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1. Introduction

The Banach fixed point theorem [1], popularly known as the Banach contraction mapping principle,
is a rewarding result in fixed point theory. It has widespread applications in both pure and applied
mathematics and has been extended in many different directions. One of the most popular and
interesting topics among them is the study of new classes of spaces and their fundamental properties.

In 2014, Shukla [2] introduced the concept of partial b-metric space and proved some fixed point
theorems of contractive mappings in partial b-metric space. After that, some authors have researched
the fixed point theorems of new contractive conditions in partial b-metric space. Mustafa et al. [3]
proved some fixed point and common fixed point results for (¢, ¢)-weakly contractive mappings in
ordered partial h-metric spaces. After that, authors in [4] studied the sufficient conditions for the
existence of a unique common fixed point of generalized a-/-Geraghty contractions in an a;-complete
partial b-metric space. Mukheimer [5] and Vujakovi¢ et al. [6] introduced the concept of a-y-¢-
contractive self mapping, and Latif et al. [7] considered a-admissible mappings in the setup of partial
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b-metric spaces and established some fixed and common fixed point results for ordered cyclic weakly
(Y, ¢, L, A, B)-contractive mappings. In 2021, Gautam et al. [8] established coincidence and common
fixed point theorems for weakly compatible pairs of mapping in quasi-partial b-metric spaces.

A partial b-metric space means that it is a generalization of b-metric spaces and partial metric
spaces, and researchers have researched many fixed point theorems of new contractive conditions
in b-metric spaces and partial metric spaces. In [9-11], Dolatabad et al. introduced the concept
of ¢-contractive self mapping in ordered rectangular b-metric spaces. In 2012, Aydi et al. [12]
proved a general common fixed point theorem for two pairs of weakly compatible self-mappings
of a partial metric space satisfying a generalized Meir-Keeler type contractive condition. Roshan et
al. [13] introduced the notion of almost generalized (¢, ¢),-contractive mappings, and Dinarvand [14]
presented a new class of almost contractive mappings called almost generalized (i, ¢, 8),-contractive
mappings in partially ordered b-metric spaces. Ameer et al. [15] introduced the notion of
generalized a*--Geraghty contraction type for multi-valued mappings in b-metric spaces. Tiwari and
Heeramani [16] introduced the notion of generalized a-3-y contractive mappings involving rational
expressions and established existence and uniqueness of fixed points of Berinde type generalized
a-B3-y¥ contractive mappings in the context of partial metric spaces. Zada et al. [17] introduced the
notion of cyclic (a,B8)-(, ¢),-rational-type contraction in b-metric spaces. In [18, 19], the authors
presented the notion of almost generalized (e, 5, ¥, ¢)-Geraghty type contractive mappings in partial
metric spaces. Debnath [20, 21] introduced separately some new set-valued Meir-Keeler, Geraghty,
and Edelstein type multivalued contractive mappings in a b-metric space and multivalued Geraghty
type contractive mappings in a complete metric space. For recent development on fixed point theory,
we refer to [22-31].

Motivated and inspired by Theorems 2.7 in [22], Theorem 3.2 in [23], and Theorem 12 in [24], in
this paper, our purpose is to introduce two new classes of mixed (S, 7" )-a-admissible mappings and
interspersed (S, g, 7 )-a-admissible mappings and obtain a few common fixed point results involving
generalized contractive conditions in the framework of partial b-metric spaces. Furthermore, we
provide examples that elaborate the useability of our results. Moreover, we present an application
to the existence of solutions to an integral equation by means of one of our results.

2. Preliminaries

First, we recall some definitions and lemmas in partial b-metric spaces.
Definition 2.1. [2] Let X be a nonempty set and s > 1 be a given real number. A mapping 9, : XXX —
[0, +00) is said to be a partial b—metric, if for all u, v, 3 € X, the following conditions are satisfied:

(1) 0p(1,v) > 0 ,u =y if and only if 9,(1, n) = 9,(1, 1) = 9,(v, v);

(i1) 9p(u, 1) < 9p(1, 9);

(iii) dp(1, ) = Fp(v, u);

(iv) 9p(1, 1) < 5(0p(1, 3) + 9p(1), 3)) — (3, 3).

The pair (X, 0p) is called a partial b-metric space. It is clear that, the class of partial b-metric spaces
is larger than that of partial metric spaces.

On the other hand, Mustafa et al. [3] modified (iv) in the above definition and got the following
result:
Definition 2.2. [3] Let X be a nonempty set and s > 1 be a given real number. If the mapping
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0p : X X X — [0, +00) satisfies the conditions (i)—(iii) in the above definition, and

(iv¥) 8p(11, ) < $(Bp(1,3) + Fp(1,3) — 9p(3,3)) + F2(Bp(1, 1) + 8,(v, 1)), for all 1, 1,3 € X,
then 9, is a partial b-metric with a coefficient s > 1. In this case, we also call the pair (X, d,,) is a partial
b-metric space.

In this paper, we consider fixed point results in the setting of partial b-metric spaces which are
defined by Definition 2.2.
Proposition 2.3. Every partial b-metric d, defines b-metric d; and d;, where 9;(1,9) = 9,(u, ) —
min{d,(1, w), d,(v, v)} and 9} (1, ) = 20,(11, v) — Jp(11, 1) — 5,(v, v).

Proof. Without loss of generality, assume that min{d,(u, 1), d,(v, v)} = d,(11, 11), then

(92/(11, 1)) = ab(u’ I)) - min{ab(ua I))’ ab(na I))}
= ab(u’ I)) - ab(u’ 11)

1 —
< s(0p(1,3) + 0p(n,3) — 0p(3,3)) + Ts(ab(u, w) + 9p(n, 1)) — (11, 1)

< $0,(11,3) + 50,3, 1) — 505(3,3) — 50, (1, 11)
< s(0),(1,3) + 0,3, 1)).

So, 0} is a b-metric. Similarly, d; is also a b-metric. O

Definition 2.4. [3] Let (X, d),) be a partial b—metric space with parameter s > 1. Then a sequence {u,}
in X is said to be:

(i) pp-convergent if and only if there exists u € X such that lim,,_,., 9,(11,,, 1) = 9, (11, 1);

(ii) a pp-Cauchy sequence if and only if lim,, ;e Op(11,, 11,,,) €Xists (and is finite).

A partial b-metric space is called p,-complete if each p,-Cauchy sequence in this space is pj-
convergent to a point u € X such that

lim 0,1, 1,,) = lim 9,(1,, 1) = d,(u, u).
Lemma 2.5. [3] A sequence {u,} is a p,-Cauchy sequence in a partial b-metric space (X, 9,) iff it is a
b-Cauchy sequence in the b-metric space (X, 9).

Lemma 2.6. [3] A partial b-metric space (X, dp) is pp-complete if and only if the b-metric space (X, d;)
is b-complete. Moreover, 1im,, ;.. 0} (11, 1t,,) = 0 if and only if

ngglw Op (1, 1) = ,}Lrgo Op(1,, 1) = Jp(1, ).
Definition 2.7. Let # and Q be two self-mappings on a nonempty set X. If w = Pu = Qu, for some
u € X, then u is said to be the coincidence point of £ and Q, where w is called the point of coincidence
of £ and Q. Let C(P, Q) denote the set of all coincidence points of £ and Q.

Definition 2.8. [26] Let £ and Q be two self-mappings defined on a nonempty set X. Then # and Q is
said to be weakly compatible if they commute at every coincidence point, that is, Pu = Qu = PQu =
QPu for every u € C(P, Q).

We cite the following lemma to obtain our main results:
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Lemma 2.9. [3] Let (X, d,) be a partial b-metric space with parameter s > 1. Assume that {1,} and
{v,} are b—convergent to u and v, respectively. Then,

1 1
— 0p(1, 1)==8, (1, 1)=8,(v, v) < liminf 3, (1, 9,) < lim sup (1, v,) < 59,11, W+520,(0, 1) +520, (1, v).
) S n—+oo

n—+oo

In particular, if 9,(u,v) = 0, then lim,_,,, 9,(11,,, 1,,) = 0. Moreover, for each 3 € X,

1
—0p(1, 3) — 0p(1, 1) < liminf 9, (11, 3) < lim sup 9, (1, 3) < $9,(11, 3) + s9,(11, ).
S n—+oo

n—+0o

Furthermore, if d,(u, 1) = 0, then

1
—0p(1, 3) < liminf 9,(1,, 3) < lim sup 9,(11,,, 3) < s9,(11, 3).
S n—+oo

n—+oo

Lemma 2.10. Let (X,d,) be a partial b—mertic space and let {u,} be a sequence in X such that
{0, (11, 11,,41)} s non-increasing and that

lim ab(una un+l) =0.

n—oo

If {u,,} is not a Cauchy sequence, then there exist € > 0 and two sequences {m;} and {n;} of positive
integers such that my; > n; > k and the following four sequences

Op (W s W2, )s Op (W s Wa s 1)5 Op (W~ 15 W2y )5 Op (W1, Wy 41),
satisfy
€< likm inf 0p(1p,, U2p,) < limsup O (1o, U2p,) < SE,
—00

k—oo

. . . 2
< llin inf 0y (Mo, Uapr1) < limsup 9 (Mg, Uanes1) < 576,
—00

k—o0

< hin inf ab(uka—la uan) < lim sup 0b(u2711k—]’ uan) < S€,
—00

k—o0

“im @M

€

.. . 2

- = hkm inf 0p(Wp—1, Wanr1) < limsup Gp(Mpp—1, Upp41) < S7€.
—00

k—o0

S

Proof. Let (X,0,) be a partial b-mertic space and {u,}] < X be a sequence satisfying
lim,, o, 0y (11, 1,,41) = 0. If {115,,} is not a Cauchy sequence, then there exist € > 0 and two sequences
{m;} and {n;} of positive integers such that

my > ng > k, 6b(u2nkau2mk—2) <E, ab(u2nk,u2mk) 2> €,

for all positive integers k.
Step 1. By the triangle inequality, we have

€< ab(u2mk’ uan)

< S[0p (Mo, Wame—2) + Op(Map—25 Uap )] = Op(Mam—2, Wapme—2)

< $0p(Wopy—2, Uay,) + SO (Mo s Uamy—2) 2.0
< 50, (Momy—2, Wan,) + S[S(0p (s Wam—1) + Op(Mamy—15 Wam—2)) = Op (M1, Uom—1)]

< 50y (a2, Wan) + 57105 (Wapgs Wag—1) + Op (W15 Way—2)]

