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Abstract: Neural networks (NNs) with values in multidimensional domains have lately attracted the
attention of researchers. Thus, complex-valued neural networks (CVNNs), quaternion-valued neural
networks (QVNNs), and their generalization, Clifford-valued neural networks (CIVNNSs) have been
proposed in the last few years, and different dynamic properties were studied for them. On the other
hand, time scale calculus has been proposed in order to jointly study the properties of continuous time
and discrete time systems, or any hybrid combination between the two, and was also successfully
applied to the domain of NNs. Finally, in real implementations of NNs, time delays occur inevitably.
Taking all these facts into account, this paper discusses CIVNNs defined on time scales with leakage,
time-varying delays, and infinite distributed delays, a type of delays which have been relatively rarely
present in the existing literature. A state feedback control scheme and a generalization of the Halanay
inequality for time scales are used in order to obtain sufficient conditions expressed as algebraic
inequalities and as linear matrix inequalities (LMIs), using two general Lyapunov-like functions, for
the exponential synchronization of the proposed model. Two numerical examples are given in order to
illustrate the theoretical results.
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1. Introduction

Recently, neural networks (NNs) defined on multidimensional domains have been considered as
an extension of real-valued neural networks (RVNNs). As such, complex-valued neural networks
(CVNNs), for which the domain is the 2D complex numbers algebra, and quaternion-valued neural
networks (QVNNSs), for which the domain is the 4D quaternion algebra, were introduced and different
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dynamic properties were studied for them. Then, they were generalized to Clifford-valued neural
networks (CIVNNSs), for which the domain can be any 2"-dimensional Clifford algebra, with n > 1.

CIVNNs were first introduced, in their feedforward variant, in [1]. Then, in their recurrent Hopfield
variant, CIVNNs were introduced in [2]. Because of their generality, it is expected that CIVNNs will
have applications in problems related to high-dimensional data processing and analysis.

Starting from paper [3], different dynamic properties have been researched for recurrent
CIVNNS, such as stability [4—14], synchronization [15, 16], fixed/finite-time synchronization [17-19],
dissipativity [20], etc.

The finite reaction time of circuit components causes time delays in real-world NN
implementations, which may result in undesirable behavior. Time delays must thus be incorporated
into the models that are used to analyze the dynamic properties of NNs [21-23]. One type of delay,
which appears in the self-feedback term of NN, is the leakage delay, and it has been discussed, in the
context of CIVNNS, in [5, 6, 13, 16,24-27]. Then, the dispersion of conduction speeds throughout an
NN’s implementation pathways may give rise to distributed delays. Finite distributed delays are the
most common types of distributed delays, which were added to models of CIVNNs in [14,17,18]. They
are called mixed delays when they appear in conjunction with time-varying delays and were considered
as part of CIVNN models in [20, 28,29]. However, infinite distributed delays have been more rarely
discussed in the literature concerning NNs in general, and, for CIVNNs, were only present as a part of
the model in [18], to our awareness.

On the other hand, the majority of the papers involving the study of the dynamics of NNs in general
are done in continuous time. Nonetheless, when implementing NNs in circuits, discretization is a
necessary step, and it’s possible that the dynamics of the discrete time model differs from that of its
continuous time counterpart. This observation led to the idea of discussing NNs directly in discrete
time for the first time in [30]. Discrete time NNs have since then become a topic in their own right,
attracting more and more research avenues with the passing of time. To the best of our knowledge,
discrete time CIVNNSs have not been yet discussed in the available scientific literature.

A method to unify the study of continuous and discrete time systems, or any hybrid combination
of them, has been put forward in the form of time scale calculus, which was developed for the first
time in [31]. Time scale calculus was later expanded and summarized in the books [32—-34], which
represent important references for further developments regarding time scales. Time scales were also
added to the study of NNs for the first time in [35]. Since then, time scale NNs have also become an
increasingly popular field of study. CIVNNSs defined on time scales were the focus of [15,24,26].

Since time scale calculus is more general and has to encompass the characteristics of both
differential and difference systems, the classical Lyapunov theory is not applicable for systems defined
on time scales. Alternatively, Halanay inequalities have been used to study the dynamics of such
systems. Different types of Halanay inequalities have been proposed over time; see [36—40]. These
inequalities have also been extended to time scales, yielding Halanay inequalities for time scales
(see [41-44]), which have been used to study the dynamics of NNs defined on time scales, for example,
in [45-51].

Considering all the above observations, this paper has the subsequent key contributions:

1. A very general model of CIVNNSs defined on time scales is put forward, encompassing leakage,
time-varying, and infinite distributed delays, which were rarely present in the literature.
2. Two types of Lyapunov-like functions are defined, which allow the application of a Halanay
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inequality on time scales.

3. Based on these functions, sufficient conditions expressed as algebraic inequalities and linear
matrix inequalities (LMIs) which ensure the exponential synchronization of the proposed model
are formulated, using a general state feedback control scheme.

4. One numerical example is provided for each of the two theorems, both in the discrete and
continuous time contexts.

5. The proposed model is so general that it is possible to particularize it for discrete time or
continuous time CIVNNSs, or even for CVNNs or QVNNS, for which no comparable results have
been reported in the literature, to our awareness.

