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1. Introduction

The objective of this paper is to investigate the existence and uniqueness of invariant measures for
the stochastic FitzHugh-Nagumo delay lattice system with long-range interactions on the integer set Z:

dun(t) =
( ∑

m∈Z
J(n − m)um(t) − αvn(t) + fn(un(t)) + an

)
dt

+
∞∑
j=1

(
g j,n(un(t), un(t − ρ)) + b j,n

)
dW j(t),

dvn(t) =
(
βun(t) − λvn(t) + cn

)
dt +

∞∑
j=1

(
h j,n(vn(t), vn(t − ρ)) + l j,n

)
dW j(t),

un(s) = φn(s), vn(s) = ϕn(s), s ∈ [−ρ, 0],

(1.1)

where un, vn ∈ R, t > 0, α, ρ, β, λ > 0, the coupling parameters J(m) are real numbers satisfying J(m) =

J(−m) for all positive integer m, a = (an)n∈Z, c = (cn)n∈Z, b = (b j,n) j∈N,n∈Z, and l = (l j,n) j∈N,n∈Z are given
deterministic sequences in `2

η, fn, g j,n, h j,n are Lipschitz continuous functions for all j ∈ N, n ∈ Z, and
(W j(t)) j∈N is a sequence of independent two-sided real-valued Wiener processes defined on a complete
filtered probability space (Ω,F , {F }t∈R, P).
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The subsequent changes should be observed while considering the transformation of J(m),

J(m) =

2k∑
j=0

(
2k
j

)
(−1) jδm, j−k,

where k is any positive integer and δm,n is the Kronecker’s delta. Then, lattice system (1.1) can be
changed into

dun(t) =
(
4kun(t) − αvn(t) + fn(un(t)) + an

)
dt +

∞∑
j=1

(
g j,n(un(t), un(t − ρ)) + b j,n

)
dW j(t),

dvn(t) =
(
βun(t) − λvn(t) + cn

)
dt +

∞∑
j=1

(
h j,n(vn(t), vn(t − ρ)) + l j,n

)
dW j(t),

un(s) = φn(s), vn(s) = ϕn(s), s ∈ [−ρ, 0],

where t > 0, n ∈ Z, 4k = 4 ◦ · · · ◦ 4, k times, and 4 is defined by 4un = un+1 + un−1 − 2un.
The emergence of lattice equations from spatial discretization of partial differential equations is

widely acknowledged. Lattice systems exhibiting long-range interactions have garnered significant
attention in the literature. Of those, the dynamics of the DNA molecule were described by Schrödinger
lattice systems in [1]. Subsequently, Pereira investigated the asymptotic behavior of Schrödinger lattice
systems in [2] and delay lattice systems in [3], respectively. Recently, Chen et al. considered the long-
term dynamics of stochastic complex Ginzburg-Landau systems in their study [4], and Wong-Zakai
approximations of stochastic lattice systems in another study [5].

The FitzHugh-Nagumo systems were used to describe the transmission of signals across axons
in neurobiology in [6]. The asymptotic behavior of FitzHugh-Nagumo systems were studied in
both deterministic [7] and stochastic scenarios [8–12]. The FitzHugh-Nagumo lattice systems were
employed to stimulate the propagation of action potentials in myelinated nerve axons in [13]. The
attractors of FitzHugh-Nagumo lattice systems were investigated in the deterministic case by [7, 14],
and in the stochastic case by [11, 12, 15–18]. Among these studies, Wang et al. [11] derived the
existence and upper semi-continuity of random attractors for FitzHugh-Nagumo lattice systems in
`2 × `2, while Chen et al. [15] obtained the existence and uniqueness of weak pullback mean random
attractors for FitzHugh-Nagumo lattice systems with nonlinear noises in weighted spaces `2

σ × `
2
σ.

Furthermore, time delays are a common occurrence in various systems, and can lead to instability,
oscillation, and other changes in dynamical systems. Due to their practical and theoretical significance,
there has been an increasing emphasis on the study of time-delay systems. Recent studies have delved
into the exploration of random attractors for stochastic lattice systems featuring fixed delays in [18–22].
Additionally, investigations have also been carried out concerning systems with varying delays over
time as documented in [3, 12, 23–25].

Currently, there has been a significant amount of research conducted on the dynamical behavior of
differential equations driven by linear noise. In order to effectively handle stochastic systems with
nonlinear noise, Kloeden [26] and Wang [27, 28] introduced the concept of weak pullback mean
random attractors. The work described above has subsequently been widely applied in numerous
studies on stochastic systems by a multitude of scholars in [15–17, 19–21, 25, 27–38]. Among them,
Wang et al [25] studied the stochastic delay modified Swift-Hohenberg lattice systems, as well as
Chen et al. [19] and Li et al. [20] considered the stochastic delay lattice systems. However, to the
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best of our knowledge, the current state of literature on the invariant measures for stochastic FitzHugh-
Nagumo delay lattice systems with long-range interactions driven by nonlinear noise in weighted space
is regrettably scarce.

The lattice system (1.1) is defined on Z, which represents a spatially discrete analogue to stochastic
partial differential equations (PDEs) defined on R. Proving the existence of invariant measures for
PDEs on unbounded domains poses a major challenge, primarily due to establishing the tightness of
distribution laws of solutions caused by non-compactness in usual Sobolev embeddings on unbounded
domains. Various approaches have been developed in literature to address the tightness of solution
distributions for PDEs on unbounded domains, such as using weighted spaces in [39, 40], weak Feller
property of solutions in [41, 42], and cut-off techniques in [43, 44]. In this paper, the cut-off method
will be employed to establish the existence of invariant measures for the stochastic lattice system (1.1)
in C([−ρ, 0], `2

η × `
2
η). Specifically, we will demonstrate that when time is sufficiently large, the mean

square of solution tails in C([−ρ, 0], `2
η × `

2
η) becomes uniformly small; based on this result, we can

establish tightness in distribution laws for solutions in C([−ρ, 0], `2
η × `

2
η). The tail-estimates method

has previously been used to prove existence of global attractors for deterministic PDEs [45, 46] and
stochastic PDEs with additive or linear multiplicative noise in [47,48]. In this paper, we will apply the
tail-estimates approach to handle nonlinear noise involved in (1.1) in C([−ρ, 0], `2

η × `
2
η). For further

information regarding existence of invariant measures for stochastic PDEs defined within bounded
domains, please refer to [49] and its references.

The structure of this paper is organized as follows: Section 2 introduces the notations and discusses
the well-posedness of lattice system (1.1). The subsequent section establishes necessary uniform
estimates of solutions, which play a crucial role in demonstrating the main results in the following
section. Sections 4 and 5 focus on establishing the existence and uniqueness of invariant measures for
lattice system (1.1). Finally, we provide a summary and closing remarks in the last section.

2. Preliminaries

In this section, we will investigate the well-posedness of the stochastic Fitzhugh-Nagumo delay
lattice system (1.1) in weighted space `2

η × `
2
η, where `2

η is defined by

`2
η =

{
u = (un)n∈Z|un ∈ R,

∑
n∈Z

ηn|un|
2 < ∞

}
.

`2
η is a Hilbert space with the inner product and norm given by

(u, v)η =
∑
n∈Z

ηnunvn, ‖u‖2η = (u, u)η, u, v ∈ `2
η.

We further assume that weights η = (ηn)n∈Z satisfy the conditions

ηn > 0, ∀n ∈ Z,
∑
n∈Z

ηn < ∞, (2.1)

and

αm := sup
n∈Z

ηn+m + ηn

η1/2
n+mη

1/2
n

< ∞, ∀m ∈ N. (2.2)
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To get the existence of invariant measures for lattice system (1.1) in `2
η, the interaction J(m) should

decrease at a sufficiently rapid rate such that

α̃ :=
∞∑

m=0

αm|J(m)| < ∞. (2.3)

For sequences a = (an)n∈Z, c = (cn)n∈Z, b = (b j,n) j∈N,n∈Z, and l = (l j,n) j∈N,n∈Z in lattice system (1.1),
we assume

‖a‖2η =
∑
n∈Z

ηn|an|
2 < ∞, ‖b‖2η =

∑
j∈N

∑
n∈Z

ηn|b j,n|
2 < ∞,

‖c‖2η =
∑
n∈Z

ηn|cn|
2 < ∞, ‖l‖2η =

∑
j∈N

∑
n∈Z

ηn|l j,n|
2 < ∞.

(2.4)

For the nonlinear term fn in lattice system (1.1), we assume that fn is a smooth function satisfying
that there exists κ ∈ R such that for all z ∈ R and n ∈ Z,

fn(0) = 0, f ′n(z) ≤ κ. (2.5)

Moreover, for each n ∈ Z and z ∈ R, we assume that there are positive constants ιn and δ such that

fn(z)z ≤ −δ|z|2 + ιn, (2.6)

where ι = (ιn)n∈Z belongs to `1
η and its norm is denoted by ‖ι‖1,η.

For every j ∈ N and n ∈ Z, we assume that g j,n, h j,n : R → R is globally Lipschitz continuous; that
is, there is a constant L > 0 such that for all z1, z2, z∗1, z

∗
2 ∈ R,

|g j,n(z1, z2) − g j,n(z∗1, z
∗
2)|

∨
|h j,n(z1, z2) − h j,n(z∗1, z

∗
2)| ≤ L(|z1 − z∗1| + |z2 − z∗2|). (2.7)

We further assume that for each z, z∗ ∈ R, j ∈ N, and n ∈ Z,

|g j,n(z, z∗)|
∨
|h j,n(z, z∗)| ≤ γ j,n(1 + |z| + |z∗|), (2.8)

where γ j,n > 0, ‖γ‖2 =
∑
j∈N

∑
n∈Z
|γ j,n|

2 < ∞, and ‖γ‖2η =
∑
j∈N

∑
n∈Z

ηn|γ j,n|
2 < ∞.

For any u = (un)n∈Z ∈ `
2
η and v = (vn)n∈Z ∈ `

2
η, denote by f (u) = ( fn(un))n∈Z and f (v) = ( fn(vn))n∈Z.

By (2.5), we get(
f (u) − f (v), u − v

)
η =

∑
n∈Z

ηn( fn(un) − fn(vn))(un − vn) =
∑
n∈Z

ηn f ′n(ξn)|un − vn|
2 ≤ κ‖u − v‖2η, (2.9)

where ξn = θnun + (1 − θn)vn for some θn ∈ (0, 1). Moreover, we can obtain that f is locally Lipschitz
continuous from `2

η to `2
η; that is, there exists LC > 0 such that for any u, v ∈ `2

η with ‖u‖2η ≤ C and
‖v‖2η ≤ C,

‖ f (u) − f (v)‖2η ≤ L2
C‖u − v‖2η. (2.10)
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For each u1 = (u1
n)n∈Z, u2 = (u2

n)n∈Z, v1 = (v1
n)n∈Z, v2 = (v2

n)n∈Z ∈ `
2
η, and j ∈ N, denote by g j(u1, v1) =

(g j,n(u1
n, v

1
n))n∈Z and h j(u1, v1) = (h j,n(u1

n, v
1
n))n∈Z. It follows from (2.7) and (2.8) that∑

j∈N

‖g j(u1, v1)‖2η
∨∑

j∈N

‖h j(u1, v1)‖2η ≤ 2‖γ‖2η + 4‖γ‖2(‖u1‖2η + ‖v1‖2η) (2.11)

and ∑
j∈N

‖g j(u1, v1) − g j(u2, v2)‖2η
∨∑

j∈N

‖h j(u1, v1) − g j(u2, v2)‖2η

≤ 2L2(‖u1 − u2‖2η + ‖v1 − v2‖2η).
(2.12)

The system (1.1) can be reformulated as an abstract system in `2, for u = (un)n∈Z ∈ `
2, and we set

(Au)n =
∑
m∈Z

J(n − m)um. (2.13)

By Lemma 3.1 of [4], we have

‖Au‖2 ≤ 2|J(0)|2‖u‖2 + 8
( ∞∑

m=1

|J(m)|
)2
‖u‖2. (2.14)

By the above notation, system (1.1) can be rewritten as follows: For all t > 0,
du(t) =

(
Au(t) − αv(t) + f (u(t)) + a

)
dt +

∞∑
j=1

(
g j(u(t), u(t − ρ)) + b j

)
dW j(t),

dv(t) =
(
βu(t) − λv(t) + c

)
dt +

∞∑
j=1

(
h j(v(t), v(t − ρ)) + l j

)
dW j(t),

u(s) = φ(s), v(s) = ϕ(s), s ∈ [−ρ, 0].

(2.15)

Let (φ, ϕ) ∈ L2(Ω,C([−ρ, 0], `2
η × `

2
η)) be F0-measurable. Then, a continuous `2

η × `
2
η-valued Ft-

adapted stochastic process (u(t), v(t)) is called a solution of stochastic lattice system (2.15) if (u0, v0) =

(φ, ϕ),(u(t), v(t)) ∈ L2(Ω,C([−ρ,T ], `2
η × `

2
η)) for all T > −ρ, t ≥ 0 and for almost all ω ∈ Ω,

u(t) = φ(0) +
∫ t

0

(
Au(r) − αv(r) + f (u(r)) + a

)
dr +

∞∑
j=1

∫ t

0

(
g j(u(r), u(r − ρ)) + b j

)
dW j(r),

v(t) = ϕ(0) +
∫ t

0

(
βu(r) − λv(r) + c

)
dr +

∞∑
j=1

∫ t

0

(
h j(v(r), v(r − ρ)) + l j

)
dW j(r).

By (2.1)–(2.8) and the theory of the functional differential equation, we can get that for any
(φ, ϕ) ∈ L2(Ω,C([−ρ, 0], `2

η × `2
η)), stochastic lattice system (2.15) has a solution (u(t), v(t)) ∈

L2(Ω,C([−ρ,T ], `2
η × `

2
η)) for every T ≥ −ρ. Moreover, this solution is unique if (u∗(t), v∗(t)) is any

other solution of system (2.15), then

P({(u(t), v(t)) = (u∗(t), v∗(t)) for all t ≥ −ρ}) = 1.

