(th)Av ) —ﬁ ( ﬁvﬁ/(th)Av )
BAED +mP MBS +m) TR +m)
= h

(X})?
mvﬁhﬁval(x,h)X,hAv ,( ﬁvﬁ/(X,h)Av )
BN+ m) TS 4 m (k)

(th)Z my, !
mvﬁh ﬁva(th)Av ) _ ( ﬁvﬁ/(X,h)Av )
o BAOD +m) BN £ m) B A
= h

(X2
mBiB.f; (XDXIA, ! B XDA, )
__BSD +m): B 4 (k)

(X2 my,
B B fu(X") Bufu XA,
= BN )X hfh(ﬁva(X?) + mv)
m BB f(XDXIA, 7 Bufu (XA, )
BA XD +m P CBAXD +m (+ut my)
(X1"? my, i

< 0,YX" € (0,A)).

Therefore, we deduce that the function g is decreasing. Then g has a unique root )_(l.h € (0,A).
Therefore,

oh oh
X?:Ah—rh+u+mh)_(?,)_(f: (rh+u)Xi,_lY: Avﬂli]:j)(X,) ,—;: m,A\, __
mp, my, B (X)) +m, m, + B, f(X})

and the endemic steady state denoted by & = (X, X!, X", X?, X?) exists if only if Ry > 1. O

4. Local stability

We aim in this section to study the local stability of both equilibrium points &, and & with respect
to the values R,.

Theorem 1. For Ry < 1, & is locally asymptotically stable (LAS).
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Proof. The Jacobian matrix for & is

—niy, 0 0 0 —ﬁhﬁ:(O)Ah
0 —(rh +u+ mh) 0 0 ﬁhf;(O)Ah
Jo = 0 (rh + M) —my, 0 0
0 =B S (DA, 0 -m, 0
0 Buf, (OA, 0 0 -m,
admitting the following three eigenvalues 4y = 1, = —m;, < 0 and A3 = —m, < 0. By considering the
sub-matrix
g o[ ~Cntutmy) Bif(0)Ay
o ﬁvﬂ(O)Av -—m,
where the trace satisfies Trace(S ;) = —(ry + u + m, + m,) < 0 and det(S ;) = m,(ry, + u + my) —

BB 1, 0) £ (O)AR A, = m,(ry + u+my)(1 - R(z)). Therefore J admits four eigenvalues with negative real

parts if Ry < 1 and then & is LAS for Ry < 1.
Theorem 2. For Ry > 1, & = (X", X!, X", XV, X) is LAS.

Proof. By calculating the Jacobian matrix at & = (X!, X", X", X", X"), we obtain :

—(Brfu(X)) + my) 0 0 0 —Bnf (X)X
Bifu(X)) —(rp+u+m) 0O 0 B (X)HX"
Ji = 0 (rp, + u) —my, 0 0
0 BofiXDXy 0 Bufu(X]) —-m,

admitting the following characteristic polynomial:

PX) = —(X+m)X+m)X> +aX*+aX +a),
where
a = ,Bva()_(f’) +m, +ﬁhfh()_(l.v) +my +r,+u+m, >0,
a, = (ﬁva(Xf’) +my, + 1y + u+ m) (B fir(X)) + my) + (ﬁva(Xl.h) +m,)(r, + u+ my)

Bl ;XD (XDXIX], o
ap = Bofu X1+ m)Brfu(XY) + my)(ry + u+ my) — muBuB f1 (XD £ (XXX

Using the fact that

_ XV _ (X! XHX"
(X)) < ﬁl(_y’),ﬂ(Xf) < f;h’ ),(rh +u+my) = 'Bhfhi_(%,
and o
B (XX
m,=-————,
X

O
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we obtains

\%

BofUX]) + mv)(ﬁhfh(xv) +my) + (1 + w A+ my) B fu(XY) + my)
+:8h,8vfh(Xv)fv(Xh)— > 0,

_h v Xh _
G = BBSEDNE) Tz + BBSHEDLED ZH B D) +m) > 0.
asai g = (Bufs(R) 4y + BfiC(R2) + ma)Bufu(K) + m) (B2 + )
H(BuFKD) + my + Bufi(RY) + g+ iy + g )y + w+ my)(Bfi (X)) + my)
(B fu (XY + m, + B (X)) + my + vy + g ) (B fy (KDY + )y + -+ )
~(B. A + m, +ﬁhfh<XV> +my + 1+ BB fI(RI f1(XNXRY