< 5€ + 520p(Wamys Wam—1) + 820 (Wapy— 1> Wap, —2).
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Taking the upper and lower limits as k — oo in (2.1), we obtain that

€< likm inf 0p(1p,, U2p,) < limsup Op(Upy,, U2pn,) < SE.
—00

k—oo

Step 2. Again, by the triangle inequality, one can deduce

A

Op (Mo Wapes1) < SO (Mg, Wa) + Op(Mapy, Wag41)] — Op (o, 12p,)

2.2)
§O0p (M s Wap, ) + SO, (U s Wy s1)-

IA

Letting k — oo in (2.2), we arrive at

) 2
limsup 0),(1a, , Mop11) < S7€.

k— oo
Also,
Op (Mo W, ) < SO (Mo, Wapr1) + Op(Mapr1, U2y, )] — Op(Maps1s Waps1)
< 80Uy Wapy1) + SO (U211, Uy ),
we get that
€ < liminf Sab(uzmk, uz,,k+1).
k—o0

Thus,

Yy | m

. . 2
< hin inf 0y, Wopr1) < limsup Op(pp, Uop41) < S°€
—00

k— o0

Step 3. Using a similar method in the Step 2, we get

Op(Uom—1, W) < S[0p(Wamy—15 Wam—2) + Op(Ua—2, W )] = Op (o —2, oy —2)
SOp(Wop—25 Wop,) + SO (U1, Uopm—2)

S€ + 50p(Wopy— 1, Wopm—2),

IA

IA

lim sup 8b(u2mk_1, uzm) < S€,

k—o0
and
O0p (W s Wa) < S0 (Mo s Wame—1) + Op (W —15 W )] — Op (W= 1, Wame—1)
< 850,y s Wap—1) + SOp(Mapy—15 Uap,)s
€ < liminf Sab(llzmk_l, uan).
k—o0
Thus,

€ .. . )
3 < 11km inf 0p(Upp,—1, U2y, ) < limsup 0oy, —1, Uop,) < SE.
—00

k—o0

Step 4. From 0, (11,,,, 15, —2) < €, and by using the triangular inequality again, one can deduce

Op(Wapy—15 Wanes1) < S[0(Wa—1, Wame—2) + Op(Map—25 W 1)] — Op (M2, Uopm—2)
SO (W1, Wap—2) + SOp(Uopy—2, Waps1)
Sab(uka—l’ Upp—2) + S[S(ab(uka—Z’ oy, ) + 517(112;1“ U 41)) — 0p(11y,, Uz, )]

2 2
§O0p (W1, Wapy—2) + S7€ + 5°0p(Map, , U 41),

IA A

IA
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and

Op (Mo W) < S[O0p (Mg s Wa—1) + Op(Wopy—1, Uy )] — Op (W= 15 Wap—1)
< 80 (Mo s Wap—1) + SO (Map—1, U2y,
< 50p (Mo Wap—1) + S[SOp(Mapy—15 Woper1) + Op(Maper1s M2y, ) = Op(Maps1s Wane1)]

2 2
< 805 (Wapys Wam—1) + 870 (M= 1, Wapr1) + 5705 (W41, Mo ).

Taking the upper and lower limits as k — oo, we have

€
.. . 2
2 < hkm inf 0 (o -1, Waner1) < limsup Gp(Mppy—1, Uop41) < S7€.
—00

k— o0

3. Main results

In this section, we will establish some results for the existence of a common fixed point of
generalized weakly contractive mappings in the setup of p,-complete partial b-metric spaces.

Let = denote the class of all mappings & : Ry" — [0,0), { < 1 and H denote the class of the
functions 7 : [0, +c0) — [0, +00) satisfying the following conditions:

(1) 7 is non-decreasing,

(2) A is continuous,

(3) (k) = 0 if and only if k = 0.

Let J denote the class of the functions 7 : [0, +00) — [0, +c0) satisfying the following conditions:

(1) 7 is upper semi-continuous,

(2) (k) = 0 if and only if x = 0.
Definition 3.1. Let (X, d,) be a partial b-metric space with parameter s > 1, and let§,3,S,7 : X - X
and @y : X X X — [0,+0c0) be given mappings. The mapping pair (f,g) is said to be (S, 7 )-a;-
admissible, if for all u, 1y € X, a (7T v, Su) > s implies o (fu, gn) > s.
Definition 3.2. Let (X, d) be a partial b-metric space with parameter s > 1, and letf,9,S,7 : X - X
be four mappings. Assume that a; : X X X — [0, +00). The mapping pair (f, g) is called a mixed
(S, 7)-a,-admissible, if (f, g) satisfies the following conditions:

(1) (f,9) is (S, 7 )-a-admissible;

(2) ay(u,9) = a,(n, n);

(3) as(1,p) > s and a,(p, 3) > s imply a,;(11,3) > s.
Remark 3.3. For s = 1, the Definition 3.2 reduces to the definition of a mixed (S, 7 )-a-admissible
mapping in a partial metric space.

Let (X, d,) be a p,-complete partial b-metric space with parameter s > 1 and let @y : X X X —
[0, +o0). Then

(a) If {Suy,} is a sequence in X such that Su,, — @ as n — oo, then there exists a subsequence
{Suy,,} of {Suy,} with a(Suy,,, @) > s forall i € N.

(b) If {Su,,} is a sequence in X such that Su,, — @ as n — oo, then there exists a subsequence
{Suy,, } of {Suy,} with @, (S, T @) > s forall k € N.

(¢) For all w,¢ € C(f,q,S,7), we have the condition of ay(w,¢) > s.
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Lemma 3.4. Let §,g,7, S be four self-mappings in a partial b-metric space (X, dp), such that the pair
(f, ) is mixed (S, 7 )-a,-admissible. Assume that there exists 1y, € X satisfying no = fuy = Tuy,
n; = gu; = Su, such that a,(vg, v1) = @y (7 uy,Suy) > 5. Define two sequences {u,} , {y,} € X by
Yop = filp, = T U,y and Do, = QUo,y; = Sly,,0, Where n = 1,2,3,.... Then for n,m € N U {0}, we
have a,;(v,,9,,) = s.

Proof. Since a (7 u;,S1u,) > s and (f, g) is mixed (S, 7 )-a,-admissible, a (71, Siy) = a4(v, V)
s implies a (fup, giy) = @y (Tu3, Sup) = a;(h1,92) = 5, @y(Tus3,Suy) > s implies a,(fuy, gusz)
as(Tus, Suy) = ay(v2,93) = 5, ag(Tuz, Suy) > s implies @ (fuy, guz) = @ (7 us, Suy) = ay(v3, H4) >
s. Applying the above argument repeatedly, one can obtain a(9,,1,+1) > s for any n € N. Since
as;(1, ) > s and a,(,3) = s imply ay(1,3) > s, and a,(11, ) = a,(m,u). So, a;(n,,v,) = s for all
n,m € N U {0}. O

v

Theorem 3.5. Let (X,d,) be a p,-complete partial b-metric space with parameter s > 1 and let

a; : XXX — [0,+0), {,0,7,S : X = X be given mappings and f(X) C 7(X) and g(X) C S(X).
Suppose 7 € H and T € J. If the following conditions are satisfied:

(1) (7, g) is mixed (7, S)-a,-admissible,

(i) there is 1y € X and fuy = 7 1y with a,(fug, gu;) = (7 1, Suy) > s,

(ii1) properties (a), (b) and (c) are satisfied,

(iv) (,S) and (g, 7") are weakly compatible,

(v) one of f(X), a(X), T (X), S(X) is p,-complete,

(vi) forany u,p € Xand L > 0,

a,(Su, TH)A(s*dp(fu, 9n)) < ERM (1, 9))A(M (1, 1)) + LT(N(u, n)), (3.1)
where

0»(Su, gn) + 0(fu, Tv)
2s ’

Ip(fu, Sw,

M(u, ) = max{0,(Su, Tv), 0,(fu, Tv), d,(Tu, Su), p(av, T v),

0p(fu, S)0p(gn, Tv) 1+ 9,(fu, T 1) + 0,(Su, g)
1+ 0p(fu,g9) " 1+ s9p(fu, Su) + s9,(gn, T 1)

and
N(u, ) = min {3, (fu, Su), d;, (an, T ), d),(Su, gv), , (7, T n)} ,
then f, g, 7, S have a unique common fixed point.

Proof. Let 1y be an arbitrary point in X and meet condition (ii), since f(X) € 7 (X), we can find
u; € X such that fuyg = 71y, as guy € g(X) and g(X) C 7 (X), there exists 1, € X such that gu; = Su,.
In general , {uy,,1} € X is chosen such that fu,, = T 1,,,1 and {i15,,,} € X such that giy,,; = Siy,0,
we obtain a sequences {1),} C X such that

Doy = Tilgy = T o1, Dopet = Glopsr = Slgn.

According to conditions (i) and (ii), we get a(v),,, D,,) = .

AIMS Mathematics Volume 9, Issue 7, 19299-19331.
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Step 1. Suppose 9,(Mom, Voms1) = 0 for some m, that is, 1,,, = Vy41, then g, 7 have a coincidence
point. From Lemma 3.4, we get a(Sto42, T Wome1) = @M, Yome1) = 8. I Op(Voms2s Vamse1) > 0,
applying (3.1), we arrive at

(0 (Vam+25 Vam+1)) = A(Op(Tami2s Gome1))
< @s(Suami2, T Wy DA (MM2ni25 Sl2ms1))
< @y (Sttaaz, T W (S 0 (o, Gllos1))
< E(M (Wopi25 W DM (W12, Uae1)) + LT(N (Uons2, Uar1)),

(3.2)

where

M(Wpp12, Wopme1) = Max{0p(Sopi2, T Woms1), Op(Fama2s T Wamr1)s Op(Flomrz, Samsa), Op(SWome1, T Wams1),
Op(S1am42, Sps1) + Op(Filapman, T Wopmas1)  Op(FMaman, S1212)0p (U211, T Uopr1)

2S ’ 1 + ab(fu2m+2, gu2m+l)
1 + 0p(Ftama, T Womr1) + Op(Stizmiz, Glopmer)

1 + 50p(Frtome2, Stopiz) + SO(SU2me1, T Waps1)
=max{0p(M2m+1> D2m)> Op(W2m+25 D2m)s Op(M2m+2, Vam+1)s Op(Vams15 Dam)
Op(Mam+15 Dam+1) + O(W2ms25 D2m)  Op(W2m+25 V2m+1)06(D2ms15 Dam)

2s ’ I + 0p(Wo2m+25 Vom+1)
1 + 0p(M2m+25 Dom) + Op(Vome1s Doms1)

1+ Sab(n2m+2, 1)2m+1) + sab(anHa 1)Zm)
=0p(D2m+2> Vom+1)s

B

Op(Fuzms2, Stizmi)}

9

Op(Dom+25 Dom+1)}

and

N2, Uape1) = min {9 (Fitzmsz, Stapra), 05 (GWms1, T Wame1)s O (Stomazs GUopmr1), O (Fhopman, T o1}
=min {3Z(T)2m+2, Doms1)s 8Z(I)2m+l s Dom)s 3Z(Uzm+1 s Dome1)s 32(92m+2, Do)}
=0.