Actually, the stochastic lattice system (2.15) has a unique solution defined for t ∈ [t0−ρ,∞), regardless
of any initial time t0 ≥ 0 and any Ft0-measurable (φ, ϕ) ∈ L2(Ω,C([−ρ, 0], `2

η × `
2
η)).
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Hereafter, for t ∈ R, (ut, vt) is defined by

(ut, vt)(s) = (un,t(s), vn,t(s))n∈Z = (un(t + s), vn(t + s))n∈Z = (u(t + s), v(t + s)), s ∈ [−ρ, 0],

and let Cρ,η = C([−ρ, 0], `2
η) with the norm ‖χ‖ρ,η = sup

−ρ≤s≤0
‖χ(s)‖η, χ ∈ Cρ,η.

The establishment of Lipschitz continuity for solutions to stochastic lattice system (2.15) in relation
to initial data will now be undertaken, which shall subsequently be employed.

Lemma 2.1. Suppose (2.1)–(2.8) hold and (φ1, ϕ1), (φ2, ϕ2) ∈ L2(Ω,C([−ρ, 0], `2
η × `2

η)). If
(u(t, φ1), v(t, ϕ1)) and (u(t, φ2), v(t, ϕ2)) are the solutions of stochastic lattice system (2.15) with initial
data (φ1, ϕ1) and (φ2, ϕ2), respectively, then for any t ≥ 0,

E
[

sup
−ρ≤r≤t

‖u(r, φ1) − u(r, φ2)‖2η + sup
−ρ≤r≤t

‖v(r, ϕ1) − v(r, ϕ2)‖2η
]

≤ M1

(
1 + eM1t

)
E
[
‖φ1 − φ2‖

2
Cρ,η

+ ‖ϕ1 − ϕ2‖
2
Cρ,η

]
,

where M1 is a positive constant independent of (φ1, ϕ1), (φ2, ϕ2), and t.

Proof. By (2.15), we get that for all t ≥ 0,

d(u(t, φ1) − u(t, φ2)) =A(u(t, φ1) − u(t, φ2))dt − α(v(t, ϕ1) − v(t, ϕ2))dt

+ ( f (u(t, φ1)) − f (u(t, φ2)))dt

+

∞∑
j=1

(g j(u(t, φ1), u(t − ρ, φ1)) − g j(u(t, φ2), u(t − ρ, φ2)))dW j(t),
(2.16)

and
d(v(t, ϕ1) − v(t, ϕ2)) =β(u(t, φ1) − u(t, φ2))dt − λ(v(t, ϕ1) − v(t, ϕ2))dt

+

∞∑
j=1

(h j(v(t, ϕ1), v(t − ρ, ϕ1)) − h j(v(t, ϕ2), v(t − ρ, ϕ2)))dW j(t),

which along with (2.16) and Itô’s formula shows that for all t ≥ 0,
1
2
(
β‖u(t, φ1) − u(t, φ2)‖2η + α‖v(t, ϕ1) − v(t, ϕ2)‖2η

)
=

1
2
(
β‖φ1(0) − φ2(0)‖2η + α‖ϕ1(0) − ϕ2(0)‖2η

)
− λα

∫ t

0
‖v(s, ϕ1) − v(s, ϕ2)‖2ηds

+ β

∫ t

0

(
A
(
u(s, φ1) − u(s, φ2)

)
, u(s, φ1) − u(s, φ2)

)
η
ds

+ β

∫ t

0

(
f (u(s, φ1)) − f (u(s, φ2)), u(s, φ1) − u(s, φ2)

)
η
ds

+
β

2

∞∑
j=1

∫ t

0
‖g j(u(s, φ1), u(s − ρ, φ1)) − g j(u(s, φ2), u(s − ρ, φ2))‖2ηds

+
α

2

∞∑
j=1

∫ t

0
‖h j(v(s, ϕ1), v(s − ρ, ϕ1)) − h j(v(s, ϕ2), v(s − ρ, ϕ2))‖2ηds

+ β

∞∑
j=1

∫ t

0

(
g j, u(s, φ1) − u(s, φ2)

)
η
dW j(s) + α

∞∑
j=1

∫ t

0

(
h j, v(s, ϕ1) − v(s, ϕ2)

)
η
dW j(s),

(2.17)
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where

g j = g j(u(s, φ1), u(s − ρ, φ1)) − g j(u(s, φ2), u(s − ρ, φ2))

and

h j = h j(v(s, ϕ1), v(s − ρ, ϕ1)) − h j(v(s, ϕ2), v(s − ρ, ϕ2)).

By (2.13) and the fact of J(m) = J(−m), we have

(
A(u(s, φ1) − u(s, φ2)), u(s, φ1) − u(s, φ2)

)
η

= J(0)‖u(s, φ1) − u(s, φ2)‖2η +
∑
n∈Z

ηn

∞∑
m=1

J(m)
(
un(s, φ1) − un(s, φ2)

)
×

(
un−m(s, φ1) − un−m(s, φ2) + un+m(s, φ1) − un+m(s, φ2)

)
= J(0)‖u(s, φ1) − u(s, φ2)‖2η

+
∑
n∈Z

∞∑
m=1

J(m)ηn+m
(
un+m(s, φ1) − un+m(s, φ2)

)(
un(s, φ1) − un(s, φ2)

)
+

∑
n∈Z

∞∑
m=1

J(m)ηn
(
un(s, φ1) − un(s, φ2)

)(
un+m(s, φ1) − un+m(s, φ2)

)
= J(0)‖u(s, φ1) − u(s, φ2)‖2η

+
∑
n∈Z

∞∑
m=1

J(m)
(
ηn + ηn+m

)(
un(s, φ1) − un(s, φ2)

)(
un+m(s, φ1) − un+m(s, φ2)

)
,

(2.18)

which along with (2.2) and (2.3) implies that

β

∫ t

0

(
A(u(s, φ1) − u(s, φ2)), u(s, φ1) − u(s, φ2)

)
η
ds

≤ βJ(0)
∫ t

0
‖u(s, φ1) − u(s, φ2)‖2ηds

+ β

∫ t

0

∑
n∈Z

∞∑
m=1

|J(m)|αmη
1
2
n η

1
2
n+m|un(s, φ1) − un(s, φ2)||un+m(s, φ1) − un+m(s, φ2)|ds

≤ βα̃

∫ t

0
‖u(s, φ1) − u(s, φ2)‖2ηds.

(2.19)

By (2.9), we obtain

β

∫ t

0

(
f (u(s, φ1)) − f (u(s, φ2)), u(s, φ1) − u(s, φ2)

)
η
ds ≤ βκ

∫ t

0
‖u(s, φ1) − u(s, φ2)‖2ηds. (2.20)
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By (2.12), we get

β

2

∞∑
j=1

∫ t

0
‖g j(u(s, φ1), u(s − ρ, φ1)) − g j(u(s, φ2), u(s − ρ, φ2))‖2ηds

+
α

2

∞∑
j=1

∫ t

0
‖h j(v(s, ϕ1), v(s − ρ, ϕ1)) − h j(v(s, ϕ2), v(s − ρ, ϕ2))‖2ηds

≤ 2βL2
∫ t

0
‖u(s, φ1) − u(s, φ2)‖2ηds + βL2

∫ 0

−ρ

‖φ1(s) − φ2(s)‖2ηds

+ 2αL2
∫ t

0
‖v(s, ϕ1) − v(s, ϕ2)‖2ηds + αL2

∫ 0

−ρ

‖ϕ1(s) − ϕ2(s)‖2ηds.

(2.21)

It follows from (2.17)–(2.21) that for all t ≥ 0,

β‖u(t, φ1) − u(t, φ2)‖2η + α‖v(t, ϕ1) − v(t, ϕ2)‖2η

≤ β‖φ1(0) − φ2(0)‖2η + α‖ϕ1(0) − ϕ2(0)‖2η + 2βL2
∫ 0

−ρ

‖φ1(s) − φ2(s)‖2ηds

+ 2αL2
∫ 0

−ρ

‖ϕ1(s) − ϕ2(s)‖2ηds + 4αL2
∫ t

0
‖v(s, ϕ1) − v(s, ϕ2)‖2ηds

+ 2β
(
α̃ + |κ| + 2L2) ∫ t

0
‖u(s, φ1) − u(s, φ2)‖2ηds

+ 2β
∣∣∣∣ ∞∑

j=1

∫ t

0

(
g j, u(s, φ1) − u(s, φ2)

)
η
dW j(s)

∣∣∣∣
+ 2α

∣∣∣∣ ∞∑
j=1

∫ t

0

(
h j, v(s, ϕ1) − v(s, ϕ2)

)
η
dW j(s)

∣∣∣∣,
which implies that for all t ≥ 0,

E
[
β sup

0≤r≤t
‖u(r, φ1) − u(r, φ2)‖2η + α sup

0≤r≤t
‖v(r, ϕ1) − v(r, ϕ2)‖2η

]
≤

(
1 + 2ρL2)(E[β‖φ1 − φ2‖

2
Cρ,η

+ α‖ϕ1 − ϕ2‖
2
Cρ,η

])
+ 2β

(
α̃ + |κ| + 2L2) ∫ t

0
E
[

sup
0≤r≤s
‖u(r, φ1) − u(r, φ2)‖2η

]
ds

+ 4αL2
∫ t

0
E
[

sup
0≤r≤s
‖v(r, ϕ1) − v(r, ϕ2)‖2η

]
ds

+ 2βE
[

sup
0≤r≤t

∣∣∣∣∣ ∞∑
j=1

∫ r

0

(
g j, u(s, φ1) − u(s, φ2)

)
η
dW j(s)

∣∣∣∣∣]
+ 2αE

[
sup
0≤r≤t

∣∣∣∣∣ ∞∑
j=1

∫ r

0

(
h j, v(s, ϕ1) − v(s, ϕ2)

)
η
dW j(s)

∣∣∣∣∣].

(2.22)
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For the last two terms of (2.22), by (2.12), the Burkholder-Davis-Gundy (BDG) inequality, and the
Minkowski inequality, we have

2βE
[

sup
0≤r≤t

∣∣∣∣∣ ∞∑
j=1

∫ r

0

(
g j, u(s, φ1) − u(s, φ2)

)
η
dW j(s)

∣∣∣∣∣]
≤
βC1
√

2
E
[( ∫ t

0

∞∑
j=1

‖g j‖
2
η‖u(s, φ1) − u(s, φ2)‖2ηds

) 1
2
]

≤
βC1
√

2
E
[

sup
0≤s≤t
‖u(s, φ1) − u(s, φ2)‖η

×

( ∫ t

0

∞∑
j=1

‖g j(u(s, φ1), u(s − ρ, φ1)) − g j(u(s, φ2), u(s − ρ, φ2))‖2ηds
) 1

2
]

≤ βC1LE
[

sup
0≤s≤t
‖u(s, φ1) − u(s, φ2)‖η

( ∫ t

0
‖u(s, φ1) − u(s, φ2)‖2ηds

) 1
2
]

+ βC1LE
[

sup
0≤s≤t
‖u(s, φ1) − u(s, φ2)‖η

( ∫ t

0
‖u(s − ρ, φ1) − u(s − ρ, φ2)‖2ηds

) 1
2
]

≤
β

2
E
[

sup
0≤r≤t
‖u(r, φ1) − u(r, φ2)‖2η

]
+ 2βC2

1L2
∫ t

0
E
[

sup
0≤r≤s
‖u(r, φ1) − u(r, φ2)‖2η

]
ds

+ ρβC2
1L2E

[
‖φ1 − φ2‖

2
Cρ,η

]
,

(2.23)

and

2αE
[

sup
0≤r≤t

∣∣∣∣∣ ∞∑
j=1

∫ r

0

(
h j, v(s, ϕ1) − v(s, ϕ2)

)
η
dW j(s)

∣∣∣∣∣]
≤
α

2
E
[

sup
0≤r≤t
‖v(r, ϕ1) − v(r, ϕ2)‖2η

]
+ 2αC2

1L2
∫ t

0
E
[

sup
0≤r≤s
‖v(r, ϕ1) − v(r, ϕ2)‖2η

]
ds

+ ραC2
1L2E

[
‖ϕ1 − ϕ2‖

2
Cρ,η

]
,

which along with (2.22) and (2.23) shows that

E
[
β sup

0≤r≤t
‖u(r, φ1) − u(r, φ2)‖2η + α sup

0≤r≤t
‖v(r, ϕ1) − v(r, ϕ2)‖2η

]
≤ C2E

[
β‖φ1 − φ2‖

2
Cρ,η

+ α‖ϕ1 − ϕ2‖
2
Cρ,η

]
+ C3

∫ t

0
E
[
β sup

0≤r≤s
‖u(r, φ1) − u(r, φ2)‖2η + α sup

0≤r≤s
‖v(r, ϕ1) − v(r, ϕ2)‖2η

]
ds,

(2.24)

where C2 = 2
(
1 + 2ρL2 +ρC2

1L2), C3 = 4
(
α̃+ 2L2 + |κ|+C2

1L2). It follows from (2.24) and the Gronwall
inequality that for all t ≥ 0,

E
[
β sup

0≤r≤t
‖u(r, φ1) − u(r, φ2)‖2η + α sup

0≤r≤t
‖v(r, ϕ1) − v(r, ϕ2)‖2η

]
≤ C2eC3tE

[
β‖φ1 − φ2‖

2
Cρ,η

+ α‖ϕ1 − ϕ2‖
2
Cρ,η

]
.

This completes the proof. �
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The existence of invariant measures of the stochastic lattice system (2.15) in the subsequent analysis
necessitates the fulfillment of the following inequality.

‖γ‖2 <
1

96eρν
max

{
2δ − 4α̃ −

27β4

λ3 − 8, 2λ −
27α4

δ3 − 6
}
, (2.25)

where ν > 0, 2δ − 4α̃ − 27β4

λ3 − 8 > 0, 2λ − 27α4

δ3 − 6 > 0.