The remaining part of the paper has the following organization. The presentation of the Clifford
algebras, the basics of time scale calculus, the discussed model and its transformation to a real-valued
one, and the necessary assumptions and lemmas all together form Section 2. Afterward, in Section
3, two kinds of Lyapunov-like functions are used in order to obtain sufficient conditions expressed
as algebraic inequalities and LMIs, respectively, which ensure the exponential synchronization of the
proposed NN, based on a state feedback control scheme. Two numerical examples are put forward
in Section 4 to illustrate the results presented in the previous section. Finally, Section 5 draws the
conclusions of the present research.

Notations: R — reals, R* — positive reals, C¢,, — Clifford algebra, RV (Cﬁﬁ q) — real (Clifford)
vectors of dimension N, RV (C£Y*V) — real (Clifford) N x N-dimensional matrices, A, (A) — smallest

2
eigenvalue of A, AT — transpose of A, A < 0 — A is negative definite, || - l, - L, norm, p € {1,2}.

2. Preliminaries

We begin by introducing Clifford algebras. Let {ey,...,e,} be an orthonormal basis of R”, where
n>1.Letp,q€{0,...,n} withn = p + g, and define the operation ®, , as:

I, 1<i<p
ei®p,qei:{

-1, p+1$i§p+q’

ei®p,q€j+ej®p,qei:07 Vi,jE{l,...,l’l}, l?&]

Define
I ={{i,....i;}eP{l,....,nDH|1 <ij <--- < iy <n},

where P({1,...,n}) is the power set, i.e., the set of all subsets, of {1,...,n}.
For any I € 1, we define:
€ :=¢€, ®Qpy " Bpgy€i.

Particularly, ey = 1. In what follows, when there is no danger of confusion, we will denote e; = ey, i,
with €ipie
With these notations, the Clifford number set C¢,, , is defined as:

Ctp, = {x = leel

lel

x' e R, VIEI}.
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It can be proved that, together with the operation ®,, ,, defined above, C¢,, , represents an associative
real algebra of dimension 2", called a Clifford algebra.
For each Clifford number x € C¢,,, its conjugate is defined as X := Y.y x'e;, where ¢, =

—l)we,, and |I| denotes the cardinality of set /. Then, we define the norm of Clifford number

X €Clygas|xlce,, = \X®pq x = A/ Der(x)?.

On the other hand, we give a basic introduction to time scale calculus mainly based on [32]. “A
nonempty closed subset of the real number set R, from which the topology and ordering are inherited,
is called a time scale T. V¢ € T, the forward jump operator is defined as o(¢) := inf{s € T| s > ¢}, and
the backward jump operator as p(t) = sup{s € T|s < ¢}. The forward graininess function is defined as
p: T — [0,400), u(t) := o(t) —t, ¥t € T. Also, put it = sup{u(?)|t € T}.

Once this is established, a point # € T is right (left)-dense if o(t) = t (o(t) = ¢) and right (left)-
scattered if o () > t (o(t) < t). T“ := T\{m}, where m is the left-scattered maximum of T, if it exists,
otherwise T* := T. If f(¢)) = lim_(_,,l+ f(0) for any right-dense #; € T, and limg_,,z— f(©) exists for any
left-dense t, € T, then the function f : T — R is called rd-continuous. C,;(T,R) designates the set of
all functions f : T — R which are rd-continuous. The jump operators are defined as f(r) = f(o(?))
and fP(t) = f(p(1)), respectively, for a function f : T — R. If p € C,4(T,R) and 1 + u(t)p(t) # O,
Vt € T, then function p : T — R is said to be regressive, and we denote by R(T,R) the set of all
regressive functions. The set R*(T, R) denotes all positively regressive functions, which are functions
p: T — R for which p € C,;(T,R) and 1 + u(t)p(¢) > 0, Vt € T*. We establish the following formula:
Vp e R(T,R), ep(t) := —p(t)/(1 + u(t)p(¢)), VYt € T. For any set S C R, we define St =5 NT.

Given a function f : T — R, the number denoted by f2(¢) for t € T* such that Y& > 0, there exists a
0 > 0 so that the subsequent inequality is valid Vs € (¢t — 9,1 + O)r:

[f(e®) = £(5) = fAO@ @) = 5)| < elo(®) = s,

represents, if it exists, the A-derivative of f at . The function f is said to be A-differentiable if the
A-derivative exists Yt € T*.
The inverse operation of A-differentiation is A-integration, i.e., if FA(¢t) = f(f), then

b
ff(S)ASIF(b)—F(a), Ya,b e T.

Lastly, for any regressive function p € R(T,R), the A-exponential function e, : T X T — R is
defined by the formula:

ep(@,b) = b 58 yg e,

where &, represents the cylinder transformation, given as:

log(1+zh) h + 0
&n(2) = "
Z h=0

Define the following CIVNN with leakage, time-varying, and infinite distributed delays on time
scale T, which will serve as the drive system:

N N
@) = et =y)+ D@y @y D)+ D by @y filxi(t = (1))

J=1 J=1

AIMS Mathematics Volume 9, Issue 7, 18796—18823.



