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1. Introduction

First, some fundamental ideas must be explained in order to fully comprehend the basic concepts
utilized throughout the attainment of our major findings. For this, let (A denote the family of all
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holomorphic (regular) functions f defined in the open unit disc D = {z : z € C and |z] < 1}, whose
Taylor series representation is given as follows:

f@=z+) &, zeD. (1.1)
j=2

A subfamily containing all of the univalent functions of the family A in D is denoted by S. A useful
technique for examining different inclusion and radii concerns for families of holomorphic functions
is known as subordination. A function f is subordinate to g in D written as f < g, if there exists a
Schwarz function w, which is regular in D and w(0) = 0 with |w(z)| < 1, such that f (z) = g(w (2)). In
addition, if the function g is univalent in D then we have

f(0) =¢(0) and (D) C g (D).

The known subclasses of S are represented by the letters S*, C, K and R. These subclasses include
starlike, convex, close to convex, and functions with bounded turnings. Two regular functions, f and
¢, are convolved in D, the series representation of f is provided in (1.1) and ¢ = z + | b;z’/ is defined

=2
as follows:

(Fre)@ =2+ ) &b, zeD. (1.2)
=2
The integrated families of starlike and convex functions were developed in 1985 by Padmanabhan
and Parvatham [1] who utilized the theory of convolution along with the function ﬁ, where a € R.
By taking a regular function ¢(z) with ¢(0) = 1, and h(z) € A,, Shanmugam [2] expanded on the
concept presented in [1] and introduced the generic form of the function class S;(¢) as follows:

2(f*h)
S"‘(qﬁ)z{ eEA: < ¢(2), zEID)}. (1.3)
By taking h (z) = li_z or ﬁ we derive the famous classes S*(¢) and C(¢) of Ma and Minda type
starlike and convex functions defined in [3]. Further, by choosing ¢(z) = }—J_r; these classes can be

reduced to $* and C.

By limiting ¢(z) in the generic form of S*(¢) and C(¢), numerous scholars have defined and
investigated a variety of intriguing subclasses of analytic and univalent functions in the recent past.
Here, we highlight few of them.

Let ¢(z) = i:gﬁ -1 <G < F <1. Then S*[F,G] = & (}1—2?) is the class of Janowski starlike

functions; see [4]. For ¢(z) = cosz, the class S: . was studied by Bano and Raza [5], while for

COszZ
¢(z) = cosh z, the function class Szoshz was introduced and studied by Alotaibi et al. [6]. For ¢(z) = €%,
the class S; was defined and studied by Mendiratta et al. [7]. For ¢(z) = 1 + sing, the class S* (¢)
reduces to S, , as presented and examined by Cho et al. [8]. For ¢(z) = 1 +z — %z3, we get the family
S, that was examined by Wani and Swaminathan [9]. For ¢(z) = 1 + sinh™ (z), the family S* (¢) was

nep

established and studied by Kumar and Arora [10] for more details see [11]. For ¢(z) = —2_ the class

1+e72?
S* (¢) reduces to S’;ig; see [12] and [13,14]. For ¢(z) = V1 + z, we obtain the family §* ( V1 + ) =S;
as studied by Sokol and Stankiewicz [15]. The class 8¢ = = S*(¢(z)), for ¢(z) = 1 + tanhz, was

tanh z
established by Ullah et al. [16] see also [17].
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For the given parameters n, r € N, the rth Hankel determinant H,. , was defined in [18] as follows:

é:n §n+1 e e §n+r—]
Envl Coe .
7‘{r,n(f) = .
Enirt o o &g

For the given values of n, r and & = 1 the second and third Hankel determinants are defined as
follows:

1 & & &
&H & & &

This technique has proven to be usful when examining power series with integral coefficients and
singularities by taking the Hankel determinant into account; see [19]. Bounds of H,. ,(f) for several
kinds of univalent functions have been examined recently. For a detailed study on the Hankel
determinant, we refer the reader to [20-22].

