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Abstract: In this paper, we give a solution formula for the two-phase Stokes equations with and
without surface tension and gravity over the whole space with a flat interface. The solution formula
has already been considered by Shibata and Shimizu. However, we have reconstructed the formula so
that we are able to easily prove resolvent and maximal regularity estimates. The previous work required
the assumption of additional conditions on normal components. Here, although we consider normal
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already been applied for the Stokes problems with various boundary conditions in the half-space.
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1. Introduction

It is known that the motion of viscous incompressible fluids is governed by this Navier-Stokes
equations. When we consider two fluids that are separated by a free surface, the analysis is a difficult
problem. Mathematically, the free-boundary problem is formulated based on initial-boundary value
problems, as follows. Let Q,(¢) and Q_(¢) be domains in R" that contain different fluids, and let them
have the same time-dependent boundary I'(f) = 0Q,(¢)(= 0Q_(¢)) and R* = Q,(#) U Q_(r) UT'(¢). The
unknowns are the boundary I'(¢), the velocity v(x,t) = ‘(vi,...,v,), and pressure 6(x, ) defined on
Q(t) = Q. (1) U Q_(1). The equations are as follows:
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p@v+ w-Vw)—DivS(v,0) =0
divv =0

[S (v, 0)v ]l = coHv, + [pllcgx,v,
[vl=0

V=v-vy,

V]i=0 = Vo

in Q(¢), t > 0,
in Q(t), t > 0,
onI(r), t >0,
onI'(y), t >0,
onI'(y), t >0,
in Q(0).

(1.1)

Here, S (v, 0) = uD(v) — 61 = (u(d;v; + 0;v;) — 6;;6);; 1s an n X n symmetric stress tensor, V is the normal
velocity of I'(¢), v, is the unit outward normal vector pointing from Q. (¢) to Q_(¢), H is the mean
curvature of I'(r), which is given by Hv, = Ar)x, where Ar, denotes the Laplace-Beltrami operator
on I'(z). The letters p,u, ¢, and c, denote the coeflicients of density, viscosity, surface tension, and
gravity, respectively. Here, p and u are positive constants on each domain Q. (7). The symbol [[-]]
denotes a jump across the interface I'(r). For example, the quantity [[p]] means that [p]] = pla, ) —pla_¢)
for the piecewise constant density p defined on (7).

It is known that the Hanzawa transformation is a useful technique to solve free boundary problems.
In this method, the unknown I'(¢) is given by a height function defined on the boundary of a fixed
domain. After applying this transformation, the equations become quasi-linear equations. Therefore,
it is important to consider the linearized equations. In addition to the above discussion, maximal
regularity for the linearized equations over the whole space with a flat interface is a necessary, as
described below;

po,U —DivS(U,0) =F inR"(:=R* UR"),t> 0,
divU=F;, inR",t>0,
0Y+U,=D on Ry(:= dR}),t > 0, (12)
[S (U, 0] - (Ipllc, + coANHYv = [G]l on Rj, 1 >0,
(U1 =[H] on Ry, >0,
(U, Y)=0 = (0,0) in R",
where F,F;,D,G, and H are external forces and v = (0,...,0,—1). Moreover, we consider the
corresponding resolvent equations and the case that ¢, = ¢, = 0:
pAu—DivS(u,0) = f in R",
divu = f; in R”,
An+u,=d on Ry, (1.3)
IS (u, v = (Ipllcg + coA)v =gl onRy,
[ull = [~]  onRg,
p0,U —=DivS(U,®) = F inR", >0,
divU = Fy inR",t>0,
[S(U,0)] = [G] on Ry, >0, (1.4)
[UN =[1H] on Ry, > 0,
Ul =0 in R”,
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pAu—DivSu,0)=f  inR”",
divu = f; in R”,

[S(u,0)vl =1lgl  onRg,

Ml = 2] on Ry.

