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be extended to a hypergraph. In 2014, Carpentier et al. expanded the rainbow connection concept
of graphs to hypergraphs. They implemented it on a minimally connected hypergraph, an r-
uniform complete hypergraph, an r-uniform cycle hypergraph, and an r-uniform complete multipartite
hypergraph. However, they did not determine the rainbow connection numbers of hypertrees. A
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subtree in T'. Therefore, in this article, we consider the rainbow connection numbers of some classes of
s-overlapping r-uniform hypertrees with size t. For r > 2, 1 < s < r, and t > 1, an s-overlapping
r-uniform hypertree with size ¢ is an r-uniform connected hypertree, with s being the maximum
cardinality of the vertex set obtained from the intersection of each pair of edges. We provide the
best lower bound of the rainbow connection number of a connected hypergraph. Then, we determine
the rainbow connection numbers of six classes of s-overlapping r-uniform hypertrees with size .
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1. Introduction

Connectivity is one of the fundamental subjects in graph theory that is interesting to discuss
combinatorically and algorithmically. One of the concepts that researchers have developed in
connectivity is the concept of rainbow connection. Chartrand et al. developed the rainbow connection
concept in 2008, after the 9/11 attacks in 2001. The incident was thought to have occurred due
to weaknesses in the security of information transfer between secret agents [1]. Therefore, the
rainbow connection concept was developed to determine the minimum number of passwords required
to exchange encrypted information between two agents. The concept has been implemented in
general graph classes, including tree, complete, cycle, wheel, and complete multipartite graphs [2].
Researchers have intensively studied and implemented it in other classes of graphs. Rainbow
connections on graph operations, including comb product [3, 4], corona [5, 6], amalgamation [7],
direct product [8], strong product [8], lexicographic product [8], and cartesian product [9], have been
studied. The rainbow connection numbers of special graphs, for examples, flowers [10], origamis [11],
pizzas [11], n-crossed-prisms [12], stellars [13], pencils [14], subdivided-roofs [15], and rockets [16],
have also been shown. Similarly, for dense graphs [17], sparse graphs [18], and random graphs [19-22].
In this case, there may be one or more secure paths of information exchange between two agents, such
that the password used in each selected path will be different. If the information exchange involves
more than two agents from different divisions, the concept of a rainbow connection of a graph can
be extended to a hypergraph. In the context of a hypergraph, each agent in a division must have the
same password information so that when they receive the encrypted data, they can open it. As such,
Carpentier et al. developed the concept of rainbow connections in hypergraphs in 2014 [23].

The general terms and definitions in this article refer to Voloshin [24]. A hypergraph is a pair H =
(X(H),E(H)), where X(H) = {x1, x2, ..., X,} is a non-empty finite set and E(H) = {E}, E,,...,E;}isa
collection of subsets of X(H) where E; # 0 foreachi € {1,2,...,t}. We call X(H) and E(H) the vertex
set and the edge set of H, respectively. A hypergraph is said to be non-trivial if E(H) # 0 [25]. The
order and the size of H refer to the number of vertices and edges of H, denoted by |X(H)| and |E(H)),
respectively. If every edge contains precisely r vertices, H is called an r-uniform hypergraph. An

alternating sequence x;E x,E»x3 ... x¢Epx,1 with distinct vertices xi, xp, X3, ..., Xz, Xp+1 and distinct
edges E, Es, ..., Ey, where {x;, x;11} C E; forevery i € {1,2,...,¢}is called an x;-x,, path [26]. For
simplification, we write an alternating sequence x;E\x,E,x3 ... X Epxpyi to X Ey — Ey — ... — Epxpyy. A

hypergraph H is said to be connected, if for any pair of its vertices, there is a path connecting them.

Let H = (X(H),E(H)) be a hypergraph and G = (X(G), S (G)) be a connected graph over the
vertex set X(G) = X(H) and with edge set S(G). Then, G is called a host graph of H if every
E € &H) induces a connected subgraph in G [24]. It means that the hypergraph H is spanned by the
graph G [27]. If the host graph is a class of graphs: tree, path, star, broom, double-star, caterpillar, and
centipede, they are called hypertree, hyperpath, hyperstar, broom hypergraph, double-star hypergraph,
caterpillar hypergraph, and centipede hypergraph, respectively. Paths, stars, brooms, double-stars,
caterpillars, and centipedes are tree graphs. Here, we refer to the definition of broom graphs in [28],
double-star graphs in [29], caterpillar graphs in [30], and centipede graphs in [31].

This article considers non-trivial, connected, and simple hypergraphs. The concept of a rainbow
connection in hypergraphs was introduced by Carpentier et al. [23] as follows: Let the hypergraph
H = (X(H),E(H)) be a non-trivial connected hypergraph. For u € N, an edge u-coloring of H is a
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function ¢ : &(H) — {1,2,...,u}. A u-v path in H is called a rainbow path if every edge of the path
has a distinct color. An edge coloring of H is said to be rainbow connected if for any two vertices u
and v in X(H), there exists a rainbow path between them. A rainbow connected u-coloring of H is a
rainbow connected coloring of H utilizing u colors. An rc(H) represents the smallest positive integer
u such that a rainbow connected u-coloring of H exists.

