AIMS Mathematics, 9(7): 18860-18896.
DOI: 10.3934/math.2024918
ATMS Mathematics Received: 31 January 2024

Revised: 06 May 2024

Accepted: 21 May 2024
http://www.aimspress.com/journal/Math Published: 05 June 2024

Research article

Invariant measures for stochastic FitzHugh-Nagumo delay lattice systems
with long-range interactions in weighted space

Xintao Li*, Lianbing She and Rongrui Lin
School of Mathematics and Statistics, Liupanshui Normal University, Liupanshui 553004, China
* Correspondence: Email: xintaolimath@ 126.com.
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1. Introduction

The objective of this paper is to investigate the existence and uniqueness of invariant measures for
the stochastic FitzHugh-Nagumo delay lattice system with long-range interactions on the integer set Z:

dun(1) = (2 J(n = m)uy (1) — ava(1) + fu(un(1) + a,)dt
meZ
+ 2 (8nn (1), un(t — p)) + b )dW (1),
= N (1.1)
an(l) = (ﬁun(l) - /lvn(l) + Cn)dt + Z (hj,n(vn(t)’ Vn(t _,0)) + lj,n)de(t)’
j=1

U () = (), vu(s) = @u(s), s € [-p, 0],

where u,,v, € R, t > 0, a, p, 8, 1 > 0, the coupling parameters J(m) are real numbers satisfying J(m) =
J(—m) for all positive integer m, a = (ay)nez, ¢ = (CpInez, b = (bjy) jerinez, and [ = (1;,) jen nez are given
deterministic sequences in f%, Jn»8jn> hja are Lipschitz continuous functions for all j € N,n € Z, and
(W;(2)) jen 1s a sequence of independent two-sided real-valued Wiener processes defined on a complete
filtered probability space (Q, F, {F }icr, P).
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The subsequent changes should be observed while considering the transformation of J(m),

2k

Jom) = ) ()18

/=0

where k is any positive integer and ¢,,,, is the Kronecker’s delta. Then, lattice system (1.1) can be
changed into

dun(t) = (Akun(t) - CL’Vn(t) + fn(un(t)) + an)dt + i (gj,n(un(t)’ un(t —P)) + bj,n)dW/(t)a
j=
dvit) = (Bun(t) = v,(0) + )t + 3, (hiu0(0), vt = p)) + L)W (1),
j=1
Un(8) = Pn(5), val(s) = (), s € [-p, 0],

where t > 0,n € Z, Ak = Ao --- 0 A,k times, and A is defined by Au, = ) + Up_y — 2u,,.

The emergence of lattice equations from spatial discretization of partial differential equations is
widely acknowledged. Lattice systems exhibiting long-range interactions have garnered significant
attention in the literature. Of those, the dynamics of the DNA molecule were described by Schrodinger
lattice systems in [1]. Subsequently, Pereira investigated the asymptotic behavior of Schrodinger lattice
systems in [2] and delay lattice systems in [3], respectively. Recently, Chen et al. considered the long-
term dynamics of stochastic complex Ginzburg-Landau systems in their study [4], and Wong-Zakai
approximations of stochastic lattice systems in another study [5].

The FitzHugh-Nagumo systems were used to describe the transmission of signals across axons
in neurobiology in [6]. The asymptotic behavior of FitzHugh-Nagumo systems were studied in
both deterministic [7] and stochastic scenarios [8—12]. The FitzHugh-Nagumo lattice systems were
employed to stimulate the propagation of action potentials in myelinated nerve axons in [13]. The
attractors of FitzHugh-Nagumo lattice systems were investigated in the deterministic case by [7, 14],
and in the stochastic case by [11, 12, 15-18]. Among these studies, Wang et al. [11] derived the
existence and upper semi-continuity of random attractors for FitzHugh-Nagumo lattice systems in
£? x £2, while Chen et al. [15] obtained the existence and uniqueness of weak pullback mean random
attractors for FitzHugh-Nagumo lattice systems with nonlinear noises in weighted spaces 2 x 2.

Furthermore, time delays are a common occurrence in various systems, and can lead to instability,
oscillation, and other changes in dynamical systems. Due to their practical and theoretical significance,
there has been an increasing emphasis on the study of time-delay systems. Recent studies have delved
into the exploration of random attractors for stochastic lattice systems featuring fixed delays in [18-22].
Additionally, investigations have also been carried out concerning systems with varying delays over
time as documented in [3, 12,23-25].

Currently, there has been a significant amount of research conducted on the dynamical behavior of
differential equations driven by linear noise. In order to effectively handle stochastic systems with
nonlinear noise, Kloeden [26] and Wang [27, 28] introduced the concept of weak pullback mean
random attractors. The work described above has subsequently been widely applied in numerous
studies on stochastic systems by a multitude of scholars in [15-17,19-21,25,27-38]. Among them,
Wang et al [25] studied the stochastic delay modified Swift-Hohenberg lattice systems, as well as
Chen et al. [19] and Li et al. [20] considered the stochastic delay lattice systems. However, to the
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best of our knowledge, the current state of literature on the invariant measures for stochastic FitzHugh-
Nagumo delay lattice systems with long-range interactions driven by nonlinear noise in weighted space
is regrettably scarce.

The lattice system (1.1) is defined on Z, which represents a spatially discrete analogue to stochastic
partial differential equations (PDEs) defined on R. Proving the existence of invariant measures for
PDEs on unbounded domains poses a major challenge, primarily due to establishing the tightness of
distribution laws of solutions caused by non-compactness in usual Sobolev embeddings on unbounded
domains. Various approaches have been developed in literature to address the tightness of solution
distributions for PDEs on unbounded domains, such as using weighted spaces in [39,40], weak Feller
property of solutions in [41,42], and cut-off techniques in [43,44]. In this paper, the cut-off method
will be employed to establish the existence of invariant measures for the stochastic lattice system (1.1)
in C([—p, 0], f% X {’,27). Specifically, we will demonstrate that when time is sufficiently large, the mean
square of solution tails in C([—p, 0], f% X 5,3) becomes uniformly small; based on this result, we can
establish tightness in distribution laws for solutions in C([—p, 0], {’,27 X {’,27). The tail-estimates method
has previously been used to prove existence of global attractors for deterministic PDEs [45,46] and
stochastic PDEs with additive or linear multiplicative noise in [47,48]. In this paper, we will apply the
tail-estimates approach to handle nonlinear noise involved in (1.1) in C([—p, 0], 5% X f%). For further
information regarding existence of invariant measures for stochastic PDEs defined within bounded
domains, please refer to [49] and its references.

The structure of this paper is organized as follows: Section 2 introduces the notations and discusses
the well-posedness of lattice system (1.1). The subsequent section establishes necessary uniform
estimates of solutions, which play a crucial role in demonstrating the main results in the following
section. Sections 4 and 5 focus on establishing the existence and uniqueness of invariant measures for
lattice system (1.1). Finally, we provide a summary and closing remarks in the last section.

2. Preliminaries

In this section, we will investigate the well-posedness of the stochastic Fitzhugh-Nagumo delay
lattice system (1.1) in weighted space £; x (;, where £; is defined by

872] = {M = (un)n€Z|un € R’Zr]nlunlz < OO}
nez
5,2] is a Hilbert space with the inner product and norm given by
W)y = D MtV Wl = e, 0)y, 1, € €2,
nez

We further assume that weights 17 = (17,,),,cz satisfy the conditions

>0, VneZ, Y n, <o, @.1)
nez
and
. nn+m + 77’1
a, = Sup W < 00, Vm S N (22)
ne€Z Mpymln
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To get the existence of invariant measures for lattice system (1.1) in £, the interaction J(m) should
decrease at a sufficiently rapid rate such that

&= Z @, | J(m)| < co. 2.3)
m=0

For sequences a = (ap)uez, ¢ = (Cplnez, b = (bjn) jennez, and I = (1) jew nez in lattice system (1.1),

we assume
2 2 2 2
llall, = g Malan|” < oo, [|bIl;, = E E Malbjl™ < 0,

nez JEN neZ
2 _ 2 l 2 _ l 2 (24)
llellZ = % maleal® < oo, HI2 = Mallju? < o0
nez JEN neZ

For the nonlinear term f, in lattice system (1.1), we assume that f, is a smooth function satisfying
that there exists k € R such that forall z€e R and n € Z,

/(0) =0, f,(z) <k (2.5)
Moreover, for each n € Z and z € R, we assume that there are positive constants ¢, and ¢ such that
fu(@z < =61z + (2.6)

where ¢ = (1,),ez belongs to 5}7 and its norm is denoted by ||¢]|; ,,.
For every j € N and n € Z, we assume that g;,,/;, : R — R is globally Lipschitz continuous; that
is, there is a constant L > 0 such that for all z;,z,2],2; € R,

18n(z1522) = 821, ) \/ hjn(z1,22) = hjn(2, )| < Lllz1 — 23] + |22 — 25D 2.7

We further assume that for each z,z* € R, j e N, and n € Z,
g jn(z, 20 \/ (2, 2 < ¥ (1 + l2] + 127, (2.8)

where v, > 0, |IYIP = X 3 lyul* < oo,and [yl = X X malyjnl* < oo
JEN nezZ JEN nezZ

For any u = (Mn)nEZ € 5727 and v = (Vn)nez € &2]’ denote by f(u) = (fn(un))nez and f(V) = (ﬁ’l(vn))nez-
By (2.5), we get

(F) = fO)u=v), = > M) = LDy =) = D mafyEDlitn = val* < ke =viZ, (2.9

nez nez

where &, = 6,u, + (1 — 6,)v, for some 6, € (0, 1). Moreover, we can obtain that f is locally Lipschitz
continuous from {’,27 to {’,2]; that is, there exists Lc > 0 such that for any u,v € {’,2] with ||u||$ < C and
IME < C,

I1f @) = fFOI; < Lellu = v (2.10)
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For each u' = (u))nez, * = (Up)nez, V' = (Vnezo V> = (Viuez € €5, and j € N, denote by g;(u',v') =
(gjn(th, VI )nez and hj(u', v = (h;,(u), v}))nez. It follows from (2.7) and (2.8) that

1 1y12 1 . 1N12 2 2 112 112
ZN] g, vHIR \/ ZN 1A' VO < 2012 + 4yIPAl |2 + 1 12) @.11)
J! J
and
D lgi v = g, RN/ Y kst v = gl DI
jeN jen (2.12)
<2L%(lu' = ?l3 + IV = VIR).