So, from (3.2) and é(¢) < { < 1, we have

A0y (Mamr2s Dam+1)) < 5oy V2ms DS Op(D2ms2, V2ms1))
< EAO(Wam+2> D2m+ 1))UIp(V2m+25 Vam+1))
< (0 (W2m+2> Vam+1))s
which is a contradiction, then 0,(92,42, Doms1) = 0, that is, 9y, = Douer. So, f and S have
a coincidence point. Similarly, when 0,(D2,42, Doms1) = 0, we get 0,(D2m43, Voms2) = 0, that is,
Dom+1 = Doams2 = Yames. In this case, {1, } is a Cauchy sequence in X.

Step 2. Suppose 9,(9,,, V1) > 0 for all n > 0. First, it is easy to show that (S, T1y,41) =
a3(M2,-1,D2,) = 5. From (3.1), we have

(s (D215 V2041)) = T(Dp(Fig, GU2011))
< (570 1z, GU2ps1))
< @(Sttgy, T s )57 ) (2, GU241)) (3.3)
< E(R(M (12, Wy 1)) A(M (U2, Uppy1)) + LT(N (M2, U41))
< TA(M (U, Upp41)) + LT(N (205 U2011))s
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where

M (12, Wpp41) = max{dy(Sita,, T Uzu41), Op(Tin, T Uaps1), Op(Titzn, Stizn), Op(att2ns1, T Uops1),
Op(Sita, GU2p41) + Op(Titon, T opi1)  Op(fitzy, S112,)0p(SU2011, T Uope1)
2s ’ 1 + 0p(Tuzy, GU2411)
11 + Op(Ton, T ps1) + 0p(Stigy, Gll2,11) 9y(Fitay. Sityy))
+ 50, (it Sit,) + $0p(SU2p41, T Uops1)
=max{0p(V2.-1, V21)> Op (V215 V21)> O (V20> D20-1) Op (V20415 D20,
Op(M2n-1>D2041) + Op(V20> D20)  Op(V20, D20-1)0p (V20415 D20

2s ’ 1 + 05(W20, D2n+1)
1 + 9p(D2n, D21) + Op(V2n-1, D2ns1)

1 + 50,(V2n, Van—1) + SO(V2n+1, V2n)
=max{0p(V2n, D21-1)> Op(V2n Van+1)},

b

0p(D2n, D2n-1)}

and

N(uZn’ u2n+1) =min {ag(THZn’ SuZn)» a;:(gu2n+l ’ Tu2n+l)a 3Z(Su2n, gu2n+l)7 aZ)(THZna Tu2n+l)}

=min {9} (D24, D2n-1)5 O W2n+15 V21)s O (V2015 D2n1)s O (D25 V2n)}
=0.

Hence, M(uy,,112,41) = max{0p(V2n, V2n-1), Op(W2ns Vons1)}.  If M1z, 10,41) = 0p(D2, D2ns1), then
by (3.3), one can deduce that

1(0p(V2n, D20+1)) < EMOp (V205 V20410 (D21, D2041)) < F(Op(D25 D2ns1))s

it gives a contradiction. It follows that M (11, 113,11) = 0(V24, V2n—1), then by (3.3) again, we have

1(0p(V2n, D20+1)) < L0 (D20, D2n—1)) < A(Op(D215 V2n—1))- (3.4)

Since 7 is non-decreasing, then 0,(12,, V2n+1) < 9p(V2n, V2n—1). In the same way, we can also get
0p(W2n11> D2042) < Op(V20s V2nt1)- SO, Op(Vn, Vig1) < Op(V-1,1,) for all n. Therefore, {0,(v,, Vus1)} 18
a decreasing sequence, and lim,_,. 0,(V,,9,11) = 0 = 0. Let o > 0. Passing to the limit in (3.4)
as n — oo, we obtain that 7i(0) < (%h(o) and o = 0 by the properties of function # € H. Hence,
lim,, o 05 (0 Vps1) = 0.

We next prove that {1,} is a Cauchy sequence in the partial b-metric space (X, d,). Suppose that
is not the case. Using Lemma 2.10, there exists € > 0 and two sequences {m;} and {n;} of positive
integers such that m; > n; > k and the following four sequences

6b(r)2mk9 I)an), ah(I)kaa t)2nk+1)a ab(I)ka—l b} I)an)9 6b(n2mk—1 b I)an+1)

satisfy
€ < likm inf Oy (Vam,, V2n,) < imsup 9p(Vom, Van) < SE,

k—oo

< ligglf b (D2mgs Vagr1) < M SUP Bp(Damys Dans1) < 7€,

k—o0

vy | m
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€ .. . )
3 < hkm_)glf Op(D2me—15Van,) < Imsup 0y (Vom—1, D2y, ) < SE,

k—oo

€
. . 2
s Hminf 0,2 -1, Dane+1) < HMSUP Fp(Dam-1, Yom1) < S°€.
—00

k— o0

Applying condition (3.1) to elements u = 1y, and 1y = 11,,,,;, we have

a’s(Suka, TuanJrl)h(szab(fuka, gu2nk+l)) = a’s(r)2mk71’ r)2nk)h(szab(t)2mk, U2nk+l))
S é‘:(h(M(Hka7 u2nk+1)))h(M(u2mk, u2nk+1)) + LT(N(Hka’ u2nk+1)),

where

M (W s Wy 11) = Max{0(Sttpm, T Wons1)s Op(Tomys T Wangs1)s Op(Ftamy, Stam,), Op(@Uopy 1, T Wopyi1),
Op(Sttms S +1) + Op(Toms T Wop11) Op(Tomy s S )Op(SUp 41, T Uzpys1)
2s ’ 1 + 0p(F112yy > QU2 41)
11 + O0p (T2, T ans1) + Op(Stigm,, Q12 41) Oy (tan, Sttom,))
+ 805 (o, Sttam,) + S0p(QU2 11, T Wops1)
=max{0p(V2m,-1> D2n,)> Op(M2me> V2n)s Ob(D2mys Dam—1)> Op(D2me+15 D2ny)s
O (M2m-15> D2mer 1) + O (W2mes D2n)  Op(M2mes V2m—1)0(D2nes 15 D2n,)

2s ’ 1 + 0p(Womy> Dong+1)
1 + 0p(Womy> V2n,) + Op(Vom—1,> D2ng+1)

1 + $0,(W2mg> Vame—1) + SOp(V2p+15 Do)

b

b

8h(t)2mk’ I)ka—l)},

and

N(uka 2 u2nk+1) = min {aZ(Tuka b Suka), 8Z(gu2nk+1 s Tu2nk+1 )7 a‘g(suka s gu2nk+l )’ a‘[;} (fuka > Tu2nk+1 )}
=min {azv(t)Zmp I)2mk—l)’ a;:(rhn;ﬁl s I)an)’ a;,v(r)ka—l ’ I)2nk+1)’ a‘}/,V(I)ka’ I)an)} .

Taking the upper limit as k — oo, and according the properties of functions # € H and 7 € J, we
obtain

fi(s€) < lim sup Ai(s*0p (o, » G2 41))s

k—o0

lim sup h(M(uka’ u2nk+l)) = h(hm sup M(u2mk’ u2nk+1)) < h(SE).

k—o0 k—o0

Since ag(t)m 1)n+l) = ab(r)na I)n+l) - min{ab(nna r)n)’ ab(t)n+l’ Dn+l)}» then GZ(Un’ t)n+l) — 0asn — oo, s0

llm Sup T(N(uka’ u2nk+1 )) S T(llm Sup N(uka, u2nk+1 )) = O

k—o0 k—o0

In view of condition (i) and Lemma 3.4, we get

(S, T Uops1) = @(Wom—15D2p,) = S.

Thus, we obtain
sh(se) < (h(s€) < h(se),

which is a contradiction. This shows that {v,,} is a Cauchy sequence and hence {v,} is a Cauchy
sequence both in (X, d,) and in (X, ;).
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Step 3. Since (X, d,) is p,-complete if and only if (X, 8}) is b-complete. Therefore, there exists
@ € X such that lim,, . 3; (D, V) = 0, or equivalently

lim ab(l)n, Um) = lim 8b(r)n7 w) = d(wa w)

Moreover, since 8, (1, Vi) = 20,(Dn, Yim) = 0p(V5 V) — 05 (W, Vi) and lim,,, o Op(M, Dur1) = 0, we have
lim,; 00 Op(Dy, V) = 0. Then we obtain lim,, ;e Op(V, D) = liMy—y00 0p(V,, @) = Op(w, @) = 0.
It follows from v,, — @ that {fuy,}, {7 1,41}, {gU2,11}, {Suz,.2) converge to @ respectively.

Step 4. Assume that 7 (X) is p,-complete. Hence, there exists p € X such that @ = 7 p. We
will show that @ = gp. On the contrary, assume that d,(w, gp) > 0. First of all, from condition (a),
we can choose a subsequence {1} of {i1,} such that {Su,,} — @ of {Suy,} with ¢, (Su,,,,7p) =
ay(Suy,, @) > s. From (3.1), we get

@(Sttay,, TPIA(5*0p(f1t2n;, D)) < EGUIM (U2, P)IA(M (112, D)) + LT(N (12, P))

3.5)
< gh(M(uZni’ p)) + LT(N(uZn,-’ p))’

where

0p(S1y,,,, ab) + 05 (Tity,,, T 1)
M(i1y,,., p) = max{8(Stizy,, T ), O (fttan, T 1), Bp(fitan,, Sitay,), p(ap, T D), ———— 2 ,

2s
O0p(Funy,, S11,)0p(a0, TP) 1 4 0p(Fitgy,, T P) + 0p(Sitzy,, gP)
] ab (TuZn,-’ SuZn,)}
1 + 0, (fugy,, ap) 1 + 50p(fitzn,, Stny,) + 50,(g0, T )

0s(Wan—1, 9P) + 0p(V2y,, @)
2s ’

= max{ab(r)2l’l,'—1’ w)’ 817(1)2}1,9 w)’ ab(r)Zn,-, I)Z}’l,'—l)’ 6b(gp’ w)’

Op(Mony> V2n-1)0p(80, @) 1 + Op(2p,, @) + Op(V2y,-1, GP)
1+ 05025, 80) " 1+ 05(Dans Van—1) + $Op(a0, @)

05(W2ns Don-1)}s

and

N(uy,,, p) = min {3} (Fitay,, Sitzy,), 0 (a0, T ), 8}, (Sttay,, §0), 9, (i, T 0)}
= min{d), (V2> Van;-1)> 9y, (9P, @), 0, (W2n,—1, 3P), O (V2p,, @)}

Letting i — oo, we obtain

lim sup 7(M (112, p)) = A(lim sup M(112,,, p)) < H(Dp(w, §p)),

i—00 i—o0

lim sup 7(N(up,,;, ) < t(lim sup N(up,, p)) =0,

[—o0 1—00

h(s0p(w, gp)) < lim sup A5y (fuizn,;, ap)).