Scholars in the field of geometric function theory of complex analysis are still motivated by the
study of coefficient problems, which include the Fekete—Szegdé and Hankel determinant problems.
To encourage and motivate interested readers, we have included numerous recent works (see, e.g.,
[20-22]) on a variety of the Fekete—Szegd and Hankel determinant problems, along with ongoing
applications of the g-calculus in the study of other analytic or meromorphic univalent and multivalent
function classes. Motivated and inspired by the work mentioned above, in this article, we first define
a new subclass of holomorphic convex functions that are related to the tangent functions. We then
derive geometric properties like the necessary and sufficient conditions, radius of convexity, growth,
and distortion estimates for our defined function class. Furthermore, the sharp coefficient bounds,
sharp Fekete-Szego inequality, sharp 2nd order Hankel determinant, and Krushkal inequalities are
given. Moreover, we calculate the sharp coefficient bounds, sharp Fekete-Szego inequality, and sharp
second-order Hankel determinant for the functions whose coefficients are logarithmic.

We present the following subfamily of holomorphic functions.

Hoa(f) = =& -8, Hao(f) = = &6Hé4 - &5 (1.4)

Definition 1.1. Let / € A, be given in (1.1). Then f € Cy, if the following condition holds true:

zf' (@) tan z
15 <1+ > z€D. (1.5

Geometrically, the family Cy,, comprises all of the functions f that lie within the image domain of
1 + 2%, for a specified radius.

fe€Cum & feAand

2. Set of lemmas

We utilize the following lemmas in our major conclusion.
Let # stand for the family of all holomorphic functions p that have a positive real portion and are
represented by the following series:

p(K):1+chZj, keQ. 2.1)

J=1
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Lemma 2.1. If p € P, then the following estimations hold:

| < 2.7>1,

|cj+,,—,ucjcn < 2, O0<puc<l,

and for n € C, we have
|e2 = net| < 2max {1,127 - 11}

Regarding the inequalities (2.2)—(2.4) are detailed in [23].
Lemma 2.2. [24]If p € P and it has the form (2.1), then

laic? — aacicr + azes| < 2lay| + 2las — 2| + 2l — @y + as),
where ay, @y and as are real numbers.
Lemma 2.3. [25] Let 1, 01, Y and 0, satisfy the inequalities for y1,01 € (0, 1) and
801 (1 —01) [(XIO'I = 201" + (x1 (01 + x1) — 0'1)2]

+x1 (1 =x1) (o1 - 291)(1)2
<4yt -x1)or(1-o).

If h € P and is of the form (2.1), then

<2

3
'wlcdl' + Qlc% + 2x1c103 — 50'10%6’2 -y
Lemma 2.4. Let p € P and x and 7 belong to A, then, we have

2c0 = c%+x(4—c%),

des = 2x (4 — cf) ¢ —x° (4 - c%) c1 + 2z(1 — |x|2) (4 — cf) + c?,

where ¢, and c3 are discussed in [26] and [27] respectively.

(2.2)
(2.3)

(2.4)

(2.5)

The goal of the current study was to derive the necessary and sufficient conditions, radius of
convexity, growth and distortion estimates, sharp coeflicient bounds, sharp Fekete-Szego inequality,
Krushkal inequality, and logarithmic coefficient estimates for the subclass Cy,, of class A which is

related to tangent functions.
3. Main results

Theorem 3.1. Let f € Cup, be as given in (1.1). Then

where

(3.1

(3.2)
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Proof. Because f € Cy,, is analytic in D, % f(z) # 0 for all z in D then, by using the definition of
subordination and (1.5), we have

f' (@)
1@

where w (z) is the Schwarz function. Let w (z) = ¢, = < 6 < . Then (3.3) becomes

=1+tanhw(z), (3.3)

" @ | tan(e”)