The system (1.1) can be reformulated as an abstract system in €2, for u = (u,),ez € €%, and we set

(Abt)n = Z J(I’l - m)um. (213)
mez
By Lemma 3.1 of [4], we have
- 2
4wl < 20Ol + 8( Y 176m)) ull. (2.14)
m=1

By the above notation, system (1.1) can be rewritten as follows: For all ¢ > 0,

du(t) = (Au(t) — av(t) + f(u(?)) + a)dt + f}l (g,u(®), u(t = p)) + b;)dW; (),
J=
dv(t) = (Bu(t) — (t) + ¢)dt + 3 (hj((0), v(t = p)) + 1;)dW (1), (2.15)
j=1
u(s) = ¢(s),v(s) = @(s), s € [-p,0].

Let (4,¢) € L*(Q,C([-p,0],£; x £3)) be Fo-measurable. Then, a continuous £; X ¢;-valued 7;-
adapted stochastic process (u(t), v(t)) is called a solution of stochastic lattice system (2.15) if (ug, vo) =
(¢, @), (u(t), V(1)) € LX(Q, C([—p, T1, £; x £7)) for all T > —p, 1 > 0 and for almost all w € Q,

u(t) = $(0) + [ (Au(r) — av(r) + fu(r)) + a)dr + ﬁl (), utr = p)) + b)dW(r),
£

v(t) = 9(0) + [} (Bu(r) = W(r) + c)dr + ﬁl I (o), v(r = p)) + 1)dW (1),
=

By (2.1)—(2.8) and the theory of the functional differential equation, we can get that for any
(¢.9) € L*(Q,C([-p,0],£; x £3)), stochastic lattice system (2.15) has a solution (u(1),v(t)) €
L*(Q,C([-p, T1,£; x £3)) for every T > —p. Moreover, this solution is unique if (u*(¢), V(1)) is any
other solution of system (2.15), then

P({(u(t), v(£)) = (u*(£),v*(¢)) forall t > —p}) = 1.

Actually, the stochastic lattice system (2.15) has a unique solution defined for ¢ € [z, —p, 00), regardless
of any initial time 7 > 0 and any 7, -measurable (¢, ) € L*(Q, C([-p, 0], (; X £})).
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Hereafter, for ¢ € R, (4, v,) is defined by

(U, v(S) = Uni(8), Vi s($)nez = (Un(t + 8), Vu(t + $)nez = (u(t + 5),v(t + 5)), s € [—p, 0],
and let C,,, = C([—p, 0],55) with the norm [|y|l,, = sup (), x € Cpy-

—p<s<0
The establishment of Lipschitz continuity for solutions to stochastic lattice system (2.15) in relation

to initial data will now be undertaken, which shall subsequently be employed.

Lemma 2.1. Suppose (2.1)—(2.8) hold and (¢1,¢1),(¢2,02) € L*Q,C([—p,0], f% X f%)). If
(u(t, 1), v(t, 1)) and (u(t, ¢,), v(t, v2)) are the solutions of stochastic lattice system (2.15) with initial
data (¢1, 1) and (¢,, @), respectively, then for any t > 0,

B[ sup llu(r,¢) — u(r, )IE + sup [v(r, 1) = v(r @)

—p<rst —p<rsi
< My(1+ "E[ligr — gallz,, + ller — 2l |
where M is a positive constant independent of (¢1, ¢1), (¢2,2), and t.
Proof. By (2.15), we get that for all > 0,
d(u(t, ¢1) — u(t, ¢2)) =A(u(t, 1) — u(t, ¢2))dt — a(v(t, 1) — W1, 2))dt
+ (fu(t, ¢1)) — f(u(t, ¢2))dt

- _i(g,-(u(t, $1),ult = p, $1)) = &;ult, @), u(t = p, g2))dW (1), -
and -
d(v(t, @1) = V{1, @2)) =B(u(t, $1) = ult, 2))dt — AV(t, @1) = V{1, @2))dt
- _i(h,(v(t, 1), (1t = p, 1) = ({8, 2), V(1 = p, @))AW (1),
which along with (2.16) and Ité’sjf:(irmula shows that for all # > 0,
%(ﬂllu(t, 61) — u(t, |2 + ellv(t, g1) — v(t. 2)II2)
= %(ﬁnasl(m = %0} + allg1(0) = 2(0)I2) - A fo IG5, 1) = v(s, @IRds
+B fo [ (ACuCs. @) = u(s. $2)). u(s. 1) = u(s. ¢2)) ds
+ fo [ (s, 00) = fu(s, @), uCs. 1) = u(s. 42)) ds o

* § Z fo llg,;(u(s, §1), u(s = p, $1)) = g;(u(s, ¢), u(s = p, g2))lld's
=1
+ % f 18 (v(s, 1), V(s = p,@1)) = h;(v(s, @2), v(s — p, ©2))Il7d's
j=1 Vo
+,6’]Z:1: fo (gj’ u(s, ¢1) — us, ¢2))nde(s) + a/; fo (hj, v(s, 1) = v(s, <p2))nde(s),
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where

g = gj(u(s,d1), uls — p, 1)) — g;(u(s, $2), u(s — p, #))

and

hj = hj(V(S, QDl),V(S - P ¢1)) - hj(V(S, 902)"}(5‘ - P QOZ))

By (2.13) and the fact of J(m) = J(—m), we have

(AuCs, ¢1) = u(s. 2)). u(s. 41) = u(s. 4)),

= JO)lluCs, 1) = u(s, @2 + Y"1y > JOm)(utn(s, 1) = a(5, 6))

nez m=1
X (un—m(s’ ¢1) - un—m(s’ ¢2) + un+m(Sa ¢1) - un+m(sy ¢2))
= JO)llu(s, ¢1) — u(s, p)II;

+ Z Z J(m)nner(uthm(S’ ¢l) - un+m(s’ ¢2))(1/ln(5‘, ¢l) - l/tn(S, ¢2)) (218)

nezZ m=1

+ ZZ: Z; J(m)n"(u”(s’ ¢1) - uﬂ(s’ ¢2))(un+m(sa ¢1) - I/l,H.m(S, ¢2))

= JO)llu(s, ¢1) — u(s, p)II;
+ Z Z J(I’I’l)(]]n + nn+m)(un(s, ¢1) - I/tn(S, ¢2))(un+m(s, ¢1) - un+m(s’ ¢2)),

nezZ m=1

which along with (2.2) and (2.3) implies that

B fo (Au(s. ¢1) = uCs. ¢2)). u(s, 61) = u(s, ¢2) ds
< BJ(0) fo luCs, ¢1) = u(s, go)l3ds

i a Lo (2.19)
+ﬁ£ Z Z |J(m)|amn3n3+m|un(sa ¢1) - Mn(s’ ¢2)”un+m(sa ¢1) - I/ln+m(S, ¢2)|dS

nezZ m=1
!
< ﬂ@f lluCs, ¢1) — u(s, $o)l2ds.
0
By (2.9), we obtain

ﬁfo (f(u(s, $1)) — fu(s, $2)), u(s, ¢1) — u(s, ¢2))nds Sﬂkfo lluCs, ¢1) — u(s, g)l2ds.  (2.20)
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By (2.12), we get

'g Z fo llgj(uCs, $1), uls = p, p1)) = g;(u(s, $), u(s = p, $2))lzds
=1

2> f I (v(s, 1), v(s = po o) = hy(v(s, 92), v(s = p, @)l
2 = 0

t 0
< ZﬁLz‘fo‘ llu(s, ¢1) — u(s, $2)ll2dss +,3L2f ¢1(s) = po()ll7ds
P
t 0
+ 2aL2f Iv(s, 1) = v(s, @2)llds + asz lle1(s) = @a(9)2ds.
0 -p

It follows from (2.17)—(2.21) that for all ¢ > 0,

Blluz, ¢1) = u(t, )ll; + allv(t, 1) = v(t, p2)II;

0
< Bll$1(0) = g2(0)I[; + alig1(0) = @2(0)II7 + 28L f 161(s) = a(s)ll5ds
-
0 t
+2aL? f llp1(s) — goz(s)ll,zids + 4oL f Iv(s, ¢1) — v(s, (,oz)ll,z]ds
- 0
+2B(@ + | +2L7) f luCs, ¢1) — us, $o)I2ds
0

o0 t
+ Zﬁ' Z L (gj’ l/t(S, ¢)1) - l/t(S, ¢2))T]dWJ(S)|
=1
o0 t
+2a] ) fo (e s 1) = (5. ) AW(9),
=1
which implies that for all ¢ > 0,