Carpentier et al. [23] obtained a lower bound for the rainbow connection number of a hypergraph.
If the diameter of H is the maximum distance of each pair of vertices in H, denoted by diam(H), then
the rainbow connection number of a hypergraph satisfies

re(H) > diam(H). (1.1)

Inspired by Schiermeyer [32] about a lower bound of the rainbow connection number of a graph,
in this article, we improve a lower bound of the rainbow connection number of a hypergraph stated
by Carpentier et al. [23]. In a hypergraph, a pendant edge is an edge that contains a pendant vertex (a
vertex of degree 1). Let H = (X(H), E(H)) be a connected hypergraph with |E(H)| > 1 and 1,(H) be
the number of pendant edges in . We show that r¢(H) > t,(H). Suppose that re(H) < t,(H)—1, then
at least two pendant edges are provided with the same color. This result is a contradiction since every
pendant edge must have a distinct color. Now, we show rc(H) > max{diam(H),t,(H)}. If t,(H) <
diam(H), by the definition of rainbow connection, we get rc(H) > diam(H). Conversely, if 1,(H) >
diam(H), based on the previous explanation, rc(H) > t,(H). We get the following Lemma 1.1. We
note that the lower bound in Lemma 1.1 is strict, and we will show the proof in Theorem 2.1 and
Corollary 2.3.

Lemma 1.1. Let H = (X(H),E(H)) be a connected hypergraph with |E(H)| > 1 and t,(H) be the
number of pendant edges in H. Then, rc(H) > max{diam(H), t,(H)}.

Carpentier et al. [23] have also obtained the rainbow connection number of a minimally connected
hypergraph. A minimally connected hypergraph is a connected hypergraph H with [E(H)| > 1, where
H—{E} is disconnected for every E € E(H). The rainbow connection number of a minimally connected
hypergraph is stated in the following theorem:

Theorem 1.1. [23] Let H be a connected hypergraph with |E(H)| > 1. Then, rc(H) = |E(H)| if and
only if ‘H is minimally connected.

In addition, they also obtained the rainbow connection number of an r-uniform cycle hypergraph,
an r-uniform complete hypergraph, and an r-uniform complete multipartite hypergraph. Since the
rainbow connection concept has not been applied to r-uniform hypertrees, we apply it in this article.

Forr > 2,1 < s <r,and tr > 1, an s-overlapping r-uniform hypergraph with size ¢ is r-uniform
connected hypergraph, with s being the maximum cardinality of the vertex set obtained from the
intersection of each pair of edges. The collection of s-overlapping r-uniform hypergraphs with size
t is denoted by 97 ,. As an example element of $, is a hypergraph H = (X(H), E(H)) with the vertex
set X(H) = {vi,v2,Vv3,V4,Vs,V6} and the edge set S(H) = {E|, E,, E3, E4}, where E; = {v,v,, 3},
E>, = {vy,vis,vs}, E5 = {va,vs,v6}, and E4 = {v4,vs,ve}. This hypergraph is a 2-overlapping 3-
uniform hypergraph with size 4 because the maximum cardinality of the vertex set obtained from the
intersection of each pair of edges is 2. By adopting the definition of $f,, we define an s-overlapping
r-uniform hypertree with size ¢, denoted by 7,, as an r-uniform connected hypertree, with s being the

8,1

maximum cardinality of the vertex set obtained from the intersection of each pair of edges in 77,.
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2. Main results

In this section, we determine the rainbow connection numbers of six classes of s-overlapping r-
uniform hypertrees with size t. They are s-overlapping r-uniform hyperpaths, hyperstars, broom
hypergraphs, double-homogeneous star hypergraphs, homogeneous caterpillar hypergraphs, and
homogeneous centipede hypergraphs with size . For simplification, we define [a,b] = {0 € Z|a <
6 < b}. Let x and y be two natural numbers. We define

. xmody, if y{ x;
xmod"y = )
v, otherwise.

2.1. Rainbow connection number of an s-overlapping r-uniform hyperpath with size t

The definition of an s-overlapping r-uniform hyperpath with size ¢ is as follows:

Definition 2.1. Let r, s, and t be three integers withr > 2, 1 < s <r, andt > 1. An s-overlapping

7

r-uniform hyperpath with size t, denoted by ¥, is a connected hypergraph that has the vertex set
X(P5) = {vi,va, .o, Va-yr—s)+r) and the edge set E(PY ) = {E1, E, ..., E/} with

Ei = {V(ic1)(r—s)+1> Vi=1)(r—s5)425 - - - s V(i=1)(r—s)+r} TOI every i € [1,¢].

It is obvious that diam(#' |) = 1 and diam(¥;,) = 2. To determine the diameter of #{, with size
t > 3, we need the following Lemma 2.1:

Lemma 2.1. [33] Every connected r-uniform hypergraph contains a spanning minimally connected
subhypergraph.