18800

N 00
+ D 8ii®pg fo K(s)f(x;(t = )As + Ey, (1)
j=1

Yie{l,...,N}, Yt € [0, +00)r, where x(¢) = (x;(2), ..., xn() € Cfﬁ:’,q represents the vector of states
att € [0, +oo)y, C = diag(cy, ..., cy) € RV (with ¢; > 0, Vi € {1, ..., N}) represents the self-feedback
weight matrix, A = (@;j)1<ij<v € CK%N is the weight matrix without delay, B = (b;;)1<; j<v € C(ZEN is
the weight matrix with delay, G = (gij)i<ij<v € C’flj\,’, ;N is the infinite distributed delay weight matrix,
K : [0,+00)r — R is the infinite distributed delay kernel function, f; : Ct,, — C¢,, represent the
activation functions, Vj € {1,...,N}, and E = (E,,...,Ey)’ € C{’g’ g is the external inputs vector.
The time-varying delays are o : [0, +00)r — [0, +c0)r. Assume that there exists o € (0, +00)r with
o(t) < o, ¥Vt € [0, +00)r, and the leakage delay is y € [0, +c0)1. The notation ¢ := max{y, o} is made.
Also, assume that the activation functions f; have the form fj(x) = > ;s ff (x)e;, Yx € Cl, 4, where
fj’ :Cly, >R, Vje(l,...,N},VIeI.
For NN (1), the initial conditions are expressed as:

xi(t) = Y1), Vte€[-¢,0]r,

where ; € C([—¢,0]r,CCl,,), Vi € {1,...,N}. On set C([—¢, O]T,Cfgq), the norm is defined as ||y|| :=

P SUP(_y, oy, Wi(D)].
The response NN, which is needed in order to analyze synchronization, will correspondingly be
defined as:

N N
YO = —eyt=P)+ Y @18y fiD) + D by ®pg fi(yj(t = ()

J=1 J=1

N 0o
D0 [ KOS0= s+ = @
=1

Vie{l,...,N}, V¥t € [0, +c0)r; y(t) = (1 (D), ...,yn(@®)' € C{’ﬁq is the state vector at ¢ € [0, +00)y; and
u(t) = (o), ..., uy()" € Cﬁgq is the vector of control inputs at ¢ € [0, +00)r.
The NN (2) has its initial conditions defined as:

yi(t) = ¢i(t), Vi € [-¢,0lr,

where ¢; € C([—¢,0lr,Ct,,), Vi€ {1,...,N}.
Taking into account relations (1) and (2), and denoting 3;(#) = y;(#) — x;(t), Vi € {1,...,N}, Vt €
[0, +00), the error system will have the following expression:

N N
RO = —cpilt—y)+ Z ai; ®p4 FiG;(1)) + Z bij ®pq fiGi(t — o (1))

J=1 J=1

N 0o
+ )8 ®pg fo K()fG,(t = $)As = ui(0), (3)
j=1

Vi € {1,...,N}, Vt € [0, +00), where fj(sl,-(t)) = fiGGj(1) + x;(t)) — fi(x;(1)), ¥t € [0, +0c0), V) €
{1,...,N}.
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Now, NN (3) will have the initial conditions expressed as:

3i(0) = xi(0) = ¢i(t) = ¥i(1), Vi € [-¢, 0],

where x; € C([-¢,0]7,Cl, ), Vi€ {l,...,N}. B
Taking into account that VK, I € I, AJ € I, such that ex = (=1y"le; ®,, ¢, where p[I - J] =

O, eK:eI®p,q ey

, and, if we denote x'7 := (=1)71"/1xX we have that xXex = x'7e; ®,, €;, and

1, eg = —€yg ®MEJ
system (3) can be equivalently written as:

Z 3 (e =

Iel

= > ealt=per + Z ( a ,-eK) ®ng [Z f! (aj(z))eJ]
Kerl

lel Jel
- Z (Z bl,ek] ( VO g(;)))e,)
j=1 \Kerl

j=1 \Kerl Iel
N 7 ~
_ Z Ci?)ll‘(t — ’}/)61 + Z (Z al{j'.Je[ ®p,q El] ®p,q [Z fjj(ﬁj(l’))ej)
Iel j=1 \lIel Jel
-l-Z(Zb ey ®pq61) pq[z fj(3](t O-(I)))eJ)
Iel Jel
N
+Z(Zg e,®pqej] [ [f K(s)fl(aj(t—s))As]ej]_
Iel Jel
= > el —yer+ Z > Al FG e @, @y e
Iel j=1 Iel Jel
N
+ Y Y PGt = a0)er 8,08 @pq e
Jj=1 Iel Jel

N

j=1 1l Jel
=Y ealt=per+ Y (Z >l ’(3](z))] er
Iel Iel \ j=1 JeI
N
* Z (Z Z b Jf (3(r = U(t)))) e
1e1 \j=1 JeI
+) (Z 285 f K()f] Gyt - s))As] er= Y uler.
Iel \ j=1 JeI Tel

+ Z (Z gl]ek] i ( f K(S)fj(ﬁj(l - S))AS] 61] - Z ul(He;

Z u I,

Iel

N [ f K(s)f Gyt~ s))As] €1 ®pg €1 ®pges— ) ul(D)es

Iel

)

The system of equations (3) will now be converted into 2" real-valued systems. This is accomplished

AIMS Mathematics
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by using the following 2" equations to represent each equation in (3), based on relation (4):