1@ 2
which implies that
, tan (eig)
Zf" @ —-zf (@) 7 0. (3.4)
It can be easily seen that
" (
Zf @ +z2f (@) = and zf" (z) = f(2) * (1 = (3.5)
-z
Using (3.5), and through some simple calculations (3.4) becomes
7— Mz
f (@)= ( ) # 0. (3.6)
(1-2)°
From (3.6), we will obtain (3.1), where M is given in (3.2). O
Theorem 3.2. Let f € A. Then f € Cuy if
x [2n (2 + tan (ei")) —4n?
> - &2 - 1#0. (3.7)
— tan (e'?)
Proof. If f € Cy,, then from Theorem 3.1, we have
- M7
f@) = ( )] #0,
[ (1-2)
where M is given in (3.2). The above relation implies that
M7
f (@)= ) (f(z)* )]9&0
l( (1-2) (1-2)°
Since 72 = z(1 + z) — z, so we have
z(1+2)
f (@)= ) (f (2) * - f(2)* )] # 0. (3.8)
[( (1 —z)3 (1-2° (1 —Z)3
Now applying (3.5) and some properties of convolution, (3.8), reduces to
1]{1
! [(—ff” @ +2f <z)) - M2 (z))] £0
Z|\2
Using (1.1) and after some simplification, we obtain (3.7). O

AIMS Mathematics Volume 9, Issue 7, 18608—18624.
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Theorem 3.3. Let f € A be as givenin (1.1). Then f € Cuy if

3

n=2

4n® - 2n (2 + tan (ei"))

tan (e?)

]Ifnl <1

Proof. To demonstrate the necessary outcome, we employ relation (3.7) as follows:

. © 41 — 2n (2 + tan (eie))fnzn_l
n=2 tan (619)
o |an2 — on 2 + tan( )) N
,,Z;‘ tan (eif) el 2"
From (3.9), we have ( ( ))
® 14n% —2n (2 + tan (e?
B ; tan (¢*) |l > 0.

From (3.10) and (3.11), we obtain the intended outcome by applying Theorem 3.2.

Theorem 3.4. Let f € Cyn. Then f is convex and of order a, 0 < a < 1 and |z| < ry, where

1

[|4 +n(n=3)tan ()| (1 4 ]“
=i -

|2 tan (e?)] n(n—a)

Proof. 1t is sufficient to show that
(zf"@)
'@

—1'31—

From (1.1), we have

l n—1
f,,() Zn(n )énlzl

f’ (Z) _ i::z ngn |Z|n—1

(3.14) is bounded above by 1 — a, if

Z [n(n— ll) +n(l —a/)] £l ! < 1
-«

n=2

But by Theorem 3.1, the above inequality is true if

)

Then the inequality (3.15), becomes

[n (n—- 01)] ! <

4n2—2n 2+tan( ))

tan (e)

|€al < 1.

4n® - 2n (2 + tan (e“’))

tan (e)

1-«a

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Simple math yields
(1-a)(4n-2(2 + tan ("))

(n — a) tan (e')

ry = 1nf(
n>2
The desired outcome is demonstrated.

4. Growth and distortion estimates

Theorem 4.1. Let f € C, and |z = r. Then

tan (eie) , tan (eig)
- | — < <r+|—mm—
s dmnen| VO e e |
Proof. Consider that
F@I = [+ &2
n=2

IN
~N
+
1M
g
ﬁ:

Since " < r’forn > 2 and r < 1, we have

F@I<r+r? )Y ).
n=2
Similarly
F@Izr-r~) &l
n=2

Now, applying (3.9) implies that
4n* - 2n (2 + tan (e”))

)

1
]nl

w2 tan (e &l < 1.
(2-+tan(e) 2 20 (2 tan ()
16 — 4(2 + tan ()| & © 472 — 21 (2 + tan (£
tan (e™) ; |€al < ; -
we get
8 —4tan (elH) .
tan (ei) HZ:; I€al < 1,