3. Uniform estimates

In this section, we obtain uniform estimates of the solutions to stochastic lattice system (2.15),
which play a pivotal role in proving the existence of invariant measures. More specifically, we
will showcase the compactness of a family of probability distributions pertaining to (ut, vt) in
C([−ρ, 0], `2

η × `
2
η). Initially, our focus lies on discussing uniform estimates of solutions to stochastic

lattice system (2.15) in C([−ρ, 0], `2
η × `

2
η) for all t ≥ 0.

Lemma 3.1. Suppose (2.1)–(2.8) and (2.25) hold. Let (φ, ϕ) ∈ L2(Ω,C([−ρ, 0], `2
η × `

2
η)) be the initial

data of stochastic lattice system (2.15), then the solution (u, v) of the system (2.15) satisfies

sup
t≥−ρ
E
[
‖u(t)‖2η + ‖v(t)‖2η

]
≤ M2

(
1 + E

[
‖φ‖2Cρ,η

+ ‖ϕ‖2Cρ,η

])
,

where M2 is a positive constant independent of (φ, ϕ).

Proof. By (2.15) and Itô’s formula, we get that for all t ≥ 0,

d‖u(t)‖2η = 2
((

Au(t), u(t)
)
η
− α

(
v(t), u(t)

)
η

+
(

f (u(t)), u(t)
)
η

+
(
a, u(t)

)
η

)
dt

+
∞∑
j=1
‖g j(u(t), u(t − ρ)) + b j‖

2
ηdt + 2

∞∑
j=1

(
g j(u(t), u(t − ρ)) + b j, u(t)

)
η
dW j(t),

d‖v(t)‖2η = 2
(
β
(
u(t), v(t)

)
η
− λ‖v(t)‖2η +

(
c, v(t)

)
η

)
dt

+
∞∑
j=1
‖h j(v(t), v(t − ρ)) + l j‖

2
ηdt + 2

∞∑
j=1

(
h j(v(t), v(t − ρ)) + l j, v(t)

)
η
dW j(t).

(3.1)

Let ν be a positive constant which will be specified later. We get from (3.1) that for all t ≥ 0,

eνt
(
β‖u(t)‖2η + α‖v(t)‖2η

)
− νβ

∫ t

0
eνs‖u(s)‖2ηds − (ν − 2λ)α

∫ t

0
eνs‖v(s)‖2ηds

= β‖φ(0)‖2η + α‖ϕ(0)‖2η + 2β
∫ t

0
eνs

(
Au(s), u(s)

)
η
ds + 2β

∫ t

0
eνs

(
a, u(s)

)
η
ds

+ 2β
∫ t

0
eνs

(
f (u(s)), u(s)

)
η
ds + β

∞∑
j=1

∫ t

0
eνs‖g j(u(s), u(s − ρ)) + b j‖

2
ηds

+ 2α
∫ t

0
eνs

(
c, v(s)

)
η
ds + α

∞∑
j=1

∫ t

0
eνs‖h j(v(s), v(s − ρ)) + l j‖

2
ηds

+ 2β
∞∑
j=1

∫ t

0
eνs

(
g j(u(s), u(s − ρ)) + b j, u(s)

)
η
dW j(s)

+ 2α
∞∑
j=1

∫ t

0
eνs

(
h j(v(s), v(s − ρ)) + l j, v(s)

)
η
dW j(s).

(3.2)
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Taking the expectation, we obtain that for t ≥ 0,

eνtE
[
β‖u(t)‖2η + α‖v(t)‖2η

]
− νβ

∫ t

0
eνsE

[
‖u(s)‖2η

]
ds − (ν − 2λ)α

∫ t

0
eνsE

[
‖v(s)‖2η

]
ds

= E
[
β‖φ(0)‖2η + α‖ϕ(0)‖2η

]
+ 2β

∫ t

0
eνsE

[(
Au(s), u(s)

)
η

]
ds

+ 2β
∫ t

0
eνsE

[(
a, u(s)

)
η

]
ds + 2β

∫ t

0
eνsE

[(
f (u(s)), u(s)

)
η

]
ds

+ 2α
∫ t

0
eνsE

[(
c, v(s)

)
η

]
ds + β

∞∑
j=1

∫ t

0
eνsE

[
‖g j(u(s), u(s − ρ)) + b j‖

2
η

]
ds

+ α

∞∑
j=1

∫ t

0
eνsE

[
‖h j(v(s), v(s − ρ)) + l j‖

2
η

]
ds.

(3.3)

Similar to (2.18) and (2.19), we get

2β
∫ t

0
eνsE

[(
Au(s), u(s)

)
η

]
ds ≤ 2βα̃

∫ t

0
eνsE

[
‖u(s)‖2η

]
ds. (3.4)

By (2.6), we have

2β
∫ t

0
eνsE

[(
f (u(s)), u(s)

)
η

]
ds ≤ −2βδ

∫ t

0
eνsE

[
‖u(s)‖2η

]
ds +

2β‖ι‖1,η
ν

eνt. (3.5)

Note that

2β
∫ t

0
eνsE

[(
a, u(s)

)
η

]
ds + 2α

∫ t

0
eνsE

[(
c, v(s)

)
η

]
ds

≤ βδ

∫ t

0
eνsE

[
‖u(s)‖2η

]
ds + λα

∫ t

0
eνsE

[
‖v(s)‖2η

]
ds +

β

δν
‖a‖2ηe

νt +
α

λν
‖c‖2ηe

νt.

(3.6)

By (2.11), we obtain

β

∞∑
j=1

∫ t

0
eνsE

[
‖g j(u(s), u(s − ρ)) + b j‖

2
η

]
ds

≤ 2β
∞∑
j=1

∫ t

0
eνsE

[
‖g j(u(s), u(s − ρ))‖2η

]
ds + 2β

∞∑
j=1

∫ t

0
eνsE

[
‖b j‖

2
η

]
ds

≤ 8β‖γ‖2
∫ t

0
eνsE

[
‖u(s)‖2η + ‖u(s − ρ)‖2η

]
ds +

4β
ν
‖γ‖2ηe

νt +
2β
ν
‖b‖2ηe

νt

≤ 8βρeρν‖γ‖2E
[
‖φ‖2Cρ,η

]
+ 16βeρν‖γ‖2

∫ t

0
eνsE

[
‖u(s)‖2η

]
ds +

4β
ν
‖γ‖2ηe

νt +
2β
ν
‖b‖2ηe

νt,

(3.7)

and

α

∞∑
j=1

∫ t

0
eνsE

[
‖h j(v(s), v(s − ρ)) + l j‖

2
η

]
ds

≤ 8αρeρν‖γ‖2E
[
‖ϕ‖2Cρ,η

]
+ 16αeρν‖γ‖2

∫ t

0
eνsE

[
‖v(s)‖2η

]
ds +

4α
ν
‖γ‖2ηe

νt +
2α
ν
‖l‖2ηe

νt.

(3.8)
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For t ≥ 0, it follows from (3.3)–(3.8) that

eνtE
[
β‖u(t)‖2η + α‖v(t)‖2η

]
≤ (1 + 8ρeρν‖γ‖2)E

[
β‖φ‖2Cρ,η

+ α‖ϕ‖2Cρ,η

]
+

eνt

ν

(
4(β + α)‖γ‖2η +

β

δ
‖a‖2η +

α

λ
‖c‖2η + 2β‖b‖2η + 2α‖l‖2η + 2β‖ι‖1,η

)
+ β

(
ν − δ + 2α̃ + 16eρν‖γ‖2

) ∫ t

0
eνsE

[
‖u(s)‖2η

]
ds

+ α
(
ν − λ + 16eρν‖γ‖2

) ∫ t

0
eνsE

[
‖v(s)‖2η

]
ds.

(3.9)

For t ≥ 0, by (2.25) and (3.9), we get that there exists ν1 > 0 such that for all ν ∈ (0, ν1),

E
[
β‖u(t)‖2η + α‖v(t)‖2η

]
≤(1 + 8ρeρν‖γ‖2)E

[
β‖φ‖2Cρ,η

+ α‖ϕ‖2Cρ,η

]
e−νt

+
1
ν

(
4(β + α)‖γ‖2η +

β

δ
‖a‖2η +

α

λ
‖c‖2η + 2β‖b‖2η + 2α‖l‖2η + 2β‖ι‖1,η

)
.

(3.10)

Note that
sup
−ρ≤t≤0

E
[
β‖u(t)‖2η + α‖v(t)‖2η

]
≤ E

[
β‖φ‖2Cρ,η

+ α‖ϕ‖2Cρ,η

]
,

which along with (3.10) implies the desired result. �

Lemma 3.2. Suppose (2.1)–(2.8) and (2.25) hold. Let (φ, ϕ) ∈ L4(Ω,C([−ρ, 0], `2
η × `

2
η)) be the initial

data of stochastic lattice system (2.15), then the solution (u, v) of the system (2.15) satisfies

sup
t≥−ρ
E
[
‖u(t)‖4η + ‖v(t)‖4η

]
≤ M3

(
1 + E

[
‖φ‖4Cρ,η

+ ‖ϕ‖4Cρ,η

])
,

where M3 is a positive constant independent of (φ, ϕ).

Proof. Given n ∈ N, define τn by

τn = inf{t ≥ 0 : ‖u(t)‖η + ‖v(t)‖η > n},

and τn = ∞ if the set {t ≥ 0 : ‖u(t)‖η + ‖v(t)‖η > n} = ∅. By (3.1) and Itô’s formula, we get for all t ≥ 0,

d
(
‖u(t)‖4η + ‖v(t)‖4η

)
+ 4λ‖v(t)‖4ηdt − 4

(
β‖v(t)‖2η − α‖u(t)‖2η

)(
u(t), v(t)

)
η
dt

= 4‖u(t)‖2η
(
Au(t), u(t)

)
η
dt + 4‖u(t)‖2η

(
f (u(t)), u(t)

)
η
dt + 4‖u(t)‖2η

(
a, u(t)

)
η
dt

+ 2‖u(t)‖2η
∞∑
j=1

‖g j(u(t), u(t − ρ)) + b j‖
2
ηdt + 4

∞∑
j=1

∣∣∣∣(g j(u(t), u(t − ρ)) + b j, u(t)
)
η

∣∣∣∣2dt

+ 4‖u(t)‖2η
∞∑
j=1

(
g j(u(t), u(t − ρ)) + b j, u(t)

)
η
dW j(t) + 4‖v(t)‖2η

(
c, v(t)

)
η
dt

+ 2‖v(t)‖2η
∞∑
j=1

‖h j(v(t), v(t − ρ)) + l j‖
2
ηdt + 4

∞∑
j=1

∣∣∣∣(h j(v(t), v(t − ρ)) + l j, v(t)
)
η

∣∣∣∣2dt

+ 4‖v(t)‖2η
∞∑
j=1

(
h j(v(t), v(t − ρ)) + l j, v(t)

)
η
dW j(t).

(3.11)
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Let ν be a positive constant which will be specified later, and we get from (3.11) that for all t ≥ 0,

E
[
eν(t∧τn)(‖u(t ∧ τn)‖4η + ‖v(t ∧ τn)‖4η)

]
+ 4λE

[ ∫ t∧τn

0
eνs‖v(s)‖4ηds

]
= E

[
‖φ(0)‖4η + ‖ϕ(0)‖4η

]
+ νE

[ ∫ t∧τn

0
eνs(‖u(s)‖4η + ‖v(s)‖4η

)
ds

]
+ 4E

[ ∫ t∧τn

0
eνs(β‖v(s)‖2η − α‖u(s)‖2η

)(
u(s), v(s)

)
η
ds

]
+ 4E

[ ∫ t∧τn

0
eνs‖u(s)‖2η

(
A(u(s)), u(s)

)
η
ds

]
+ 4E

[ ∫ t∧τn

0
eνs‖u(s)‖2η

(
a, u(s)

)
η
ds

]
+ 4E

[ ∫ t∧τn

0
eνs‖u(s)‖2η

(
f (u(s)), u(s)

)
η
ds

]
+ 4E

[ ∫ t∧τn

0
eνs‖v(s)‖2η

(
c, v(s)

)
η
ds

]
+ 2E

[ ∫ t∧τn

0
eνs‖u(s)‖2η

∞∑
j=1

‖g j(u(s), u(s − ρ)) + b j‖
2
ηds

]
+ 4E

[ ∫ t∧τn

0
eνs

∞∑
j=1

∣∣∣∣(g j(u(s), u(s − ρ)) + b j, u(s)
)
η

∣∣∣∣2ds
]

+ 2E
[ ∫ t∧τn

0
eνs‖v(s)‖2η

∞∑
j=1

‖h j(v(s), v(s − ρ)) + l j‖
2
ηds

]
+ 4E

[ ∫ t∧τn

0
eνs

∞∑
j=1

∣∣∣∣(h j(v(s), v(s − ρ)) + l j, v(s)
)
η

∣∣∣∣2ds
]
.

(3.12)

Similar to (2.18) and (2.19), we get

4
∫ t∧τn

0
eνsE

[
‖u(s)‖2η

(
Au(s), u(s)

)
η

]
ds ≤ 4α̃

∫ t∧τn

0
eνsE

[
‖u(s)‖4η

]
ds. (3.13)

By (2.6) and Young’s inequality, we have

4E
[ ∫ t∧τn

0
eνs‖u(s)‖2η

(
f (u(s)), u(s)

)
η
ds

]
≤ 4E

[ ∫ t∧τn

0
eνs‖u(s)‖2η(−δ‖u(s)‖2η + ‖ι‖1,η)ds

]
≤ 2(1 − 2δ)E

[ ∫ t∧τn

0
eνs‖u(s)‖4ηds

]
+

2‖ι‖21,η
ν

eνt.