+511ﬁvfh(Xv)ﬁ(Xh)—[ﬁ L XD+ my + ry + u+ my)

(Bfu (R0 -+, + Bufu(2) + ma)Bufu(R) + m) (B fi(2) + )
+(BuFUKDY + 1 + Bufi(X)) + iy + iy + u + mh)m, + 1+ my)BufulXY) + my)
vhyv

h x XYX v h h
B[R G + BB AUEIX ) 2 (B, Fu(RE) + my + 1y + 1+ ]
> 0.

a

\%

l

By applying the Routh-Hurwitz criterion [43,44], we deduce easily that the eigenvalues have negative
real parts (see [45,46] for an other application). Thus, & is LAS. i

5. Global stability

Theorem 3. If Ry < 1, then & is globally asymptotically stable (GAS).
Proof. Consider the Lyapunov function Uy(X?, X7, X", X, XI.V):

Uo(X", X!, X", XV, XV = + AX).

ﬁhfh (0)

Clearly, Uo(X?, X", XI', X¥, X?) > 0 for all X', X", X", X?, X! > 0 and Uy (A}, 0,0, A,,0) = 0. The time
derivative of Uy is :

dU
dto = ﬁhZ(O) (Bhfh(Xv)X —(rp+u+ mh)X ) + Ah(ﬁxﬁ;(Xh)Xv _ vav)
h,
< 50y B OXI Ny = (i m)XT) + A{BSIOXIN, - m, X))
h

m,(r, + u + my)

Bnf;(0)

(RS — DX

IA

(rp+u+ mh)) Xh

AN, (0
(l ﬁfv() ﬁhﬁl(O)

dU,
If Ry < 1, then d—to < 0 for all X", X", X", X", X* > 0. Let

dU
Wp = {(Xh,X” XX, XY : dto = o}.
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It can be easily shown that W, = {&} . Applying LaSalle’s invariance principle [9], we deduce that &
is GAS when Ry < 1. O

Define the set

I, = {(Xf,xf,xf,xg,xy) ERI:O<X'<XNO<X'<X'NO<X!'<X' 0<X/ <X,0<X/ sX,.V}.

N

Theorem 4. If Ry > 1, then & = (X", X!, X", X", X") is GAS in T5.
Proof. Let us define the function G(X) = X — 1 — In(X) which is a positive function defined on R’}
1 _
with derivative G'(X) = 1 — X Consider the Lyapunov function denoted by U(X!, X", X!', X, X?) and
defined as:
_ X" X XV XV
UX" XXX, X)) = Gl=|+G|=|+G|=|+G|=].
TR v A ¥y A 5
Clearly, U(X?, X', X", X¥, X?) > 0 for all X, X, X", X?, X? > 0 and U(X", X", X", X!, X?) = 0. The time
derivative of U is :

dU Xf W\ yh h th v\ Yh h
g;=(%§JWMFMM&W—m&%@—ﬁwwmw&%WW+mW)
+ (1 - £) (A, = B (XX = m, XY) + (1 - )i) (BL(XDX = m,XY).

X“; i Ky A% Ky le vJVv i K) A% i

By using the fact that
mpAy = BufuX)DXL + my XY, (ry + u+ mp)X! = B fuXDXY,

m,A, = B, f,(XHX" + m, X', m,X’ = B,f(XHX",

we get

Xh o _
& (1 - )7;1) (ﬁhfh(Xf)X? + m X" = B fu(X)X" — th?)
X’h vy yh h le I oy )
+ (1 - F) (BufuXDXE = (ry + u+ my)X)) + (1 - ?) (B.£, (XX —m,X})

X o )
+ ( - )F) (lefv(Xi )X+ m,X{ = B, [ (XX — va:)

1

Xh _ Xh 2 )_(h o
= _% + (1 - )?zl) (ﬁhfh(Xiv)X? —,Bhfh(X,-V)X?)
1 X! xXHx" X") + (1 X XMxy XV
+( _ﬁ)(ﬁhfh( DX — (rp + u+my) ,-)+( _)F)(’BVfV( "X —m, l.)