One can easily write this as follows:

Sl <
n=2

Placing this value in (4.2) and (4.3) the necessary inequality is obtained.

tan (eie)
16 — 4 (2 + tan (e®))|’

AIMS Mathematics
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(4.2)

4.3)
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Theorem 4.2. Let f € Cy, and |z| = 1. Then,

tan (e”’)

V) <@ <1+2
8 an(en| SV @I=1+

Proof. Consider that

lf" @

Since "' < rforn > 2 and r < 1, we have

tan (e’p)

8 — 4tan ()|

F@I<T+2r ) & (4.4)
n=2

Similarly

@iz 1-2r Y Il (4.5)

n=2
Now, applying (3.9) implies that
< |4n? — 2n (2 + tan ("))
W< 1.
HZ: tan (e?) 6
Since , .
16 -4 (2 + tan (ela)) 0 © 14n? - 2n (2 + tan (e"’))
; NEEDY T £
tan (e'?) = = tan (e'%)
we get
8 —4tan(e?)| &
.9( ) Dl<1,
tan (e%) —
one can easily write this as follows:
tan( )
Z 60l < 8 — 4tan (&) |
Setting this value in (4.4) and (4.5), we accomplish what is needed. O
Theorem 4.3. For f(z) € Cun, the coefficient bounds are given by
1
&2l < T (4.6)

AIMS Mathematics
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1

<
& < 7
&4l < !
&al < R
I&s] < :
= oy

and

3n-2
2 .

The above outcomes (4.6)—(4.9) are sharp for the functions given below:

f —r 1.

z Ztanx
- 1 1
— N Z2 4
fl(z)—fexpf xdx z+4z +24z+ ,
0

0

tan x>
fZ(Z) = fexpf_dX_Z'FE'Fﬁ HEIN

Z

tanx
—2 dx = +—+—
fepr YTET 4T 504

Z

tanx
2 dx=z+—
fepr SIRRT 1152

And the bound (4.10) is extreme for the function defined in (4.12).

»@

fa(2)

Proof. Because f(z) € Cn, We have the definition

(zf' @) - 2 + tan ()
f(2) 27

which can be written as

(zf'(2) 2 +tan(w(2))
flx 2 ’

where w (z) is the holomorphic function with the following properties:

w(0)=0and |w(z) < 1.

Now let
(zj;g;) =1+26&z+ (6§3 — 4§§) 2+ (12{:4 — 1855 + 8{-‘;)23 b,
and

tan (w (2)) 1 1 1 1 1 1
1+T = 1+chz+(ZC2—§c%)z +(12 ZCzC1+163)Z3

4.7)
(4.8)

4.9)

(4.10)

4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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+ 16(31 + 4.C 1C2 — ZC3CI 86'2 + ZC4

Comparing (4.15) and (4.16), we have

1
& = 3Cr
£ = 1 1 &
S Y R T
¢ 17 5 5 N 1
= ——C — 5001+ —cC
Y7 460871 384 ' T 48
1 (157 29 2 3
§5 = —% (@CiL 48C2C2 + 3CgC1 + gC% C4) .
Then by applying (2.2) to (4.17), we have
1
&2l < 1
And applying (2.3) withn = k =1 to (4.18), we get
il <
12
For (4.19), applying Lemma 2.2 yields
€4l < 24-
And for (4.20), we have
157 29 2 3
&5l = ‘ H1152 ci - CC2+3C301+8C§ C4

% (by Lemma 2.3).

Now from (4.17) and (4.18), we have

1 3n-2,
— |C) — ——C]| .
2417 4 !

And applying (2.4) to the above relation, we achieve our goals.

|§3 - 77§§| =

The following outcome occurs if we set = 1 in the above result.

Remark 4.4. If we setn = 1 in (4.10), we get the following result

1
& -8 < D

The outcome is precise for the function defined in (4.12), and it cannot be further enhanced.