(3.14)

Note that

4E
[ ∫ t∧τn

0
eνs‖u(s)‖2η

(
a, u(s)

)
η
ds

]
+ 4E

[ ∫ t∧τn

0
eνs‖v(s)‖2η

(
c, v(s)

)
η
ds

]
≤ δE

[ ∫ t∧τn

0
eνs‖u(s)‖4ηds

]
+ λE

[ ∫ t∧τn

0
eνs‖v(s)‖4ηds

]
+

27
δ3ν
‖a‖4ηe

νt +
27
λ3ν
‖c‖4ηe

νt,

(3.15)
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and

4E
[ ∫ t∧τn

0
eνs(β‖v(s)‖2η − α‖u(s)‖2η

)(
u(s), v(s)

)
η
ds

]
≤ 4βE

[ ∫ t∧τn

0
eνs‖v(s)‖3η‖u(s)‖ηds

]
+ 4αE

[ ∫ t∧τn

0
eνs‖u(s)‖3η‖v(s)‖ηds

]
≤

(
λ +

27α4

δ3

)
E
[ ∫ t∧τn

0
eνs‖v(s)‖4ηds

]
+

(
δ +

27β4

λ3

)
E
[ ∫ t∧τn

0
eνs‖u(s)‖4ηds

]
.

(3.16)

By (2.8), we get

2E
[ ∞∑

j=1

∫ t∧τn

0
eνs‖u(s)‖2η‖g j(u(s), u(s − ρ)) + b j‖

2
ηds

]
+ 4E

[ ∞∑
j=1

∫ t∧τn

0
eνs

∣∣∣∣(g j(u(s), u(s − ρ)) + b j, u(s)
)
η

∣∣∣∣2ds
]

≤ 6E
[ ∞∑

j=1

∫ t∧τn

0
eνs‖u(s)‖2η‖g j(u(s), u(s − ρ)) + b j‖

2
ηds

]
≤ 12E

[ ∫ t∧τn

0
eνs‖u(s)‖2η

( ∞∑
j=1

‖b j‖
2
η + 2‖γ‖2η

)
ds

]
+ 72‖γ‖2E

[ ∫ t∧τn

0
eνs‖u(s)‖4ηds

]
+ 24‖γ‖2E

[ ∫ t∧τn

0
eνs‖u(s − ρ)‖4ηds

]
≤

(
96eρν‖γ‖2 + 6

)
E
[ ∫ t∧τn

0
eνs‖u(s)‖4ηds

]
+ 6

(
‖b‖2η + 2‖γ‖2η

)2 eνt

ν
+ 24ρeρν‖γ‖2E

[
‖φ‖4Cρ,η

]
,

(3.17)

and

2E
[ ∞∑

j=1

∫ t∧τn

0
eνs‖v(s)‖2η‖h j(v(s), v(s − ρ)) + l j‖

2
ηds

]
+ 4E

[ ∞∑
j=1

∫ t∧τn

0
eνs

∣∣∣∣(h j(v(s), v(s − ρ)) + l j, v(s)
)
η

∣∣∣∣2ds
]

≤ (96eρν‖γ‖2 + 6)E
[ ∫ t∧τn

0
eνs‖v(s)‖4ηds

]
+ 6

(
‖l‖2η + 2‖γ‖2η

)2 eνt

ν
+ 24ρeρν‖γ‖2E

[
‖ϕ‖4Cρ,η

]
.

(3.18)

For t ≥ 0, it follows from (3.12)–(3.18) that

E
[
eν(t∧τn)(‖u(t ∧ τn)‖4η + ‖v(t ∧ τn)‖4η

)]
≤

(
1 + 24ρeρν‖γ‖2

)
E
[
‖φ‖4Cρ,η

+ ‖ϕ‖4Cρ,η

]
+

(
ν − 2δ + 4α̃ + 96eρν‖γ‖2 +

27β4

λ3 + 8
)
E
[ ∫ t∧τn

0
eνs‖u(s)‖4ηds

]
+

(
ν − 2λ + 96eρν‖γ‖2 +

27α4

δ3 + 6
)
E
[ ∫ t∧τn

0
eνs‖v(s)‖4ηds

]
+

(
2‖ι‖21,η + 6

(
‖b‖2η + 2‖γ‖2η

)2
+ 6

(
‖l‖2η + 2‖γ‖2η

)2
+

27
δ3 ‖a‖

4
η +

27
λ3 ‖c‖

4
η

)eνt

ν
,
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which along with (2.25) implies that there exists ν2 > 0 such that for all ν ∈ (0, ν2),

E
[
eν(t∧τn)(‖u(t ∧ τn)‖4η + ‖v(t ∧ τn)‖4η

)]
≤

(
1 + 24ρeρν‖γ‖2

)
E
[
‖φ‖4Cρ,η

+ ‖ϕ‖4Cρ,η

]
+

(
2‖ι‖21,η + 6

(
‖b‖2η + 2‖γ‖2η

)2
+ 6

(
‖l‖2η + 2‖γ‖2η

)2
+

27
δ3 ‖a‖

4
η +

27
λ3 ‖c‖

4
η

)eνt

ν
.

Letting n→ ∞, we obtain from the above inequality that for all t ≥ 0,

E
[
‖u(t)‖4η + ‖v(t)‖4η

]
≤

(
1 + 24ρeρν‖γ‖2

)
E
[
‖φ‖4Cρ,η

+ ‖ϕ‖4Cρ,η

]
e−νt

+
(
2‖ι‖21,η + 6

(
‖b‖2η + 2‖γ‖2η

)2
+ 6

(
‖l‖2η + 2‖γ‖2η

)2
+

27
δ3 ‖a‖

4
η +

27
λ3 ‖c‖

4
η

)1
ν
.

(3.19)

Note that for all t ∈ [−ρ, 0],

E
[
‖u(t)‖4η + ‖v(t)‖4η

]
≤ E

[
‖φ‖4Cρ,η

+ ‖ϕ‖4Cρ,η

]
,

which along with (3.19) concludes the proof. �

Lemma 3.3. Suppose (2.1)–(2.8) and (2.25) hold. Let (φ, ϕ) ∈ L4(Ω,C([−ρ, 0], `2
η × `

2
η)) be the initial

data of stochastic lattice system (2.15), then the solution (u, v) of the system (2.15) satisfies, for any
t > r ≥ 0,

E
[
‖u(t) − u(r)‖4η + ‖v(t) − v(r)‖4η

]
≤ M4(|t − r|2 + |t − r|4),

where M4 is a positive constant depending on (φ, ϕ), but is independent of t and r.

Proof. For t > r ≥ 0, by (2.15), we get


u(t) − u(r) =

∫ t

r

(
Au(s) − αv(s) + f (u(s)) + a

)
ds +

∞∑
j=1

∫ t

r

(
g j(u(s), u(s − ρ)) + b j

)
dW j(s),

v(t) − v(r) =
∫ t

r

(
βu(s) − λv(s) + c

)
dt +

∞∑
j=1

∫ t

r

(
h j(v(s), v(t − ρ)) + l j

)
dW j(s),

which together with (2.5), (2.10), and (2.14) implies that, for t > r ≥ 0,

‖u(t) − u(r)‖η ≤
∫ t

r
(C4‖u(s)‖η + α‖v(s)‖η)ds + ‖a‖η|t − r|

+
∥∥∥∥ ∞∑

j=1

∫ t

r

(
g j(u(s), u(s − ρ)) + b j

)
dW j(s)

∥∥∥∥
η
,

‖v(t) − v(r)‖η ≤
∫ t

r

(
β‖u(s)‖η + λ‖v(s)‖η

)
ds + ‖c‖η‖|t − r|

+
∥∥∥∥ ∞∑

j=1

∫ t

r

(
h j(v(s), v(t − ρ)) + l j

)
dW j(s)

∥∥∥∥
η
,

(3.20)
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where C4 =

√
2|J(0)|2 + 8

( ∞∑
m=1
|J(m)|

)2
+ LC. By (3.20), we get

E
[
‖u(t) − u(r)‖4η + ‖v(t) − v(r)‖4η

]
≤ 64

(
C4

4 + β4)E[( ∫ t

r
‖u(s)‖ηds

)4]
+ 64(α4 + λ4)E

[( ∫ t

r
‖v(s)‖ηds

)4]
+ 64

(
‖a‖4η + ‖c‖4η

)
|t − r|4 + 64E

[∥∥∥∥ ∞∑
j=1

∫ t

r

(
g j(u(s), u(s − ρ)) + b j

)
dW j(s)

∥∥∥∥4

η

]
+ 64E

[∥∥∥∥ ∞∑
j=1

∫ t

r

(
h j(v(s), v(s − ρ)) + l j

)
dW j(s)

∥∥∥∥4

η

]
.

(3.21)

By Schwarz’s inequality and Lemma 3.2, we have

64
(
C4

4 + β4)E[( ∫ t

r
‖u(s)‖ηds

)4]
+ 64

(
α4 + λ4)E[( ∫ t

r
‖v(s)‖ηds

)4]
≤ 64

(
C4

4 + β4 + α4 + λ4)|t − r|3
∫ t

r
E
[
‖u(s)‖4η + ‖v(s)‖4η

]
ds

≤ C5|t − r|4.

(3.22)

For the last two terms of (3.21), by (2.11), Lemma 3.2, and the BDG inequality, we get

64E
[∥∥∥∥ ∞∑

j=1

∫ t

r

(
g j(u(s), u(s − ρ)) + b j

)
dW j(s)

∥∥∥∥4

η

]
≤ C6E

[( ∫ t

r

∞∑
j=1

‖g j(u(s), u(s − ρ)) + b j‖
2
ηds

)2]
≤ 8C6

(
2‖γ‖2η + ‖b‖2η

)2
|t − r|2 + 128C6‖γ‖

4E
[( ∫ t

r
(‖u(s)‖2η + ‖u(s − ρ)‖2η)ds

)2]
≤ C7|t − r|2,

(3.23)

and

64E
[∥∥∥∥ ∞∑

j=1

∫ t

r

(
h j(v(s), v(s − ρ)) + l j

)
dW j(s)

∥∥∥∥4

η

]
≤ C7|t − r|2,

which along with (3.21)–(3.23) implies the desired result. �

The subsequent step entails acquiring uniform estimates on the tails of solutions to stochastic lattice
system (2.15), which play a pivotal role in proving the tightness of a family of solution distributions.

Lemma 3.4. Suppose (2.1)–(2.8) and (2.25) hold. For any compact subset E ⊂ L2(Ω,C([−ρ, 0], `2
η ×

`2
η)), the solution (u, v) of stochastic lattice system (2.15) satisfies

lim sup
k→∞

sup
(φ,ϕ)∈E

sup
t≥−ρ

∑
|n|≥k

E[ηn(|un(t, φ)|2 + |vn(t, ϕ)|2)] = 0.
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Proof. Let ϑ be a smooth function which is defined on R+ such that 0 ≤ ϑ(z) ≤ 1 for all z ∈ R+, and

ϑ(z) =

{
0, 0 ≤ z ≤ 1;
1, z ≥ 2.

For k ∈ N, set ϑk = (ϑ( |n|k ))n∈Z, ϑku = (ϑ( |n|k )un)n∈Z, and ϑkv = (ϑ( |n|k )vn)n∈Z. By (2.15), we have


d(ϑku(t)) =

(
ϑkAu(t) − αϑkv(t) + ϑk f (u(t)) + ϑka

)
dt +

∞∑
j=1

(
ϑkg j(u(t), u(t − ρ)) + ϑkb j

)
dW j(t),

d(ϑkv(t)) =
(
βϑku(t) − λϑkv(t) + ϑkc

)
dt +

∞∑
j=1

(
ϑkh j(v(t), v(t − ρ)) + ϑkl j

)
dW j(t),

which along with Itô’s formula implies that

d
(
β‖ϑku(t)‖2η + α‖ϑkv(t)‖2η

)
= 2β

(
ϑkAu(t), ϑku(t)

)
η
dt + 2β

(
ϑk f (u(t)), ϑku(t)

)
η
dt + 2β

(
ϑka, ϑku(t)

)
η
dt

+ β

∞∑
j=1

‖ϑkg j(u(t), u(t − ρ)) + ϑkb j‖
2
ηdt − 2λα‖ϑkv(t)‖2ηdt

+ 2α
(
ϑkc, ϑkv(t)

)
η
dt + α

∞∑
j=1

‖ϑkh j(v(t), v(t − ρ)) + ϑkl j‖
2
ηdt

+ 2β
∞∑
j=1

(
ϑkg j(u(t), u(t − ρ)) + ϑkb j, ϑku(t)

)
η
dW j(t)

+ 2α
∞∑
j=1

(
ϑkh j(v(t), v(t − ρ)) + ϑkl j, ϑkv(t)

)
η
dW j(t).

(3.24)

Then, we get that for all t ≥ 0,

eνtE
[
β‖ϑku(t)‖2η + α‖ϑkv(t)‖2η

]
+ (2λ − ν)α

∫ t

0
eνsE

[
‖ϑkv(s)‖2η

]
ds

= E
[
β‖ϑkφ(0)‖2η + α‖ϑkϕ(0)‖2η

]
+ νβ

∫ t

0
eνsE

[
‖ϑku(s)‖2η

]
ds

+ 2β
∫ t

0
eνsE

[(
ϑkAu(s), ϑku(s)

)
η

]
ds + 2β

∫ t

0
eνsE

[(
ϑk f (u(s)), ϑku(s)

)
η

]
ds

+ 2β
∫ t

0
eνsE

[(
ϑka, ϑku(s)

)
η

]
ds + 2α

∫ t

0
eνsE

[(
ϑkc, ϑkv(s)

)
η

]
ds

+ β

∞∑
j=1

∫ t

0
eνsE

[
‖ϑkg j(u(s), u(s − ρ)) + ϑkb j‖

2
η

]
ds

+ α

∞∑
j=1

∫ t

0
eνsE

[
‖ϑkh j(v(s), v(s − ρ)) + ϑkl j‖

2
η

]
ds,

(3.25)
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where ν is a positive constant which will be specified later. Furthermore, we find that

(
ϑkAu, ϑku

)
η

=
∑
n∈Z

ηn

∑
m∈Z

J(m)ϑ2
( |n|

k

)
un−mun

= J(0)
∑
n∈Z

ϑ2
( |n|

k

)
ηn|un|

2 +
∑
n∈Z

∞∑
m=1

J(m)ϑ2
( |n|

k

)
ηnun+mun

+
∑
n∈Z

∞∑
m=1

J(m)ϑ2
( |n + m|

k

)
ηn+munun+m

= J(0)
∑
n∈Z

ϑ2
( |n|

k

)
ηn|un|

2 +
∑
n∈Z

∞∑
m=1

J(m)
(
ϑ2

( |n + m|
k

)
ηn+m + ϑ2

( |n|
k

)
ηn

)
unun+m

= J(0)
∑
n∈Z

ϑ2
( |n|

k

)
ηn|un|

2 + J1 + J2,

(3.26)

where

J1 =
∑
n∈Z

∞∑
m=1

J(m)
(
ϑ2

( |n + m|
k

)
− ϑ2

( |n|
k

))
ηn+munun+m,

and

J2 =
∑
n∈Z

∞∑
m=1

J(m)ϑ2
( |n|

k

)
(ηn+m + ηn)unun+m.