1 l

my (X! — XV)? X o )
- XV + (1 - F) (ﬁvﬁ(xzh)xs _ﬁva(th)Xs)

mu(XE = X1 my(X) = X))
Xh XV

N
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B
)?l:
: .
h vh AN oV
+Bn (X; - Xi ) (fh(X,' )ﬁ — fu(X))
mh(X? - X?)Z m,(X§ — X:)z
X" XV

s N

+ (X = XD (AEDXE - DX + % (%) - %)) (AEDXY - fXHXY)
XI: N

1

) X _, X’
) + B, (X,V - Xiv) (fv(Xf)?; - fv(XfZ))?‘;)

Bn

+—
h
Xs

(X! = X0 (AEDX - fiXHXY) + % (%) - %) (AEDXY - AXDHXY)
vh VvV
+ (1 - %) (BifuXDXE = (ry + u+ my)X]) + (

1

I- )Tiv) (ﬁVfV(th)X: - mv)_(zv) .

dUu du
Therefore, = < 0 for all X, X" X! X!,X" € I'; and - = 0 if and only if (X?, X, X!, X¥, X)) =
(X!, X! X" X!, X") = 0. Using the LaSalle’s invariance principle [9], we obtain the global stability of
8 in I. O

6. Case of periodic environment

In this section, we return to the main system (2.1) studying the seasonality influence that we write
it in the following way:

XI(1) = Bu(®) fuXF O)X2(1) — (ri(0) + u(t) + my, ()X (1),

X(0) = B f,(XH)XU(H) — m(D)X) (1),

X1(1) = my(D)AR() = Bu(0) (XY (D)X (1) — my() X1 (1), (6.1)
X!(t) = (ru(0) + w()X (1) — mu() X" (1),

Xy (1) = my(OA() = B0 L X)X (1) = m(DX(2),
with positive initial condition (X!(0), X}(0), X*(0), X!(0), X}(0)) € R}. Let p(r) to be a continuous,

positive T-periodic function. Let us denote by p* = H{lgl;() p()and p' = rr[})irTl) ().
t€|0, 1€l0,

6.1. Preliminary

Let us consider the two-dimensional system

{ X"(1) = my()(An(D) = X0(0)), (6.2)

X3(1) = m,()(A(1) = X(0)),
such that (X"(0),X’(0)) € R2. System (6.2) admits exactly one T-periodic solution (X”(¢), X*(1))

globally attractive in R? with X"(¢) > 0 and X?(¢) > 0. Then, the main system (6.1) admits exactly one
disease-free periodic solution Ey(1) = (0,0, X"(2), 0, X*(1)).

Proposition 1. The positive compact set
== (X)L X)L X0 X XY) € R/ XU+ X!+ X! < ApL XD+ X! < Al

AIMS Mathematics Volume 9, Issue 7, 19361-19384.
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is an invariant and attractor of all solutions of model (6.1) such that
lim X"(¢) + X"(¢) + X"(t) - X"(t) = 0,
t—oo

lim X)(¢) + X)(t) - X)(¢) = 0. ©.3)

—0o0

Proof. 1t is easy to see that
X0y + XI@t) + XP(0) = my(D[ A1) = (XI@) + XP(0) + X (2)] < 0, if X2(r) + X0(0) + XM(r) > AL,

and X:(t)+Xl.V(t) = my(H[A, () - (XD + X[ ()] <0, if X}(1)+X!(r) > Ay. Let us define By (1) = X"(t)+
X(#) + X!(t) and By(r) = X)(1) + X} (7). Consider x(t) = B;(t) — X!(r),t > 0, then %, (1) = —m(1)x;(?),
and therefore tlim x1 () = llim(Bl(t) - Xﬁ’(t)) = 0. Similarly, consider x,(t) = By(t) — X¥(¢),t > 0,

therefore x,(¢) = —m, (1)x,(¢), and then lim x,(¢) = lim(B,(¢) — )_(:(t)) =0. O
t—o00 t—o00

6.2. Disease-free trajectory

In this section, we shall define the expression of the basic reproduction number; R, according to
the definition given by the theory in [32]. For X = (X", X!, X", X!', X?), let

Bi(®) fu(X ()X (D) (ra(t) + u(?) + my() X} (1)
Bu(t) f, (X)X (1) my (O X] (1)
F(t,X) = 0 LV X) = | B[ O)XE() + mu() X! ()
0 my, (X" (1)
0 B f(XE)XE(0) + m(HX(D)
and
0
0
V1, X) = mu(OA(2)
(ra(t) + u()X (1)
my (A, (2)

and V(t,X) = V~(t,X) — V*(t, X). Therefore, the dynamics (6.1) can be written in the following way:
X = ft, X)) = F(1,X) - V(,X). (6.4)

Then, it easy to see that conditions (A1)—(AS) of [32, Section 1] are valid.
The dynamics (6.4) admits a disease-free periodic trajectory X(r) = Ey(t) = (0,0, X"(r), 0, X(1)).