Any hypergraph H’ = (X' (H’), E' (H")) is referred to as a subhypergraph of H if X'(H’) € X(H)
and & (H'’) € E(H). Then, the diameter of an s-overlapping r-uniform hyperpath with size ¢ > 3 is as
follows:

Lemma 2.2. Let r, s, and t be three integers withr > 2, 1 < s < r, andt > 3. The diameter of an
s-overlapping r-uniform hyperpath with size t is diam(P,) = [w-l, where a = r mod” (r — s).

r—a
Proof. Let P, = (X(P},), E(P},)) be an s-overlapping r-uniform hyperpath with size ¢. Since %,
is an r-uniform connected hypergraph, by Lemma 2.1, #{, contains a spanning minimally connected
subhypergraph. Next, we construct a spanning minimally connected subhypergraph that is formed
from the edges connecting the first and last edges of #{,. In this case, every two consecutive edges
intersect as many as r mod* (r — s) vertices, except the intersecting of the last two edges is a maximum

of s vertices. Let a = r mod” (r — 5), b = =%, and M be a spanning subhypergraph of % ,, where the
edge set of M is
E(M) = {E1 | for k € [0,m — 1]}, if 1+ (m -b=t
{Erswl for k€ [0,m — 1]} U{E,}, otherwise.

It is easy to check that M is a spanning minimally connected subhypergraph of #7 ;. Since the order of
7, is (t — 1)(r — 5) + r and the size of M is | 20| we get diam(P;) = [ =24, O

r—a
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Letn =|X(P{)l = - 1D)(r—s)+r. If s =r—1, then P, is called a tight r-uniform hyperpath with
order n, denoted by ¥, [34]. In this case, a tight 2-uniform hyperpath is a path graph. We know that
the diameter of a path graph is n — 1. Therefore, by Lemma 2.2, we get the following corollary:

Corollary 2.1. Let r and n be two integers with 2 < r < n. The diameter of a tight r-uniform hyperpath
with order n is diam(P)) = [ﬂ-l

r—1

By Carpentier et al. [23], we have known the rainbow connection number of a minimally connected
hypergraph. In the following, we provide the rainbow connection number of all s-overlapping r-
uniform hyperpaths with size ¢, including a not minimally connected hyperpath.

By definition, #{ ; and #{, are minimally connected hypergraphs. Therefore, by Theorem 1.1, we
have rc(P] 1) = 1 and rc(P, 2) = 2. The following is the rainbow connection number of £, for z > 3.

Theorem 2.1. Let r, s, and t be three integers withr > 2, 1 < s < r, and t > 3. The rainbow connection
number of an s-overlapping r-uniform hyperpath with size t is rc(P5,) = diam(P)).

Proof. Leta = r mod” (r — s). For r — s > 5, we obtain that #{, is a minimally connected hypergraph.
Therefore, by Theorem 1.1, we have rc(P{,) = 1. Now, we show that diam(#,) = t. The shortest

path connecting two vertices v; and V_1yy—s+r 1S ViE] — E» — ... = E;_y = E;v¢_1)—s+r. Therefore, the
diameter of P, is the number of edges in #,. Thus, diam(; ) = t. Hence, rc(Py,) = diam(Py,).
For r — 5 < 7, by the inequality (1.1), we have re(Py,) = dlam(P ). Now, we show that re(Py,) <

diam(P7,). By Lemma 2.2, we get diam(P5,) = [w-l We define an edge coloring ¢ : &(P%,) —
{1, 2., I-w-” as c(E;) = {W} for i € [1,¢]. By the edge coloring ¢, we show that for any

r—a
two vertices, v; and v; in X(#{ ) there exists a v;-v; rainbow path. It is trivial for two adjacent vertices,

v; and v;. Now, we consider the cases where v; and v; are not adjacent. For 1 <i < j < (t-1)(r—s)+r,
let p = [-£]. b = =4 k = [E22224] D = diam(P,,), and d = d(v;,v)) = [Fmd 09 o

simplify the writing of the formula, let d=d-1, vi=@+D-kb-1)r—-—s)+r, and y, =
(p+ (D —k-1)b—1)(r—s)+r. Then, we show a v;-v; rainbow path in the following cases:
Case 1. If b | (t — 1), then a v;-v; rainbow path is

ViEi—Eip,—Ei o~ ...—E_gvi, fori > @ —s),bt(p—1)and j > yi;

ViE, — Epip — Epsop — ... — E V), otherwise.
Case 2. If b 1 (t — 1), then a v;-v; rainbow path is

ViEy = Epip — Epsop = ... — E, V), fori < (r—s),j <7y, and p + db <t
ori>(r—s),j<vy,and p+db<t
ViE,—Eipy—Erop—...— E_g_1— E,_gyvi fori>(r—s),j <y, and p+db > 1,
ori>(r—a),j>vy, and p+db >t

ViE,—Eiy—Eiop—...— E__1 — E1vi, otherwise.

Therefore, we get re(Py,) < [w1 Hence, re(Py,) < diam(P;,). Thus, we conclude that

r—a

re(Py,) = diam(Py ). O
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For illustration of Theorem 2.1, we give two examples of a rainbow connected coloring of 7’?’3
and me in the following Figures 1(a) and 1(b), respectively. We know that Pfj is a minimally
connected hypergraph with rc(} ;) = 3, whereas 5 |, is not a minimally connected hypergraph with

rc(?’i’n) =4.
El 1 EH 4
o o) & o ® )0 6 0)0
B Uy g5 Vs Ut . 1w v/ vz /v v
2 Ey 4
(a) (b)

3

Figure 1. (a) A rainbow connected coloring with 3 colors of 7’1’3,

coloring with 4 colors of P ;.