(1.5)

In this paper, we construct the solution formulas for these four problems. The approach is based on
the standard method, which entails the use of partial Fourier transforms and Laplace transforms of
the equations. When we solve ordinary differential equations, we need to consider the matrix. In the
previous related works [30,33], the authors also derived the solution formulas by analyzing the ordinary
differential equations and the matrix. However, our approach will be easier than before. We focus only
on the determinant of the matrix and the order of growth of the cofactor matrix. We do not need to
calculate the inverse of the 4 X 4 matrix. Thus, we are able to more effectively obtain the solution
formulas. This is one of our main theorems. As an application, we are able to prove the resolvent
estimate and maximal regularity estimate. When we obtain the solution formulas with a suitable form,
we know that they have these estimates. This strategy has been shown in [17], which considered
the Stokes equations with various boundary conditions in the half-space. We remark that the authors
of [30,33] had to assume additional conditions for 4, and H,. They had to assume a regularity for the
derivative of /, in all directions. On the other hand, we can relax some conditions. We clarify that only
0,h, is the essential condition. This may be useful for future researchers to consider the external forces
which act in the tangential direction. The computational complexity is also much less than before.
Moreover, our result on maximal regularity for the problem with surface tension is easy to understand
from the perspective of regularity theory. See Theorem 2.4. We expect that our method and analysis
will be applied in future works.

There are several papers on two-phase free boundary problems. The problems can be divided into
two cases: one is a compact free surface, and the other is a non-compact one. For simplicity, we only
consider the first case. Tanaka [38] proved the global existence theorem in L? Sobolev-Slobodetskii
space. Denisova proved the same results with ¢, = 0 in both Holder space [5] and L>-based Sobolev
space [6]. Denisova and Solonnikov extended their results to be applicable to capillary fluids, i.e., ¢, >
0, in both the whole space [4] and bounded domain [7]. Shimizu [24] treated the case in which ¢, = 0in
LP-L1 settings. Kohne et al. proved global well-posedness for the capillary fluids in L”-settings as well
as their asymptotic behavior, in [19]. Saito and Shibata [23] considered a comprehensive approach for
two-phase problems. Moreover, there are some papers that focus on two-phase problems, e.g., varifold
solutions [1] and viscosity solutions [15, 37]. For more results on resolvent estimates and maximal
regularity, see also [17,20,22,29-34].

This paper is organized as follows. First, we introduce some notation and state our main theorems
in Section 2. The main objective of this work was to shorten the proofs of estimates and weaken the
assumption on the normal components relative to that in the previous work [33]. In Section 3, we cite
some theorems from [33], which is the standard way to consider solution formulas. This implies that it
is enough to consider the cases that f = f; = 0 and F = F,; = 0. The solution formula derived from the
boundary data is the most important part. This is demonstrated in Section 4 for (1.4) and (1.5). Then,
in Section 5, we prove the resolvent L, estimate and maximal L,-L, estimate as based on Theorem 6.1
in [17]. Analysis of (1.2) and (1.3) is given in Section 6. The solution formulas and the estimates
depend on the results for (1.4) and (1.5).
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2. Main theorem

In this section, we provide and describe some notation and function spaces and give main theorems.
Let R, R", R be the upper and lower half-spaces and the corresponding flat boundary, and let Q,,
0_, Q; be the corresponding time-space domains, as follows:

Ri:={x=0x,....,.x0) eR"|x, >0}, R':={x=(x,...,x,) €R"| x, <0},
Ry = {x = (x,0) = (x1,...,%,1,0) € R},
0, =R} x(0,0), Q-:=RIx(0,00), Qp:=Rfx(0,00).
Given a domain D, Lebesgue and Sobolev spaces are denoted by L,(D) and W(’;’(D) with the norms

Il - I,y and || - [lwnpy. This is similar for the X-valued spaces L,(R, X) and W)'(R, X). For a scalar
function f and n-vector f = (f1, ..., f,), we use the following symbols:

VF=0if....000) Vf = (@0;f |i,j=1,....n),
VE=0ifi 1ij=1,....n), V¥=@0fili,jk=1,....n).