Let us define 5 _
i(t, X
sz(fa mu
é)X/ 3<i,j<5

with f;(z, X(¢)) and X; are the i-th components of f(z, X(¢)) and X, respectively. An easy calculus
gives us

—my, (1) 0 0
M(t) = [ 0 —my, (1) 0
0 0 —m, ()
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Therefore, r(8y(T)) < 1 and the solution X(r) is linearly asymptotically stable in Q; =
{(0, 0, X?, 0,X}) € Ri} Therefore, the condition (A6) of [32, Section 1] holds.
Let us define A*(¢) and A™(¢) to be two matrices defined by

OFi(t, X (1)) _ OVi(t, X(1))
A+0:p____J dA(n:p____J |
( an 1<i,j<2 “ ‘9Xj 1<i,j<2

An easy calculus gives us

o 0 Bt ()X (1) )
A= ( BOLOX() 0 :
DU+ @) 0
A(t)—( 0 mv(t)).

Consider Z(sy, s2), the solution of the dynamics %Z(sl, §2) = —A7(s1)Z(sy, 5,) for any s; > s,, with
Z(s1, s1) = I,. Thus, condition (A7) of [32, Section 1] is valid.

In order to define the basic reproduction number, Ry, of (6.1), we define a linear integral operator
as follows

(Lp)(&) = fo Z(E.& - wATE - wp —w)dw, VYEER peCr (6.5)

where Cr is the ordered Banach space of T-periodic functions defined on R to R?. Therefore,
Ro =r (L)
Theorem 5. By using [32, Theorem 2.2], the following statements are verified:
e Ry<1 & r(Br_y(T)) < 1.
e Ro=1 & r(Brv(l) =1
° RO >1 o I"(ﬁp_v(T)) > 1.
We deduce that &y(¢) is asymptotically stable if Ry < 1 and it is unstable if Ry > 1. Now, we show

that if Ry < 1 then Ey(¢) = (0,0, Xf(t), 0, X!(1)) is globally asymptotically stable and thus the disease is
extinct.

Theorem 6. &((1) is globally asymptotically stable for Ry < 1, however, it is unstable for Ry > 1.

Proof. Since Theorem 5 affirms that &y(7) is locally stable for Ry < 1 and that it is unstable for Ry > 1,
we need to prove the global attractivity for Ry < 1. We obtained the limits (6.3) in Proposition 1;
therefore for k; > 0, there exists a time 7} > 0 satisfying X"(r) + X/'(t) + X!(1) < X"(1) + k; and
X¥(t) + X} (1) < X)(1) + k, for t > T,. Therefore, X"(r) < X'(¢) + x; and X(r) < X}(1) + ;; and

{ X?(t) < Bh(t)f;(O)Xf(t)():(ﬁ’(t) + k1) = (r(1) + u(t) + myu(0)X(0), 6.6)
X/ < BOFOXNOXD) + k) — my(DX] (D), '
for t > T,. Let us define the matrix M,(¢) as follows

Mo(t) = 0 Bin() [ (0) ' 6.7)

B.(1)£;(0) 0
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Since r(¢r_y(T)) < 1, we can chose k; > 0 small enough such that r(¢p_y.m,(T)) < 1. Consider now
the following two-dimensional system,

X!(t)
X!(1)

B fOX; (X0 + k1) = (ru(0) + u(®) + mu())X] (1),
BOfOX} X (@) + k1) = m (DX} (1)

From the theory in [47], there exists a positive function x(¢) that it is T-periodic satisfying w(f) <
x1(H)e“" where w(t) = (Xf’(t),Xiv(t))T and a; = %ln (r(@r-viqm(T)) < 0. Thus, [li_glon’(t) = 0 and
lim X}'(t) = 0. Furthermore, we have that lim X"(¢) — X"(t) = lim Z,(t) — X"(¢t) — X"(¢) - X"(t) = 0 and
:121;1.: X0 -X@) = tlgg Z(0) - X (1) — Xﬁét_)m: 0. Therefore, ézz) satisfies the globally attractivity for
Ro < 1. O

(6.8)

Now, we show that if Ry > 1 then Xf’(t) and X}(7) are uniformly persistent and then the disease
persists in the population.