For any n ∈ Z and m ∈ N+, by the definition of ϑ(z) we can get that there exists a constant C8 > 0 such
that ∣∣∣∣ϑ( |n + m|

k

)
− ϑ

( |n|
k

)∣∣∣∣ ≤ m
k

C8. (3.27)

By (2.2), we have

η1/2
n+m ≤ αmη

1/2
n , ∀n ∈ Z,m ≥ 1,

which together with (3.27) implies that for any p > 1,

|J1| ≤
∑
n∈Z

∞∑
m=1

|J(m)|
∣∣∣∣ϑ2

( |n + m|
k

)
− ϑ2

( |n|
k

)∣∣∣∣ηn+m|un+m||un|

≤
2C8

k

p∑
m=1

mαm|J(m)|
∑
n∈Z

η1/2
n+mη

1/2
n |un+m||un| +

∞∑
m=p+1

αm|J(m)|
∑
n∈Z

η1/2
n+mη

1/2
n |un+m||un|

≤
2C8

k

p∑
m=1

mαm|J(m)|‖u‖2η +

∞∑
m=p+1

αm|J(m)|‖u‖2η.

(3.28)
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By (2.2), we obtain

|J2| ≤

∞∑
m=1

αm|J(m)|
∑
n∈Z

ϑ2
( |n|

k

)
η1/2

n+mη
1/2
n |un+m||un|

≤
1
2

∞∑
m=1

αm|J(m)|
(∑

n∈Z

ϑ2
( |n|

k

)
ηn+m|un+m|

2 +
∑
n∈Z

ϑ2
( |n|

k

)
ηn|un|

2
)
,

which together with (3.27) and (2.3) implies that for any p > 1,

|J2| ≤

∞∑
m=1

αm|J(m)|
∑
n∈Z

ϑ2
( |n|

k

)
ηn|un|

2 +
1
2

p∑
m=1

αm|J(m)|
∑
n∈Z

ηn+m

∣∣∣∣ϑ2
( |n + m|

k

)
− ϑ2

( |n|
k

)∣∣∣∣|un+m|
2

+
1
2

∞∑
m=p+1

αm|J(m)|
∑
n∈Z

ηn+m

∣∣∣∣ϑ2
( |n + m|

k

)
− ϑ2

( |n|
k

)∣∣∣∣|un+m|
2

≤

∞∑
m=1

αm|J(m)|
∑
n∈Z

ϑ2
( |n|

k

)
ηn|un|

2 +
C8

k

p∑
m=1

mαm|J(m)|‖u‖2η +

∞∑
m=p+1

αm|J(m)|‖u‖2η.

(3.29)

For any p > 1, it follows from (3.26), (3.28), and (3.29) that

2β
∣∣∣∣(ϑkAu, ϑku

)
η

∣∣∣∣ ≤2βα̃
∑
n∈Z

ϑ2
( |n|

k

)
ηn|un|

2 +
6βC8

k

p∑
m=1

mαm|J(m)|‖u‖2η + 4β
∞∑

m=p+1

αm|J(m)|‖u‖2η. (3.30)

By (2.6) and Young’s inequality, we have

2β
∫ t

0
eνsE

[(
ϑk f (u(s)), ϑku(s)

)
η

]
ds ≤ −2βδ

∫ t

0
eνsE

[
‖ϑku(s)‖2η

]
ds +

2βeνt

ν

∑
|n|≥k

ηn|ιn|. (3.31)

Note that

2β
∫ t

0
eνsE

[(
ϑka, ϑku(s)

)
η

]
ds + 2α

∫ t

0
eνsE

[(
ϑkc, ϑkv(s)

)
η

]
ds

≤ βδ

∫ t

0
eνsE

[
‖ϑku(s)‖2η

]
ds +

βeνt

δν

∑
|n|≥k

ηn|an|
2 + λα

∫ t

0
eνsE

[
‖ϑkv(s)‖2η

]
ds +

αeνt

λν

∑
|n|≥k

ηn|cn|
2.

(3.32)
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For the last two terms of (3.25), by (2.8), we get

β

∞∑
j=1

∫ t

0
eνsE

[
‖ϑkg j(u(s), u(s − ρ)) + ϑkb j‖

2
η

]
ds

+ α

∞∑
j=1

∫ t

0
eνsE

[
‖ϑkh j(v(s), v(s − ρ)) + ϑkl j‖

2
η

]
ds

≤
2β
ν

eνt
∑
|n|≥k

∞∑
j=1

ηn

(
b2

j,n + 2γ2
j,n

)
+ 8β‖γ‖2

∫ t

0
eνsE

[
‖ϑku(s)‖2η + ‖ϑku(s − ρ)‖2η

]
ds

+
2α
ν

eνt
∑
|n|≥k

∞∑
j=1

ηn

(
l2

j,n + 2γ2
j,n

)
+ 8α‖γ‖2

∫ t

0
eνsE

[
‖ϑkv(s)‖2η + ‖ϑkv(s − ρ)‖2η

]
ds

≤
2β
ν

eνt
∑
|n|≥k

∞∑
j=1

ηn

(
b2

j,n + 2γ2
j,n

)
+ 16βeρν‖γ‖2

∫ t

0
eνsE

[
‖ϑku(s)‖2η

]
ds

+
2α
ν

eνt
∑
|n|≥k

∞∑
j=1

ηn

(
l2

j,n + 2γ2
j,n

)
+ 16αeρν‖γ‖2

∫ t

0
eνsE

[
‖ϑkv(s)‖2η

]
ds

+ 8βeρν‖γ‖2
∫ 0

−ρ

eνsE
[
‖ϑkφ(s)‖2η

]
ds + 8αeρν‖γ‖2

∫ 0

−ρ

eνsE
[
‖ϑkϕ(s)‖2η

]
ds.

(3.33)

Then, it follows from (3.25) and (3.30)–(3.33) that for p > 1,

E
[
β‖ϑku(t)‖2η + α‖ϑkv(t)‖2η

]
≤ (1 + 8ρeρν‖γ‖2)E

[
β‖ϑkφ(0)‖2η + α‖ϑkϕ(0)‖2η

]
e−νt

+ β
(
ν − δ + 16eρν‖γ‖2 + 2α̃ +

6C8

k

p∑
m=1

mαm|J(m)| + 4
+∞∑

m=p+1

αm|J(m)|
) ∫ t

0
eν(s−t)E

[
‖u(s)‖2η

]
ds

+ α
(
ν − λ + 16eρν‖γ‖2

) ∫ t

0
eν(s−t)E

[
‖v(s)‖2η

]
ds +

β

δν

∑
|n|≥k

ηn|an|
2 +

α

λν

∑
|n|≥k

ηn|cn|
2

+
2β
ν

∑
|n|≥k

∞∑
j=1

ηn(b2
j,n + 2γ2

j,n) +
2α
ν

∑
|n|≥k

∞∑
j=1

ηn(l2
j,n + 2γ2

j,n) +
2β
ν

∑
|n|≥k

ηn|ιn|.

(3.34)

Furthermore, it follows from (2.3) that there is a K1 = K1(ν) > 0 such that for all k ≥ K1,

6C8

k

p∑
m=1

mαm|J(m)| ≤
ν

2
. (3.35)

By (2.3) again, we can choose p = p(ν) large enough such that

4
∞∑

m=p+1

αm|J(m)| ≤
ν

2
,

which along with (3.35) and (2.25) implies that there exists ν3 > 0 such that for all ν ∈ (0, ν3),

ν − δ + 16eρν‖γ‖2 + 2α̃ +
6C8

k

p∑
m=1

mαm|J(m)| + 4
+∞∑

m=p+1

αm|J(m)| ≤ 2ν − δ + 16eρν‖γ‖2 ≤ 0,
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which together with (3.34) and (2.25) shows that for all t ≥ 0 and k ≥ K1,

E
[
β‖ϑku(t)‖2η + α‖ϑkv(t)‖2η

]
≤(1 + 8ρeρν‖γ‖2)E

[
β‖ϑkφ(0)‖2η + α‖ϑkϕ(0)‖2η

]
e−νt

+
β

δν

∑
|n|≥k

ηn|an|
2 +

α

λν

∑
|n|≥k

ηn|cn|
2 +

2β
ν

∑
|n|≥k

∞∑
j=1

ηn(b2
j,n + 2γ2

j,n)

+
2α
ν

∑
|n|≥k

∞∑
j=1

ηn(l2
j,n + 2γ2

j,n) +
2β
ν

∑
|n|≥k

ηn|ιn|.

(3.36)

Note that (φ, ϕ) ∈ E and E is a compact subset in L2(Ω,C([−ρ, 0], `2
η × `

2
η)). Then, for each ε > 0, there

exists K2 = K2(ε, φ, ϕ) ≥ 1 such that for all k ≥ K2,∑
|n|≥k

E
[
ηn(β|φn(0)|2 + α|ϕn(0)|2)

]
≤ ε. (3.37)

It follows from (3.37) that for all k ≥ K2,

(1 + 8ρeρν‖γ‖2)E
[
β‖ϑkφ(0)‖2η + α‖ϑkϕ(0)‖2η

]
= (1 + 8ρeρν‖γ‖2)

∑
n∈Z

E
[
ηn

(
β
∣∣∣∣ϑ( |n|k )

φn(0)
∣∣∣∣2 + α

∣∣∣∣ϑ( |n|k )
ϕn(0)

∣∣∣∣2)]
≤ (1 + 8ρeρν‖γ‖2)

∑
|n|≥k

E
[
ηn

(
β
∣∣∣∣φn(0)

∣∣∣∣2 + α
∣∣∣∣ϕn(0)

∣∣∣∣2)]
≤ (1 + 8ρeρν‖γ‖2)ε.

(3.38)

Since a = (an)n∈Z, c = (cn)n∈Z, b = (b j,n) j∈N,n∈Z, l = (l j,n) j∈N,n∈Z, γ = (γ j,n) j∈N,n∈Z ∈ `
2
η and ι = (ιn)n∈Z ∈ `

1
η,

we get that there exists K3 = K3(ε) ≥ 1 such that for all t ≥ 0 and k ≥ K3,

β

δν

∑
|n|≥k

ηn|an|
2 +

α

λν

∑
|n|≥k

ηn|cn|
2 +

2β
ν

∑
|n|≥k

∞∑
j=1

ηn(b2
j,n + 2γ2

j,n)

+
2α
ν

∑
|n|≥k

∞∑
j=1

ηn(l2
j,n + 2γ2

j,n) +
2β
ν

∑
|n|≥k

ηn|ιn| ≤ ε,

which along with (3.36) and (3.38) implies that for all t ≥ 0, k ≥ max{K1,K2,K3}, and (φ, ϕ) ∈ E,∑
|n|≥2k

E
[
ηn(β|un(t)|2η + α|vn(t)|2η)

]
≤ E

[
β‖ϑku(t)‖2η + α‖ϑkv(t)‖2η

]
≤ (2 + 8ρeρν‖γ‖2)ε. (3.39)

Observe that {(φ(s), ϕ(s)) ∈ L2(Ω, `2
η × `

2
η) : s ∈ [−ρ, 0]} is a compact subset in L2(Ω, `2

η × `
2
η). Then, for

each ε > 0, there are s1, s2, · · · sm ∈ [−ρ, 0] such that

{(φ(s), ϕ(s)) ∈ L2(Ω, `2
η × `

2
η) : s ∈ [−ρ, 0]} ⊆

m⋃
j=1

B
(
(φ(s j), ϕ(s j)),

1
2
√
ε
)
, (3.40)
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where B((φ(s j), ϕ(s j)), 1
2

√
ε) is an open ball in L2(Ω, `2

η × `
2
η) centered at (φ(s j), ϕ(s j)) with radius 1

2

√
ε.

Since (φ(s j), ϕ(s j)) ∈ L2(Ω, `2
η × `

2
η), for j = 1, · · · ,m, there exists K4 = K4(ε, φ, ϕ) ≥ 1, such that for

all k ≥ K4,

∑
|n|≥k

E
[
ηn(|φn(s j)|2 + |ϕn(s j)|2)

]
≤

1
4
ε, j = 1, 2, · · · ,m. (3.41)

It follows from (3.40) and (3.41) that for all k ≥ K4 and s ∈ [−ρ, 0],∑
|n|≥k

E
[
ηn(|φn(s)|2 + |ϕn(s)|2)

]
≤ ε,

which along with (3.39) implies the desired result. �

The tail estimates given by Lemma 3.4 have been enhanced to obtain uniform estimates on the
tails of solutions, which are crucial for achieving tightness in the probability distributions of solution
segments in the space C([−ρ, 0], `2

η × `
2
η).

Lemma 3.5. Suppose (2.1)–(2.8) and (2.25) hold. For any compact subset E ⊂ L2(Ω,C([−ρ, 0], `2
η ×

`2
η)), the solution (u, v) of stochastic lattice system (2.15) satisfies

lim sup
n→∞

sup
(φ,ϕ)∈E

sup
t≥ρ
E
[

sup
t−ρ≤r≤t

∑
|n|≥k

ηn
(
|un(r, φ)|2 + |vn(r, ϕ)|2

)]
= 0.