E| sup 1 @1) = u(r 62 + @ sup I 01) = v(r 1|

0<r<t O<r<t

< (1+ 20L7)(E[Blgr - ol + eller = 2l ])

!
+28(a@ + |k + 2L7%) f E
0

sup [l ¢1) — u(r, 62 |ds

0<r<s

A
+ dal? f E[ sup ||v<r,¢1)—v<r,<pz>||3]ds
0

0<r<s

+ ZIBE ()Sup Z for (gj’ M(S, ¢l) - M(S, ¢2))7lde(S) :|
<r<t —1
+ 2Q'E[OS<UI<) for (hj, v(s, 1) — v(s, (,02))ndW,-(s) ]

J=1

(2.21)

(2.22)
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For the last two terms of (2.22), by (2.12), the Burkholder-Davis-Gundy (BDG) inequality, and the
Minkowski inequality, we have

[ee)

Z; fo r (gj, u(s, 1) — u(s, ¢2))nde(s)

) ,8_551]5[( j: ; ||gj||$||“(s’¢l) — u(s, (]52)”%013)2]

2,8E[ sup

O<r<t

C
< %E[ sup (s, 1) = (s ),
t | B o ~ ) %

x( fo ; s, 1), us = p, 1)) = g (uCs, 62), (s = p. b2 | 023

< BCILE| sup (s, 61) = u(s. 6l f s, 60) = uts, 62 ds) |
<s<t 0
+ﬂclLE[0sup s, 41) = uts, 82l f luCs = p. 1) = uCs = p. @)l |
<s<t 0
<%E sup utr. ) ~ u(r o)IE| + 26C317 f E[OSUP I 1) — u(r, 82)I|ds
<r<t 0 <r<s
+ pBCIL7E|llpr - all2, |
and
2aE[ 0sup Z f (hj, v(s, ¢1) — v(s, (,02))nde(s) ]
<r<t =1 0
< 25| sup [Iv(r. 1) = ¥(r eIl | + 20C3122 f E| sup v(r 1)~ vir. o)l fds
<r<t 0 <r<s
+ paCiLE|llgr - @l |-
which along with (2.22) and (2.23) shows that
2| sup [l 1) — u(r. 6} + @ sup Iv(r 1) = v el
< CE|Blig1 - dall,, + aller — a2, | (2.24)

+C fo E[B sup [lu(r, ¢1) — u(r, 2|2 + @ sup [V(r, 1) = v(r, 902)||,27]dS,

0<r<s 0<r<s

where C; = 2(1+2pL? + pC2L?), C3 = 4(& +2L7 + x| + C2L?). It follows from (2.24) and the Gronwall
inequality that for all 7 > 0,

E| sup 1 ¢0) = u(r, 62} + @ sup I 01) = v @) |

0<r<t O<r<t
Cst 2 2
< Coe™E|Bligr — 4ol + eller - @l |-

This completes the proof. O
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The existence of invariant measures of the stochastic lattice system (2.15) in the subsequent analysis
necessitates the fulfillment of the following inequality.

278 27a

2 ~
NP < 5oy max {26 - 46 - =5 - 8,20~ =5 -6}, (2.25)
where v > 0,26 — 4@ — 22 -8 > 0,20 - 2% — 6 > 0.

3. Uniform estimates

In this section, we obtain uniform estimates of the solutions to stochastic lattice system (2.15),
which play a pivotal role in proving the existence of invariant measures. More specifically, we
will showcase the compactness of a family of probability distributions pertaining to (u,,v,) in
C([—p, 0], 55 X 5,2]). Initially, our focus lies on discussing uniform estimates of solutions to stochastic
lattice system (2.15) in C([—p, 0], 5,27 X 5,27) forall r > 0.

Lemma 3.1. Suppose (2.1)«(2.8) and (2.25) hold. Let (¢, ) € L*(Q, C([-p,0],£; x £2)) be the initial
data of stochastic lattice system (2.15), then the solution (u,v) of the system (2.15) satisfies

sup E[lu()Il} + IVOIZ] < Ma(1 +E[lIglE,, + el |)-

t>—p

where M, is a positive constant independent of (¢, ).

Proof. By (2.15) and 1t6’s formula, we get that for all > 0,
dllu()|2 = 2(0£Au(t), u(t))n — ov(0), u(t))n +( fgou(t)), u(t))n +(a. u(t))n)dt
+ 3 lg 0, utt = p) + billdr +2 3 (@), u(t = p)) + bj,u(®) dW(0),
J= j=

divlfy = 2(8(u). v(0) = U@ + (e, v(0) )ar
+ ﬁl 1,00, (¢ = p)) + Lj2dlt + 2 fl (000, (2 = ) + 1, v(0) AW)
J= J=

3.1

Let v be a positive constant which will be specified later. We get from (3.1) that for all # > 0,

" (Bllu@)II} + allv)lly) - Vﬁfo " llus)Ilds - (v - 2/1)af0 e v(s)Ilds
= BlgO)II2 + allp(O)I? + 28 f e"(Au(s), u(s)) ds + 28 f ¢"(a,u(s)) ds
0 n 0 n

+ Zﬁj; eVs(f(u(s)), u(s))nds +,32f0 e”llgj(u(s), u(s — p)) + b.,-llids
=1
+2 f “(ev(s) ds + ift YNl (v(s), V(s — p)) + LiIPd (3.2)
a | e”(c,v(s)) ds+a "\l (v(s), v(s — 1Pds
0 n = Jo J P iy
- Zﬁz fo evs(gj(u(s), u(s — p)) + b, ”(S))ndwf(s)
=1
+ 2« Z ﬁ eVs(hj(V(S), v(s —p)) + 1, v(s))nde(s),
J=1
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Taking the expectation, we obtain that for ¢ > 0,
! t
e"E|Blu)ll; + alvo)ll}] - vB f ¢"Ellu(s)Il3 |ds - (v = 2 f ¢"E|Iv(s)I1} |ds
0 0

= E[BlIo(O)I12 + alle(O)I| + 28 fo [ ¢ °E|(Au(s). u(s)) |ds
+28 fo t ¢"E|(a, u(s))n]ds +28 fo t e"E|(f(u(s)), u(s))n]ds 3.3)

+2a fo’ est[(c, v(s))n]ds +p Z fot eVS]E[ng(u(S), u(s — p)) + bj||§]ds
Jj=1

ra )y j; ¢" ||l (v(s). v(s = p)) + 12| ds.
j=1
Similar to (2.18) and (2.19), we get
' Vs ~ ' Vs 2
2B fo ¢"E| (Aus), u(s))U]ds < 2B& fo ¢" B lu(s)II3|ds. (3.4)
By (2.6), we have

2B f ¢"B|(f(u(s)), u(s)) |ds < -286 f I ¢" B lu(s)II3|ds + 2Pl e (3.5)
0 n 0 v

Note that

23 fol e”]E[(a, u(s))n]ds + 2« f: e”E[(c, v(s))n]ds

(3.6)
f t
Vs 2 Vs 2 ﬁ 2 vt a 2 vt
< Bs fo ¢" B lu(s)I}|ds + Aa fo e E[Ilv(s)lln]ds+5||allne + —llelfe.
By (2.11), we obtain
o !
B f ¢"E|llg (u(s). u(s - p)) + blI2|ds
=10
e t © f
<2B) f ¢ Bllg (u(s), u(s = p)Ii2]ds + 28 > f e"B|lIb, Il |ds
‘= Jo =1 Y0 (3.7)
r 4 2
<$pP [ e[l + luts - p)Elds + Liyizer + Lotz
0
! 4 2
< 86pe” IYIPE[lIgll, | + 168 IyII f ¢"E|llu(s)I2]ds + 7B||y||§e”+ 7ﬁ||b||§e”,
0
and
o t
o Z f e”E[Ilhj(v(s), v(s —p)) + ljll,zl]ds
=10 (3.8)

t 4a 2a
< 8ape”lyIPE[llgllz, | + 16ae™IlyIl f e BVl |ds + —Ibife” + —IllGe”.
0
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For t > 0, it follows from (3.3)—(3.8) that

"E[Bllu)I2 + alvIZ] < (1 + 8pe” IyIPE[BISIZ,, + allgll, |
e” a
+ (48 + )l + §||a||§ + = llely + 28115 + 2alll; + 2Bl,,)
N 5 (3.9)
+B(v - 6 +2a + 16¢”|yII) f ¢"E|lu(s)I2]ds
S
+a(v -1+ 16¢”|ylP) fo ¢"E|Iv(s)II}|ds.
For t > 0, by (2.25) and (3.9), we get that there exists v; > 0 such that for all v € (0, vy),
BBl + allv®I2] <(1 + 8o IVIPE[BIGIE, , + allgl,, |e
1 2 By o, Qo 2 2 (3.10)
+ ;(4(ﬁ + o)yl + gllall,7 + ZIICII,7 + 2B0IbII;, + 2elllll;, + 2,3||L||1,,7).
Note that
sup E[llu)I2 + alvl2] < E[plgl,, + allgl? |-
—p<t<0
which along with (3.10) implies the desired result. O

Lemma 3.2. Suppose (2.1)—(2.8) and (2.25) hold. Let (¢, ¢) € L*(Q, C([—p, 0], 5,2, X f,%)) be the initial
data of stochastic lattice system (2.15), then the solution (u,v) of the system (2.15) satisfies

sup E[lut)lly + IVl < Ms(1 + B[llgllE,, + ligl, |):

r=—p
where M35 is a positive constant independent of (¢, ).