N _ N _
0 = —calt-y+ Y D al FG) + > > b Gt - o)

j=1 JeI j=1 Jel
N B 00
I-J K ~J A 1
T gl ()Gt — $)As — ul0),
j=1 JeI 0
Viel,Yie{l,...,N}.
If we now denote:
500 0-1 0-7 KO12en ]
510 Kl ARy Kl 12n
: : ‘ . : * . : 2nX2n
mat(x) := - - - — |€R
%0 KT . o7 . Kl 12n ’
»x12...n-6 xlz...n-T . x12...n-? . x12...n-12...n_

and vec(x) := ((x);er)T € R?, the expression of system (3) will be the following:

N N
vec(3 (1) = —cvecGi(t — ) + Z mat(a;;)vec(f;(3;(1))) + Z mat(b;;)vec(f;(3,(t — o(1))))
J=1 j=1

N 00
+ > mat(g;)) fo K(s)vec(fi(3;(t = $)As — vec(ui(1)),

J=1

Yie{l,...,N}, ¥Vt € [0, +00)r.
Lastly, if we make the following notations:

~ . . 2” 271 Y . 2" 2"[
C :=diag(c b, ... ,cyln) € RFVFN A = (mat(a,-j))]gl_,jsN e R¥NVN

VINXZIN % 2INX2N
e = (matce.p),_ €
R , G mat(g;;) L<i <N R ,

B:= (mat(bl- j))lgi,jsN
3(1) := (vecGi (1), ..., vecGn(E)D)T € R*™, fG®) := (vec(AiGI)), . .., vec(fnGn®NT)T € R*Y,
(7) == (vec(u;(0))7, . .., vec(un()")T € RV,
the expression of system (3) will be:
380 = =C3(t —y) + AfG(0) + Bf Gt —oc(t)) + G f K(s)fG(t = $)As —i(t), Vt € [0,+00)r. (5)
0

We have to make the following assumptions:

Assumption 1. ( [52]) “The activation functions f; satisfy ¥x, x’ € C{,,, the following Lipschitz
conditions:

1] () = £ < Llx = X lee,,»
VI € I,V e {l,...,N}, where lj. > ( represent the Lipschitz constants. Furthermore, we denote
L := diag((l)er, - .., (1) 1er) € RZNVEN Y

AIMS Mathematics Volume 9, Issue 7, 18796—-18823.
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Assumption 2. The infinite distributed delay kernel function K : [0, +c0)r — R satisfies:

f K(s)As =1 and f K(s)e’As < 0.
0 0

We will also need the following lemmas regarding time scales in order to conduct the proofs of our
theorems:

Lemma 1. ( /32]) “If f,g : T — R are A-differentiable, then
(i) (f(D) + g0)* = A1) + g*(1);
(i) (f(g)* = fADg(1) + f(o()g* (1) = f(1)g (1) + fADg(or(t)).”

Lemma 2. ( [51]) “Let y(t) be a nonnegative rd-continuous function on T, and

YAt < —ayy(t) + @2 sup  y(s) + s f‘x’ K(s)y(t — s)As +
0

sE[t—Tt]T

holds fort € [ty, +o0)1, ty, t — s € T, where @y, as, as, and 3 are four positive constants, K(s) > 0 holds
for s € [0, c0)r, and fooo K(s)e’As < oo, If —a; € R, a1 > ap + a3 fooo K(s)As, then

y@) <y+ sup  y(s)eea(t, f)

s€[to—T,to]T
for any t € [ty, +00)r, where y = B/(a) — ar — a3 fom K(s)As), A > 0 satisfies the inequality
—ol<a —me' —a; f K(s)e¥As.”
0

Lemma 3. ( [51]) “Suppose that x(t) € R" is rd-continuous and f(-) € C,, is a A-differentiable convex
function. Iffooo K(s)As =1, then

f(fm K(s)x(t - S)As) < foo K(s)f(x(t — s))As
0 0

holds for Nt € T, where K(s) > 0 holds for s € [0, 00)1.”
Lemma 4. ( [46]) “If -1 € R*, y € C,4(T,R), z € C,4(T,R), then ¥t € T,

YA®) < =y(0) + 2(1)

implies
y(@O* < =Aly@)] + |z()].”

3. Main results

In order to realize synchronization between drive system (1) and response system (2), we design the
following state feedback controller:

u(®) = Ki3(1) + Ko3(t = y) + K33(1r — 0(1)) + K4 f K(s)3(t — s)As, V1t € [0, +o0)r, (6)
0

AIMS Mathematics Volume 9, Issue 7, 18796—-18823.



18804

in which the real positive diagonal matrices K, ...,K; € R™¥ are the control gain matrices. By
incorporating this controller, system (5) becomes:

B = —K30 - (C+ Kyt —y) - K33t — o)) - K,y f K()3(t — 5)As
0
+AfG) + BfGt - o) + G f K()fG(t — $)As, Vit € [0, +o0)r, (7)
0
where K, := diag(kii I, ko1 I, . . . ki1 Ipn) € R¥VPN K, = diag(kialyn, koolon, . . . knalon) € RENEN,

Iv(3 = diag(k1312n, k23[2n, ceey kN312n) € Ranxan, k4 = diag(k1412n, k2412n, RN kN412n) S Ranxan.