Thus, we deduce
sh(s0y(w@, ap)) < {H(0y(w, gp)) < H(Oy(w, gp)),

which is a contradiction, so @ = gp = 7 p. Since (g,7 ) is weakly compatible, g = g7 p = T gp =
T .
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Next, we will show that g = w. Similarly, by condition (b), we can also get a subsequence {11, }
of {u,} such that {Su,,, } = @ of {Swy,} with @(Su,,,, 7 @) > s. In view of (3.1), we have

@ (Stign, T@(5*0p(fitzn,, 30)) < ER(M (Mg, @))VA(M (U, @) + LT(N (g, @)

(3.6)
< LM (1, @)) + LT(N (12, @)),
where
M(u2nk’ ’ZD')
0,(Suy,,,, +0 s T

= max(By(Stizn, T ), Fp(Titzns ), Iy(fitang Stz ). (g, T, 20120 97 . oo, @)

Op(fuzy,, Sty )0 (0w, T @) 1+ (T, T @) + 0,(Sitay,, 5@)

s ab(Tuana Suan)}
1+ 8b(fu2nk3 QW) I+ Sah(fHan’ Suan) + Sab(gw’ T'ZD')
0p(V2p-1, @) + Op(V2y,, GT)

= maX{ab(%nk—l, 9w), 6b(n2nk, gw), 317(1)2;“,, I)an—l)a 0y(gw, gw), ] s b s

0p(W2ns V20, -1)0p(9@, @) 1 + 0p(V2y,, @) + Op(V2—1, 9)
1+ 0p(W2p,, 9@) "1+ 50p(D2ngs Van-1) + $Op(0w, )

Op(M2ne> D2ng—1)}s

and

Ny, w) = min {9, (fzy,, Sizy,), 0, (9w, T @), 0, (Sitay,, §@), 0, (T, T @)}
= min{d, D2y, Von,-1), 0), (8@, 9@), 0} (Van,-1, @), O}, (D2, 3T}
=0.

Taking the upper limit as k — oo, we have

lim sup (M (12, , @)) = h(lim sup M (v, @)) < 1(s9y(w, §)),

k—o00 k—o00
hi(s0y(w, g)) < likm inf h(sza,,(fum, w™)).
Thus, we obtain
sh(s0y(@, g@)) < {h(s0y(w, §@)) < h(s0y(w, gw)),

sow = gw = 7 w. Since g(X) € S(X) and gw = w, there exists g € X such that w = Sq.

Similarly, we show that @ is also fixed point of { and S. Hence, fo = gw = 7T @w = Sw = w@.
The proofs for the cases in which S(X), g(X), or f(X) is p,-complete are similar.

Step 5. We prove that the uniqueness of common fixed point. On the contrary, there is another
common fixed point ¢ of f, g, S and 7. By condition (c), we can also get a (@, s) = a (s, @) > s.
Then,

ay(s, (s’ dy(fs, 9@)) < ERM(s, @))A(M(s, @) + LT(N(s, @),

where M(¢, w) = d,(¢, w) and N(g, w) = 0. Therefore, we obtain

sh(s*0(s, @)) < ERM(s, @))M(s, @)) < T(D(s, @),

a contradiction, so @w = g. m]
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Example 3.6. Let X = [0, +00), 9,11, 9) = max{u?, p*} + (u—1)%, 4y'(1, p) = max{u?, n’} — minfu?, p?} +
(u—1p)? = > = v+ (u—1)%, L = 2 and s = 2. Define mappings f, g, S,7 by

= o ue|0,1] Ty = 3» uel0,1]
e“—e+%, u>1 ’ ez"—e2+%, u>1 ’

gu:{%, we[0,1] Su:{g, we[0,1]

1 Tu
1 u>1 T u>1

Since fS0 = Sf0 = 0and g7 0 = 790 = 0, (f,S) and (g, 7") are weakly compatible.
Define mappings a; : S(X) X 7 (X) — [0, +c0) and a,(1, 1) = ay(y, 1) by

b b O’l
CMmm={s o ellal

0, otherwise

and
=0
h(K) = Kk, 7(K) = ‘ ,
128K +1, k€ (0,+0c0)
b + EL t€[0,1]
0 {0, 1> 1 ’

It is clear that f(X) € 7 (X), a(X) € S(X) and g(X) is p,-complete. For 1,1y € X such that
a,(Su,7vy) > s, we know that Su, 7y € [0, %], and which implies that 1,1y € [0, 1]. It follows that
a,(fu, gn) > s and (f, g) is mixed (S, 7")-a,-admissible.

Foru,n € [0, 1] and u = 1, we get

w ou? uou 200
—t+ (= - =) = —,

(S, T0)h(s°0, (T, a0) = 2h(dd( =, ~)) = 8(max|~ 642’162’ " ‘64 16 4096

64’ 16

and

2

3

- 4096
So, ay(Su, Twh(s>0,(fu, gu)) < ZAE(M (1, w))A(M (1, 1)) + LT(N (i, v)).
If u # 1y, we have
2 I)2 3
as(Su, T)A(s*dp(fu, ) = 2h(4d(64 16)) = 8(max{— ek 162} (— - —) ) < 3—2max{u .0},
1985 3825 7
A(M (1, ) > A(max{d,(fu, Su), d,(gn, 7 )}) = max{ y’} > — max{u®, v’}.

4096 " 20736 81

It follows that
EM(M (1, v)))A(M (1, 1)) > ER(max{d,(Tu, Su), 8,(av, T v)}))Ai(max{d,(fu, Su), dy(av, 7 1))})
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1

and
N(u,n) = min{d, (gn, 7 ), 9, (fu, Su) d, (Su, gn),ﬁw(fu, T )}
. Al16 , 1984, y? woopr o u p,
= min{52009" 2006 |4 356 T (2 ) |4096 ot (g3
416 1984 1> u? 1)2
> min{—=—1°, —— I———II - —1}
2304" °4096" "4 " 256"'2006 9
minf 416 1984u 1 a2 1 L ey
=Mmas0a? 1096 > 256 P "a006 " P
1 1
= 4096|112 -’ = m(max{u .97} — min{u?, p*}).
So,
Lt(N(u, 1)) > 27( (max{u?, n?} — min{uZ, v})) > 2i max{1?, n?} = — max{u?, n*}.
U= 74096 ’ ’ =732 ’ 16
Thus,
2 3 2 .2
ay(Su, T)ha(s“0,(fu, gv)) < e max{u, -}
1 1
= 3—2max{u ) }+Emax{u , %)

< LM (1, )M (1, 9)) + LT(N(u, ).

It follows that all conditions of Theorem 3.5 are satisfied. It is obvious that 0 is the unique common
fixed point of f, 4, S, 7.

Ifs=1,a,81,7y) =1,forallu,y € X, £&(t) = 0(0 < o < 1), and A(x) = «,7(k) = k, we get a
corollary as follows.
Corollary 3.7. Let (X, d,) be a partial metric space and f,g,S,7 : X — X be given mappings with
f(X) € 7(X) and g(X) € S(X). If the following conditions are satisfied:

(1) (f, ¢) and (Q, 7") are weakly compatible,

(i) one of f(X), g(X), 7 (X), S(X) is p-complete,

(iii) for all u,py € X, L > 0, such that

d,(fu, an) < oM (1, ) + LN (1, 1),

where

d,(Su, gy) + d,(fu, 7 )
2 b
d,(fu, Swy},

M (1, ) = max{d,(Su, Tv), d,(fu, Tv), d,(fu, Su),d,(av, Tv),

d,(fu, Swyd,(gy, T v) 1 +d,(fu, 7 )+ d,(Su, gn)
1+d,(fu,gn) 1+ d,(fu,Su) + d,y(an, Tv)

and

N'(1,) = min {d},”(fu, Sw),d;(gv, Tv),d,(Su, gv), d,; (fu, T n)},
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d,(u,n) = d,(u,n) — min{d, (1, 1), d,(v, v)},

then f, g, 7, S have a unique common fixed point.
If a(Su,7y) =1, =1-00 < o0 < 1), 8(k) = ph(k), (k) = k, then we get the following
corollary.
Corollary 3.8. Let (X, d,) be a p,-complete partial b-metric space with parameter s > 1 and f,g,S,7 :
X — X be given mappings with f(X) € 7 (X), g(X) € S(X). If the following conditions are satisfied:
(1) (f,7) and (g, S) are weakly compatible,
(i) for all i,y € X, L > 0, we have

A(s*0y(fu, gv)) < A(M (1, 1)) — O(M (11, 1)) + LN (1, v),

where M(u, 1) and N(u1, 1) are same as in Theorem 3.5, then f, g, 7, S have a unique common fixed
point.

If ag(Su,7v) =s5,L=0,) =00 <0< 1),k= £;)(0 < k < 1) and 0,(u, 1) = 0, then a partial
b-metric space (X, Jp) is a b-metric space. One can get
Corollary 3.9. Let (X, d,) be a b-complete b-metric space with parameter s > 1 and §,3,S,7 : X - X
be given mappings with §(X) C 7 (X) and g(X) C S(X). If the following conditions are satisfied:

(1) (f,7) and (g, S) are weakly compatible,

(i) one of f(X), g(X), 7 (X), S(X) is b-complete,

(iii) for all u, y € X, such that

h(s>dy(fu, gv)) < kR(M*(u, 1)),

where

dp(Su, gv) + dp(fu1, T1)
2s ’

dp(fu, Sw},

M*(u7 I)) = maX{db(Su, TU)’ db(fu9 Tt))’ db(fu’ Su)a db(gr)9 TD)9

dp(fu, Swd,(gn, Tv) 1 +dp(fu, Tv) + dp(Su, gn)
1 +dp(fu,g9) " 1+ sdp(fu, Su) + sd,(gv, T v)

then {, g, 7, S have a unique common fixed point.
Remark 3.10. The corollaries obtained by restricting the conditions of Theorem 3.5 are extensions of
the theorems in the literature.