Proof. Given n € N, define 7, by
7, = inf{t 2 0 : [u(@ll, + v@ll, > n),
and 7, = oo if the set {t > O : [[u()l,, + [V(®)ll, > n} = 0. By (3.1) and 1t6’s formula, we get for all 7 > 0,
d(lo)ly + IVO)I) + AUV @lde = ABIVOI; = eI (). v(r) di
= A AU, u(0) di + Hu@IE(f @), u(n)) di -+ @]l (a.u) di

+ 2llu()Il} Z llg j(u(0), u(t = p)) + bjll2dr + 4 Z ‘(g‘,‘(u(l), u(t = p)) + bj, u(t))n'zdt
=1 j=1

[ee)

+ @I Y (g, u(t = p)) + b, u(t))nde(t) + 4wl (c, v(t))ndt (3.11)

=1

+ 2||v(t)||3] Z 12, (v(2), v(t — p)) + ljllidt +4 Z ‘(hj(v(t), vt —p)+1;, v(t))n‘zdt
j=1

=1

+ AR > (R, (e = p)) + 1, v(t))nde(t).

J=1
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Let v be a positive constant which will be specified later, and we get from (3.11) that for all 7 > 0,

E|e" ™ (lu(t A T)lly + vt A Tl + 44E| fo e Islds]
= E[lIgO)lly + llp(O)ll3] + vE| fo (I + V()]

+4E fo BV - allu()IE) u(s), u(s) ds|

+2E fo e llu(s)2 2 g u(s). us = p)) + bjl2ds|
<
+ 4E[ me e’ JZ:: '(gj(u(s), u(s —p)) +bj, u(s))n‘zds]
+ 28| fo " [v()]2 Ji} 1 (x(5). v(s = p)) + L,lI3ds]
+ 4E[ fomn e’ 2 '(hj(v(s), v(s —p)) +1;, v(S))n'zds].
Similar to (2.18) and (2.19), we get

4 fo ¢ B llu()I(AuCs). u(s)) |ds < 4a fo e E|lu(o)lly |ds.

By (2.6) and Young’s inequality, we have

4 fo ne”llu(S)lbzy(f(u(s)),u(s))ndS]S4E[ fo (IR0l + il )ds]

2
206l

AT,
<2(1 - 20)E| f e"llu(s)llids| +
0

Note that

AT,

4E[ jo‘t/\‘rn eV‘Y“u(S)”,z,(a’ M(S))nds] + 4E[ ﬁ eVS||V(S)||r2](C, V(S))nds]

A Vs 4 A Vs 4 27 4 vt 27
< oE| e"llu(s)llids| + AE| e"|Iv(s)llids| + = lallje +
0 0

4 vt
E”C”ne )

(3.12)

(3.13)

(3.14)

(3.15)
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and
4E| fo " BIVSIE — allu(s)IE) uts), u(s) ds|
< 4ﬁE[L n evsl|V(S)||§]”u(s)”nds] + 4Q’E[£ " ngl|u(s)||73]||v(s)||nd5]

< (/l + 2;?4 )E[ \fo‘t/\ﬂl evsllv(s)”f]ds] + (6 + 2;_?4)E[ jo"/\'rn evsllu(s)”f]ds].

By (2.8), we get

=) [ e Rlg 55 = o0 -+ s
£

0 ATy,
+ 4E[ Z L e”
j=1

< 6E| Z; fO ,, e (I IIg (u(s), u(s = p)) + bjli3ds]
pe

g 12E[ I);/\” eys”u(s)“;z]( Z ||b1||727 + 2||7||,2,)ds]
=1

AT, tAT,
+ 72IlyIPE| f e"|lu(s)llyds| + 24IlyI’E| f e"llu(s = p)li3ds]
0 0

(), us = p)) + by, uts) [ ds]

ATy Zevt
< (96¢” |y + 6)E| fo " lu(s)lyds| + 6(1bIl; +21y15) — + 24pe” IVIPE I, |

and

215[2; fo "IN (s), V(s - p)) + L]
<

00 tAT,
+4E[Z f e”
=10
vt

ATy ' 2e
< (96¢”lyll” + 6)E| f e I(s)llyds| + 6 + 2yIl) — + 240 IyIPE[lglc, |
0

For t > 0, it follows from (3.12)—(3.18) that

(h.,-(v(s), v(s —p)) +1j, v(s))nrdS]

E|e" ™™ (llute AT} + IV A T)I)]
< (1+24pe”lyIP)E|IGIIE,, + gl |

26+ 45 + 96 P+ 2L 8| [ e lus)lfa
+ (v =26+ 4a + 96¢” || st JE( oy s

4

v 2 2« T vs 4
+ (v =20+ 96e” Iyl + “o- +6)E[ | e*lvo)liids]
0

R
2 2 27 27 e
+ (20 61815 + 205) + 6(1IE + 205) + 5l + Z5lel;)

(3.16)

(3.17)

(3.18)
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which along with (2.25) implies that there exists v, > 0 such that for all v € (0, v,),

B[ (Jlu(t A THI + v A TID)]
< (1 + 24pe”IYIPE[lAI, -+ Tl |

2 2 27 27 e
+ (2R, + (117 + 21yI7)” + (M + 2vI) + —Slally + 3llel;)

N .

vt

Letting n — oo, we obtain from the above inequality that for all ¢ > 0,

E[Iluo)lly + VOl | < (1 + 24p¢”IyIP)E| I, + el

] e
P

+ (22, + 6(IBIE + 2I1E) + 6(IE + 2 ) + 2Ll
Note that for all 7 € [—p, 0],
E[llull; + volly] < E[Igl,, + el |.
which along with (3.19) concludes the proof. O

Lemma 3.3. Suppose (2.1)—(2.8) and (2.25) hold. Let (¢, ¢) € L*(Q, C([—p, 0], f% X f%)) be the initial
data of stochastic lattice system (2.15), then the solution (u,v) of the system (2.15) satisfies, for any
t>r>0,

E|llu(t) — u(r)lly + (@) = vl | < Male = i + 1t = rf*),
where My is a positive constant depending on (¢, ¢), but is independent of t and r.

Proof. Fort > r > 0, by (2.15), we get

u(t) = u(r) = [ (Aus) — av(s) + f(u(s)) + a)ds + ﬁl ' (g,u(s), u(s = p)) + b))dW(s),

v(t) —v(r) = frt (Bu(s) — Av(s) + c)dt + Zl frt (h;(v(s),v(t — p)) + 1,))dW;(s),
=
which together with (2.5), (2.10), and (2.14) implies that, for t > r > 0,

llee(2) — u(r)ll, < frt(C4||u(s)||,7 + a|lv(o)llds + llall;|t — rl
+H ,i f,’ (g;(u(s), u(s — p)) + b;)dW;(s)
V(@) — v(r)ll, < f,t Bllu)l; + Av(s)lly)ds + llcll,llie = 7|
+ g [ (B 0(8), v(2 = ) + L)dW(s)

v (3.20)

K
n
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18875

s 2
where C; = \/2|J(0)|2 +8( X J(m)l) + Le. By (3.20), we get

m=1
E|llu(r) = u(rlty + Iv(@) = vl
< 64(C? + BYE| f t lu(ll,ds)| + 64(a* + A9E|( f vlds)']

+ 64(1lal} + llelle - ri* + 642 > f (g (s)uts — p) + bpaw o) |
YT

+648[| f (h,(v(5), v(s — p)) + lj)de(s)Hn].
=1 T
By Schwarz’s inequality and Lemma 3.2, we have

64(C: + BY)E[( f utlyds)'] + 64(a* + AE]( f Inlds)']

!
< 64(CH+ B4 + ot + A -1 f E|llu( )l + Iv(s)l3]ds
< Cslt —rf*.

For the last two terms of (3.21), by (2.11), Lemma 3.2, and the BDG inequality, we get

64]E[” i f t (g;(u(s), u(s — p)) + bj)de(S)Hi]
=Y

< CE|( f | >l u(s).uts = p)) + bds) |
j=1

r

2 ! 2
< 8Co(2IM; + 11BI) 1t = ri* + 128C4lvII*E|( f (luCs)I + lluts = p)l3)ds)|

< Cilt - rf,

and
64E[H z‘x’ ff (hj(v(s),v(s = p)) + lj)de(S)Hj]] < Cylt - 2,
1Y

which along with (3.21)—(3.23) implies the desired result.

(3.21)

(3.22)

(3.23)

O

The subsequent step entails acquiring uniform estimates on the tails of solutions to stochastic lattice
system (2.15), which play a pivotal role in proving the tightness of a family of solution distributions.

Lemma 3.4. Suppose (2.1)~(2.8) and (2.25) hold. For any compact subset E C L*(Q, C([-p, 0], (; x

5,2])), the solution (u, v) of stochastic lattice system (2.15) satisfies

limsup sup sup Z E[17,(|un(t, §)I* + [va(t, ©))] = 0.

k—oo  (¢,p)EE t=—p =k
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Proof. Let 9 be a smooth function which is defined on R* such that 0 < ¥(z) < 1 for all z € R*, and

0, 0<z<1;
1, z>=2.