Theorem 1. Drive NN (1) is exponentially synchronized with response NN (2) under control scheme
(6) if Assumptions 1 and 2 are satisfied and the subsequent LMIs are true:

Q <0, Z/TR3Z4 —azP < 0, (8)

where Ql,l = —Pkl - k]P + (ﬁ + CYl)P + ZJTRllVJ - Nzk] - k]NzT, QI,Z = —-N, — Iv(lNlT, Q1’3 =
—P(é + kz) — Nz(é + kz) — IV<1N§, 91’4 = —Pk3 - N2k3 — IV{INZ’ QI,S = PA/ + NZA/ + klNGT, Ql,6 =
PB + Nzé + IV(1N7T, Ql’7 = —P[v(4 - N2[V(4 — klNST, Ql’g = PG + Nzé + Iv(lNST, Qz’z = —-N, - NIT,
Q2,3 = —N1(6+K2)—N§, Q2,4 = —N1[\€3—N4T, 92,5 = NlAv'l'N()T, QZ,6 = N1B+N7T, Q277 = —N11V{4—N5T,
Qz,g = Nle + N8T, 93’3 = —N3(é + kz) - (é + I\{VZ)N3T — ay P, 93’4 = —N3k3 - (é + kz)N‘{, Q3,5 =
N3A +(C+ Ky)NI, Qs 6 = N3B+ (C + K)NT, Q37 = —=N3K, — (C + K>)NE, Q35 = N3G + (C + K»)NY,
Q4’4 = zTRzL—N4IV(3 - k3NI —anP, Q4’5 = N4A +Iv(3NT, Q4,6 = N4B+ k3N7T, 94’7 = —N4k4 —Iv(gNT,
Q4,8 = N4G + k3Ng, Q5,5 = —]\7614v - AVTNg — Ry, QS,() = _Nﬁé —AVTN7T, 9577 = AVTNST + N()k4,
Q5’8 = —N6é - A/TNT, Q6,6 = —R2 - N7E - ETNT, 96,7 = BTNST + N7IV(4, 96,8 = —N7é - BTNg,
Q77 = —NsKy— KuNI, Q75 = NsG + K4uNT, Qg g = =Ry = NG — G' N!, matrix P € R¥M2'V js positive
definite, matrices Ry, R,, Ry € R*M?'N are diagonal positive definite, Ny, ..., Ng € R*NN gre any
matrices, and real positive numbers ay, ay, @y, as satisfy —a, € R and

a) > o + axn + agf K(s)As.
0
Proof. We start by putting forward the subsequent Lyapunov-like function:

V() = 3t) Pi(1).

Taking into account Lemma 1 and the expression of system (7), the A-derivative of V for the positive
half trajectory of system (7) has the following expression:

VAR < 30OTPR0 + 32 @) P + 300 P3¢

= JO'P (—qua) —(C + Kp)i(t —y) — K33t — o (1) — Ky f K()3(t — 5)As
0
+AfG() + BfG(t - o(t) + G f K(s)fG3(t - s))As)
0
+ (—mm —(C + K3t —y) - K33t — (1) - K4 f K()3(t — 5)As
0
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00 T
+AfGO) + B Gt - o) + G f K(s)fG(t - s))As) 1210
0
+32 (0T P30 )

On the other hand, Assumption 1 guarantees the existence of diagonal positive definite matrices
Ry, R, € RNV guch that V¢ € [0, +o0)p:

0 <30 L"R\L3(0) — fGO) RIFG(1)), (10)

0 <3t — o) L"RoLi(t = o(0) = fG3(t = 0 () Rof (3(t = 07 (1))). (1)

Also, from Lemma 3 and Assumption 1, we get that there exists positive definite matrix R; €
R¥'M*2'N guch that V¢ € [0, +00)r:

(o) 00 T (o)
0< ( f K($)3(t — )" LTR;L3(z — s)As) - ( f K(s)f Gt — s))As) R; ( f K(s)f Gt — s))As).
0 0 0

Moreover, for any matrices Ni, ..., Ng € C£) ", the next identity is true: 2
[ﬁA(t)TNl +3(0 Ny +3(t =) N3 + 3(1 — o(1) Ny + ( fo i K(s)3( - s)As)T Ns
—fG0) Ns = G5t = () N7 - ( fo KOG - s))As)T Ngl
X |34 () - Ki3(0) = (€ + K)i(t — ) - K33t — o (1) - Ky fo KO- 9As
+AfG) + B3t — o)) + G fo KOG - s))As] =0. (13)

Now, in Lemma 2, we take V¢ € [0, +00):

y(@) := V(@) = 30" P3@),

and, using relations (9)—(13), we have that:

YA < —ay(@) + any(t —y) + any(t - o) + a3 f K(s)y(1 = $)As + £ QE(r)
0

IA

() + (am + @) sup ¥(s) + f K(s)y(t — 9)As,
0

s€[t—p,tlT

where, for the last inequality, we used the hypotheses (8) and

&0 = [0 PO $6-»" - GO G- o)
T

(f ki -9as) ([ K@ iGa-mas) |-

This means that the first inequality in Lemma 2 holds.
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From the hypothesis of the theorem, we have that the second inequality in Lemma 2 is also true,
which means that we can apply Lemma 2 to obtain:

LuinPIFOI5 < 30 P30

< sup )’(S)ee/l(t, 0)’
s€[-¢,0lr

or, equivalently,

/lmin(P )
which shows that drive NN (1) is exponentially synchronized with response NN (2) under control
scheme (6), exactly what we wanted to prove. O

. SUP (- .01, V(S) |
130 < \/ eI T (o (1,0))?