Theorem 4.5. Let f (z) € Cun. Then
|6263 — &4l < 24-
The outcome is sharp for the function defined in (4.13).

(4.16)

4.17)
(4.18)
(4.19)

(4.20)

AIMS Mathematics Volume 9, Issue 7, 18608—18624.
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Proof. From (4.17)-(4.19), we have

7 1
— = | — 3 RS —_—
16263 — &4l 16081 T 382521 T 139
Applying Lemma 2.2, we achieve the intended outcomes. O
Theorem 4.6. Let f (z) € Can. Then
|§2§4 §3| < 144

The outcome is sharp for the function defined in (4.12).
Proof. From (4.17)-(4.19), we have

13 7 1 |
_ &2 = 4 ’ By R
ot €] ‘36864Cl 921612 3827 T 5767
Now using Lemma 2.4, with ¢; = ¢ and |x| = y, we have
7 1
[t~ 8] < 3pge’+ 1336 (- g (4 )y
! 2 1 N2 o
*re ()= )+ g 4=
= G(y’ C) (Say).
Further,
G (y,c) 1 ) ) :
Ay _18432(4_C>((64+8C —48¢)y +?) > 0.

Clearly aG(y 9 > 0inye[0,1] sothe maximum is attained at y = 1, i.e.,

G(l,0) = 367864C4+ 15136c2(4—c2)+ 1823262(4—02)+ﬁ(4—c2)2:H(c).

Further,

’ 1 2
H (¢c) = —3072c(c + 4),
since H' (¢) = 0 has three roots namely ¢ = 0, —2i and 2i. The only root lying in the interval [0, 2] is O.
Also, one may check easily that H' (¢) <0 for ¢ = 0; thus, the maximum is attained at ¢ = 0, that is

|§2§4 —fsl S T

5. Krushkal inequality

Here, we will provide direct evidence of the inequality

A

over the class Cy,, for the choice of n = 4, p = 1, and forn = 5, p = 1. For a class of univalent
functions as a whole, Krushkal introduced and demonstrated this inequality in [28]. For some recent
investigations into the Krushkal inequality, we refer the readers to [14,29].

AIMS Mathematics Volume 9, Issue 7, 18608—18624.
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Theorem 5.1. For f(z) € Cun, We have

|§4 - §2| — 24'
The outcome is sharp for the function defined in (4.13).

Proof. From (4.17) and (4.19), we have

5 1
3 3
&= l—=—c - — + —c3f.
e+ - & ‘576C1 38421 T 43
By applying Lemma 2.2, we get
|§4 - §2| - 24
O
Theorem 5.2. For f(z) € Cn, we have
1
& -al< 55
The outcome is sharp for the function defined in (4.14).
Proof. From (4.17) and (4.20), we have
359 2 3
|§5—§§| = ' "2304? CC2+3C361+SC§ Cyq
< E (by Lemma 2.3).
O

6. Logarithmic coefficients for the family C,,,

The logarithmic coefficients of f € S denoted by «, = k, (f), are defined by the following series

expansion:
f@ _ X

For the function f given by (1.1), the logarithmic coefficients are as follows:

K| = %fz, (6.1)

o= 3 &—%f%), 62)
1 1,

ko= g f4‘f2§3+§fz)’ (6.3)
| L1, 1

ki = 3 & —6Héy— 66 - 553 - Z-fz)- (6.4)

AIMS Mathematics Volume 9, Issue 7, 18608—18624.
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Theorem 6.1. If f has the form (1.1) and belongs to Ci,, then

1
|K1|§§9
ol < o
al = o
||<1
K -_—,
ST
Kl < o
K4_80.

The bounds of Theorem 6.1 are precise and cannot be improved further.