Hz) = {
Fork € N, set % = ((2))ez, Dt = () ez, and Fy = F(2)v,)nez. By (2.15), we have

d(u(t)) = (9rAu(t) — adv(t) + O f(u(t)) + Fra)dt + fl (g j(u(t), u(t — p)) + 9b;)dW (1),
=

d@ () = (Bhu(t) — A9v(t) + Irc)dt + f}l (Fehj(v(2), v(t — p)) + Tl ;)dW (1),
=

which along with It6’s formula implies that

dBI[9u@)II}; + all®vol;)
= 2B(Au(b), ﬁku(t))ndt + 28(f(u(2)), ﬁku(t))ndt + 28(tha. 19ku(t))ndt

+B Z 1948 1 (u(®), u(t = ) + 9ibjllzdr — 2al[9v(0)l5dt

J=1

+ 2a(Vc, ﬂkv(t))ndt @ ) W0 (v(0), v(t = p)) + Dl Rdt (3.24)

=1

+2B ) (918w, ult = p) + Db, Brau()) AW (1)

J=1

+2a ) (Buh (0. v(1t = p)) + 9l ﬂkv(t))nde(t)-

j=1
Then, we get that for all ¢ > 0,

¢"E| BB} + alldv)I] + 24 = v)a f ¢"E[I[Bv(s)Il3|ds

0
= E[BI9:pO)II} + 90Ol | + vB fo ¢"E|19(5)|1}]ds
+28 f ¢"E|(9Au(s), 9u(s)) |ds +28 f ¢"E| (O f (u(s)), Du(s)) |ds
0 n 0 U

(3.25)

+28 j; t ¢"E|(ta, ﬂku(s))n]ds +2a fo t ¢"E|(¥c. ﬂkv(s))n]ds

B, f ¢ E| 1948, (u(s), u(s = p)) + Db |dis
=10

+a Z f eVSE[Hﬂkhj(v(s), V(s —p)) + ﬁ"lf”'zl]ds’
=10
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where v is a positive constant which will be specified later. Furthermore, we find that

(ﬂkAu, ﬂku Z M Z J(m)ﬁ2 In l un mly

nez meZ

=10 YA+ 305 000t

e Tk
+ ZZ: Z; Tm)o( nt ml Vismttaltsm (3.26)
AT
=10 Y7} Al + D Z T (" g+ (Yt
= J(0) ZZ] ﬁz(%)nnmnﬁ + Jl +sz,
<
where
) z KT ()t
and

h=) Z sy (nn+m Tl

nezZ m=1

For any n € Z and m € N*, by the definition of ©9(z) we can get that there exists a constant Cg > 0 such
that

‘ﬂ('n;ml)—ﬁ(lzl)‘ < %cg. 3.27)
By (2.2), we have

2 < @, VneZ,m> 1,

which together with (3.27) implies that for any p > 1,

712 303 Wonjr( ) — g2

Nt |Unem| ]

nezZ m=1
2C < 1/2 S 1/2
<= D manlIm] Y m Pl + ) @l dml Y Pl (3.28)
m=1 nez m=p+1 nez
2Cs + S
< =2 D manlJmllully + > anlJm)lull.
m=1 m=p+1
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By (2.2), we obtain

I
ol < Z a1 Y (=2 il

nez

%iamL]( )| Zﬂ2 | | 77n+m|un+m| +Zﬂ2 | | ”l "l)

nez nez

which together with (3.27) and (2.3) implies that for any p > 1,

2 | | 2 |n+m| 2 |l’l|
ol < Zammm»;ﬁ Jalinl?® + 5 Zaﬂf(m»énmﬂ ) = (5 e
2 |n + m| iyl
Z )| Y () = () el (3.29)
m p+1 nez
sZamm 1D (5 ke +—Zmamu(m)|||u|| + ) anlom)illp,
m=1 nez m=p+1

For any p > 1, it follows from (3.26), (3.28), and (3.29) that

6ﬁCg

281w, D) | <2 3" (X Y + Zmammm)nmn 48 S anlJmild. (3:30)

nez m=p+1

By (2.6) and Young’s inequality, we have

28 f ¢ | (01f (u(s)). Duau(s)) |ds < ~2p5 fo ¢"E|| Wl (3.31)
Inl=k
Note that
23 f: e"sE[(ﬁka,ﬁku(s)) ]ds + 2« fot e"sE[(l‘}kC, 0kv(s)) ]ds
(3.32)

<ps [
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For the last two terms of (3.25), by (2.8), we get

j= 0 N + b
' L VSEI:”ﬁk‘lj(V(S), V(S —p)) + 9 l]||2] /

<Z ”ZZnn 2+ 27},) + 8Bl f e E[I9au(o)I + Idhaucs - p)I2|ds

Inl=k j=1

!
+—e”ZZnn . +2%,) + Sallyl? fo "Bl I19v(s)I2 + 19 (s — p)I2]ds (3.33)

[n|>k j=1

t
¥ ”ZZnn 2+ 277,) + 168 P f ¢"B| [9u(5)II}|ds
0

=k j=1

V’ZZnn 2 +275,) + 16ae” |yl fo te”E[nﬁkv(s)nz]ds

Inl>k j=1
0
+ 8e” |yl f ¢" B[94 (s)I12]ds + 8are” |1yl f ¢" | [9p(o)II} |ds
—-p -p
Then, it follows from (3.25) and (3.30)—(3.33) that for p > 1,

E|Blu(Il; + el B ()]
< (1 + 8pe” |y IP)E[I9pO)I2 + anﬁk«p(muz]e-”

+ (v =6+ 166yl + 20 + 28 Z ma,|J(m)| + 4 Z a,|J(m))) f t " E[lu(s)||ds

0

m=p+1 (3.34)
+a(v— A+ 16¢"IyIP) f e OB Iv(s)I|ds + = Z mlal” + = > el
0 V ik V ik
Z Z (b, +273,) + — Z Z mB, + 2,) + = Z Ml
|n|>k j=1 |n|>k j=1 |n|>k
Furthermore, it follows from (2.3) that there is a K; = K;(v) > 0 such that for all k > K,
6C8 L 4
- ; mar, | 1) < 5. (3.35)
By (2.3) again, we can choose p = p(v) large enough such that
4 Z anldm)] < 3.
m=p+1

which along with (3.35) and (2.25) implies that there exists vz > 0 such that for all v € (0, v3),

v =6+ 166" yIP + 20 + 28 Z ma,|J(m)| + 4 Z @l J(m)] < 2v = 5+ 16¢”|lylI? < 0,

m=1 m=p+1
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which together with (3.34) and (2.25) shows that for all # > 0 and k£ > K,
E| Bl + el dl] <(1 + 8pef”||y||2)E[/3||ﬂk<z><o)||2 + anﬂk«p(mnz]e‘”

+ £ S okl £ D mlal +—ZZnn(b2 P20 e

|n|>k [n|>k n>k j=1
+ = Z Zm( )+ = Znnm
|n>k j=1 |n|>k

Note that (¢, ¢) € E and E is a compact subset in L>(Q, C([—p, 0], 5,27 X {’%)). Then, for each & > 0, there
exists K, = Kx(g, ¢, ¢) > 1 such that for all k > Ko,

D Eln(Bie.OF + alp, 0] < 5. (337)

Inl=k

It follows from (3.37) that for all £ > K5,

(1 + 8pe Y|BSSO + allp (O]

= 1+ 81 Y B (L), O + oS0 )]
neZ (3.38)
2O )

2
0)[ +a

< (1+ 8pe”InP) D | E[ma(B

[n|>k

< (1+ 8pe”IylP)e.

Since a = (ay)pez, ¢ = (Cu)nez, b = (b in) jeN,neZ’l = (I in)jeNnezs Y = (Vjn) jeninez € 5,% and ¢ = (ty)nez € f,l,,
we get that there exists K3 = K3(g) > 1 such that for all # > 0 and k > K3,

B e+ LS ol + 23 S 02, 421

|n|>k [nl=k [nl>k j=1
ZZnn(l +275,) + —Znnltnl <e,
=k =1 =k

which along with (3.36) and (3.38) implies that for all > 0, kK > max{K}, K>, K3}, and (¢, ¢) € E,

D B[ BlundF + el (0R)] < B[BIS @I} + el )] < 2+ 8pe”llyIP)e. (3.39)

[n|>2k

Observe that {(¢(s), ¢(s)) € LX(Q, ;X £7) : s € [-p, 0]} is a compact subset in L*(Q, £; x 7). Then, for
each € > 0, there are sy, 52, - - s, € [—p, 0] such that

" 1
(@), () € L@ 6% ) 2 s € [-p,01) € |_) B((@(5)). p(s5,)). 5 V&) (3.40)
=1
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where B((4(s)), ¢(s))), 3 V&) is an open ball in L*(Q, £2 x £2) centered at (¢(s;), ¢(s;)) with radius 5 V.
Since (¢(s;), ¢(s))) € L*(Q, £; x £7), for j = 1,--- ,m, there exists Ky = Ky(e, ¢, ) > 1, such that for
all k > K4,

1
D Elm(ons)l +le(s)P)] < 7o, j= 1.2, .m. (3.41)

[n|>k

It follows from (3.40) and (3.41) that for all k > K, and s € [—p, 0],

D Enaigu(s)P + len()P)] < &,

[n|>k

which along with (3.39) implies the desired result. O

The tail estimates given by Lemma 3.4 have been enhanced to obtain uniform estimates on the
tails of solutions, which are crucial for achieving tightness in the probability distributions of solution
segments in the space C([—p, 0], £; X £}).