Theorem 2. Provided that positive numbers w;, 0 < i < 2"N, exist, the following inequality is true:

a; > ay + a3f K(s)As,
0

and —ay € R*, where

@) = minjgony {7<1i -3 |Vﬂ|w’l}

) = maxigzo {& + ko + kai + X0 bl 21

@3 = MaX; i<y {k4i + 37 |gji|%:ll},
and, also, Assumptions 1 and 2 are satisfied, then drive NN (1) is exponentially synchronized with
response NN (2) under state feedback controller (6).

Proof. The following Lyapunov-like function is put forward:

2"N
V() = ) il

i=1

For the positive half trajectory of system (7), employing Lemma 4, the A-derivative of V has the
following explicitation:

VA < - Z kiwfio] + Z(cl + kapwi§i(t = 7)| + Z kst = o)

i=1

2'"N 2"N 2'"N 2"N
* Z kaico; f K(s)l5i(t = s)|As + il G + > D byl G5t = @)
i=1 0 i=1 j=1 i=1 j=1
2"N 2"N 00
“ 3 Ml [ KOG - sias
i=1 j=1 0
2"N
< - Z kw50 + Z(c, + kaoiliit = y)l + Z kst - o(0)
i=1
2"N 00 2"N 2"N 2"N 2"N
+ ) K fo K(s)wifii(t — 5)/As + il L1+ D bl 5 - @)
i=1 i=1 j=1 i=1 j=1

AIMS Mathematics Volume 9, Issue 7, 18796—-18823.
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2"N 2"N

0 il fo K()f5(t = s)|As

i=1 j=1

2"N . 2"N Wi N .
- [ku - |aji|;{li)wi|§i(t>| + D (@ +k) sup wilsi(o)l
i=1 j=1 !

-1 s€[t—p,t]lT

N N
v v iy v
+ El (k_oﬂ- + El |bﬂlzll] sup wi|3i(s)|
i= J=

IA

i s€[t—p,t]T
2N 00 N W
v 5 iy 5
+ Z j; K(s) [km + Z; Igﬁlali] wil3:(t — $)|As. a4
= =

At this point, in Lemma 2, we take

2"N

¥(0) = VD) = ) o)
i=1
Now, relation (14) allows us to write Yt € [0, +00), that:

yA(t) < —apy(t)+ay; sup y(s)+as f°° K(s)y(t — s)As,
0

s€lt—p,tlT

where a;, a,, a3 are given in the hypothesis of the theorem. This means that the first inequality in
Lemma 2 holds. The second inequality in Lemma 2 also holds, based on the hypothesis of the theorem.
Thus, we can apply Lemma 2, which gives:

2"N
min {3l < wi[3:(0)|
<i<2"N 3

i=

1

< sup  y(s)eea(t,0),

s€[-¢,0]r
which is equivalent with:
Supse[—go,()]qr y(S)

IBOI < —
min <;<ony{w;}

ee/l(t, O)a

meaning that drive NN (2) is exponentially synchronized with response NN (3) under state feedback
controller (6), precisely what we had to prove. O

4. Numerical examples
Example 1. For the first example, consider the time scale T = 0.1Z, from which we get that i = 0.1.
Also, consider that the NNs are defined on the 8D Clifford algebra C¢; 3, which has the following

multiplication table:
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’ ®0,3 H €o ‘ el ‘ € ‘ €3 ‘ €12 ‘ €13 ‘ €23 ‘ €123 ‘
) €0 €] ) €3 €12 €13 €23 €123
€] €] —€o €12 €13 —€) —e3 €123 | —€23
€2 € | €12 | —€ €23 €] —€123 | —€3 €13
€3 €3 | —€13 | —€3 | —€y | €123 €l € —€12
€12 €12 ) —€] €123 —€0 €23 —€13 | —€3
€13 €13 €3 —€123 | —€1 | —€3 | —€) €12 €
€23 €3 | €123 €3 —€ €13 —€12 | —€y | —€]
€123 || €123 | —€23 €13 —€12 | —€3 € —€ €0

Consider the subsequent CIVNN with two neurons, with leakage, time-varying, and infinitely
distributed delays defined on time scale T as the drive system:

2 2 2 00
x(0) = —exilt=y)+ D @@ i)+ ) by fi(x(t-a())+ ) 81803 fo K($)f;(x,(t=5))As+E;,
J=1 j=1 j=1
(15)

and the corresponding response system:

2 2 2 ™
Y0 = —eyilt=y)+ D @i@0a [+ ) bi®os f[iy(t=a )+ ) 8103 fo K(8) 1y (t=5)As+Ei=u(0),
j=1 j=1 j=1
(16)

Vi e {1,2}, Vt € [0, 00).
Taking into account relations (15) and (16) and denoting 3;(#) = y;(¥) — xi(¢), Vi € {1,2}, Vt €
[0, +00)7, the error system will have the following expression:

2 2 2 00
30 = —eailt=Y)+ Y @@ GO+ ) bi@afiGi -+ ) 8i®03 fo K(s)f;G,(t=s)As-ui(0),
J=1 J=1 =1
(17)