(b) A rainbow connected

If s = 1, then P, is called a loose r-uniform hyperpath [34]. Figures 1(a) and 1(b) are also
illustrations of loose and tight r-uniform hyperpaths, respectively. By Theorem 2.1, we obtain the
rainbow connection number of a tight r-uniform hyperpath with order n as follows:

Corollary 2.2. Let r and n be two integers with 2 < r < n. The rainbow connection number of a tight
r-uniform hyperpath with order n is rc(P)) = diam(P,).

2.2. Rainbow connection number of an s-overlapping r-uniform hyperstar with size t

In the following, we define an s-overlapping r-uniform hyperstar with size z.

Definition 2.2. Let r, s, and t be three integers withr > 2, 1 < s <r, andt > 1. An s-overlapping

r-uniform hyperstar with size t, denoted by S, is a connected hypergraph that has the vertex set
X(S5) = {vi,va, .. Vig—g)4s} and the edge set E(SY,) = {E1, E», ..., E/} with

Ei = {(vi,va, .., v} U Vigmgyr0 Vit—s)+(5=1)5 Vitr—s)+(s=2)» + - - » Vigr—s)+(s—(r—s—1y)] fOr every i€ [1,1].

By definition, S, is a minimally connected hypergraph. Since |5(S},)| = ¢, by Theorem 1.1, we
get re(SY,) = t. We can see that every edge of an s-overlapping r-uniform hyperstar with size ¢ is a
pendant edge. Therefore, if ,(S},) is the number of pendant edges of S ,, then we obtain the following
corollary:

Corollary 2.3. Let r, s, and t be three integers withr 2 2, 1 < s <r, andt > 1, and let S}, be an

s-overlapping r-uniform hyperstar with size t. If t,(S},) is the number of pendant edges of S, then
the rainbow connection number of S, is rc(S},) = t,(S})).

For illustration, we give an example of a rainbow connected coloring of 826 in the following
Figure 2. The rainbow connection number of S  is 6.
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Figure 2. A rainbow connected coloring with 6 colors of S;G.

2.3. Rainbow connection number of an s-overlapping r-uniform broom hypergraph with size y + w

An s-overlapping r-uniform broom hypergraph with size y + w is a connected hypergraph formed
from an s-overlapping r-uniform hyperpath with size y (#{ ) and w pendant edges attached to the vertex
set obtained from the intersection of the first edge and the second edge #%,. We call an s-overlapping
r-uniform hyperpath with size y as the broomstick and w pendant edges as sticks. An s-overlapping
r-uniform broom hypergraph with size y + w 1s one of the classes in the collection of s-overlapping
r-uniform hypergraphs with size ¢, where t = y + w. In detail, the following is the definition of an
s-overlapping r-uniform broom hypergraph with size y + w.

Definition 2.3. Let r, s, y, and w be four integers with r > 2, 1 < s <r,y > 2, andw > 1.
An s-overlapping r-uniform broom hypergraph with size y + w, denoted by BR;  , is a connected

hypergraph that has the vertex set X (B‘Rs,y,w) = {Vi,V2, .« s Vyrw-1)—s)+r} and the edge set S(BR;W) =
{El,Ez, L En ... ,Ey} U {Ey+1,Ey+2, e ,Ej, ce ’Ey+w} with

E; = {V(i—l)(r—s)+1’ V(i-1)(r—s)+25++ +» V(i—l)(r—s)+r} foreveryie€l[l,yl,
E;= Ve Viects o sV} U {Vn*+(j—y—l)(r—s)+la Vit 4 (j=y=1)(r=s)+25 « + + 5 Vn*+(j—y—1)(r—s)+(r—s)}
forevery jel[y+1,y+w],

wheren* = (y — 1)(r — s) + r.

By Definition 2.3, E; for every i € [1,y] is an edge of the broomstick. Meanwhile, E; for every
j€ly+1,y+w]isastick. Itis easy to check that the diameter of BR( , , is the same as the diameter
of P .

First, we consider BR{ ,, with size y = 2. For w > 1, it is an s-overlapping r-uniform hyperstar
with size y+w. Hence, we get rc(BR; y+w. Now, we determine the rainbow connection number

) )
S,Y,W
of BR.  with size y > 3 as follows:

S,y,W
Theorem 2.2. Let r, s, y, and w be four integers withr > 2, 1 < s <r,y >3, andw > 1. The rainbow
connection number of an s-overlapping r-uniform broom hypergraph with size y + w is

re(BR.. ) = [M-‘ + w, where a = r mod* (r — s).

5,y.W r—a
Proof. Let BR ,, = (X(BR{, ), E(BR, ) be an s-overlapping r-uniform broom hypergraph with

size y + w. Therefore, we consider two cases.

AIMS Mathematics Volume 9, Issue 7, 18824—18840.
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Casel.r-s>3

By definition, B8R,
re(BR.

geta = s,s0r —a = r — 5. Therefore, we obtain that y = [
edge of BR(, , is a pendant edge. Since BR{  , is formed from one 7, and w pendant edges, we have
every edge of % is a pendant edge. By the definition of #{ , the number of edges and vertices is y
and (y — 1)(r — s) + r, respectively. Therefore, we obtain that the number of pendant edges of ¢ is

r—a r—a r—a

sy 18 @ minimally connected hypergraph. Therefore, by Theorem 1.1, we get

=y + w. Now, we show that y = [

) — Y(r=s)+s—a
5,y,w

r—a

W. Since r — s = 5 and a = r mod” (r — s), we

W_:%-I For r — s > £, we have that every

Case2.r—s<§

We show that re(BR(, ) > [w-l +w. Since BR{ , formed from one ¥} and w pendant

edges, at least the rainbow connection numbers of BR{  are the sum of the rainbow connection

numbers of £.  and w. By Theorem 2.1 and Lemma 2.2, rc(SD;y) = [M-‘ Hence, we get

5,y r—a

re(BR;,,,) = [W-I +w.

a

Now, we show that re(BR{ ) < [M-| + w by defining an edge coloring ¢ : &(BR,
{1, 2,..., [MW + w} as follows:

r—a

syw)

y(r—s)+s—a

(E) [W], for every i€ [1,y];
Cc(L;) =

i—y+ [T-I’ for every ie[y+1,y+w].