6.3. The endemic solution

Let us define Xy = (X"(0), X)(0), X*(0), X!'(0), X¥(0)) and X; = (0,0, X"(0), 0, X%(0)) and consider
the Poincaré map Q : Ri — RZ associated with the model (6.1) such that X, — u(T, X°) is the solution
of system (6.1) with the initial value u(0, X°) = X° € R3. Consider the sets

Q= {(Xfl,XiV,Xf,Xﬁ’,X:) € Ri}, Qo = Int(R3), Q0 = Q\ Q

and

My =1{Xp € 0 : Qp(Xo) € 0Q, VY p= 0}.
Note that Q is point dissipative. Furthermore, 2 and €, are invariant. Through the theory in [8,47],
we obtain

My ={(0,0,X",0,X), X! > 0,X! > 0 (6.9)

with M, 2 {(O, 0,X",0,X"), X" >0,X’ > 0}. It remains to prove that M,y \
{0,0,x!,0,X?), X > 0,X! > 0} = 0. Consider (Xo) € M, \ {(0,0,X",0,X?), X > 0, X} > 0}.

If X¥(0) =0and 0 < Xf(O), then Xl.v(t)h:o = ,Bv(t)fv(Xf‘(O))Xg(O) > 0. If X7(0) > 0 and Xf’(O) =0,
therefore Xiv(t),Xf(t) > 0 for any > 0. Then, V ¢ > 0, we have

i . (rn(2) + u(z) + my(2))dz
X!(6) =|XM0) + [ Bu(@)fi X (@)Xl (w))edo dw|

- f (ru(z) + u(z) + my(2))dz
X e Jo >0

which implies that X(7) ¢ 0Q for 0 < r < 1 and that Q) is positively invariant and thus the satisfaction
of (6.9). Therefore, Q admits a fixed point X; in My. We obtain the following result.

Theorem 7. If Ry > 1, then the system (6.1) has at least a periodic trajectory satisfying 4 n > 0 such
that V' X, € Int(R,)> x R? and lim inf X!(t) > 5 > 0,liminf X)(¢) > n > 0.
t— o0 t—00
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Proof. The goal is to prove the trajectories of (6.1) are uniformly persistent with respect to (€2, 9Q)
using the properties of the Poincaré map, Q as in [8, Theorem 3.1.1]. Since r(¢r_y(T)) > 1, then
d & > O satisfying r(¢r_y_m,(T)) > 1. Let consider the following two-dimensional system

{Xﬁ;(r) = mp()AW() = B fy) XL (1) — mp(D XL (1), (6.10)
X0 = mOA@) = B0 )X (1) = my(DX}, (1), '

. , . . vh V) .« .
The Poincaré map, Q related to the system (6.10) has a unique fixed point (X§,, X{,) that it is globally

attractive. By using the implicit function theorem, y +— ()_(ﬁ’y, X:y) is continuous. Thus, ¥y > 0 can be

chosen small enough such that X} (r) > X}'(r) — &, and X} (1) > X}(t) — &, V¥ 1 > 0. Since the solution
is continuous with respect to X, then there exists y* > 0 satisfying || X, — u(t, X1)|| < y*; therefore
|lu(t, Xo) — u(t, X,)|| < y forall ¢ € [0, T].