Proof. Let ϑ be the function defined in Lemma 3.4. For all t ≥ ρ and t−ρ ≤ r ≤ t, it follows from (3.24)
that

β‖ϑku(r)‖2η + α‖ϑkv(r)‖2η + 2λα
∫ r

t−ρ
‖ϑkv(s)‖2ηds

= β‖ϑku(t − ρ)‖2η + α‖ϑkv(t − ρ)‖2η + 2β
∫ r

t−ρ

(
ϑkAu(s), ϑku(s)

)
η
ds

+ 2β
∫ r

t−ρ

(
ϑk f (u(s)), ϑku(s)

)
η
ds + 2β

∫ r

t−ρ

(
ϑka, ϑku(s)

)
η
ds

+ 2α
∫ r

t−ρ

(
ϑkc, ϑkv(s)

)
η
ds + β

∞∑
j=1

∫ r

t−ρ
‖ϑkg j(u(s), u(s − ρ)) + ϑkb j‖

2
ηds

+ 2β
∞∑
j=1

∫ r

t−ρ

(
ϑkg j(u(s), u(s − ρ)) + ϑkb j, ϑku(s)

)
η
dW j(s)

+ α

∞∑
j=1

∫ r

t−ρ
‖ϑkh j(v(s), v(s − ρ)) + ϑkl j‖

2
ηds

+ 2α
∞∑
j=1

∫ r

t−ρ

(
ϑkh j(v(s), v(s − ρ)) + ϑkl j, ϑkv(s)

)
η
dW j(s),
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which shows that for all t ≥ ρ,

E
[

sup
t−ρ≤r≤t

(
β‖ϑku(r)‖2η + α‖ϑkv(r)‖2η

)]
+ 2λαE

[ ∫ t

t−ρ
‖ϑkv(s)‖2ηds

]
≤ E

[
β‖ϑku(t − ρ)‖2η + α‖ϑkv(t − ρ)‖2η

]
+ 2βE

[ ∫ t

t−ρ

∣∣∣∣(ϑkAu(s), ϑku(s)
)
η

∣∣∣∣ds
]

+ 2βE
[ ∫ t

t−ρ

∣∣∣∣(ϑk f (u(s)), ϑku(s)
)
η

∣∣∣∣ds
]

+ 2βE
[ ∫ t

t−ρ
‖ϑka‖η‖ϑku(s)‖ηds

]
+ 2αE

[ ∫ t

t−ρ
‖ϑkc‖‖ϑkv(s)‖ηds

]
+ βE

[ ∞∑
j=1

∫ t

t−ρ
‖ϑkg j(u(s), u(s − ρ)) + ϑkb j‖

2
ηds

]
+ αE

[ ∞∑
j=1

∫ t

t−ρ
‖ϑkh j(v(s), v(s − ρ)) + ϑkl j‖

2
ηds

]
+ 2βE

[
sup

t−ρ≤r≤t

∣∣∣∣ ∞∑
j=1

∫ r

t−ρ

(
ϑkg j(u(s), u(s − ρ)) + ϑkb j, ϑku(s)

)
η
dW j(s)

∣∣∣∣]
+ 2αE

[
sup

t−ρ≤r≤t

∣∣∣∣ ∞∑
j=1

∫ r

t−ρ

(
ϑkh j(v(s), v(s − ρ)) + ϑkl j, ϑkv(s)

)
η
dW j(s)

∣∣∣∣].

(3.42)

For any ε > 0, by Lemma 3.4, we get that there is a K5 = K5(ε, E) ≥ 1 such that for all k ≥ K5 and
t ≥ −ρ, ∑

|n|≥k

E
[
ηn(β|un(t)|2 + α|vn(t)|2)

]
≤ ε,

which shows that for all k ≥ K5 and t ≥ −ρ,

E
[
β‖ϑku(t)‖2η + α‖ϑkv(t)‖2η

]
=

∑
|n|≥k

E
[
ηn

(
β|ϑkun(t)|2 + α|ϑkvn(t)|2

)]
≤

∑
|n|≥k

E
[
ηn

(
β|un(t)|2 + α|vn(t)|2

)]
≤ ε.

(3.43)

Then, for all k ≥ K5 and t ≥ ρ,

E
[
β‖ϑku(t − ρ)‖2η + α‖ϑkv(t − ρ)‖2η

]
≤ ε. (3.44)

Proceeding as in (3.30), we have

2βE
[ ∫ t

t−ρ

∣∣∣∣(ϑkAu(s), ϑku(s)
)
η

∣∣∣∣ds
]

≤ 2βα̃
∫ t

t−ρ
E
[
‖ϑku(s)‖2η

]
ds +

6βC8

k

p∑
m=1

mαm|J(m)|
∫ t

t−ρ
E
[
‖u(s)‖2η

]
ds

+ 4β
∞∑

m=p+1

αm|J(m)|
∫ t

t−ρ
E
[
‖u(s)‖2η

]
ds.

(3.45)
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18883

Then, by (3.43), we get that for all k ≥ K5 and t ≥ −ρ,

2βα̃
∫ t

t−ρ
E
[
‖ϑku(s)‖2η

]
ds ≤ 2α̃ρε. (3.46)

Furthermore, it follows from (2.3) and Lemma 3.1 that there is a K6 = K6(ε, E) ≥ K5, such that for all
k ≥ K6 and t ≥ ρ,

6βC8

k

p∑
m=1

mαm|J(m)|
∫ t

t−ρ
E
[
‖u(s)‖2η

]
ds ≤ ρε. (3.47)

By (2.3) and Lemma 3.1 again, we can choose p = p(ε) large enough such that for all t ≥ ρ,

4β
∞∑

m=p+1

αm|J(m)|
∫ t

t−ρ
E
[
‖u(s)‖2η

]
ds ≤ ρε. (3.48)

Since ι = (ιn)n∈Z ∈ `
1
η, we get that there exists K7 = K7(ε, E) ≥ K6 such that for all k ≥ K7,

2β
∫ t

t−ρ
E
[∣∣∣∣(ϑk f (u(s)), ϑku(s)

)
η

∣∣∣∣]ds ≤ −2βδ
∫ t

t−ρ
E
[
‖ϑku(s)‖2

]
ds + 2βρ

∑
|n|>k

ηn|ιn| ≤ ρε. (3.49)

By (3.43), we get for all k ≥ K5 and t ≥ ρ,

2βE
[ ∫ t

t−ρ
‖ϑka‖‖ϑku(s)‖ηds

]
+ 2αE

[ ∫ t

t−ρ
‖ϑkc‖‖ϑkv(s)‖ηds

]
≤

∫ t

t−ρ
E
[
β‖ϑku(s)‖2η + α‖ϑkv(s)‖2η

]
ds +

∫ t

t−ρ
E
[
β‖ϑka‖2η + α‖ϑkc‖2η

]
ds

≤ ρε + ρ
∑
|n|≥k

ηn(β|an|
2 + α|cn|

2).

(3.50)

Since a = (an)n∈Z, c = (cn)n∈Z ∈ `
2
η, it follows from (3.50) that there exists K8 = K8(ε, E) ≥ K7 such that

for all k ≥ K8 and t ≥ ρ,

2βE
[ ∫ t

t−ρ

(
ϑka, ϑku(s)

)
η
ds

]
+ 2αE

[ ∫ t

t−ρ

(
ϑkc, ϑkv(s)

)
η
ds

]
≤ 2ρε. (3.51)

By (2.8), (3.43), and Lemma 3.4, we get for all t ≥ ρ and k ≥ K5,

β

∞∑
j=1

∫ t

t−ρ
E
[
‖ϑkg j(u(s), u(s − ρ)) + ϑkb j‖

2
η

]
ds

≤ 2β
∞∑
j=1

∫ t

t−ρ
E
[
‖ϑkg j(u(s), u(s − ρ))‖2η

]
ds + 2β

∞∑
j=1

∫ t

t−ρ
E
[
‖ϑkb j‖

2
η

]
ds

≤ 2ρβ
∞∑
j=1

∑
|n|≥k

ηn(b2
j,n + 2γ2

j,n) + 8β‖γ‖2
∫ t

t−ρ
E
[
‖ϑku(s)‖2η + ‖ϑku(s − ρ)‖2η

]
ds

≤ 2ρβ
∞∑
j=1

∑
|n|≥k

ηn(b2
j,n + 2γ2

j,n) + 8β‖γ‖2
∫ t

t−ρ
E
[
‖ϑku(s)‖2η

]
ds + 8β‖γ‖2

∫ t−ρ

t−2ρ
E
[
‖ϑku(s)‖2η

]
ds

≤ 2ρβ
∞∑
j=1

∑
|n|≥k

ηn(b2
j,n + 2γ2

j,n) + 16β‖γ‖2ρε,

(3.52)
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and

α

∞∑
j=1

∫ t

t−ρ
E
[
‖ϑkh j(v(s), v(s − ρ)) + ϑkl j‖

2
η

]
ds ≤ 2ρα

∞∑
j=1

∑
|n|≥k

ηn(l2
j,n + 2γ2

j,n) + 16α‖γ‖2ρε. (3.53)

Since b = (b j,n) j∈N,n∈Z, l = (l j,n) j∈N,n∈Z, and γ = (γ j,n) j∈N,n∈Z belong to `2
η, we infer from (3.52) and (3.53)

that there exists K9 = K9(ε, E) ≥ K8 such that for all k ≥ K9 and t ≥ ρ,

β

∞∑
j=1

∫ t

t−ρ
E
[
‖ϑkg j(u(s), u(s − ρ)) + ϑkb j‖

2
η

]
ds

+ α

∞∑
j=1

∫ t

t−ρ
E
[
‖ϑkh j(v(s), v(s − ρ)) + ϑkl j‖

2
η

]
ds

≤ ρ(β + α)(2 + 16‖γ‖2)ε.

(3.54)

For the last two terms of (3.42), by the BDG inequality, (2.8), and (3.54), we have for all k ≥ K9 and
t ≥ ρ,

2βE
[

sup
t−ρ≤r≤t

∣∣∣∣ ∞∑
j=1

∫ r

t−ρ

(
ϑkg j(u(s), u(s − ρ)) + ϑkb j, ϑku(s)

)
η
dW j(s)

∣∣∣∣]
+ 2αE

[
sup

t−ρ≤r≤t

∣∣∣∣ ∞∑
j=1

∫ r

t−ρ

(
ϑkh j(v(s), v(s − ρ)) + ϑkl j, ϑkv(s)

)
η
dW j(s)

∣∣∣∣]
≤ 2βC9E

[( ∫ t

t−ρ

∞∑
j=1

∣∣∣∣(ϑkg j(u(s), u(s − ρ)) + ϑkb j, ϑku(s)
)
η

∣∣∣∣2ds
) 1

2
]

+ 2αC9E
[( ∫ t

t−ρ

∞∑
j=1

∣∣∣∣(ϑkh j(v(s), v(s − ρ)) + ϑkc j, ϑkv(s)
)
η

∣∣∣∣2ds
) 1

2
]

≤
β

2
E
[

sup
t−ρ≤r≤t

‖ϑku(r)‖2η
]

+ 2βC2
9E

[ ∫ t

t−ρ

∞∑
j=1

‖ϑkg j(u(s), u(s − ρ)) + ϑkb j‖
2
ηds

]
+
α

2
E
[

sup
t−ρ≤r≤t

‖ϑkv(r)‖2η
]

+ 2αC2
9E

[ ∫ t

t−ρ

∞∑
j=1

‖ϑkh j(v(s), v(s − ρ)) + ϑkl j‖
2
ηds

]
≤
β

2
E
[

sup
t−ρ≤r≤t

‖ϑku(r)‖2η
]

+
α

2
E
[

sup
t−ρ≤r≤t

‖ϑkv(r)‖2η
]

+ 2C2
9ρ(β + α)(2 + 16‖γ‖2)ε.

(3.55)

By (3.42)–(3.55), we get that for all t ≥ ρ and k ≥ K9,

E
[

sup
t−ρ≤r≤t

∑
|n|≥2k

ηn(β|un(r)|2 + α|vn(r)|2)
]
≤ E

[
sup

t−ρ≤r≤t
(β‖ϑku(r)‖2 + α‖ϑkv(r)‖2)

]
≤ C10ε,

where C10 = 2
(
1 + 2α̃ρ + 5ρ + ρ(β + α)(2 + 16‖γ‖2)(1 + 2C2

9)
)
ε. This completes the proof. �
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4. Existence of invariant measures

The focus of this section is to establish the existence of invariant measures for lattice system (2.15)
in C([−ρ, 0], `2

η × `2
η). Initially, we introduce the transition operators of the lattice system and

subsequently demonstrate the tightness of a family of probability distributions for solutions of the
lattice system.

Given every t0 ≥ 0 and Ft0-measurable (φ, ϕ) ∈ L2(Ω,C([−ρ, 0], `2
η × `

2
η)), lattice system (2.15)

possesses a distinct solution that is valid for all t ≥ t0−ρ. Given t ≥ t0 and (φ, ϕ) ∈ L2(Ω,C([−ρ, 0], `2
η×

`2
η)), we use (ut(t0, φ), vt(t0, φ)) to represent the segment of the solution (u(t, t0, φ), v(t, t0, ϕ)) which is

given by
(ut(t0, φ), vt(t0, ϕ))(s) = (u(s + t, t0, φ), v(s + t, t0, ϕ)), ∀s ∈ [−ρ, 0].

Then, we have (ut(t0, φ), vt(t0, ϕ)) ∈ L2(Ω,C([−ρ, 0], `2
η × `

2
η)) for all t ≥ t0.

Suppose ψ : C([−ρ, 0], `2
η × `

2
η)→ R is a bounded Borel function. For 0 ≤ r ≤ t, we set

(pr,tψ)(φ, ϕ) = E[ψ((ut(r, φ), vt(r, ϕ)))], ∀(φ, ϕ) ∈ C([−ρ, 0], `2
η × `

2
η).