Letn* = (y — 1)(r — s) + r and b = =2. In the proof of Theorem 2.1, we showed that there exists a
v;-v; rainbow path for 1 <i < j < (y — 1)(r — s) + r. Now, we show that there exists a v;-v; rainbow
path for other i and j. It is trivial for two adjacent vertices, v; and v;. We consider the subcases where
v; and v; are not adjacent as follows:

Subcase2.1. 1 <i<r—-sandn*+1<j<n"+w(r-—ys)

In this case, the vertices v; and v; are the pendant vertices on the pendant edge. Therefore, by edge
coloring c, every pendant edge has a distinct color, so that there is a v;-v; rainbow path with length 2.
The same reasoning applieston* + 1 <i < j<n* +w(r—s).

Subcase2.2. r+1 <i<n*andn*+1<j<n*" +w(r-—ys)
If (r — s) | r, then the distance of two vertices v; and v; is d(v;,v;) = [—] If (r —s) ¢ r, then

d(v;,vj) = [ -| Letd = d(vi,vj), p = [ -| q=y+ [ -| and b = 2. For every two vertices v;
and v;, there is a v;-v; rainbow path in the following form:
V,‘Ep - Ep—b - Ep—2b - ...~ Ep—(d—l)b - Equ, if i<n" - r,
Vl'Ey - Ey—b - Ey—2b — .= LBy @-1p — Equ, if " —r<i<n —r+ S,
Vl'Ey - Ey—h - Ey—2b — oo T Ly_g-2p — E1 - Equ, otherwise.
y(r—s)+s—a
Therefore, we get re(BRy ) < [71 + w.
Y(r—s)+s—a
Thus, we conclude that re(BRy ) = [T-‘ +w.
O
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For illustration of Theorem 2.2, we provide two examples of a rainbow connected coloring of BR?,s,z
and BR;M in the following Figures 3(a) and 3(b), respectively. We know that BR?,S,Z is a minimally
connected hypergraph with rc(BRiS,z) = 7, whereas BR;M is not a minimally connected hypergraph
with re(BR3 ;,) = 6.

(b)
Figure 3. (a) A rainbow connected coloring with 7 colors of BR?,s,za (b) A rainbow connected
coloring with 6 colors of Bﬂim.

2.4. Rainbow connection number of an s-overlapping r-uniform double-homogeneous star
hypergraph with size y + 2w

An s-overlapping r-uniform double-homogeneous star hypergraph with size y + 2w is a connected
hypergraph formed from an s-overlapping r-uniform broom hypergraph with size y + w and w pendant
edges attached to the vertex set obtained from the intersection of the last edge and the edge before the
last of the broomstick. Therefore, the number of sticks is 2w. An s-overlapping r-uniform double-
homogeneous star hypergraph with size y + 2w is one of the classes in the collection of s-overlapping
r-uniform hypergraphs with size ¢, where t = y + 2w. The definition of an s-overlapping r-uniform
double-homogeneous star hypergraph with size y + 2w is as follows:

Definition 2.4. Let r, s, y, and w be four integers with r > 2, 1 < s < r,
y > 3, and w > 1. An s-overlapping r-uniform double-homogeneous star hypergraph
with size 'y + 2w, denoted by DS is a connected hypergraph that has the vertex set

$,y,W*

X(DS;,,) = {vi,va, ..., Vysaw-1)r—s)+r} and the edge set E(DS;,,) = {E\,E,,....,E;,...,E} U

5y,W 5y.W

{Ey+l9 Ey+2a ceey Eja ceey Ey+w} U {Ey+w+l, Ey+w+2» s Ek, s Ey+2w} with

Ei = (Vi 1)r—s)+15 V= 1)(r—s5)42> - - - » V(i=1)(r—s)+r} JOT every i € [1,y],

Ei =Vt s Ve ) U Vi (v D)1 Vit oy D)(r—)425 + + + » Vit (jmy—D(r—s)+(r—s) }
forevery jely+1,y+w], and

Er = Vi i1 Virri2s + oo » Vi opps} U {Vn*+(k—y—1)(r—s)+1, Vi (k=y=1)(r—s)+25 + + = » Vn*+(k—y—1)(r—s)+(r—s)}
foreverykely+w+ 1,y +2w],

wheren* = (y — 1)(r — s) + r.