Lemma 3.5. Suppose (2.1)~(2.8) and (2.25) hold. For any compact subset E c L*(Q, C([—p, 0], 5,2] X
572])), the solution (u, v) of stochastic lattice system (2.15) satisfies

limsup sup sup E[ sup Z (e (r, §F + [Va(r, ‘P)|2)] =0.

n—oo  (pp)EE t2p t—p<r<t [nl=k

Proof. Let ¢ be the function defined in Lemma 3.4. For allt > p and r—p < r < ¢, it follows from (3.24)
that

Bl u)II; + v (Il + 24 f [9ev(s)llds
t—p

= Bldiutt = P + @Bt = p)I; + 28 | (9xAu(s), Deu(s)) ds

-p

+28 f (ﬂkf(u(s)),ﬂku(s))nds+2ﬁ f (ﬂka,ﬂku(s))nds
t—p t=p

24 f p (Bc. 9(s) ds + B ,: f p 1948 (u(s), u(s — p)) + b\ ds
+ 2/32 f rp (ﬂkgj(u(S), u(s — p)) + b, ﬂku(S))nde(S)
i,
+ ai frp [9hj(v(5), v(s = p)) + Dlll7ds
i,
+ 2a2 f p (B j(v(s),v(s = p)) + Dl ﬁkv(s))nde(s),
i,
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which shows that for all # > p,

t

E| sup (B9} + aldov®IR)]| +240E] | 18 (s)Ids)
t—p<r<t t—p
t

< B[t - pI + alurte - pIE] + 268] [ [(o0uco) uao) s

1=p

+ 2BE|

[ (B fs)). Buau(s)) |ds| + 2] f | el e2uCs)l s
—p

-p

+ 20E| f W9eclllgv(s)lyds] + BE[ > f 1928 (u(s). u(s = p)) + Db 12ds]
t—p —1 Vi-p

+ QE[ Z f 19k (v(s), v(s — p)) + 19klj||$ds]
Jj= =p

[

+26E[ sup | > f ' (9u ), uCs = ) + Dub Duaa(s)) AW
L VP

t—p<rs<i
P =

o0

+ 20 sup | f r (94h,(v(5), v(s — ) +ﬂkzj,ﬁkv(s))ndwj(s)“.
1 vVip

t—p<r<t
psrst Sz

(3.42)

For any € > 0, by Lemma 3.4, we get that there is a K5 = Ks(g, E) > 1 such that for all K > K5 and

1z =p,
D E[mBu o) + alvadP)] < &,

[n|=k

which shows that for all k > K5 and ¢ > —p,

B[l + aldv@IE] = " E[na (Bl ()P + el (0)P)]

[n|>k

< D Elm(BlunOF +alv,0P)] < e.

[n=k

Then, for all k > K5 and ¢ > p,
E|Bllu(r - p)I2 + (e — )] < &

Proceeding as in (3.30), we have

2BE| f t (S1AuCs), eucs) ‘ds]

—-P
' 668C
< 2pa f [0, ]ds + £ SZmammm» f luCs)ll7|d
1—p
+48 Z aJ(m) f ()12 |ds.
m=p+1

(3.43)

(3.44)

(3.45)
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Then, by (3.43), we get that for all k > K5 and t > —p,

2B& f E|l19(5)]2]ds < 2ape. (3.46)

—-p
Furthermore, it follows from (2.3) and Lemma 3.1 that there is a Ks = K4(g, E) > Ks, such that for all
k> Kg and t > p,

68Cs
k

ma,\J (m) f E|llu(s)I2]ds < pe. (3.47)
t—p

m=1

By (2.3) and Lemma 3.1 again, we can choose p = p(g) large enough such that for all > p,

4 > aldm) f E|lu(o)Il} |ds < pe. (3.48)
t=p

m=p+1
Since ¢t = (t,)nez € {’,17, we get that there exists K7 = K;(¢, E) > Kg such that for all £k > K7,
! !
28 f ]|(9x (), Brau(s)) ||as < ~26 f E[I9au(s)IP |ds + 280 ) milul < ps. (3.49)
t—p =p |n|>k

By (3.43), we get forall k > K5 and t > p,

288| f [Bcallldia(s)ll,ds| + 20E| f 9cllBev(s)lyds|
t—p t—p

! !
< f B[} + alldv(s)l]ds + f E|Bllall; + alldicl}]ds (3.50)
t-p t—p
<pe+p ) mBlaf +ale).
[n|>k

Since a = (a,)uez, ¢ = (Cp)nez € 5%, it follows from (3.50) that there exists Ky = Kg(g, E) > K5 such that
for all k > Kg and t > p,

28| f t (tha. ﬂku(s))nds] +20E| f t (e ﬂkv(s))nds] < 2pe. (3.51)
t t—p

—-p

By (2.8), (3.43), and Lemma 3.4, we get for all t > p and k > K,

B f E| 194 (u(s), u(s = p)) + Oub, I3 |ds
j=1 i

< 2/32 f pE[nﬂkgj(u(s), u(s — p)liz]ds + 2@2 f pE[nﬁkb,-n,%]ds
Jj= j=

& t
<208 > b, +2v3,) + 8BlyIP f E[I19,u()I + [9au(s = p)I2]dis (3.52)
j=1 |n|=k =p
=) 1 —p
<208 Ym0+ 2020+ 30 [ [l lds + spiP [ EfiocoRas
J=1 Inlzk =p =2p

<208 > mb, +22,) + 166l pe,

Jj=1 |n|>k
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and

a Z f 19 (0(5), v(s = p)) + Bl 7 |ds < 2pa Z B, +27%,) + 16allylPoe.  (3.53)

=1 |nj=k

Since b = (bj) jevinez, I = (Ljn) jernnez, and y = (¥n) jer nez belong to £2, we infer from (3.52) and (3.53)
that there exists Ky = Ky(g, E) > Kg such that for all k > K¢ and ¢ > p,

ﬁZ f [192gu(s), u(s — p)) + Oub |2 ds

3.54
+a Z f E| 191 (v(s). v(s = p)) + Dl |12]ds 559
j=1 Yip

< p(B+a)2 + 16]lylP)e.

For the last two terms of (3.42), by the BDG inequality, (2.8), and (3.54), we have for all k > Ky and
t=p,

26E| sup Z f 018 (u(s), u(s = p)) + Vb, Dyu(s)) AW,(s)|
—p<r<t
+20E[ sup Z f Buhi(v(5), V(s = ) + el B(s)) W ()|
—p<r<t

< 2,8C9E Z ‘ Vg j(u(s), u(s — p)) + hbj, ﬁku(s) ‘ ds ?

e
+ 2a.CoE|( Z (9,5, v(s = p) + i, Buv(s)) | ds)’| (3.55)
e
'3 [ee)
< §E[ sup [[u(rI2| + 2BC3E| f D 198, (uCs), uls = p)) + b |2ds]
t—p<r<t t—p j=1

+ %E[ sup [[Bv(rII}| + 22 C3E f_ D19k, (v(5), v(s = p)) + Bl 12ds]

1t—p<r<t t—p j=1

A
I’

a
E| sup II0u(r)l}] + EE[ sup [[Bv(PIl3| + 2C5p(8 + )2 + 16]lyIP)e.

2 t—p<r<t t—p<r<t

By (3.42)—(3.55), we get that for all # > p and k > Ko,

B[ sup > maBlun(r)P + alvu()P)| < B[ sup Bldar)I? + alldvlP)] < Cros,

t—p<r<t |n|>2k t—p<r<t

where Cjo = 2(1 + 2dp + 5p + p(B + @)(2 + 16]y|2)(1 + 2C3))e. This completes the proof. O
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4. Existence of invariant measures

The focus of this section is to establish the existence of invariant measures for lattice system (2.15)
in C([-p,0], {’% X f%). Initially, we introduce the transition operators of the lattice system and
subsequently demonstrate the tightness of a family of probability distributions for solutions of the
lattice system.

Given every fo > 0 and F,-measurable (¢,¢) € L*(Q,C([-p,0],£; x £7)), lattice system (2.15)
possesses a distinct solution that is valid for all # > #y—p. Given t > t, and (¢, @) € L*(Q, C([—p, 0], 5,2] X
{’,2])), we use (u,(ty, @), vi(ty, ¢)) to represent the segment of the solution (u(z, ty, @), v(t, ty, ¢)) which is
given by

(ur(to, @), vi(to, p))(s) = (u(s + 1,20, ¢), v(s + 1,10, ¢)), Vs € [-p,0].
Then, we have (u,(to, §), vi(to, ¢)) € LX(Q, C([—p, 01, £; x £3)) for all > 1.
Suppose ¢ : C([-p, 0], £; x £;) — R is a bounded Borel function. For 0 < r < 1, we set

(Prth)(@, @) = Ely((u(r, §), vi(r, @))], Y(,¢) € C([—p, 0], €, X £3).
In addition, for G € B(C([-p,0],£; x £7)), 0 < r < 1, and (¢, ¢) € C([—p, 01, £; x £3), we set

p(r,¢,¢:1,G) = (Prilc)(@, ) = Plw € Q: (u,(r, ¢), vi(r, ) € G},

where 15 is the characteristic function of G. Then, we can get that p(r, ¢, ¢;t,-) is the probability
distribution of (u,(r, @), v,(r, ¢)) in C([—p, 0], {’,zle,zl). Furthermore, the transition operator py, is denoted
as p, for the sake of convenience.

Definition 4.1. A probability measure y on C([—p, 0], 5,27 X 5,27) is called an invariant measure of lattice
system (2.15) if

f (p)(@, @)du(d, @) = f Y(@, p)du(p, ¢), Vi = 0.
C([-p.01.6%63) C([—p.01.62xL2)
Now, we show the properties of transition operators {p,}o< <; as follows.