(1) Corollary 3.7 covers Theorem 2.1 in [22];

(2) Corollary 3.8 is an extension of Theorem 4 in [28] on partial b-metric spaces.

If s = 1 and 9,(u, 1) = 0, for all u € X, then we get the following corollary.
Corollary 3.11. Let (X, d) be a complete metric space and let @ : XXX — [0, +0),f,3,7,S: X - X
be given mappings and f(X) € 7(X) and g(X) € S(X). Suppose 71 € H and 7 € J. If the following
conditions are satisfied:

(1) (7, g) is mixed (7, S)-a,-admissible,

(i) there is uy € X and fuy = 7 1y with a,(fug, gu;) = (7 1y, Suy) > 1,

(ii1) properties (a), (b) and (c) are satisfied,

(iv) (f,8) and (g, 7)) are weakly compatible,

(v) one of f(X), a(X), 7 (X), S(X) is p,-complete,
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(vi) for any u,n € X and L > 0,
ay(Su, Ty)h(d(fu, gn)) < ER(M. (1, 9)A(M. (1, 1)) + LT(N.(1, 1)),

where
M., ) = max{d(Su, Tv), d(fu, T, (i, Su), gy, T), L2080 ART),
d(fu, Swyd(gy, 7v) 1+d(fu, Ty) +d(Su,gy) d(u, Sw))
1+d(fu,gn)  *1+d(fu,Su)+d(gn, Ty) =~
and

N.(1,v) = min {d(fu, Su), d(gy, T 1), d(Su, gv), d(fu, T 1)},

then f, g, 7, S have a unique common fixed point.
Definition 3.12. Let (X, d,) be a partial b-metric space with parameter s > 1, and letf,g,S,7 : X —» X
and a; : X X X — [0, +00) be given mappings. The mapping f is said to be interspersed (S, g, 7 )-a-
admissible if, for all u,p € X,

(1) as(7 gy, Su) > s implies a,(fu, fay) > s,

(2) (1, n) = ay(y, ),

(3) as(1,p) > s and a,(p, 3) > s imply a,;(11,3) > s.
Remark 3.13. For g = Iy and S = 7, the Definition 3.12 reduces to the definition of interspersed
7T -a-admissible mapping in a partial b-metric space.

Let (X, 0p) be a p,-complete partial b-metric space with parameter s > 1 and let o, : X X X —
[0, +0). Then,

(@) If {fuy,} is a sequence in X such that fu1,, — w as n — oo, then there exists a subsequence {fi1y,, }
of {fuy,} with a4(fu,, , w) > s for all i € N.

(b’) If {fuy,} is a sequence in X such that fi,, — w as n — oo, then there exists a subsequence {fi,,, }
of {fu,,} with a(fuy,,, Sw) > s for all k € N.

(¢’) For all w,» € C({, g, S, 7), we have the condition of a,(w, v) > s.
Lemma 3.14. Let (X, 0),) be a partial b-metric space with parameter s > 1 and f, g, S, 7 be four self-
mappings such that f is interspersed (S, g, 7 )-a,-admissible. Assume that there exists 11y € X satisfying
o = fuy = T auy, vy = fau; = Su, such that ay(vg, v1) = @, (7 guy, Suy) > 5. Define two sequences
{1}, {v,} in X by 12, = iy, = T g,y and Vo, = fOUy, = Sitpyyn, where n = 1,2,3,---. Then for
n,me N U{0}, a;(v,,9,) = s.

Proof. Similar to the proof of Lemma 3.4, we get the following results:
a (T gy, Swp) = a5(vo, 1) = s
implies
a,(fuy, fauy) = (7 gu3, Sp) = a(91,12) = 5,
a (T aus, Siuy) > s
implies
as(fuy, fouz) = as(7 gus, Suy) = a5(n2,93) > 5.

Applying the above argument repeatedly, we obtain @,(v,, v,+1) = s, and a(v,,v,) = s for all
n,m € N U {0}. ]
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Theorem 3.15. Let (X,d,) be a py,-complete partial b-metric space with parameter s > 1 and let
a; : XXX — [0,+), §,9,8,7 be given self-mappings and §(X) € 7 g(X) and fg(X) C S(X).
Suppose i € H and T € J. If the following conditions are satisfied:

(1) f is interspersed (S, g, 7 )-a-admissible,

(ii) there is 1y € X and fu, = 7 gu; with a(fug, fau,) = ay (7 guy, Suy) > s,

(iii) properties (2’), (b’) and (c’) are satisfied,

(iv) 9,(fu, gu) < 9,(fu, 7u), for all u € g(X),

) (1,8), (a,7), (fg, T g) are weakly compatible,

(vi) one of f(X), S(X) is p,-complete,

(vii) for any u,p € X and L > 0,

a(Su, To)i(s*d,(fu, 1)) < ER(M, (1, )M, (1, 1)) + LT(N) (1, 1)), (3.7

where

0p(fu, gv) + 9(fp, Su)

M (1, v) = max{d,(Su, Tv), 0,(fu, Tv), 0,(fv, T 1), dp(fu1, S), s

(a0, T ) + 0,(fy, Su) 0,(Su, gy) + 9,(fu, Tv)
65 ’ 452 ’

Op(1, S1)0,(f, ay) 1+ 9,(Tu, Ty) + 9,(Su, )
1+ 9,(fu,fy) "1+ s8,(fu, Su) + s9,(fn, Tv)

d,(fv, a)},

and
Ni(x,y) = min {9} (fu, Sw), d) (fu, T ), 8, (Su, fn), 8}, (av, TH)} ,
then f, g, 7, S have a unique common fixed point.

Proof. Let g be an arbitrary point in X and meet condition (ii), since f(X) € 7 g(X), we can find u; € X
such that fu, = 7 gu,, at the same time, since fg(X) C S(X), there exists 11, € X such that fgu; = Su,.
In general, {115,,;} € X is chosen such that fu,, = 7 gu,,,; and {uy,,,} € X such that fau,,,; = Siy,.s.
Define a sequence {1,} € X such that
Don = iy, = T GUopi1s Dane1 = 80Ut = Stz
According to condition (i) and (ii), we get a(D,, D,y) = 5 .
Step 1. Suppose 9,(V2m, V2ms1) = 0 for some m. Furthermore,
6b(fgu2m+l’ ggu2m+l) < ab(fgu2m+l9T9u2m+l) =0= gqUp 1 = T9u2m+l = Tgu2m+l-
Thus, f, g, 7 have a coincidence point.

From Lemma 3.14, we have

@ (Sttoi2, T GUopi1) = @s(Doms Vome1) = S.
If 0,(W2m+2, Dame1) > 0, applying (3.7), we get

T(0p(M2m+25 Vam+1)) = MO (TUhape2, TOU,11))
< (5”0 (Tgi, TOU241))
< @(Stmaz, T s ) A5 O (T2, TOU241))
< EA(M (W12, GUp DDA(M 1 (W12, GUp41)) + LT(N1 (U242, GUp41))s

(3.8)
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where

M (Mope2, GU911) = MAX{OL(Stopms2, T SU41)s Op(Thopias T Gopi1)s Op(FOMU0 11, T SU41)s

0 m+2s me1) +O0 il Sl
6b(fu2m+2,3u2m+2)’ b(fuz +25 80U, +1)6S b(fguz 1, Ol +2)’

Op(88Uoms1> T SUoms1) + Op(F8U24 1, Stigmsn)

6s ’
Op(Stami2, 88Uoms1) + Op (Ui, T Gl 1)
452 ’
Op (M4, SU242) 05 (181415 GGUD11)
I + 0p(p42, T2 41)

1 + 0p(Mapi2s T Qlops1) + Op(Sttomsa, T8U,41)
1 + 50, (TWomsns Stiomia) + 5Ou(f&Xomr1, T GUlpi1)
= max{3s(V2m+1> V2m)> Op(V2m+2> D2m)s Op(W2ms15 V2m)> Op (D21 Dom)s

Op(M2m+25 88U241) + Op(W2mr1> Dams1) Op(3810415 D2m) + Op(D2me1s Dame1)

o

Op(FaU415 BG4 1))

65 ’ 65 ’
Op(Wom+1, 88U211) + Op(V2me2, D2m)  Op(M2m+25 D2am+1)0(M2ms 15 3G U1)
452 ’ 1 4+ 0s(Wom+25 Dome1) '

1 + 0p(Mam+25 Dom) + Op(Vome1s Doms1)
1 + s0,d(Mom+2, Voms1) + SO (V2m+1, Dom)
< max{0p(Mam+2, Vam+1)s Op(Dom+15 38U 1)}

Op(Dom+15 88U,11)}

3.9
and
Ni(opi2, GUppy1) = min{@}:(fuzmﬂ, Siy42), af(fuzmn, T SUmi1), az(su2m+2’ T8U11)s

0 (88U 15 T Qo)

=min{0) (Vom+2, Vom+1)s O W2m+2> V2m)> O (D21 Vome1)s O (88U2415 Do)}
=0.

By condition (iv), we obtain

Op(W2ms1, 88U211) = Op(FQU1 15 88U 1) < Op(F8U2ps 15 T SU2s1) = Op(D2mets Dom)s
SO,
M (Wpme2, QUopt1) = Op(D2me2> D2me1)-

Thus, from (3.8) and &é(e) < ¢ < 1, we access

10y (Dams2s Dams1)) < Ws(Vams 15 Do) 0p(Dams25 Doms1))
< EMAOp(Mam+2> V2me DDA (Domr2, D2ms1))
< LH(0p(Wome2, Vams1)) < HOp(Voms2, Voms1))s
which is a contradiction, then d,()2,,42, V2m+1) = 0 and which implies 15,42 = 92,,41- Therefore, f and S

have a coincidence point. Similarly, when 0,(92,,42, Dam+1) = 0, we can also obtain 9,(92,,43, Dam+2) = 0,
that 1S, Va2 = Doms1 iMplies Vo,,43 = Da2yy2. Hence, {v,} is a Cauchy sequence in X.

AIMS Mathematics Volume 9, Issue 7, 19299-19331.