By Definition 2.4, E; for every i € [1,y] is an edge of the broomstick. Meanwhile, E; for every
jely+1,y+w]and E; forevery k € [y+w+ 1,y +2w] is a stick. It is easy to check that the diameter
of DS, is the same as the diameter of £ and BR{ . Now, we determine the rainbow connection

number of an s-overlapping r-uniform double-homogeneous star hypergraph with size y + 2w.
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Theorem 2.3. Let r, s, y, and w be four integers with r >

rainbow connection number of an s-overlapping r-uniform double-homogeneous star hypergraph with
sizey + 2w is

2,1 <s<ry>3 andw > 1. The

2+ 2w,
rea(DS;,,) = {[y(r—s)ﬂ—a

r—a

] + 2w, otherwise,

where a = r mod* (r — ).
Proof. Let DS |, = (X(DS; ), (DS, ,,)) be an s-overlapping r-uniform double-homogeneous star
hypergraph with size y + 2w. We consider two cases.
Casel.r—s5s> 3
According to Definition 2.4, there is not an s-overlapping r-uniform double-homogeneous star

hypergraph with size y + 2w for y < 2’ Z=". Therefore, we consider DS{ | withy > 2’_5 . By definition,

DS, is a minimally connected hypergraph Therefore, by Theorem 1.1, we get DSS} L, =Y+ 2w.
Now, we show that y = [W] Since DS[,, is formed from one # and 2w pendant

edges, the proof of y = [W] is similar to the proof of Theorem 2.2 Case 1. Thus, we get
DS, = [m-l + 2w.

5,y,W r—a

Case2.r—s<§

We consider two subcases.
2r K

Subcase 2.1. y <

Since the dlameter of DS, is equal to the diameter of P , we get diam(DS[ ) = 2. On the
other side, since y < Zr’_ we get an s-overlapping r-uniform double-homogeneous star hypergraph
with every pair of pendant edges intersecting such that the number of pendant edges is 2w + 2. By
Lemma 1.1, we obtain re(DS; ) > 2w + 2. Next, since every vertex is contained in a pendant
edge and each pendant edge has a distinct color, we get a v;-v; rainbow path with length 2 for every

1 <i<j<@+2w-1)(r-s)+r. Therefore, we get re(DS) ) < 2w+2. Thus, re(DS', 2w+ 2.
Subcase 2.2. y > 2=

Similar to the proof of the lower bound of the rainbow connection number in Case 2 of Theorem 2.2,
we get re(DSy, ) = [M1 + 2w. Next, we show that re(DS, ) < [MW + 2w by defining

) — {1,2, e, [M-I + 2w} as follows:

r—a

ERAY syw)_

an edge coloring ¢ : E(DS],

$,y.W

Y(r=s)+s—a

{[m-l, for every i€ [l,yl;
C(E) - r—a
i—y+ [TW, for every ie[y+1,y+2w].

Letn® = (y— 1)(r —s) + rand b = ==. It is trivial for two adjacent vertices, v; and v;. Now, we
consider the subsubcases where v; and v j are not adjacent. In the proof of Theorem 2.1, we show that
there exists a v;-v; rainbow path for 1 <i < j < (y — 1)(r — 5) + r. In the proof of Theorem 2.2, we
show that there exists a v;-v; rainbow path for

(HD1<i<r—-sandn*+1<j<n" +w(r-ys),

Qn+1<i<j<n +w(lr-ys),
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B)r+l<i<n andn*+1<j<n" +wr-oys).

By using the same reasoning as Theorem 2.2 in Subcase 2.1, we show a v;-v; rainbow path for
(Hn" —(r-s—-1)<i<n andn*"+wr—s)+1<j<n" +2w(r—ys),

Q)n +wr—s)+1<i<j<n +2w(r—oys).

Next, we show a v;-v; rainbow path for other i and j as follows:

Subsubcase 2.2.1. 1 <i<n*—randn*+w(r—s)+1<j<n" +2w(r —s)

If (r — s5) | r, then the distance between two vertices v; and v; is d(v;, v;) = [’f_;" -‘ If (r — 5) 1 r, then
dv;,v)) = [Lm"d(’_s)] Letd = d(vi,v), p = [ﬁ-l qg=y+ [j_"*], and b = =4 For every two

r—a r—s s”

vertices v; and v, we get v;E, — Ep, — Ep0p — ... — Epra-2p — E4v;j as a v;-v; rainbow path.

Subsubcase 2.2.2. n*+ 1 <i<n*+wr—s)andn* +w(r—s)+1 < j<n" +2w(r—s)
The distance between two vertices v; and v; is diam(DS’, ) = [ww Let D = diam(DS’, , ),

5y,w r—a A
q =y+ [%] g =y+ [%] and b = =£. For every two vertices v; and v;, we get v;E, — Ejyp —
Eviop — ... — Ervp-ayp — E4,vj as a vi-v; rainbow path.
Therefore, we get re(DSy ) < [y(’_rs_%1 +2w.
Thus, we conclude that re(DSy, ) = P—“‘:ﬂ;“ﬂ +2w. O

In the following Figure 4, we give an illustration of Theorem 2.3. Figures 4(a) and 4(b) are a rainbow
connected coloring of Z)Sii2 and Z)ng, respectively. The hypergraph of Z)Sii2 is a minimally
connected hypergraph with rc(Z)S‘;’,S’Z) = 9, whereas 2)83’7’2 is not a minimally connected hypergraph
with re(DS;3 ;,) = 8.

@l

(b)
Figure 4. (a) A rainbow connected coloring with 9 colors of Z)Sis,z, (b) A rainbow
connected coloring with 8 colors of 1)83,7,2.