Lemma 4.1. Suppose (2.1)—(2.8) and (2.25) hold. Then, we have

(i) The family {p, }o<r<: is Feller; that is, if  : C([—p, 0], 55 X 572]) — R is bounded and continuous,
then p. : C([—p, 01, £; x €7) — R is bounded and continuous.

(ii) The family {p,. }o<r< is homogeneous; that is,

p(r g, @31, = p(0, ¢, 93t = 1,-),¥r € [0,1], (¢, ¢) € C([—p, 01, &, X £3).

(”l) Givenr 2 0 and (¢a 90) € C([_p9 O]a €;27 X frzl), the process {(ut(r’ ¢)9 vt(r7 QD))}tZr isa C([_pa O]’ 572] X
2 o 2« 2 : :
t;)-value Markov process. Consequently, if y : C([-p, 0], €, X £;) — R is a bounded Borel function,
then for any 0 < s <r <t, P-a.s.

(P, 9) = (P dPr)) @, 9), V(@ 9) € C([=p, 01, £ X L)),

for all (¢, ¢) € C([—p, 0], 55 X f%) and G € B(C([—p, 0], f% X 5727)), the Chapman-Kolmogorov equation
is valid:

p(s,¢,0:1,G) = f p(s, ¢, @, r,dy)p(r,y;t,G).

C([-p,01,63xL3)
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18886

Proof. By Lemma 2.1 and the standard arguments as in [49], we can get the Feller property (1)—(ii1)). O

Lemma 4.2. Suppose (2.1)—(2.8) and (2.25) hold. Then, the distribution laws of the process
{(1;(0,0),v,(0,0))},50 is tight on C([—p, 0], 5,% X f%).

Proof. For all t > 0, by Lemma 3.1 and Chebyshev’s inequality, we have

2 C
Pl (O}, + (O, > R} < B[l ()} + [ (O)l ] < =5 — 0. as R — .

Then, for each £ > 0, there exists a constant R; = R(g) > 0 such that
£
Pllu (Ol + [v(O)l;, = R} < 3 Vi > 0. 4.1)
By Lemma 3.3, we get that for all r, s € [-p,0] and ¢ > p,

E|llu(t + ) = u(t + Il + Iv( + ) = vt + 5)l[3] w2
< Cip(1+ It = sP)lr = si* < Cio(1 + pA)Ir = s

for some Cy, > 0. Given € > 0, it follows from the usual technique of diadic division and (4.2) that
there exists a constant R, = R,(g) > 0 such that for all > 0,

1

<Ro})>1- e (4.3)

|z, (r) — w, (I, + [[vi(r) = vi($)I,

—p<s<r<0 |r — s|%

A

By Lemma 3.5, we obtain that for every € > 0 and m € N, there exists an integer k,, = k,,(e,m) > 1
such that for all r > 0,

2 sup 3 m(ln O + P € s (4.4)

TP 2k,

Then, forall t > 0and m € N,

[Se]

® 1 £
P su (i, (P + (D) = —1) < 2"E| su W, (D + va(DP)] < =,
(U st 2 m(a)f + i) 2 5}) < 23278 sup 3 mauaP +1 )] < 5
which shows that for all ¢ > 0,
1 1
P({ su (PP + (D) < —,Vm e NY) > 1 — —¢.
({ sup l}%ﬂn (PP +a(IP) < 5 f)>1-3 4.5)
Fore > 0,set Z. = Zi.(\ Z2: () <3, Where
Zie ={w,v) € C([—p, 01, £ X ) : u(O)ll, + [IVO)ll; < Ri(&)}, (4.6)
lu(r) — u(s)lly + 1v(r) = v(s)ll
Zoe ={w,v) € C(1-p,01, £, X &) : — L<R(e)), @7
—p<s<r<0 |r — 53
Zoo = ) € CU=p. 012X D) : sup > muua(PP +va(PIP) < 5= Vi € )
3¢ = U,V P, Y1 L, 7 .—ESEOV,P,{ M\ |Un (¥ V(1 = S m . (4.8)
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It follows from (4.1), (4.3), and (4.5)—(4.8) that for all 7 > 0,
P{{(u;,v) € ZH >1-e. 4.9)

By Arzela-Ascoli theorem, we can establish the pre-compactness of Z. in C([—p, 0],5% X é’%).
Specifically, by (4.7), we get that Z, is equi-continuous in C([—p, 0],5,2] X 5,27). On the other hand,
by (4.6) and (4.7), we have for every r € [—p, 0],

(Pl + IV, < lulr) = w©)l, + O]l + v(r) = vO)l, + VO,
< Ry(&)Irfs + Ry(8) < p¥Ry(e) + Ry (&),

which along with (4.8) shows that {(u(r), v(r)), (u,v) € Z.} is pre-compact in t’% X 5727. This completes
the proof. O

Now, the main outcome of this paper has been showed: The existence of invariant measures for
lattice system (2.15) on C([—p, 0], £; x £7).

Theorem 4.1. Suppose (2.1)—(2.8) and (2.25) hold. Then, lattice system (2.15) has an invariant
measure on C([—p, 0], 5,27 X 5,2]).

Proof. By using Krylov-Bogolyubov’s method, for each n € N, the probability measure y,, is defined
by

1 1l
Mn = — f p(0,0;2,)dr. (4.10)
nJo
It follows from Lemma 4.2 that the sequence (u,);. | is tight on C([—p, 0], 5,27 X 5,3). Consequently, there

exists a probability measure y on C([—p, 0], 5,2] X t’,zl) and a subsequence (still denoted by (u,);” ) such
that

MUy — U, asn — oo, 4.11)

By (4.10)—(4.11) and Lemma 4.1, we can get for every ¢+ > 0 and every bounded and continuous
function ¢ : C([—p, 0], é’% X é’%) - R,

f YOI()
C([-p.01.L2x(3)

.
=ims ([ W)p(0.0: 5. dy))ds
n—=eonJo C([-p.01.E3x63)
n—t

1
= lim — ( f Y()p(0,0; s + 1, dy))ds
noeen Joy C([~p,01,E3x3)
1 7l
= lim — f ( f Y()p(0,0; s + 1, dy))ds
n=ee i Jo C([-p,01,E3x3)

1
= lim —

f ( f ( f W(G)P(s.d. ;s +1,dy))p(0,0; 5, d(¢, 9))ds
n—ent Jo C([-p,01,62xL2) = JC([-p.,01.LaxL3)
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R
= lim - | ( f ( f Y(IP(O, ¢, 03 1,d))p(0,0; 5, d(¢, ¢)))ds
n—eon Jo C([-p,01,62xL2) = JC([-p,0],L2x63)

= f ( f W ()P0, ¢, @3 t,dy))du(e, @)
C([-p.01,62xL3) ~ JC([—p.,0].2%x63)

= f (Po. W)@, p)du(d, @),
C([-p,01,62xL2)

which implies that u is an invariant measure of lattice system (2.15). This completes the proof. O
5. Uniqueness of invariant measures

In this section, we examine the uniqueness of invariant measures for system (2.15) under additional
constraints on the diffusion and drift terms. Specifically, we impose the following assumption:

21% < max{d, & — «}, (5.1)
which implies that there exists a small number ¢ > 0 such that
max{4L? + 2&@ + 2k + ¢, 4L> =21 + ¢} < 0. (5.2)

From now on, we fix such a ¢ > 0 satisfying (5.2). We will demonstrate that, subject to condition (5.2),
any two solutions of Eq (2.15) converge toward each other at an exponential rate, which immediately
implies the uniqueness of invariant measures. To begin with, we establish uniform estimates in
C([-p, 0], {’,2] X [,2]).

Lemma 5.1. Suppose (2.1)—(2.8) and (5.1) hold, and (¢1,¢1), (¢, 2) € L*(Q, C([—p, 0],[,2] X [,2])). If
(u(t, @), v(t, 1)) and (u(t, ¢,), v(t, v>)) are the solutions of system (2.15) with initial data (¢, ¢1) and
(¢2, ¢2), respectively, then for any t > —p,

Efllu(t, ¢1) = u(t, oI + V(2 1) = v(t. @)IE] < MSE[llgy = dall, + llgr = @all?, e,

where Ms is a positive constant depending on (¢, ).