We aim to prove that

limsup d(Q"(Xo), X1) 2 y" ¥V Xo € Qo (6.11)

p—)OO

by contradiction. Assume that lim sup d(Q”(Xy), X;) < y" for some X, € Q,. We can assume that

p—)OO

d(Q"(Xo), X1) <v*,¥ p > 0. Then we obtain
|lu(t, QP (Xp)) — u(t,Xy)|| < y forall p > 0and € [0, T].
Assume that ¢ > 0 can be written as t = pT + ¢, with#; € [0,T) and p = L%J . Therefore
llu(t, Xo) — u(t, X0l = |lu(ti, Q"(Xo)) — u(tr, X1)Il <y forall £ > 0.
Set (X(t), X} (1), X"(1), X(1), X(1)) = u(t, Xo). Therefore 0 < X!(1), X}(t) < y,t > 0 and

Xt
X:(1)

mu (AL = Bu®) frNX] () = mu(DX (D),

my (A1) = By(D) /L (V)X (1) — my (D)X (1) (6.12)

v v

The Poincaré map, Q associated with the system (6.10) has a fixed point (X?,, X} ) which is globally
attractive where X! (1) > X? — &, and X} (1) > X}(1) - &: then, 3 T, > 0 satisfying X'(1) > X!(t) — &

and X (7) > )_(ﬁ(t) —¢gfort > T,. Then, for t > T,, we have

X
X)(1)

B fuX; D)X () = &) = (1) + u(t) + my ()X (1),

B F(XH))XY(1) — &) — m ()X (0). (6.13)

vV v

Since r(@r_y_em,(T)) > 1, then there exists a T-periodic positive function x(#) [47] satisfying J(¢) >

e x(t) witha = T In 7 (¢r_y_en,(T)) > 0, thus lim X7(f) = co which is impossible since the solution is
[—00

bounded. Therefore, (6.11) is satisfied and Q is weakly uniformly persistent with respect to (€2, 9€).

Regarding Proposition 1, the Poincaré map, Q admits a global attractor. Therefore X; is an isolated

invariant set of Q and W*(X;) N Qy = 0. Thus any solution in My should converge to X; which is
an acyclic in My. Applying [8, Theorem 1.3.1 and Remark 1.3.1], we deduce that Q is uniformly
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persistent with respect to (€, 9€)y). Moreover, using [8, Theorem 1.3.6], Q has a fixed point X, =
Xn X0, X! X X)) € Qo with X € Int(R.)* X R3.
Assume that X" = 0 and by inject this in system (6.1), X"(¢) verifies
X0 = muOA0) — Bu(®) fu XY () X(1) — mp() X (1), (6.14)
with X! = X"(nT) = 0,n = 1,2,3, - -. From Proposition 1, ¥ k3 > 0, 3 T3 > 0 such that X' () < A"+x;
for t > T5. Therefore, we get
X1(0) > myA4(0) = B ful AL + k) X() = my(DX(0), for 1> T, (6.15)

d 7 > 0 satistying nT > T3,V n > n. Then we obtain

_ _ nT f (ﬁh(t)fh(Ag + K3) + mh(t))dt
fr) > 20+ [ monae &
0

nT
- [ (Biosiar+ ko + o)
X e 0

for n > i which is impossible since X"(nT) = 0. Therefore, X"(0) > 0 and then X is a T-periodic
positive solution of system (6.1). O

7. Numerical investigation

Our objective of this section is to present some numerical simulations regarding the proposed
mathematical model (2.1) that consider the influence of periodicity on the dynamics of the Zika virus.
This model is a five dimensional compartmental model considering the dynamics of a population
consisting of susceptible humans, infected humans, recovered humans, susceptible and infected
mosquitoes. Several numerical illustrations will be used to exemplify the suitability and utility of
the proposed Zika virus structure in the seasonal environment. All numerical simulations were done
using the MATLAB R2024a software.

We used Monod-type functions for modelling both incidence rates:

X)) =

Lrx X =y

where {;, and ¢, are nonnegative constants. Note that the functions f;, and f, are continuous, increasing
and concave. Many diseases prove seasonal comportment and thus taking account of seasonally
in diseases modeling is important. Variants of mathematical models are extensively used to model
seasonally recurrent diseases. Seasonality may come from various sources. A famous example of
a seasonally forced function can take the following form k(t) = ko(1 + k; cos(2n(t + ¢))), where
ko > 0 is the baseline transmission parameter, 0 < k; < 1 is the amplitude of the seasonal variation
in transmission and 0 < ¢ < 1 is the phase angle. Therefore, for all numerical simulations, the
periodic functions that reflect the influence of seasonality on the dynamics of the Zika virus dynamics
are given by

Ap(®) = A1+ A, cosat+v)), A1)

Bu() = BY1+BcosQna(r+y)),  Bu)
my(t) = m)(1+m, cosQn(t+v))),  my (1)
ra(t) = 1+ r}cos2a(t + y))), u(t)

A(v)(l + Ai cos(2n(t + ¥))),
B + B} cos2n(t + ¥))),
mO(1 + m! cos2n(t + v))),
u’(1 + u' cosn(t + V))).