In addition, for G ∈ B(C([−ρ, 0], `2
η × `

2
η)), 0 ≤ r ≤ t, and (φ, ϕ) ∈ C([−ρ, 0], `2

η × `
2
η), we set

p(r, φ, ϕ; t,G) = (pr,t1G)(φ, ϕ) = P{ω ∈ Ω : (ut(r, φ), vt(r, ϕ)) ∈ G},

where 1G is the characteristic function of G. Then, we can get that p(r, φ, ϕ; t, ·) is the probability
distribution of (ut(r, φ), vt(r, ϕ)) in C([−ρ, 0], `2

η×`
2
η). Furthermore, the transition operator p0,t is denoted

as pt for the sake of convenience.

Definition 4.1. A probability measure µ on C([−ρ, 0], `2
η × `

2
η) is called an invariant measure of lattice

system (2.15) if∫
C([−ρ,0],`2

η×`
2
η)

(ptψ)(φ, ϕ)dµ(φ, ϕ) =

∫
C([−ρ,0],`2

η×`
2
η)
ψ(φ, ϕ)dµ(φ, ϕ), ∀t ≥ 0.

Now, we show the properties of transition operators {pr,t}0≤r≤t as follows.

Lemma 4.1. Suppose (2.1)–(2.8) and (2.25) hold. Then, we have
(i) The family {pr,t}0≤r≤t is Feller; that is, if ψ : C([−ρ, 0], `2

η × `
2
η) → R is bounded and continuous,

then pr,tψ : C([−ρ, 0], `2
η × `

2
η)→ R is bounded and continuous.

(ii) The family {pr,t}0≤r≤t is homogeneous; that is,

p(r, φ, ϕ; t, ·) = p(0, φ, ϕ; t − r, ·),∀r ∈ [0, t], (φ, ϕ) ∈ C([−ρ, 0], `2
η × `

2
η).

(iii) Given r ≥ 0 and (φ, ϕ) ∈ C([−ρ, 0], `2
η× `

2
η), the process {(ut(r, φ), vt(r, ϕ))}t≥r is a C([−ρ, 0], `2

η×

`2
η)-value Markov process. Consequently, if ψ : C([−ρ, 0], `2

η × `
2
η) → R is a bounded Borel function,

then for any 0 ≤ s ≤ r ≤ t, P-a.s.

(ps,tψ)(φ, ϕ) = (ps,t(pr,tψ))(φ, ϕ),∀(φ, ϕ) ∈ C([−ρ, 0], `2
η × `

2
η),

for all (φ, ϕ) ∈ C([−ρ, 0], `2
η × `

2
η) and G ∈ B(C([−ρ, 0], `2

η × `
2
η)), the Chapman-Kolmogorov equation

is valid:

p(s, φ, ϕ; t,G) =

∫
C([−ρ,0],`2

η×`
2
η)

p(s, φ, ϕ; r, dy)p(r, y; t,G).
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Proof. By Lemma 2.1 and the standard arguments as in [49], we can get the Feller property (i)–(iii). �

Lemma 4.2. Suppose (2.1)–(2.8) and (2.25) hold. Then, the distribution laws of the process
{(ut(0, 0), vt(0, 0))}t≥0 is tight on C([−ρ, 0], `2

η × `
2
η).

Proof. For all t ≥ 0, by Lemma 3.1 and Chebyshev’s inequality, we have

P{‖ut(0)‖η + ‖vt(0)‖η ≥ R} ≤
2
R2E

[
‖ut(0)‖2η + ‖vt(0)‖2η

]
≤

C11

R2 → 0, as R→ ∞.

Then, for each ε > 0, there exists a constant R1 = R1(ε) > 0 such that

P{‖ut(0)‖η + ‖vt(0)‖η ≥ R1} ≤
ε

3
, ∀t ≥ 0. (4.1)

By Lemma 3.3, we get that for all r, s ∈ [−ρ, 0] and t ≥ ρ,

E
[
‖u(t + r) − u(t + s)‖4η + ‖v(t + r) − v(t + s)‖4η

]
≤ C12(1 + |t − s|2)|r − s|2 ≤ C12(1 + ρ2)|r − s|2

(4.2)

for some C12 > 0. Given ε > 0, it follows from the usual technique of diadic division and (4.2) that
there exists a constant R2 = R2(ε) > 0 such that for all t ≥ 0,

P
({

sup
−ρ≤s<r≤0

‖ut(r) − ut(s)‖η + ‖vt(r) − vt(s)‖η
|r − s|

1
8

≤ R2

})
> 1 −

1
3
ε. (4.3)

By Lemma 3.5, we obtain that for every ε > 0 and m ∈ N, there exists an integer km = km(ε,m) ≥ 1
such that for all t ≥ 0,

E
[

sup
t−ρ≤r≤t

∑
|n|≥km

ηn
(
|un(r)|2 + |vn(r)|2

)]
≤

ε

22m+2 . (4.4)

Then, for all t ≥ 0 and m ∈ N,

P
( ∞⋃

m=1

{
sup

t−ρ≤r≤t

∑
|n|≥km

ηn
(
|un(r)|2 + |vn(r)|2

)
≥

1
2m

})
≤

∞∑
m=1

2mE
[

sup
t−ρ≤r≤t

∑
|n|≥km

ηn
(
|un(r)|2 + |vn(r)|2

)]
≤
ε

4
,

which shows that for all t ≥ 0,

P
({

sup
t−ρ≤r≤t

∑
|n|≥km

ηn
(
|un(r)|2 + |vn(r)|2

)
≤

1
2m ,∀m ∈ N

})
> 1 −

1
3
ε. (4.5)

For ε > 0, setZε = Z1,ε
⋂
Z2,ε

⋂
Z3,ε, where

Z1,ε = {(u, v) ∈ C([−ρ, 0], `2
η × `

2
η) : ‖u(0)‖η + ‖v(0)‖η ≤ R1(ε)}, (4.6)

Z2,ε =
{
(u, v) ∈ C([−ρ, 0], `2

η × `
2
η) : sup

−ρ≤s<r≤0

‖u(r) − u(s)‖η + ‖v(r) − v(s)‖η
|r − s|

1
8

≤ R2(ε)
}
, (4.7)

Z3,ε =
{
(u, v) ∈ C([−ρ, 0], `2

η × `
2
η) : sup

−ρ≤r≤0

∑
|n|≥km

ηn
(
|un(r)|2 + |vn(r)|2) ≤

1
2m ,∀m ∈ N

}
. (4.8)
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It follows from (4.1), (4.3), and (4.5)–(4.8) that for all t ≥ 0,

P({(ut, vt) ∈ Zε}) > 1 − ε. (4.9)

By Arzela-Ascoli theorem, we can establish the pre-compactness of Zε in C([−ρ, 0], `2
η × `2

η).
Specifically, by (4.7), we get that Zε is equi-continuous in C([−ρ, 0], `2

η × `
2
η). On the other hand,

by (4.6) and (4.7), we have for every r ∈ [−ρ, 0],

‖u(r)‖η + ‖v(r)‖η ≤ ‖u(r) − u(0)‖η + ‖u(0)‖η + ‖v(r) − v(0)‖η + ‖v(0)‖η

≤ R2(ε)|r|
1
8 + R1(ε) ≤ ρ

1
8 R2(ε) + R1(ε),

which along with (4.8) shows that {(u(r), v(r)), (u, v) ∈ Zε} is pre-compact in `2
η × `

2
η. This completes

the proof. �

Now, the main outcome of this paper has been showed: The existence of invariant measures for
lattice system (2.15) on C([−ρ, 0], `2

η × `
2
η).

Theorem 4.1. Suppose (2.1)–(2.8) and (2.25) hold. Then, lattice system (2.15) has an invariant
measure on C([−ρ, 0], `2

η × `
2
η).

Proof. By using Krylov-Bogolyubov’s method, for each n ∈ N, the probability measure µn is defined
by

µn =
1
n

∫ n

0
p(0, 0; t, ·)dt. (4.10)

It follows from Lemma 4.2 that the sequence (µn)∞n=1 is tight on C([−ρ, 0], `2
η × `

2
η). Consequently, there

exists a probability measure µ on C([−ρ, 0], `2
η × `

2
η) and a subsequence (still denoted by (µn)∞n=1) such

that

µn → µ, as n→ ∞. (4.11)

By (4.10)–(4.11) and Lemma 4.1, we can get for every t ≥ 0 and every bounded and continuous
function ψ : C([−ρ, 0], `2

η × `
2
η)→ R,∫

C([−ρ,0],`2
η×`

2
η)
ψ(y)dµ(y)

= lim
n→∞

1
n

∫ n

0

( ∫
C([−ρ,0],`2

η×`
2
η)
ψ(y)p(0, 0; s, dy)

)
ds

= lim
n→∞

1
n

∫ n−t

−t

( ∫
C([−ρ,0],`2

η×`
2
η)
ψ(y)p(0, 0; s + t, dy)

)
ds

= lim
n→∞

1
n

∫ n

0

( ∫
C([−ρ,0],`2

η×`
2
η)
ψ(y)p(0, 0; s + t, dy)

)
ds

= lim
n→∞

1
n

∫ n

0

( ∫
C([−ρ,0],`2

η×`
2
η)

( ∫
C([−ρ,0],`2

η×`
2
η)
ψ(y)p(s, φ, ϕ; s + t, dy)

)
p(0, 0; s, d(φ, ϕ))

)
ds
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= lim
n→∞

1
n

∫ n

0

( ∫
C([−ρ,0],`2

η×`
2
η)

( ∫
C([−ρ,0],`2

η×`
2
η)
ψ(y)p(0, φ, ϕ; t, dy)

)
p(0, 0; s, d(φ, ϕ))

)
ds

=

∫
C([−ρ,0],`2

η×`
2
η)

( ∫
C([−ρ,0],`2

η×`
2
η)
ψ(y)p(0, φ, ϕ; t, dy)

)
dµ(φ, ϕ)

=

∫
C([−ρ,0],`2

η×`
2
η)

(p0,tψ)(φ, ϕ)dµ(φ, ϕ),

which implies that µ is an invariant measure of lattice system (2.15). This completes the proof. �

5. Uniqueness of invariant measures

In this section, we examine the uniqueness of invariant measures for system (2.15) under additional
constraints on the diffusion and drift terms. Specifically, we impose the following assumption:

2L2 < max{λ,−α̃ − κ}, (5.1)

which implies that there exists a small number ς > 0 such that

max{4L2 + 2α̃ + 2κ + ς, 4L2 − 2λ + ς} ≤ 0. (5.2)

From now on, we fix such a ς > 0 satisfying (5.2). We will demonstrate that, subject to condition (5.2),
any two solutions of Eq (2.15) converge toward each other at an exponential rate, which immediately
implies the uniqueness of invariant measures. To begin with, we establish uniform estimates in
C([−ρ, 0], `2

η × `
2
η).

Lemma 5.1. Suppose (2.1)–(2.8) and (5.1) hold, and (φ1, ϕ1), (φ2, ϕ2) ∈ L2(Ω,C([−ρ, 0], `2
η × `

2
η)). If

(u(t, φ1), v(t, ϕ1)) and (u(t, φ2), v(t, ϕ2)) are the solutions of system (2.15) with initial data (φ1, ϕ1) and
(φ2, ϕ2), respectively, then for any t ≥ −ρ,

E
[
‖u(t, φ1) − u(t, φ2)‖2η + ‖v(t, ϕ1) − v(t, ϕ2)‖2η

]
≤ M5E

[
‖φ1 − φ2‖

2
Cρ,η

+ ‖ϕ1 − ϕ2‖
2
Cρ,η

]
e−ςt,

where M5 is a positive constant depending on (φ, ϕ).

Proof. By (2.17), we get that for t ≥ 0,

E
[
β‖u(t, φ1) − u(t, φ2)‖2η + α‖v(t, ϕ1) − v(t, ϕ2)‖2η

]
≤ E

[
β‖φ1(0) − φ2(0)‖2η + α‖ϕ1(0) − ϕ2(0)‖2η

]
− 2λα

∫ t

0
E
[
‖v(s, ϕ1) − v(s, ϕ2)‖2η

]
ds

+ 2β
∫ t

0
E
[(

A
(
u(s, φ1) − u(s, φ2)

)
, u(s, φ1) − u(s, φ2)

)
η

]
ds

+ 2β
∫ t

0
E
[(

f (u(s, φ1)) − f (u(s, φ2)), u(s, φ1) − u(s, φ2)
)
η

]
ds

+ β

∞∑
j=1

∫ t

0
E
[
‖g j(u(s, φ1), u(s − ρ, φ1)) − g j(u(s, φ2), u(s − ρ, φ2))‖2η

]
ds

+ α

∞∑
j=1

∫ t

0
E
[
‖h j(v(s, ϕ1), v(s − ρ, ϕ1)) − h j(v(s, ϕ2), v(s − ρ, ϕ2))‖2η

]
ds.

(5.3)
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Similar to (2.18) and (2.19), we obtain

2β
∫ t

0
E
[(

A
(
u(s, φ1) − u(s, φ2)

)
, u(s, φ1) − u(s, φ2)

)
η

]
ds ≤ 2βα̃

∫ t

0
E
[
‖u(s, φ1) − u(s, φ2)‖2η

]
ds. (5.4)

By (2.9), we have

2β
∫ t

0
E
[(

f (u(s, φ1)) − f (u(s, φ2)), u(s, φ1) − u(s, φ2)
)
η

]
ds ≤ 2βκ

∫ t

0
E
[
‖u(s, φ1) − u(s, φ2)‖2η

]
ds. (5.5)

By (2.12), we get

β

∞∑
j=1

∫ t

0

[
‖g j(u(s, φ1), u(s − ρ, φ1)) − g j(u(s, φ2), u(s − ρ, φ2))‖2η

]
ds

+ α

∞∑
j=1

∫ t

0

[
‖h j(v(s, ϕ1), v(s − ρ, ϕ1)) − h j(v(s, ϕ2), v(s − ρ, ϕ2))‖2η

]
ds

≤ 4βL2
∫ t

0

[
‖u(s, φ1) − u(s, φ2)‖2η

]
ds + 2βL2

∫ 0

−ρ

[
‖φ1(s) − φ2(s)‖2η

]
ds

+ 4αL2
∫ t

0

[
‖v(s, ϕ1) − v(s, ϕ2)‖2η

]
ds + 2αL2

∫ 0

−ρ

[
‖ϕ1(s) − ϕ2(s)‖2η

]
ds.