Proof. By (2.17), we get that for t > 0,
E[Bllut, ¢1) — u(t, g:)I2 + allvit, ¢1) = v(t, @2)I]

< E[Bli¢1(0) = $2(0)I12 + allg1 (0) — @2 (O)I] - 24 fo E[lIv(s. ¢1) = v(s, @2)I12]ds
+28 f E|(A(u(s. ¢1) - u(s. $2)). u(s, ¢1) — u(s. ¢2)) |ds
0 n
+28 fo E|(f(u(s. 1)) = f(u(s. 2)). u(s. 41) = u(s. 2)) |ds (5.3)

+8 Z fo E[llg (u(s, ¢1), u(s = p, $1) = g,(u(s, ¢2), u(s = p, o))l 1ds
j=1

+a Z fov E[”hJ(V(S, QDI)’ V(S - pa QDI)) - hj(V(S, QDZ)a V(S - pa 902))”72]](1.5‘
j=1
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Similar to (2.18) and (2.19), we obtain

28 fo E|(AGu(s. 1) = u(s, ¢2). u(s. 1) = u(s. 42)) |ds < 2pa fo E[llu(s, ¢1) - u(s, ¢)ll2)ds.  (5.4)

By (2.9), we have

28 fo B (f(u(s, @) = (s $2)). u(s. ¢1) = u(s. ¢)) |ds < 2P« fo E[lluCs, ¢1) - u(s, ¢)ll71ds. (5.5)

By (2.12), we get

By fo [llg (s, ¢1). u(s — p, $1)) — g(u(s, d2), us — p, p2))|2lds
=1

ta Z fo [17,(v(s, @1), v(s = p, 1)) = hi(v(s, ©2), (s = p, )l ]ds
=1

(5.6)
< 4BL? fo t [lluCs, 1) — u(s, ¢)lI1ds + 2BL> f Z [161(5) = pa(9)II1ds
+4al? fo | [Iv(s, 1) = v(s, @2)ll7]ds + 2aL? f 0 [llp1(s) = @a(s)II7)ds.
It follows from (5.2)—(5.6) that for all ¢ > 0, [
E[Bllu(t, ¢1) — ut. p)II} + ellv(t. 1) = v(t. @)I2]
< (1 +2pLY)E[Blig1 = dallg,,, + eller — @2l ]
- fo "BBlluCs. ¢1) — us. @)ll; + allv(s, o1) = v(s, @I} )ds,
which implies that for all > 0,

E[Bllu(t, ¢1) — ut, p)II} + ellv(t, 1) = v(t. @)I2] 5

< (1+ 20L)E[Bllgs = dall2, + s — @allZ, Je .
On the other hand, for ¢ € [—p, 0], we have
E[Bllu(t, ¢1) — u(t, )| + allvit, ¢1) = v(t, @2)II]
= E[Bl¢1 (1) — 202 + allgr (1) — e2(1)I2]
<E[Blg: - &2l +aller - @2, Je,
which along with (5.7) concludes the proof. O

Lemma 5.2. Suppose (2.1)—(2.8) and (5.1) hold, and (¢1,¢1), (¢, 1) € L*(Q, C([—p, 0]’572] % 572]))_ If
(u(t, 1), v(t, 1)) and (u(t, $>), v(t, p2)) are the solutions of system (2.15) with initial data (¢y, ) and
(¢2, @2), respectively, then for any t > p,

E| sup (lu(r, ¢1) = u(r, gl + V(1) — u(r, @2)IP)| < MeElllgr - ol + llgr = @l Je™,

1—p<r<t

where Mg is a positive constant independent of (¢1, 1) and (¢2, ¢2).
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Proof. By (2.17), we get that fort > pand r > t — p,
Bllu(r, 1) = u(r, )3 + alv(r, @1) = v(r, @2)ll; + ZMI Iv(s, 1) = v(s, @2)ll7ds
t=p
= Bllutt = p, ¢1) = u(t = p, p2)ll; + @llv(t = p, 1) = v(t = p, eI

+28 f (ACuts, ¢1) = u(s, $2)), u(s, ¢1) = u(s, ¢z))nds
1=p

+28 f (fCuCs, @) = fluCs, §2)), uCs, ¢1) = u(s, ¢z))nds
1=p

B f g uCs, ¢1), u(s = p, @1)) = &j(u(s, o), u(s = p, g))ll2ds (5.8)
j=1 YI=P

@) f ((s, 1), v(s = p, 1)) = (s, 92, v(s = p, @2))lrdls
1 VP

+28) f (- u(s. 1) = u(s. ¢2) AW (s)
j=1 YI=p

+ 2 Z f (hj, v(is, 1) — v(s, (’02))nde(S)’
j=1 Yi=p

where

g = g;(uls, d1), u(s — p, ¢1)) — g,;(uls, $2), u(s — p, $2)),
and

hj = h;(v(s, 1), v(s — p, 1)) = hj(V(s, 2), V(s — p, ¢2)).
By (5.8), we get that for all > p,

E[B sup llu(r,¢)) — u(r, ¢)I2 + @ sup [[v(r, 1) — v(r, @I
t—p<r<t t—p<r<t

< E[Bllu(t — p, ¢1) — u(t — p, p2)I2 + alv(t — p, 1) — vt = p. @]

252 [ |(Auts. 00— us. 5. 00) = (s, ) ]
i-p
+ 28| sup f (FuCs. @) = Fluts, @), u(s, 61) = u(s, 9)) ds]

—p<r<t

+ pE| Z} f (s, 1), (5 = pr ) = g5(uCs. 6. uts — . $2))|2ds] (5.9

+ ol Z f ;v (s, @1, V(s = p, 1)) = h(v(s, 92), v(s = p, @2))lodls

+2,8E sup E f gJ u(s, ) — u(s, ¢2) dW(s)'
—p<r<t
+2 E h - dW
g sup § f V5, 91) = V(s ¢2)) dW(5)]]
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By Lemma 5.1, we see that for all > p,

E[Bllu(t — p, ¢1) — u(t — p, $)II; + llv(z — p, 1) = v(t = p, @2)II}]
< (1+2pL)E[Bli1 - pallz,, + allgr — @alle, 10,

P

(5.10)
Similar to (2.18) and (2.19), we obtain

28E| f [(AuCs, #1) = uts, 82)), us, ¢1) — u(s, ¢2))n'a’s] < 2Ba f luCs, ¢1) — u(s, po)|2ds,
t—p I=p

which along with Lemma 5.1 implies that

ZﬁE[ ft ‘(A(u(s, ¢1) — M(S, ¢2)), M(S, ¢1) - Lt(S, ¢2))n‘ds]
i-p

5.11
_ 2a(1 +2pL% ©-11)

2 2,0
ElBlg: - #allz,, + aligr = @all, 1e™7).

By (2.9) and (5.1), we have

2pE| sup f (s, 80) = flus, $2)). u(s. ¢1) = u(s, ¢2) ds| < 0. (5.12)

t=p<r<t Jt—p

By (2.12) and Lemma 5.1 we get

BE[ f (s, 1), u(s = p, @1)) — gj(u(s, ¢2), u(s — p, ga))Il2|ds
j=1 vi=P

+aE[ f Wi 0, (s = 0, p1)) = (VL5 p2). Vs = e))2]ds
j=1 Yt

f—

¢ P
<4pL’ f E|llu(s, ¢1) — us, ¢)Il} |ds + 28L f E|lluts, ¢1) - u(s. ¢)Il3|ds
t—p t=2p
! P 5.13
+4al’ f E|lIvs, 1) = v(s, )l |ds + 2aL? f E|lIv(s, ¢1) = v(s, 2)I12]ds 619
t—p t=2p

412(1 +2plL?
< L2 ) nigg, - gl +allpr - ol Jes

2L7(1 + 2pL?) o
+ PR Bl - ol + allgr — ol Je )

6L%(1 +2pL?) -
< —pELB||¢1 - ¢2||% + all¢; — (pz”%m]e §(t=p)

o
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For the last two terms of (5.9), by the BDG inequality and (5.13), we get

+2aE[ sup | > f r (o v(s. 1) = v(s, ) AW (s)
2. )

t—p<r<t j=1

< C13,3E[( f; i (gj’ u(s, ¢1) — us, ¢2))n st);]

(o)

28| sup | > f r (- (s, #1) = u(s. 62)) dW(s)
2,

—p<r<t
P=T j=

|

o4
; C]3QE[( (s (5,00 = Vs, 2), 2ds)2]
< C13,3E[ sup |lu(s, 1) — u(s, ¢2)”n f Z ||g/||2ds ] (5.14)
t—p<s<t = '

1

2

+C13CYE[ sup ||V(S,901)—V(S,902)||q f Zuhjuids)]
-p 31

t—p<s<t

ng[ sup lu(s, 1) = u(s, p2)Il7 | + Cf3 f legjll%ls

1—p<s<t —p =1

+ SB[ sup (s, 1)~ v(s @)l + Cé f lehjllzds

2 —p< s<t

| —

E[ sup (Bllu(s, ¢1) - u(s, g)Il} + ellv(s, 01) = v(s, )I1})]

2 t—p<s<t

2 2,
+ CLE[Blig: — dallz, + allor — @allg, 1e™7,

3C2,L2(1+2pL?)

where C4 = . It follows from (5.9)—(5.14) that for all ¢ > 0,

sup (Bllu(r, ¢1) = u(r, p)ll; + alv(r, o1) = v(r,@2)Il)| < CisElBllg1 = dalle, , + aligr = @alle, Je™,

t—p<r<t

where C15 = 2((1 + 2pL?)(1 + ZFLsz) + C14). This completes the proof. O

Theorem 5.1. Suppose (2.1)—(2.8) and (5.1) hold. Then, stochastic lattice system (2.15) has a unique
invariant measure in C([—p, 0], f% X f%).

Proof. For any (¢1,¢1), (¢2.¢2) € LX(Q,C([—p, 0], £; X 7)), by Lemma 5.2, we see that the segments
of the solutions (u,(¢), v/(¢1)) and (u,(p>), vi(¢2)) of (2.15) satisfy, for all 7 > p,

Elllu(1) = u(@IIE,, + i) = vil@alie,, 1 < MiE[ligr = palle,, +llor = @allg, 1e7",

which along with the standard arguments (see, e.g., [50]) implies the uniqueness of invariant measures
for the lattice system (2.15). This completes the proof. O
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6. Conclusions

The current focus lies in the theoretical proof of the well-posedness of solutions and the existence
and uniqueness of invariant measures for these stochastic delay lattice systems. In the future, our
research group will investigate the convergence and approximation of invariant measures for the
systems under noise perturbation, as well as explore large deviation principles for the systems.
Additionally, we will employ finite-dimensional numerical approximation methods to address both
the existence of numerical solutions and numerical invariant measures.
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