Vi € {1,2}, V1 € [0, +0)r, and fi(3,(1)) = fi(3;(1) + x;()) = fi(x;(), V1 € [0, +00)p, ¥ j € {1,2).
In order to achieve synchronization between drive system (15) and response system (16), we design
the following controller of state feedback type:

u(t) = Ki3(1) + Kp3(t —y) + K33(t — 0(1)) + Ky f K(s)3(t = s)As, (18)
0

where the real positive diagonal matrices K, ..., Ky € R¥>? are the control gain matrices. Using this
control scheme, NN (17) can be equivalently written as:

0 = —Ki30 - (C+ K3t —y) - K3t — o) - Ky f K()3(1 = s)As
0
+AfG0) + Bf Gt~ o)) + G f K($)f (3t = 9)As. (19)
0
The parameters of the model are:
C= 03 0
1 0 04
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apy an
A= s
az; ax

ay; = —0.7eg + 0.9¢e; — 0.2e5 + 0.4e5 + 0.2e15 + 0.8¢13 + 0.3e23 + 0.9¢123,
app = 0.360 +0.9¢; — 0.2¢, — 0.263 +0.5¢1, + 0.8613 + 0.8623 - 0.96123,
ar| = —0.260 —0.4e; +0.2¢, — 0.26’3 + 03¢ + 0.2613 - 0.5623 + 0.26123,

ay = 0.46() + 0.361 + 0.162 + 0.463 - 0.2612 — 0.8613 + 0.8823 + 0.96123,

bi b1
B = ,
[ by by ]

b1y = =0.4ey +0.7¢1 + 0.2¢; + 0.5¢3 — 0.9¢15 + 0.9¢13 — 0.8¢23 + 0.9¢173,
b1s = 0.8¢g + 0.5¢; +0.3e5 — 0.5¢3 + 0.8¢15 + 0.9¢15 — 0.9¢53 + 0.8¢123,
by = 03¢y +0.2¢; —0.2e5 + 0.1e3 + 0.8¢15 + 0.9¢13 + 0.7¢23 + 0.9¢123,
by, = —0.5¢g + 0.5¢1 + 0.2¢; + 0.4e5 + 0.8¢15 — 0.9¢13 — 0.8e23 + 0.7¢123,

G = [ 811 812 ]
821 822

811 = —0.2€0 + 0.461 + 0.562 + 0.363 - 0.6612 + 0.2613 - 0.4623 + 0.56123,
812 = 0.3eg + 0.5¢1 + 0.2e; — 0.5¢3 + 0.3e15 + 0.1e13 — 0.2e23 + 0.3¢e123,
821 = 0.160 +0.3¢; — 0.2¢, + 0.163 +0.2e + 0.1613 + 0.3623 + 0.46123,

g&n = —0.360 +0.1e; + 0.2¢, + 0.56’3 +0.4e5 — 0.2613 - 0.1623 + 0.56123,

1 , 1 1
(x) = —— ; = je{l,2
fi = 5 \/EZf,(x)ez 5 \Fz;Hexp(_x,)e,, Vx € Clys, Vi€ {l,2),

lel

) 2 . . . .
which allows us to conclude that L = 0 05 Og 5], meaning that Assumption 1 is satisfied.

The time-varying delays are o(f) = 0.9|cos¢| and the leakage delay is y = 0.7, which means
that o = 0.9 and ¢ = max{o,y} = 0.9. The infinite distributed delay kernel function is given by
K(s) = 2e,(0, 5), ¥s € [0, oo)r, which it can be easily verified that it satisfies Assumption 2.

The control gain matrices are designed as:

102 0 02 0 03 0 04 0
m‘[o miy&‘[oosym‘[oozym‘[oosl

Also, we take @1 = 5.1, ax; = 1, @y = 2, a3 = 2, which satisfy @1 > @ + a2 + a3 fooo K(s)As
and —a; € R*. Taking all of the above into consideration, we can conclude that all the conditions
of Theorem 1 are met and the LMIs in (8) are solved to give R; = diag(1.19761lg, 1.28411y),
R, = diag(1.33801s,1.35911s), R; = diag(1.023715,1.025915), (the values of the other matrices are
omitted so as not to clutter the paper), which allows us to reach the conclusion that drive NN (15) is
exponentially synchronized with response NN (16) under control scheme (18).

Figures 1 (a), 1 (b), 2 (a), 2 (b) depict the Clifford components of the state trajectories of 3; and 3,
starting from 8 initial values.
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Figure 1 (a). State trajectories for the components of Clifford number 3; in Example 1. The
8 colors in each graph depict the 8 initial values.
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Figure 1 (b). State trajectories for the components of Clifford number 3; in Example 1. The