(7.1)
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The parameter Values employed to generate the figures in this section are as follows: The constants
Oy Gy Ag, AO ,Bh, mh, v, rh and u° and the phase shift ¢ are given in Table 2. Unfortunately,
we have no blologlcal data to use for our simulations. Parameters values considered here have no
biological meaning and are chosen arbitrarily.

The seasonal cycles frequencies A}l, A, B, B), my, my, r, and u! are displayed in Table 3.

Table 2. &, &, ¥, A, A9, m?), m?, ) and u°

v h

0 AD 0 0 0 0
Parameter (), & N, N omp o ompor, u /4

Value 200 100 10 9 0.1 015 03 035 O

Table 3. A;, A}, B, B}, m,, m,, r, and u'.

I I I I I I T I
Parameter A, A, B, B, m, m, r, u

Value 043 049 041 0.72 042 038 0.58 0.75

Numerical investigations of the considered model are discussed for three cases, namely, autonomous
system (the parameters are assumed to be constants), periodic contact between human and mosquito
(where only contact rates are assumed to be periodic functions with same period) and full seasonal
environment (where all parameters are assumed to be periodic functions with same period).

7.1. Autonomous system

The numerical examples given in this subsection deal with the case of autonomous system with
fixed parameters.

X"(t) = mOAY —ﬁth(X;(r»Xha) mOX"(1),
Xt) = B L)X (1) — (10 + u + mh>Xh<z)
X0y = (r) + u")XM(1) - mIX](2), (7.2)

XU(t) = mOAS — B £, (XM0)X2(0) = mOX:(D),
X)(1) = BLXEOIX(1) — mOX!(2),

with (X"(0), X"(0), X!'(0), X}(0), X/(0)) € R]. We calculated R, using the next generation matrix
method [10, 11].

In Figure 1 we present the numerical simulations of the model (7.2) for two values of the basic
reproduction number. As it can be seen, the solutions of the system (7.2) converge to endemic
equilibrium point, & = (X", X", X!, X¥, X"), reflecting the persistence of disease when Ry > 1 (left),
however, it converges asymptotically to the disease-free equilibrium point & = (AY,0,0, A%, 0) for
the case where Ry, < 1 (right). In Figures 2 and 3, we consider several initial conditions where
all corresponding solutions converge to the same equilibrium point for both cases of the R, values.
Therefore, Figures 2 and 3 confirm the global stability of &y and & for the cases R, < 1 and Ry > 1,

respectively.
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Figure 1. Trajectories of the system (7.2) for ) = 15 and ) = 12 then Ry ~ 2.68 > 1(left)
and for 8% = 3 and ) = 2.5 then Ry ~ 0.55 < 1 (right).

20 30 40 50 60 0 10 20 30 40 50 60
t t

Figure 2. Trajectories of the system (7.2) for ) = 15 and 9 = 12 then Ry ~ 2.68 > 1.

50 60

0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

Figure 3. Trajectories of the system (7.2) for ) = 3 and 8 = 2.5 then Ry ~ 0.55 < 1.
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7.2. Case of seasonal contact

The numerical examples given in this subsection deal with the case where only contact between
humans and mosquitoes is assumed to be seasonal and then the contact rates, 8, and §, are periodic
functions.

X(1) = m)A) = Bu(0) fu X} () X2(1) — m) X (p),

X0) = B fuX )X — (1) + u® + m)X (1),

X0y = (r) + u")XM(r) - mIX](2), (7.3)
XU(1) = mOAY — B(0) f(XI )X (1) — mOX (D),

X} (1) = B fX] )X (1) — m)X] (0).

with (X*(0), X"(0), X’(0), X(0), X}(0)) € R]. We calculated R, using the time-averaged dynamics as
in [26,27]. Several other approximations of R, are used in [30,31]. In Figure 4, the solutions of
the system (7.3) converge to a periodic orbit reflecting the persistence of disease when Ry > 1 (left),
however, it converges asymptotically to the periodic solution &y(f) = ()_(_f,’(t), 0,0, Xf,(t), 0) for the case
where Ry < 1 (right). In Figures 5 and 6, we consider several initial conditions where all corresponding
solutions converge to the same periodic solution for both cases of the R, values. Therefore, Figures 5
and 6 confirm the global stability of Ey(r) = ()_(f(t), 0,0, X"(1),0) and the persistence of the disease for
the cases Ry < 1 and Ry > 1, respectively.