19317

Step 2. Suppose 9,(1),, V1) > 0 forall n > 0. It is obvious that @ (Siy,, 7 Gl 1) = @s(D2n-1,D2n) =
s. It follows from (3.7) that

(s (D215 V2041)) = H(Op(T1iny, TQU211))
< (5”Bp(itay, T8U241))
< @(Sgy, T Gy (S Bp(fitay, T3U2,41))
< EA(M 1 (2, QU 1))DI(M 1 (M2, GU41)) + LT(N1 (M2, GUUp41))-

(3.10)

In view of condition (iv), we have

M (1, QUp,.1) = Max{d,(Sita,, T Gltg,11), Op(Tita,, T 8U,41), Op(FQU24 1, T Qllops1), Op(fily,, Sitzy),
0p(Ti1a,, 88,4 1) + Op(FOUp,4 1, S112,) Op(80Us,41, T Bllps4 1) + Op(FOU,4 1, Sitz,)

b

6s 6s
0p(Si1z,, g8Uy,,11) + Op(T1,, T Qp41)  Op(Titny, S112,)05(FA1,415 BGUD41)
452 ’ 1 + 0p(fug,, faltz,,1) ’

1+ ab(fuZn’ Tgu2n+1) + ab(‘~9uZn’ Jrg)‘12n+l)
1 + 50, (Tuy,, S1z,) + $0,(FaUl,011, T GUp,4 1)
= max{0,(M2,-1, D21) I(W2ns D21), O (20415 D21)s Op (D205 D2n-1),

05(D215 8812,11) + Fp(D2n15 D2n-1)  Op(88U2415 D2s) + Op(D2ns15 Dan—1)
6s ’ 6s ’
0p(M2n=1, 90U2,11) + O (V21 D20)  Op(D205 D20-1)0p(D241, GGUD,141)

452 ’ 1 + 0p(W2, Dans1)
1 + 05(20, D21) + Op(M2n-1, D2ns1)

1 + $05(W215 Van—1) + $Op(D2ns1, D2n)
= max{0p(V2n-1, V21)> Op(D2n> V2n+1)},

0p(ToU0,,11, 8GU,41)}

Op(D2n+1, 98U2,11))

and

Nl (112,,, gu2n+1) = min{aZ(TuZna SuZn)a OZ}(TuZn’ Tgu2n+l)’ ag(subu Jr9112n+1)9
5Z(gguzn+1 T Sy}
=min{d, (D2, V20-1)> O (D20, D20), O (D201, D2nr1), O (U241, D2n)}
=0.

Hence, M1 (i, QUzny1) = Max{0p(Van-1>924)s Op (V205 V2ne 1)} I M1 (2, GUU241) = Op(D205 D2ns1)s then
by (3.10) and the property of the function &£(g), we obtain

(05 (D21, D2041)) < ET(Tp(V20> D204 1)) (D205 D2041)) < F(Op(D25 D2011))s
which is a contradiction. Therefore, M, (113, iy, 1) = Op(V2,-1, H2,). Utilizing (3.10), we get

1(0p(V2n, D20+1)) < (O (V2n—1, D21)) < A(Op(D2n-1, D2n))- (3.11)

The monotonicity of % ensures that d,(V2,, Vonr1) < Op(V2n-1,D2,). Similarly, one can deduce that
0p(W2n11> D2042) < Op(V2n, D2ne1). In summary, 9p(),, Vps1) < 0p(Vu-1,b,), for all n € N. Therefore,
{0,(D, ,41)} 1s @ decreasing sequence, and lim,, o, 05(D, Dyy1) = @ = 0.
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If w > 0, letting n — oo in (3.11), we obtain that 7i(w) < {h(w), which implies w = 0. It is
impossible. Hence, lim,,_,, 9,(9,, D,11) = 0.

We next prove that {v,} is a Cauchy sequence in the partial b-metric space (X, d,). Suppose that is
not the case. Then using Lemma 2.10, one can get that exists € > 0 and two sequences {m;} and {n;} of
positive integers such that m; > n; > k and the following four sequences

I (M2mes D21, )> Op(Womy> D2me+1)> Ob(Wame—15 D2m)s Op(M2me—15 D2ne+1)

satisfy

€< h?_l)glf 0b(t)2mk’ Uan) < lim sup ab(n2mk’ 1)2nk) < S€,

k—oo

< li?lglf b (D2 Dangs1) < imsup (Mo, Van1) < 576,

k—o0

“lim @M

< ligglf Op(W2m—15 D2n,) < limsup Oy (Va1 V2n,) < SE,

k—o0

< likm_i?f Op(M2m—15 Vame+1) < limsup Op(Vam—1, D2ng+1) < s’e.

k— o0

2| m

Setting 1t = 1y, and vy = gu,, ,; in (3.7), we have

04 S(Sukaa Tguan+l)h(s28b(Tu2mka fguznk+1))
= as(Vomy-1» I)an)h(szab(fuka’ fal,41)) (3.12)
< E(R(M 1 (Mg, O, 1))A(M (U, , B, 1)) + LT(N1 (M4, 5 GUp41)),
where

M (1o, Gl 1)

=max{0p(Stam,, T S +1)s Op (Mo » T Gy 11)5 Op (81415 T Bl 415 Op (Tl Stto,),
Op (Mo, > 80U, +1) + Op(FAU 415 SWlam,)  Op(8QU 41, T Gloy 1) + Op(F8M, 11, Silo,)
6s ’ 6s ’
Op(Sttmg, 88U 11) + Op (W, T S 11)  Op(Tilyy > S2im )O,(F8U, 415 B2, 11)
452 ’ 1+ Op(Tutzp» TOU2n 1) ’
1 + 0p(tgy, T QU 11) + Op (St T8M,,, 11)
1+ 50 (T, Sttom,) + $0p(F8U2 11, T Mo 11)
=max{0p(V2m,-1> D2n,)» Op(D2mg> V2n)s Op(D2ng+15 D2ng)s O (D2mys Vam—1)
Op(D2my> 98U2,41) + O (2415 Vam—1) Op(38U2, 415 D2n) + Op(D2n+1> Dam—1)
6s ’ 6s ’
Op(V2m-1> 982, 11) + Op(M2me> D2n,) O (Domes Vome—1)0p(W2nr15 88Uy 41)

452 ’ 1+ 0p(W2my s Dong+1) ’
1 + 0,(Mamy> V2n,) + Op(Dom—1, Daner1)

1 + $0,(W2mg> D2me—1) + SOp(V2n+15 Van,)

ab(fguznkﬂ > quznk+1)}

Op(D2n+1, 89U, 1)}
and
Nl (uka’ guanH)
= min{aZv(Tuka’ Sulmk)a aZ(fukaa TguanJrl)’ 6;;/(8112””(, Tgu2nk+l), azv(gguanJrl » Tguan+l)}
= min{@,f(t)z,nk, I)ka—l)a 0;;(92111;(’ I)an)a aZ}(Dka—l s r)211k+1)a 02/(99u2nk+1, Uan)}-
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Taking the upper limit as k — oo in (3.12), one can obtain

fi(s€) < Tim sup (s> 0y (Dams Danes1))s

k— o0

lim sup (M (11, , Bl 41)) = A(lim sup M (i, Gl1,,,11))
k— o0 k—o0
SE S€ SZE + €

< h(max{se, s¢€,0,0, —

s —90’0
3°6 4s b

= h(se).

Since az)(l)na I)n+l) = ab(r)na 1)n+1) - min{ab(nn, l)n), 6b(1)n+1 > 1)n+1)}’ we have 32(%, 1)n+1) — 0asn — oo.
It follows that
lim sup 7(N (Mo, Gl 41)) < Tlim sup Ny (i, 811y, 1)) = 0.

k—o0 k—o0

In light of condition (i) and Lemma 3.14, we arrive at

CL’(Sllzmk, Tguan+1) = a’(Uka—l’ Uan) > S.

Thus,
sh(se) < {h(se) < h(se),

which is a contradiction. It follows that {1,,} is a Cauchy sequence and which implies {1, } is a Cauchy
sequence both in (X, d,) and in (X, ;).

Similar to Step 3 of Theorem 3.5, there exists w € X such that lim,,;—c 0s(Dy, D) =
lim, o, 0p(1,, W) = Jp(w,w) = 0. Since v, — w, then the sequences {fu,,}, {7 gus,1}, {folz,1},
{Suy,42} converge to w.

Step 3. Suppose that S(X) is p,—complete. It follows that there exists p € X satisfying w =
Sp. Now we shall prove that w = §p. If it is not true, then assume that d,(w, {p) > 0. At first,
in view of condition (a’), one can obtain a subsequence {u,,} of {i,} such that {fu,,} — w with
@ (SP, T gy, 41) = ay(w, fiy,) > s. Applying condition (3.7) to elements u = p and v = guy, 1, We
have

a(SP, Tguznin)h(szab(fﬁ, faUo,41))
= (W, Ty, JA(5°Fp (P, V2n+1)) (3.13)
< ER(M (D, gy, )D)DA(M (B, iy, 1)) + LT(N1 (D, gitpy.41)),
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where

M (P, gy, 41) = max{d,(SP, T Qi 1)s Op(7P, T ginp,41)s 3b(f9u2n,-+1 s T QUo41)s 0,(ip, SP),
O0p(FD, 8012,,,41) + Op(Ta12,,,11, SP) 0p(a81, 11, T By, 11) + Op(TOL,,11, SP)

6s 6s
0p(SP, g83,41) + Op(TP, T SUz,41) Op(FP, SP)Op(Tallny,41, 88U, 41)
452 ’ 1 + 0,(FP, Taut,+1) ,

1 + 0p(TP, T QUty,,11) + Op(SD, faity,+1)
1 + 50,(Tp, SP) + s0,(Tarty, 1, T Glig,41)
= max{d,(w, V2,,), (TP, V2u,)> Op(V2n;+15 V2, (TP, W),
Op(FP, 88Us,41) + Op(D2n,41, W) Op(88U2p, 415 D2n,) + Op(D2p41, W)

ab(fgu2ni+l’ quzn,-+1)}

6s ’ 6s ’
Op(w, 881,,,41) + Op(TD, D2n,)  Op(TP, W)Ip(V2n; 415 GGU2,41)
452 ’ 1+ 0,(FP, Dan+1) ’

1 + 0, (FP, 2p,) + 0p(W0, D2y,11)
1 + 50,(T9, W) + 505(V2p,41, D2n,)

Op(V2m,+1, 88U, 4 1)}

and

Ni(p, Quzn,-+1) = min{é‘}f(fﬁ, Sp), 5;:(715, TguZn,-+1), a;v,v(Sﬁ, fguZn,-+1)’ (92,”(99112”,-“, TguZn,-+l}
= mln{ag(fﬁ’ m)’ a;;v(fﬁa I)Zn,')’ 82)(]33, I)Zn,'+1)’ azv(ggu2ni+1’ I)an)}'

Taking the upper limit as i — oo and by condition (iv), we have

1(s8,(F, w)) < lim sup 7i(sdp(FP, Vau+1)),

1—00

lim sup 2(M, (P, §itpy,;+1) = A(lim sup M, (P, Gliz,,.1.1))

1—00 1—00

< h(maX{O, Sab(ﬁa’ m)’ O? 8b(ﬁ~37 m)s
< R(s0,(TP, w)),

lim sup 7(N1 (P, glty,,41)) < T(lim sup Ny (P, giy,,,41)) = 0.

i—00 i—00

$0y(1P, w) o Fp({P. W)

0
ALy ,0})

It follows that
sh(s0,(TP, w)) < {A(s0,(7P, w)) < A(s0,(7P, w)),

a contradiction. Thus, 9,(fp, w) = 0 and which implies {p = w = Sp. Since (f, S) is weakly compatible,
fw = {SP = Sfp = Sw.