8 colors in each graph depict the 8 initial values.
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Figure 2 (a). State trajectories for the components of Clifford number 3, in Example 1. The
8 colors in each graph depict the 8 initial values.
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Figure 2 (b). State trajectories for the components of Clifford number 3, in Example 1. The
8 colors in each graph depict the 8 initial values.
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Example 2. Now, consider the time scale T = R, which means that i = 0. Also, take the same systems
(15) and (16) and the same controller (18), defined on the same 8D algebra C¢ 3, but with the following

parameters:
02 0
C‘[oosy

ay ap
A= R
dzy ax

ay = —0.7¢g + 0.9e; — 0.2¢; + 0.4e3 + 0.2¢15 + 0.8¢13 + 0.3e23 + 0.9¢123,
app = 03¢y +0.9¢; —0.2e; — 0.2¢3 + 0.5¢12 + 0.8¢15 + 0.8¢3 — 0.9¢,3,
ar; = —0.2¢g — 0.4e; + 0.2¢; — 0.2e5 + 0.3€12 + 0.2¢13 — 0.5e23 + 0.2¢123,
ay = 0.4ey+0.3¢; +0.1e; + 0.4e3 — 0.2¢1, — 0.8¢135 + 0.8¢23 + 0.9¢123,

bi by
B = ,
[ by by ]

by = —0.4ey +0.7¢; + 0.2¢; + 0.5¢3 — 0.9¢15 + 0.9¢13 — 0.8¢23 + 0.9¢13,
b1y = 0.8¢g + 0.5¢; + 0.3e; — 0.5¢3 + 0.8¢12 + 0.9¢15 — 0.9¢53 + 0.8¢123,
by = 0.3eg +0.2¢; —0.2e5 + 0.1e3 + 0.8¢15 + 0.9¢15 + 0.7¢23 + 0.9¢123,
by = —0.5¢g + 0.5¢1 + 0.2¢; + 0.4e3 + 0.8¢15 — 0.9¢13 — 0.8¢e23 + 0.7¢123,

G = [ g1 812 ],
821 822
g1 = —0.460 + 0.76] + 0.282 + 058'; - 0.96’12 + 0.9613 - 0.86’23 + 0.96123,
g12 = 0.9¢p + 0.5¢; + 0.3¢; — 0.5¢3 + 0.8¢1; + 0.9¢13 — 0.9¢53 + 0.7¢€173,

821 = 0.3¢p + 0.2¢; — 0.2e5 + 0.1e3 + 0.8¢12 + 0.9¢13 + 0.8¢€33 + 0.9¢153,
8» = _0.560 + 0.5¢; + 0.2¢, + 0.463 +0.9e¢, — 0.9613 - 0.8623 + 0.76123,

1 ] 1 1
(x) = —— ; = e {l1,2
fi = 5 \/EZJC,(X)Q 5 ﬁ;Hexp(_x,)el, Vx € Clos, Vjell,2),

lel

which allows us to conclude that L = 0.5 > 0(; 5], meaning that Assumption 1 is satisfied.

The time-varying delays are o(f) = 0.8|sin¢| and the leakage delay is y = 0.6, which means that
o = 0.8 and ¢ = max{o,y} = 0.8. The infinite distributed delay kernel function is given by K(s) =
2¢72%, Vs € [0, 00)r, which it can be easily verified that it satisfies Assumption 2.

The control gain matrices are designed as:

9.1 0 0.1 0 02 0 04 0
m‘[o91}&‘[001}&‘[002}m‘[004l
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Also, we compute a; = 6.9750, a, = 3.1750, @3 = 3, which satisfy —a; € R and a; — a; —
a3 fooo K(s)As = 0.8 > 0. All the conditions of Theorem 2 are met, which allows us to reach the
conclusion that drive NN (15) is exponentially synchronized with response NN (16) under control
scheme (18), with the above-defined parameters.

Figures 3 (a), 3 (b), 4 (a), 4 (b) depict the Clifford components of the state trajectories of 3; and 3,
starting from 8 initial points.
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Figure 3 (a). State trajectories for the components of Clifford number 3; in Example 2. The

8 colors in each graph depict the 8 initial values.

AIMS Mathematics

Volume 9, Issue 7, 18796-18823.



18816

0.8
0.6
0.4
e ¢ 02
0
—0.2
L 1 1 ) —-0.4 I I L 1 |
1.5 2 2.5 3 0 0.5 1 15 2 2.5 3
t t
0.6
0.5
0.4
0.3
B B
v 0.2 S
0.1
0
—0.1
—0.2 L L I | I ) —05 L L 1 I | )
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3

t t
Figure 3 (b). State trajectories for the components of Clifford number 3; in Example 2. The
8 colors in each graph depict the 8 initial values.
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Figure 4 (a). State trajectories for the components of Clifford number 3, in Example 2. The
8 colors in each graph depict the 8 initial values.
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Figure 4 (b). State trajectories for the components of Clifford number 3, in Example 2. The
8 colors in each graph depict the 8 initial values.

5. Conclusions

The aim of this paper was to present a general model of CIVNNs defined on time scales,
encompassing leakage, time-varying, and infinite distributed delays, which were rarely added to
NN models in the existing literature. A Halanay inequality for time scales was used together with
Lyapunov-like functions of two types in order to deduce sufficient conditions expressed as algebraic
inequalities and as LMIs for the exponential synchronization of the model put forward, on the basis
of a general state feedback control scheme. Numerical examples defined both in discrete time and
continuous time were put forward to illustrate the obtained theoretical results.

The theorems presented in the paper are general enough that they can be particularized for both
continuous time and discrete time CIVNNs, or any hybrid combination of the two. They can also be
particularized for CVNNs or QVNNS, for which the respective results are not present in the available
literature, to our awareness. Also, the methods used in the paper can be employed to deduce sufficient
criteria for other dynamic properties, such as stability, dissipativity, passivity, etc., for other types of
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models defined on time scales, for instance, for NNs with Markov jump parameters, inertial terms,
impulsive effects, or reaction—diffusion terms. These represent promising avenues for future works.
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