Proof. Now from (6.1) to (6.4) and (4.17) to (4.20) , we get

1
K| = 1_661’ (6.5)
= - —(, 6.6
T 8T 768 ©.6)
13 5, 7 1
- + —c3, 6.7
T 26081 T 768! T 967 ©.7)
1561 A 413 2 7 1 24 1
= - - — —cy, 6.8
f 14745601 T 921601~ 1280°°“' ~ 3602 T 160 (6.8)
Applying (2.2) to (6.5), we get
1
k1| < 3
From (6.6), using (2.3), we get
< —.
ko] < By
Applying Lemma 2.2 to (6.7), we get
1
< —.
k3| < 48
Also, applying Lemma 2.3 to (6.8) , we get
|ka| < !
K —.
=80

Proof for sharpness: Since

logflz(Z) ZZK(fl)Z":_

og 212 - zzkmn = P
logﬁZ(Z) = ZZK(fz)Z _—Z + -

AIMS Mathematics Volume 9, Issue 7, 18608—18624.
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f4 (z)

- 2ZK(fz)z = —z +-
it follows that these inequalities can be obtained for the functions denoted by f,, (z) forn = 1,2,3 and 4
as defined in (4.11) to (4.14). O

Theorem 6.2. Let f € Cyy. Then for a complex number A, we have

1 31-1
|K2—/1/<%| < ﬁmax{l,l g l}.

The result is the best possible.

Proof. From (6.5) and (6.6) , we have

1 7+ 34
2 2
|K2—/1K1| T T b
Applying (2.4) to the preceding equation yields the desired outcome. O
Theorem 6.3. Let f € Cpn. Then
K1Ky — K3| < &
The outcome is extremal.
Proof. From (6.5)—(6.7), we have
| | 125 5, 1 N 1
KiKy — K3| = |——¢ —c
M2 36864 T 967 T 96
Applying Lemma 2.2, we achieve the intended outcomes. O
Theorem 6.4. Let f € Cpn. Then
1
|K1K3 —K§| < %
The outcome is sharp.
Proof. From (6.5)—(6.7), we have
ks 4] = [ szt~ semer s + T336t501 ~ 33033
TRl = 15898241 T 368641 T 15367 T 23042

Now using Lemma 2.4, with ¢; = ¢, |z] = 1 and |x| = y, we have

1 1 1
|K1K3—K§| < 583824C4+614402(4_C2)y2+ 2(4—02))/

+30172c(1 )4+ 92% (4- )y
G (y,c) (say).

AIMS Mathematics Volume 9, Issue 7, 18608—18624.
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Further,
96 g; 2 =7 $28 (4 - cz) (64y + 8c%y — 48cy + 02) .
Clearly, 60;%”) >0inye€ [0,1] sothe maximum is attained aty = 1, i.e.,
G(l,c) = 583;2464 + 6114462(4 - 62) + 73;2862(4_612) + 92% (4—c2)2 =H(c).
Further,
H' (¢) = —4911520<3c2 + 16) ,

since H' (¢) = 0 has only one solution ¢ = 0, that lies in the interval [0, 2] . Also, one may check easily
that H (c¢) < 0 for ¢ = 0; thus, the maximum can be attained at ¢ = 0, that is

1
H() < —.
0= 576

7. Conclusions

In this study, we were motivated by the recent research and the sharp bounds of Hankel inequalities,
and have have defined a new subclass of holomorphic convex functions that are related to the tangent
functions. We then derived geometric properties like the necessary and sufficient conditions, radius
of convexity, growth, and distortion estimates for our defined function class. Furthermore, the sharp
coeflicient bounds, sharp Fekete-Szego inequality, sharp 2nd order Hankel determinant, and Krushkal
inequalities have been given. Moreover, we have calculated the sharp coefficient bounds, sharp Fekete-
Szego inequality, and sharp second-order Hankel determinant for the functions whose coeflicients are
logarithmic. Hopefully, this work will open new directions for those working in geometric function
theory and related areas. One can extend the work here by replacing the ordinal derivative with a
certain q-derivative operator.
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