Next, we will prove that fw = w. On the contrary, assume that d(w,fw) > 0. First, in light of
condition (b’), there exists a subsequence {115, } of {11,,} such that {fu,, } — w with a(Sw, 7 giy,,+1) =
a,(fuy,, , Sw) > 5. Applying condition (3.7) to elements u = w and v = gy, ,;, we obtain

a(Sw, T gy, 11 )h(szab(ftn, faU41))
= a,(fuy,, Sm)h(szﬁh(fm, D2n+1)) (3.14)
< EM(M (w, gy, 1)A(M (W, gy, 1)) + LT(N (W, gty 11)),
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where

M (w, gty 1) = Max{0p(Sw, T guty,, 1), Op(fw, T Gty 41), Op (81,11, T Gl 41), Op(f0, Sw),
0p(fw, gaty,, 11) + Op(FoUy,, 11, SW) Op(3010,, 41, T Glpy, 1) + Op(Faiin,, +1, SW)
6s ’ 6s
0p(Sw, g1ty 4 1) + Op(T0, T Gty 41) Op(Fo, Sw),(Tally, 41, B 41)
457 ’ 1 + 9p(fw, fgtty,,41)
1 + 0p(f, T 8ty 41) + 0p(Sw, faity,, 11)
1 + 50,(fw, Sw) + s0,(Fa1p, 41, T Sllzy11)
= max{d,(fw, D2,,), Ip(fw, V2y,), Op(V2n+15 H2n,)» Op (10, fw),
Op(fw, g8y, 11) + (D241, TW)  Op(88U 415 D2n) + Op(D2pe+1, T0)
6s ’ 6s
0p(fw, g8y, 1) + Op(T0, 12,,)  Op(fw, TW)Op (V20 11, GG, 41)
452 ’ 1 + 0p(fw, v2y41)
1 + 0p(fw, v2,,) + 05 (fW, D2y 11)
1 + s0,(fw, fw) + $05(V2n+15 V2n,)

)

9

05 (81,41, 98U, 41)}

b

b

8b(02nk+1 s gguan+ 1 )}a

and

Ni(w, giy,, 1) = min{d, (fw, Sw), d, (fw, T aiy,, 1), 0), (Sw, farty,, 1), 0; (a8, 11, T Gltgy,11)}
= mln{aZ(fm9 Tm)9 a}f(fm’ I)an)’ 6;:(Tm9 1)2nk+1)9 6Z(ggu2nk+l ’ I)an)}
=0.

Taking the upper limit as k — oo and by condition (iv), we get

hi(s0p(fw, w)) < lim sup 7(s*0p(Fr, Dy 41)),

k—o0

lim sup (M (w, §ity,, +1)) = A(lim sup M (w, Giy,, 41))
k—o0 k—o00

(s + 1)0p(fw, w) 0,(fw, w)
6 ’ 6 ’

< hi(max{sd,(fw, w), sd,(fw, w), 0, 9,(fw, fw),

(s + 1)0p(jw, w)
,0
4s
< h(s0,(fw, w)).

,0}

It follows that
sh(s0,(fw, w)) < {A(s0,(Tw, w)) < A(sdy(Tw, w)),

which is impossible. Hence, d,(fw, w) = 0, which implies fw = w = Sw.

Since f(X) C 7 g(X), there exists g € X such that 7gq = w. Similarly, we show that w is also
fixed point of fg and 7 g. After that, we deduce fgw = 7 gw = w, and by condition (iv), one can
learn that d,(fgw, ggw) < 9,(fgw, 7 gw) = Jp(w,w) = 0 = ggw = fgw = T gw = w. Since (g, )
is weakly compatible, we get gw = gfgw = fggw = fw, T gw = 7w = fw = fgw and which imply
gw=fw=7Tw=38w=w.
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The proof for the case in which f(X) is p,-complete are similar.

Step 4. Suppose on the contrary that there is another common fixed point v of f, g, S and 7.
According to condition (¢’), one can obtain a,(v, w) = a,(w, ) > s. It follows that

(0, w)A(s* (v, gw)) < ER(M (v, 0)))A(M, (0, w)) + L(N; (v, ),

where M, (v, w) = d,(v, w) and N;(v, w) = 0. Thus,

sh(s%Bp(0, w)) < ER(M (0, W)YA(M, (0, W) < 7D, (v, W)),

which is a contradiction. That is, w = v.
In conclusion, {, g, 7", S have a unique common fixed point. O

Example 3.16. Let X = [0, 2], 9,(1, v) = max{u?, p*} + (u— )%, ;' (1, ) = max{u?, n*} — min{u?, v*} +
(u—1p)? = > = v?|+ (u—1p)%, L =2 and s = 2. Define mappings f, g, S,7 by

6° ue[oa 1] 7- %’ ue[07 1]
Lowed,2l’ S uwe2r

qu = 5. uelo,1] S 2 uel0,1]
3, uwe(1,2]’ 2 ue(,2]’

3 0,1 & 0,1
T qu = ue [ ],fgu: E ue[ ].
1 uwe(,2]

Since S0 = Sf0 = 0, fg0 = gf0 = 0, fg7 g0 = 7gfg0 = 0, (1, S), (8,) and (fg, 7 g) are weakly
compatible. Moreover, when u € g(X), we have
Case 1. u € [0, %]. It follows that

ol uou W our 13
a s = Ard a4 ——-) = - -~ = 57 23
p(u, gu) = maxize, Zrp+ (5 =) =+ g = g
and w2 9 3 ou?  16u® 145
uoou u u
0 = —, = 2 =Z - 2
p(fu, 7 1) = max{36 411} (2 6) ) + 9 3611
Thus,
13,145
2o 2= )
Op(fu, gu) = 3l S 3g Op(fu, T11)
Case 2. u = 3. It is easy to show that
19 1 3, 6l
Op(fu, gu) = maX{—16 4_1} + (4_1 - 5) _16’

and

1 8l I 9, 2257
Op(fu, Tu) = max{16 25}+(— —~ g) =200
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So,
61 2257
Op(fu, gu) = 6700 = Op(fu, T u).
Consequently, we have 9,(fu, gu) < 9,(fu, 7 u).
Define mappings a; : S(X) X 7 (X) — [0, +00) and a (11, 1) = a,(y, 1) by

s, wpe[0,2]
a,(1, ) = I
0, otherwise

and

R = K, T(k) = {0 k=0 ,3()—{_+_L LE[O,I].

6r+1, K€(0,+OO) 0, t>1
It is easy to show that f(X) C 7 g(X), fa(X) € S(X) and §(X) is p,-complete. For 11,1 € X such that
a,(Su, 7 gy) > s, one can deduce that Su, 7 gy € [0, %] and which implies that u, vy € [0, 1]. Therefore,
f is mixed (S, g, 7 )-a,-admissible.

For 1,y € [0, 1] and u = 1, we have

2
(S, T0)(s29 Ty, 1)) = 2h<4ab(§, %’)) = 50’

and

11
EM(M (9, Y)))A(M 1 (9, 1)) = EMADp(an, T 9))A(0p(3Y, T v)) = gnz.

So, (S, T9)A(s*9,(Tv, 7))y < ER(M; (v, n))A(M;(v, 1)) + LT(N1(,v)). If u # 1, we obtain

2 2

2
))—S(max{% %}+( ——))<3max{u v},

(St T)(s20,(Fu, ) = 2h(4ab(5, 2

65 . 145 65
1w, —1%} > = max{u?, p*}.

A(M, (1, v)) = I(max{dy(fu, Sw), d,(fy, Tv)}) = max{72 " 36 7

So,
E(R(M (1, 9))A(M, (1, 9)) > E(R(max{d,(Tu, Sw), d,(av, T v)}))A(max{d,(fu, Su), dy(gv, T v)})

1

23 max{1?, p?},

Ni(u,v) = min{d, (fu, Su), 4, (an, T v), J, (Su, gv), 9, (fu, T 1)}

T o p? 3u y, w9y’ u 3y,

—mln{8u ,30%, |16 4|+(4 2)’|36 1 |+(6 2)}
1

zgl —nl—%(max{u ,»°} — min{1r*, p*}),

1 1 1
Lt(Ni(w, 1)) > ZT(%(max{uz, v’} — minfu, p?})) > 22 max{u?, y’} = 3 max{i®, p*).
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It follows that

(S, TOYh(20y (T, To)) < %max{uz,nz}

1 1
=3 max{u?, n%} + 3 max{u?, n’}

< EMM, (1, )M (1, ) + L(N; (1, 9)).

Hence, all conditions of Theorem 3.15 are satisfied. It is obvious that O is the unique common fixed
point of f, g, S, 7.
Remark 3.17. (1) For Example 3.6, it is known through calculation that it does not satisfy the
condition (iii) of Theorem 3.15;

(2) For Example 3.16, we can get g(X) € S(X), it is known through calculation that it does not
satisfy the conditions of Theorem 3.5.

That is to say, the conditions for Theorems 3.5 and 3.15 are independent of each other.