2.5. Rainbow connection number of an s-overlapping r-uniform homogeneous caterpillar
hypergraph with size (z + 1)w + z

An s-overlapping r-uniform homogeneous caterpillar hypergraph with size (z+1)w+zis a connected
hypergraph formed from an s-overlapping r-uniform hyperpath with size z #{ _ and w pendant edges
attached to the first edge, the last edge, and the vertex set from the intersection of any two consecutive
edges in P . We call the edge in #; _ as a backbone, a pendant edge intersection with the set of vertices
obtained from the intersection of any two edges in #{ _ as a leg base, and a pendant edge that is not a
subhypergraph of P _ as a leg. Therefore, we have z + 1 leg bases and w legs. An s-overlapping r-
uniform homogeneous caterpillar hypergraph with size (z+1)w+z is one of the classes in the collection
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of s-overlapping r-uniform hypergraphs with size ¢, where # = (z + 1)w + z. In detail, the following is
the definition of an s-overlapping r-uniform homogeneous caterpillar hypergraph with size (z+ 1)w+z.

Definition 2.5. Let r, s, z, and w be four integers with r > 2, 1 < s <r,z 2 1, and w > 1.
An s-overlapping r-uniform homogeneous caterpillar hypergraph with size (z + 1)w + z, denoted by
WCﬁ’Z,W, is a connected hypergraph that has the vertex set X((HCZ’Z,W) = Vi, Va2, s Ve D—s)4r) U

(oo 107 5o - 1l 3} for every @ € [1,z+ 1] and B € [1,w] and the edge set E(HC; ) = {Eili € [1,z]} U
{Eopla € [1,z+ 11,8 € [1,w]} with

Ei = {Vi-1)(r—s)+1> Vi=1)(r—5)425 - - - » Vii-D)(r—s)+r} JOT every i € [1,7] and
1 2 -
Ea,,B = {Maﬁ, Ugpr -+ u;[; fu {V(a—1>(r—s)+1, Via-1)(r=5)+25+ > V(a—l)(r—s)+s}
foreverya € [1,z+ 1]and B € [1,w].

By Definition 2.5, E; for every i € [l,z] is an edge of the backbone. Meanwhile, E,z for
every « € [l,z+ 1], B € [1,w] is a leg. For an example, consider an 2-overlapping 3-uniform
homogeneous caterpillar hypergraph with size 9 in Figure 5(b), denoted by 7-(6‘;4,1. We can see
that the hypergraph has 5 leg bases and 1 leg for every leg bases. In detail, the hypergraph
has X((HC;M) = {v1,v2,V3,V4, V5, v6} U {u) U, fuy |} U {uj,} U {uy ) U {ug,} and 8(?1’6’374,1) =
{E1, Eay, B3, B} ULE ), Esy, B3y, By, Es ) where By = {vi,va, v}, Ey = {va,v3, w4}, E3 = {v3,v4, V5,
E4 = {va,vs5, v}, Evy = (vi,v2)Ulug |}, Eay = (va, v3Uluy ), Esyp = {vs, va}Ulud |}, Eqy = (v, vs)Ufuy )
Esy = {vs,ve} U {ug ).

Now, we show the rainbow connection number of an s-overlapping r-uniform homogeneous
caterpillar hypergraph with size (z + 1)w + z as follows:

Theorem 2.4. Let r, s, z, and w be four integers withr > 2, 1 < s <r,z > 1, andw > 1. The
rainbow connection number of an s-overlapping r-uniform homogeneous caterpillar hypergraph with
size (z+ Dw+zis

z+Dw+z, if r—s>3;

(z+ Dw, otherwise.

re(HC.,) = {

Proof. Let HC. .. = (X(HC. ., ),E(HC. ) be an s-overlapping r-uniform homogeneous caterpillar

$,2,W $,2,W $,2,W

hypergraph with size (z + 1)w + z. We consider two cases.
Casel.r—s2>3
By definition, HC._ is a minimally connected hypergraph. Therefore, by Theorem 1.1,

§,2,W

re(HC,,,) = [E(HC, . )l = 2+ Dw + z.
Case2.r—s<3

By definition, HC_,, is not a minimally connected hypergraph. First, we show the lower bound of
re(HCY. ). For z > 1, we get diam(HC,_,,) < t,(HC_,). Since every pendant edge has a distinct
color, we get (z + 1)w colors. By Lemma 1.1, we obtain r¢(HCY_,,) > (z + )w. Next, we determine
the upper bound of rc(ﬂCZ,z’w). We define an edge coloring ¢ : S(WC;Z’W) - {1,2,...,(z+ 1w} as
follows:

c(E;)) =1, for every i€ [l,z];
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c(Eqp) =(@—1Dw+pB+z-2, for every e €[l,z+1] and B € [1,w].