7.3. Full periodic system

The numerical examples given in this subsection deal with the full seasonal environment where all
the parameters of the system are periodic functions.

X"1) = mp(0)An(t) = Bu(@®) [ X ()X (1) — my, ()X (1),

XI(1) = Bu(®) fuXF O)X2(1) — (ri(0) + u(t) + my, ()X (1),

XI(1) = (ra(0) + u@) X" (1) = my()X](2), (7.4)
Xﬁ(t) = my (A1) = Bo(D) [(X (@)X (1) — m () X(D),

X (1) = B0 f,(XH )X (1) — m, ()X} (0).

with (X*(0), X*(0), X"(0), X}(0), X}(0)) € R}. We calculated R, using the time-averaged dynamics
as in [26,27]. In Figure 7, the solutions of the system (7.4) converge to a periodic orbit reflecting
the persistence of disease when Ry, > 1 (left), however, it converges asymptotically to the periodic
solution &y(7) = (Xi’(t), 0,0, X¥(#), 0) for the case where Ry < 1 (right). In Figures 8 and 9, we consider
several initial conditions where all corresponding solutions converge to the same periodic solution
for both cases of the R, values. Therefore, Figures 8 and 9 confirm the global stability of Ey(r) =
()_(ﬁ’(t), 0,0, X"(),0) and the persistence of the disease for the cases Ry < 1 and Ry > 1, respectively.
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o

Figure 4. Trajectories of the system (7.3) for 8) = 15 and ) = 12 then Ry ~ 2.68 >
1(left) and for ) = 3 and B9 = 2.5 then Ry ~ 0.55 < 1 (right). Note that the solution of
the considered model in a seasonal contact between human and mosquito shows a periodic
behavior with an average close to the solution of the model in a fixed environment.

4 2

1.5

Wy AW AWV h
VAWM X; (f) 1

0.5

0 10 20 30 40 50 60 0 10 20 30 40 50 60

XU(t)55
5 W

4.5

4

0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

Figure 5. Trajectories of the system (7.3) for 89 = 15 and 89 = 12 then R ~ 2.68 > 1.
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0 20 40 60 80
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Figure 6. Trajectories of the system (7.3) for ) = 3 and 8 = 2.5 then Ry ~ 0.55 < 1.
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Figure 7. Trajectories of the system (7.4) for 8 = 15 and B9 = 12 then Ry ~ 2.68 > 1
(left) and for ) = 3 and B = 2.5 then Ry ~ 0.55 < 1 (right). Note that the solution of the
considered model in a full environment shows a periodic behavior with an average close to
the solution of the model in a fixed environment.

4[ 2

1.5

WA X T (2) 1

0.5

0

0 10 20 30 40 50 60 0o 10 20 30 40 50 60
t t
7 5
65
6 45 \
v v
X (t)55 X7(t)
5f 4
45
e 35
0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

Figure 8. Trajectories of the system (7.4) for ) = 15 and 9 = 12 then Ry ~ 2.68 > 1.
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Figure 9. Trajectories of the system (7.4) for ) = 3 and 8) = 2.5 then Ry ~ 0.55 < 1.

60 80

AIMS Mathematics Volume 9, Issue 7, 19361-19384.



19381

8. Conclusions

In this research, we devised a reliable Zika virus model considering the impact of seasonality
observed in real life. The qualitative analysis of this model is presented in both cases, fixed and
seasonal environments. We calculated the basic reproduction number using two different methods,
the next generation matrix method in the case of the fixed environment and through a linear integral
operator in the case of the seasonal environment. Therefore, we investigated the local and global
stability for both cases. It is deduced that if Ry < 1, trajectories of the system approach a disease-free
periodic solution and then the disease goes extinct; however, if Ry > 1, the disease persists and the
trajectories of the system converge to a limit cycle. In our case, the solution of the considered model in
a seasonal case shows a periodic behavior with an average close to the solution of the model in a fixed
environment. This means that the main difference between the autonomous system and the periodic
environment case is qualitative.
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