(5.6)

It follows from (5.2)–(5.6) that for all t ≥ 0,

E
[
β‖u(t, φ1) − u(t, φ2)‖2η + α‖v(t, ϕ1) − v(t, ϕ2)‖2η

]
≤ (1 + 2ρL2)E

[
β‖φ1 − φ2‖

2
Cρ,η

+ α‖ϕ1 − ϕ2‖
2
Cρ,η

]
− ς

∫ t

0
E
[
β‖u(s, φ1) − u(s, φ2)‖2η + α‖v(s, ϕ1) − v(s, ϕ2)‖2η

]
ds,

which implies that for all t ≥ 0,

E
[
β‖u(t, φ1) − u(t, φ2)‖2η + α‖v(t, ϕ1) − v(t, ϕ2)‖2η

]
≤ (1 + 2ρL2)E

[
β‖φ1 − φ2‖

2
Cρ,η

+ α‖ϕ1 − ϕ2‖
2
Cρ,η

]
e−ςt.

(5.7)

On the other hand, for t ∈ [−ρ, 0], we have

E
[
β‖u(t, φ1) − u(t, φ2)‖2η + α‖v(t, ϕ1) − v(t, ϕ2)‖2η

]
= E

[
β‖φ1(t) − φ2(t)‖2η + α‖ϕ1(t) − ϕ2(t)‖2η

]
≤ E

[
β‖φ1 − φ2‖

2
Cρ,η

+ α‖ϕ1 − ϕ2‖
2
Cρ,η

]
e−ςt,

which along with (5.7) concludes the proof. �

Lemma 5.2. Suppose (2.1)–(2.8) and (5.1) hold, and (φ1, ϕ1), (φ2, ϕ2) ∈ L2(Ω,C([−ρ, 0], `2
η × `

2
η)). If

(u(t, φ1), v(t, ϕ1)) and (u(t, φ2), v(t, ϕ2)) are the solutions of system (2.15) with initial data (φ1, ϕ1) and
(φ2, ϕ2), respectively, then for any t ≥ ρ,

E
[

sup
t−ρ≤r≤t

(
‖u(r, φ1) − u(r, φ2)‖2 + ‖v(r, ϕ1) − u(r, ϕ2)‖2

)]
≤ M6E

[
‖φ1 − φ2‖

2
Cρ,η

+ ‖ϕ1 − ϕ2‖
2
Cρ,η

]
e−ςt,

where M6 is a positive constant independent of (φ1, ϕ1) and (φ2, ϕ2).
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Proof. By (2.17), we get that for t ≥ ρ and r ≥ t − ρ,

β‖u(r, φ1) − u(r, φ2)‖2η + α‖v(r, ϕ1) − v(r, ϕ2)‖2η + 2λα
∫ r

t−ρ
‖v(s, ϕ1) − v(s, ϕ2)‖2ηds

= β‖u(t − ρ, φ1) − u(t − ρ, φ2)‖2η + α‖v(t − ρ, ϕ1) − v(t − ρ, ϕ2)‖2η

+ 2β
∫ r

t−ρ

(
A
(
u(s, φ1) − u(s, φ2)

)
, u(s, φ1) − u(s, φ2)

)
η
ds

+ 2β
∫ r

t−ρ

(
f (u(s, φ1)) − f (u(s, φ2)), u(s, φ1) − u(s, φ2)

)
η
ds

+ β

∞∑
j=1

∫ r

t−ρ
‖g j(u(s, φ1), u(s − ρ, φ1)) − g j(u(s, φ2), u(s − ρ, φ2))‖2ηds

+ α

∞∑
j=1

∫ r

t−ρ
‖h j(v(s, ϕ1), v(s − ρ, ϕ1)) − h j(v(s, ϕ2), v(s − ρ, ϕ2))‖2ηds

+ 2β
∞∑
j=1

∫ r

t−ρ

(
g j, u(s, φ1) − u(s, φ2)

)
η
dW j(s)

+ 2α
∞∑
j=1

∫ r

t−ρ

(
h j, v(s, ϕ1) − v(s, ϕ2)

)
η
dW j(s),

(5.8)

where
g j = g j(u(s, φ1), u(s − ρ, φ1)) − g j(u(s, φ2), u(s − ρ, φ2)),

and
h j = h j(v(s, ϕ1), v(s − ρ, ϕ1)) − h j(v(s, ϕ2), v(s − ρ, ϕ2)).

By (5.8), we get that for all t ≥ ρ,

E
[
β sup

t−ρ≤r≤t
‖u(r, φ1) − u(r, φ2)‖2η + α sup

t−ρ≤r≤t
‖v(r, ϕ1) − v(r, ϕ2)‖2η

]
≤ E

[
β‖u(t − ρ, φ1) − u(t − ρ, φ2)‖2η + α‖v(t − ρ, ϕ1) − v(t − ρ, ϕ2)‖2η

]
+ 2βE

[ ∫ t

t−ρ

∣∣∣∣(A(
u(s, φ1) − u(s, φ2)

)
, u(s, φ1) − u(s, φ2)

)
η

∣∣∣∣ds
]

+ 2βE
[

sup
t−ρ≤r≤t

∫ r

t−ρ

(
f (u(s, φ1)) − f (u(s, φ2)), u(s, φ1) − u(s, φ2)

)
η
ds

]
+ βE

[ ∞∑
j=1

∫ t

t−ρ
‖g j(u(s, φ1), u(s − ρ, φ1)) − g j(u(s, φ2), u(s − ρ, φ2))‖2ηds

]
+ αE

[ ∞∑
j=1

∫ t

t−ρ
‖h j(v(s, ϕ1), v(s − ρ, ϕ1)) − h j(v(s, ϕ2), v(s − ρ, ϕ2))‖2ηds

]
+ 2βE

[
sup

t−ρ≤r≤t

∣∣∣∣ ∞∑
j=1

∫ r

t−ρ

(
g j, u(s, φ1) − u(s, φ2)

)
η
dW j(s)

∣∣∣∣]
+ 2αE

[
sup

t−ρ≤r≤t

∣∣∣∣ ∞∑
j=1

∫ r

t−ρ

(
h j, v(s, ϕ1) − v(s, ϕ2)

)
η
dW j(s)

∣∣∣∣].

(5.9)
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By Lemma 5.1, we see that for all t ≥ ρ,

E
[
β‖u(t − ρ, φ1) − u(t − ρ, φ2)‖2η + α‖v(t − ρ, ϕ1) − v(t − ρ, ϕ2)‖2η

]
≤ (1 + 2ρL2)E

[
β‖φ1 − φ2‖

2
Cρ,η

+ α‖ϕ1 − ϕ2‖
2
Cρ,η

]
e−ς(t−ρ).

(5.10)

Similar to (2.18) and (2.19), we obtain

2βE
[ ∫ t

t−ρ

∣∣∣∣(A(
u(s, φ1) − u(s, φ2)

)
, u(s, φ1) − u(s, φ2)

)
η

∣∣∣∣ds
]
≤ 2βα̃

∫ t

t−ρ
‖u(s, φ1) − u(s, φ2)‖2ηds,

which along with Lemma 5.1 implies that

2βE
[ ∫ t

t−ρ

∣∣∣∣(A(
u(s, φ1) − u(s, φ2)

)
, u(s, φ1) − u(s, φ2)

)
η

∣∣∣∣ds
]

≤
2α̃(1 + 2ρL2)

ς
E[β‖φ1 − φ2‖

2
Cρ,η

+ α‖ϕ1 − ϕ2‖
2
Cρ,η

]e−ς(t−ρ).

(5.11)

By (2.9) and (5.1), we have

2βE
[

sup
t−ρ≤r≤t

∫ r

t−ρ

(
f (u(s, φ1)) − f (u(s, φ2)), u(s, φ1) − u(s, φ2)

)
η
ds

]
≤ 0. (5.12)

By (2.12) and Lemma 5.1 we get

βE
[ ∞∑

j=1

∫ t

t−ρ
‖g j(u(s, φ1), u(s − ρ, φ1)) − g j(u(s, φ2), u(s − ρ, φ2))‖2η

]
ds

+ αE
[ ∞∑

j=1

∫ t

t−ρ
‖h j(v(s, ϕ1), v(s − ρ, ϕ1)) − h j(v(s, ϕ2), v(s − ρ, ϕ2))‖2η

]
ds

≤ 4βL2
∫ t

t−ρ
E
[
‖u(s, φ1) − u(s, φ2)‖2η

]
ds + 2βL2

∫ t−ρ

t−2ρ
E
[
‖u(s, φ1) − u(s, φ2)‖2η

]
ds

+ 4αL2
∫ t

t−ρ
E
[
‖v(s, ϕ1) − v(s, ϕ2)‖2η

]
ds + 2αL2

∫ t−ρ

t−2ρ
E
[
‖v(s, ϕ1) − v(s, ϕ2)‖2η

]
ds

≤
4L2(1 + 2ρL2)

ς
E
[
β‖φ1 − φ2‖

2
Cρ,η

+ α‖ϕ1 − ϕ2‖
2
Cρ,η

]
e−ς(t−ρ)

+
2L2(1 + 2ρL2)

ς
E
[
β‖φ1 − φ2‖

2
Cρ,η

+ α‖ϕ1 − ϕ2‖
2
Cρ,η

]
e−ς(t−2ρ)

≤
6L2(1 + 2ρL2)

ς
E
[
β‖φ1 − φ2‖

2
Cρ,η

+ α‖ϕ1 − ϕ2‖
2
Cρ,η

]
e−ς(t−ρ).

(5.13)
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For the last two terms of (5.9), by the BDG inequality and (5.13), we get

2βE
[

sup
t−ρ≤r≤t

∣∣∣∣∣ ∞∑
j=1

∫ r

t−ρ

(
g j, u(s, φ1) − u(s, φ2)

)
η
dW j(s)

∣∣∣∣∣]
+ 2αE

[
sup

t−ρ≤r≤t

∣∣∣∣∣ ∞∑
j=1

∫ r

t−ρ

(
h j, v(s, ϕ1) − v(s, ϕ2)

)
η
dW j(s)

∣∣∣∣∣]
≤ C13βE

[( ∫ t

t−ρ

∞∑
j=1

∣∣∣∣∣(g j, u(s, φ1) − u(s, φ2)
)
η

∣∣∣∣∣2ds
) 1

2
]

+ C13αE
[( ∫ t

t−ρ

∞∑
j=1

∣∣∣∣∣(h j, v(s, ϕ1) − v(s, ϕ2)
)
η

∣∣∣∣∣2ds
) 1

2
]

≤ C13βE
[

sup
t−ρ≤s≤t

‖u(s, φ1) − u(s, φ2)‖η
( ∫ t

t−ρ

∞∑
j=1

‖g j‖
2
ηds

) 1
2
]

+ C13αE
[

sup
t−ρ≤s≤t

‖v(s, ϕ1) − v(s, ϕ2)‖η
( ∫ t

t−ρ

∞∑
j=1

‖h j‖
2
ηds

) 1
2
]

≤
β

2
E
[

sup
t−ρ≤s≤t

‖u(s, φ1) − u(s, φ2)‖2η
]

+
β

2
C2

13E
[ ∫ t

t−ρ

∞∑
j=1

‖g j‖
2
ηds

]
+
α

2
E
[

sup
t−ρ≤s≤t

‖v(s, ϕ1) − v(s, ϕ2)‖2η +
α

2
C2

13E
[ ∫ t

t−ρ

∞∑
j=1

‖h j‖
2
ηds

]
≤

1
2
E
[

sup
t−ρ≤s≤t

(
β‖u(s, φ1) − u(s, φ2)‖2η + α‖v(s, ϕ1) − v(s, ϕ2)‖2η

)]
+ C14E

[
β‖φ1 − φ2‖

2
Cρ,η

+ α‖ϕ1 − ϕ2‖
2
Cρ,η

]
e−ς(t−ρ),

(5.14)

where C14 =
3C2

13L2(1+2ρL2)
ς

. It follows from (5.9)–(5.14) that for all t ≥ 0,

E
[

sup
t−ρ≤r≤t

(β‖u(r, φ1) − u(r, φ2)‖2η + α‖v(r, ϕ1) − v(r, ϕ2)‖2η)
]
≤ C15E

[
β‖φ1 − φ2‖

2
Cρ,η

+ α‖ϕ1 − ϕ2‖
2
Cρ,η

]
e−ςt,

where C15 = 2
(
(1 + 2ρL2)(1 + 2α̃+6L2

ς
) + C14

)
. This completes the proof. �

Theorem 5.1. Suppose (2.1)–(2.8) and (5.1) hold. Then, stochastic lattice system (2.15) has a unique
invariant measure in C([−ρ, 0], `2

η × `
2
η).

Proof. For any (φ1, ϕ1), (φ2, ϕ2) ∈ L2(Ω,C([−ρ, 0], `2
η × `

2
η)), by Lemma 5.2, we see that the segments

of the solutions (ut(φ1), vt(ϕ1)) and (ut(φ2), vt(ϕ2)) of (2.15) satisfy, for all t ≥ ρ,

E
[
‖ut(φ1) − ut(φ2)‖2Cρ,η

+ ‖vt(ϕ1) − vt(ϕ2)‖2Cρ,η

]
≤ M7E

[
‖φ1 − φ2‖

2
Cρ,η

+ ‖ϕ1 − ϕ2‖
2
Cρ,η

]
e−ςt,

which along with the standard arguments (see, e.g., [50]) implies the uniqueness of invariant measures
for the lattice system (2.15). This completes the proof. �
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6. Conclusions

The current focus lies in the theoretical proof of the well-posedness of solutions and the existence
and uniqueness of invariant measures for these stochastic delay lattice systems. In the future, our
research group will investigate the convergence and approximation of invariant measures for the
systems under noise perturbation, as well as explore large deviation principles for the systems.
Additionally, we will employ finite-dimensional numerical approximation methods to address both
the existence of numerical solutions and numerical invariant measures.
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