It is trivial for two adjacent vertices, v; and v;. We consider the cases where v; and v; are not
adjacent. Since each pendant edge is assigned a distinct color, we can show a u-v rainbow path for any
pair of vertices u and v in X(HC;_,,). For every two vertices u and v, there exists a u-v rainbow path

of the form uE, 3 — Eqs15— Eqi2p, - - - s Eqvepv, Where € + 1 is the number of pendant edges. Therefore,
we get re(HCY, ) < (z+ D)w. Thus, we conclude that re(HCY, ) = (z + Dw. |

§,2,W

For illustration of Theorem 2.4, we give two examples of a rainbow connected coloring of 7-(6‘?’4,2
and 7103,4,1 in the following Figures 5(a) and 5(b), respectively. The hypergraph of WC?A,Z is a
minimally connected hypergraph with rc(H Ci“) = 14, whereas H 63’4, | 1s not a minimally connected
hypergraph with rc(?-{C;M) =5.

19 U4

(a) (b)
Figure 5. (a) A rainbow connected coloring with 14 colors of WC?A’Z, (b) A rainbow
connected coloring with 5 colors of H C;A, I

2.6. Rainbow connection number of an s-overlapping r-uniform homogeneous centipede hypergraph
with size (z+ D)w+2z+2

An s-overlapping r-uniform homogeneous centipede hypergraph with size (z+ I)w +z + 2 is a
connected hypergraph formed from an s-overlapping r-uniform homogeneous caterpillar with size
(z+ Dw + z HC_,, and one pendant edge attached to the first edge of the backbone and one pendant
edge attached to the last edge of the backbone. We refer to the two pendant edges added as a head
and a tail, respectively. An s-overlapping r-uniform homogeneous centipede hypergraph with size
(z+ )w + z + 2 is one of the classes in the collection of s-overlapping r-uniform hypergraph with
size t, where t = (z + 1)w + z + 2. Next, we define an s-overlapping r-uniform homogeneous centipede

hypergraph with size (z + 1)w + z + 2 as follows:

An s-overlapping r-uniform homogeneous centipede hypergraph with size (z + 1)w + z + 2, denoted
by CP;, is a connected hypergraph that has the vertex set X(CP,_,) = {Vi,V2, ..., Vit r—s)er} U

$,2,W?

{uéﬁ, uiﬁ,...,u(’;ﬁj}for every @ € [1,z+ 1] and B € [1,w], and the edge set E(HC,) = (Eili €

[1,z+ 2]} U{Eygla € [1,z+ 11,8 € [1,w]} with

Definition 2.6. Let r, s, z, and w be four integers withr > 2, 1 < s < r,z 2 1, andw > 1.

E; = {V(i—l)(r—s)+la Vi-1)(r—s)+25 + + + 5 V(i—l)(r—s)+r} foreveryie€[2,z+ 1] and

12 -
Eop = A{ttyptlygs -, u(’y,ﬁf} U {Var—s)+1> Var—s)+2s - - - » Va(r—s)+s) Jor every @ € [1,z+ 1] and § € [1,w].
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By Definition 2.6, E; for every i € [2,z + 1] is an edge of the backbone. Meanwhile, E; and E,,,
are the head and the tail, respectively. In addition, E, g for every a € [1,z+ 1] and B € [1,w] is a leg.
Since CP_,, are HC,,, which added one pendant edge on the first edge and the last edge of the

backbone, and each pendant edge is assigned a distinct color, we get rc(CP%.,) = rc(HC_,) + 2.
Therefore, we obtain the rainbow connection number of an s-overlapping r-uniform homogeneous

centipede hypergraph with size (z + 1)w + z + 2 as follows:

Corollary 2.4. Let r, s, z, and w be four integers withr > 2, 1 < s <r,z > 1, andw > 1. The
rainbow connection number of an s-overlapping r-uniform homogeneous centipede hypergraph with
size(z+ Dw+z+21is

(+Dw+z+2, if r—s=3;

z+Dw+2, otherwise.

re(CP;.,,) = {

In the following Figure 6, we give an illustration of Corollary 2.4. Figures 6(a) and 6(b) are a
rainbow connected coloring of C’PL,2 and CSDSA, |» respectively. We know that C?";’A’2 is a minimally
connected hypergraph with rc(CP?A’z) = 16, whereas CPSA,I is not a minimally connected hypergraph
with re(CP5 4 ) = 7.

(a) (b)
Figure 6. (a) A rainbow connected coloring with 16 colors of CSDTA,Z, (b) A rainbow
connected coloring with 7 colors of C7)§,4,1-

3. Conclusions and open problems

We obtained the rainbow connection numbers of six classes of s-overlapping r-uniform hypertrees
with size t. If r = 2, then we confirm that the rainbow connection numbers of them are equal to the
rainbow connection numbers of trees which have been obtained by Chartrand et al. [2]. Moreover,
we provided the best lower bound of the rainbow connection numbers of s-overlapping r-uniform
hypertrees with size ¢, namely their diameter or their number of pendant edges. We have shown that the
rainbow connection number of an s-overlapping r-uniform hyperpath with size ¢ equals to its diameter.
Meanwhile, the rainbow connection number of 77, equals its number of pendant edges if 77, is an s-
overlapping r-uniform homogeneous caterpillar hypergraph with size 7 for r — s < 5, an s-overlapping
r-uniform homogeneous centipede hypergraph with size 7 for r — s < 7, or an s-overlapping r-uniform
hyperstar with size ¢. This research can be continued by determining the rainbow connection numbers
of other classes of s-overlapping r-uniform hypergraphs with size ¢ where the rainbow connection
numbers of their host graphs have been obtained. In addition, there is the issue of determining the best
upper bound for the rainbow connection numbers of non-minimally connected hypergraphs.
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