If g= Iy and S = 7 in Theorem 3.15, then we obtain that
Corollary 3.18. Let (X,0,) be a p,-complete partial b-metric space with parameter s > 1 and let
a; : XXX — [0,+00), f,7 : X = X be given mappings and f(X) C 7 (X) . Suppose i € H. If the
following conditions are satisfied:

(1) f 1s interspersed 7 -a-admissible mapping,

(i) there is 1y € X and fuy = 71y with a,(fuy, fiyy) = a (T, 7T uy) > s,

(iii) properties (a’), (b’) and (¢’) are satisfied when g = Iy and S = 7,

@1v) Op(fu, 1) < 9,(fu, 7 u), for all u € X,

(v) (f,7) is weakly compatible,

(vi) one of f(X), 7 (X) is p,-complete,

(vii) for any u,p € X and L > 0,

a (T u, To)a(s*(fu, f)) < ER(Ma (1, )Mo (1, ) + LT(Na (1, ), (3.15)

where

ab(fua I)) + 81)(TI)’ Tu)

M (1, v) = max{9,(Tu, Tv), dp(fu, Tv), (v, T 1), 9p(fu, T 1), s

0p(9, T) + 0p(fn, Tu) 0,(T1,9) + 0p(fu, Ty)
65 ’ 452 ’
Op(T, T10p(Tn, ) 1+ 9p(fu, Tv) + 0,(T 1, y)
1+ 0p(fu, f) 7 1+ s0,(Fu, Tu) + s9,(fn, Tv)

95(Tn, v)},
and
Na(u, 9) = min {3 (fu, T w), 8, (fu, Tv), 8, (T u, Tv), 9, (v, T )},
then f, 7 have a unique common fixed point.
Proof. The proof of Theorem 3.15 is similar to that of Theorem 3.15, we omit it. O
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If é(e) = 6(0 < 6 < 1), L = 0, we get the following result.
Corollary 3.19. Let (X, 0,) be a p, -complete partial b-metric space with parameter s > 1 and let f, 7
be given self-mappings (X, d,) with f(X) C 7 (X). If the following conditions are satisfied:

(1) f 1s interspersed 7 -a-admissible mapping,

(ii) there is 1y € X and fuy, = 7 u; with a(fuy, fi;) = @ (Tu, Tuy) > s,

(iii) properties (a’), (b’) and (c’) are satisfied when g = Iy and S = 7,

(iv) (f, 7") is weakly compatible,

(v) one of f(X), 7 (X) is pp-complete,

(vi) for any u,np € X,

ay(Tu, Th(s*0p(fu, f)) < 6A(M3(w, v)), (3.16)

where

Op(fu, Op(fn, T
M (. 9) = max{Oy (T, T9). 3yt T9). 3y(79. T9). 3y, 7w, 2T+ AT

6s
0p(fn, Tv) + 0p(fn, T 1) 0p(T 1, 1) + 0p(f11, T 1)
6s ’ 452 ’
Op(T, T WO (Ty, Ty) 1+ 0,(1, Ty) + 0,(T 1, 1) 9,70, T ).

1+ 0p(fu, fo) 7 1+ s0p(fu, Tu) + s9,(fv, T v)

then f, 7 have a unique common fixed point.

If s =1 and 9,(u,u) = 0, for all u € X, then we get the following corollary.
Corollary 3.20. Let (X,d) be a complete metric space and let a; : X X X — [0, +0), {,4,S,7 be
given self-mappings and f(X) € 7 ¢(X) and fg(X) € S(X). Suppose 71 € H and 7 € J. If the following
conditions are satisfied:

(i) f is interspersed (S, g, 7 )-a,-admissible,

(ii) there is 1y € X and fuy, = 7 gu; with a(fug, fou,) = ay (7 guy, Suy) > s,

(ii1) properties (a’), (b’) and (c’) are satisfied,

(iv) d(fu, gu) < d(fu, 7 u), for all u € g(X),

W) (4,8), (9,1), (fg, T g) are weakly compatible,

(vi) one of f(X), S(X) is p,-complete,

(vii) for any u,p € X and L > 0,

as(Su, T)h(d(fu, Tp)) < &AM (1, )M, (1, 9)) + LT(N; (1, v)),

where
M3, ) = max(d(Su, Tv), (i, o), deio, Tv), di, S, 240 S,
d(gy, 7 v) + d(fp, Su) d(Su,gy) +d(fu, T )
6 ’ 4 :
d(fu, Swyd(fy, gv) 1+ d(fu, 7v) + d(Su, ) d(i )
T+dniy) 1 +d(wSu) +d(y, 7y 80
and

N{(x,y) = min {d(fu, Su), d(fu, Tv), d(Su, fv), d(gv, T 1)} ,

then f, g, 7", S have a unique common fixed point.
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4. Application

As is well known, automotive suspension systems, shock absorbers, etc. are practical applications
of mass spring damping systems in mechanical engineering problems. When the car is driving on rough
and uneven roads, the car shock absorber provides assistance for smooth driving, where the damping
cylinder provides damping. External forces may be gravity, collision, ground vibration, tension, etc.
If m is the mass of the object, / is the damping coeflicient, k is the elastic coefficient of the spring,
and f(£) is the input external force, then the critical damping motion of the system under the action of
external force f(£) is controlled by the following initial value problem:

mLE 4 18+ ku(0) = f(0),

ae
u(0) =0, 4.1)
w'(0) =0,

among them, it is equivalent to m% + l;l—; —mF(,u(¢)) =0,and F : [0,L] X R" — R is a continuous
function.
It is easy to show that the problem (4.1) is equivalent to the integral equation:

L
u(l) = f v, HF (8, u(8))ds, ¢ € [0,L], 4.2)
0

where y(¢, §) is Green’s function given by

5(6-5)

1-¢ O
£,8) = 5 7
Y, §) {0 0

o

IA

IA

N W

IAIA

Uy S
IA

o

IA

where 8 = L is a constant.
In this section, we will give a theorem with an existential solution to the following integral equation
by Corollary 3.19.

L
(o) = f KL, 3. u(3))dS, 4.3)
0

where £ € [0,L],L >0, K : [0,L]X[0,L] xR > Randu:R — R.
Let X = C[0,L]. Define
6;, X xX—>R*Y
by

dp(1,p) = sup [u(€) — p(O)I" + (max{| sup u()l,| sup p(O)}H".
tef0.L] tef0.L] tefo.L]

It is obvious that (X, d,) is a p,-complete partial b-metric space with s = 277!,
Consider the mapping f, 7 : X — X defined by

L
fu(f) = f Ki(t, §,u(8))ds,
0
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and
L
Tu() :f IG(L, §,u(8))dSs.
0

Let £ : R xR — R be a given function.
Theorem 4.1. Let f,7 be self-mappings on a partial b-metric space (X,d). Suppose the following
hypotheses hold:
(1) K,%; : [0,L] X [0,L] xR — R,
(i1) f(X) € 7 (X) and 7 (X) is p,-complate,
(i11) 7 u = 7 fu, whenever fu = 7 u for some u € C[0, L],
(iv) there exists 11y € X such that £(fuy(£), T119(€)) > 0 for all £ € [0, L],
(v) for all £ € [0,L] and 1,y € X, ET u(f), Tn(£)) > 0 implies EFu(f), fn(£)) > 0,
(vi) properties (2’), (b’) and (c’) are satisfied when g = Iyand S = T,
(vil) there exists a continuous function [) : [0,L] x [0,L] — R* such that fOL b, 85 <1,
(viii) foreach ,5 € X,0 <6 < 1 and each ¢, § € [0,L], we have

17 (L, 8, () — K (£, §,0(9)] < \v/ %b(f, HITw - Tl

and
o e / 6 A N
max{|% (£, §, D)), |K (€, §, ()} < = max{|K (£, §, ()|, K (€, §, D))},

then the integral Eq (4.3) has a unique solution 3 € C[0, L].
Proof. Define (k) = k and @ : X X X — [0, +00) by

s, if &u(£), () > 0,
as(u, ) = {

0, otherwise.

It is easy to prove that f is interspersed 7 -a,-admissible mapping and f(X) € 7 (X) and 7 (X) is
py-complate. For 1,y € X, by virtue of assumptions (i)—(viii), we have
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s 0p(fu, fp) = sup [fu(€) — fy(O)° + s*(max{| sup fu(€)l,| sup fy(O)})"

£e[0,L] £e[0,L] tel0,L]

L L
=5 sup | Ki(C, $,u(8))ds — f Ki(L, $,9(8))ds|”

cefo,L] Jo
L
+ 5° (max{| SUP( (](1(5 $,u(8)dI)N, | sup ([ Ki(L, 5, v(5)dS)H*
tef0.L] tefoL] Jo
L
<s* sup (| [KG(L, 8, u(8)) — Ki(£, 3, p(9)d$)"
cefo,L] Jo
L
+5%( SUP( max{|Ki (¢, §, u()), 1K1 (£, 5, p($))[}d3))°
(ef0.L]

<s® sup (f \/ b, $)ds)? sup [T u(s) — T o)
€[0,L] Se[O,L]

+ s3(\/:3 SUP( max{IWz(f 8, u() 1K, 8, u(8)}ds))°

S felo,L]
<s® sup ( f \/ —=b(¢, $)d3® sup [Tu($) — T
£€[0,L] Sel0,L]
L
+ 6(max{]| sup( Wz(é’ $,u(8)d3)\,| sup (| KL, 3, n()dI)I})?
Ce[0,L] te[0,L] JO

=5 sup (f \/7[)(5 S sup |Tu(s) — T v
te[0.L] $el0,L]

+6(max | sup 7u(S)|,| sup Tu(d)|}H°".
$€[0,L] 3e[0,L]

By hypothesis (vii), one obtain

5°0p(fu, ) < 6f sup [7u(8) = TH@)I" + (max{| sup Tu(),| sup Ty(d)I)H")

¢€[0,L] C€[0,L] £€[0,L]
= 00,(T 1, T 1) < SM5(1, ),

that is,
a (T, Ty)i(s*0p(fu, fn)) < 6A(M;(1, v)).

Therefore, all the conditions of Corollary 3.16 hold. As a result, the mappings f and 7~ have a unique
point 3 € C[0, L], which is a solution of the integral Eq (4.1). O

5. Conclusions
In this manuscript, we introduced two concepts named mixed (S, 7 )-a-admissible mappings and
interspersed (S, g, 7 )-a-admissible mappings and gave the sufficient conditions for the existence and

uniqueness of common fixed point of generalized («ay, &, i, T)-Geraghty contractive mapping in partial
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b-metric spaces. Also, we provided examples that elaborated the useability of our results. Furthmore,
we presented an application to the existence of solutions to an integral equation by means of one of our
results. It is of interest to further consider whether we can modify the elements in M (11, 1) and N(u, 1)
mentioned in this article or combine them with Meir-Keeler type contraction to establish a new type of
contraction on a partial b-metric space.
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