Evenif g = (g1,...,gs) € X" for some 71, we denote g € X and ||g||x by 2?21 llg;llx for simplicity. Set
Wy(D) = {7 € Lyioe(D) | Vrt € Ly(D)}, W, (D) = {m € W)(D) | wlap = 0}

and let W; (D) denote the dual space of W;,’O(D), where 1/g+1/q' = 1. Forr € Wq‘ (D) N L,(D), we

have
f npdx
D

Although we usually consider the time interval R, for initial-value problems, we consider the functions
on R to enable use of the Fourier transform. Thus, and to consider Laplace transforms as Fourier
transforms, we introduce some function spaces:

el 1y = Sup{ |6 € W), o(D), IIVllL, ) = 1}.

Lyoy,(R,X):={f:R—>X| e f(r) € L,(R,X), f(r) = 0fort <0},
W (R, X) := {f € Lyoyo(R,X) | €8] (1) € LR, X), j=1,...,m),
Lyo(R, X) = Lyoo®; X),  WIo(R, X) := W7o (R X)

for some ¥, > 0. Let # and F ~! denote the Fourier transform and its inverse, defined as follows:

f e Eg(é)de.
Rn

FL1E = F.LF1E) = f e fdx,  Fglx) = F; ' [gl(x) = n
R 2m)

Similarly, let £ and £;' denote the two-sided Laplace transform and its inverse, defined as follows:

(oe) 00

1
LI = f e f(ndr,  L3'[g)0) = o f eV'g(dr,

—00

where A = y + it € C. Given s > 0 and the X-valued function f, we use the following Bessel potential
spaces to treat fractional orders:

Hyo (R X) = {f R = X | A f i= L' 1A LIFIDI@) € Lyo,(R, X) for any y = yo),
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HS (R, X) = H3, (R, X).

Since we need to consider the n-th component of the velocity, we introduce the following function
space:

E,R") := {hy € Wi R") [ IV'[7'0,hy = F 1T Fro (Bnhn) (X, %) € Ly(R™).

We remark that this condition is weaker than that described in [33] since they assumed that |V'["!h, €
qu (R™). It will be easier to apply this assumption to handle a difficult term. Let Yoy = {1€C\{0}|
larg | < m—&,|A| > y}and 2, := X.y. Throughout this paper, let p, u be positive constants on each
domain R}, denoted by p. and p.. Next, we shall state our main results.

Theorem 2.1. Let 0 < € <m/2 and 1 < g < co. Then, for any A € X, and
feL®Y, fieW'RHYNWR", geW,R", heWR"), h,cE R
problem (1.5) admits a unique solution (u, ) € Wg(R“) X VAV; (R™) with the following resolvent estimate:
1A, A2V, V2u, VO, i
<Covge {10, A2 £,V fa, '8, Vg, A, VPR, AV i)l iy + LU falli1 o -
Theorem 2.2. Let 1 < p,g < oo and yy > 0. Then, for any
F € Lyoy, R, L,R"), Fge W, (R,W, (R") N Lyoy®, W,R"),

Ge Hll?,/oz,yo (R, Lq(R”)) N Lp,O,yo R, W(; (R”)),
H e Wy, (R L") 0 Lyoy (R W2R"),  H, € W,

p:0.v0 p:0.v0

(R, E,(R"),
problem (1.4) admits a unique solution (U, ®) such that

U € Wy, R, LyR™) N Lo, (R, W (RY),

© € L0, R, W,(R")
with the following maximal L,-L, regularity estimate:
le™" (0, U, yU, A,*’NU,V*U, VO)I|, (x.1, i)
<Crparo {||e-7f(F, AYPF4,VFq, NG NG, 0,H,VH, 0V 0,H,)llp, z. 1,8y
e @ F 4y YF )l oy}
for anyy > vy,.
We can extend the above theorems to the problems (1.2) and (1.3). Let ¢, > 0 and ¢, > 0.

Theorem 2.3. Let 0 < € < /2 and 1 < g < oo. Then, there exists a constant yy > 1 that depends on
& > 0 such that, for any 1 € X, and

feL®),  fae W R)NW,R"), geW,R",
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he W,[R"), h,eE,M®R", deWR"

problem (1.3) admits a unique solution (u,6,n) € qu(R”) X VAV;(R”) X W;(R") with the following
resolvent estimate:

1A, 212V, V201, VO, ey + 1Al ey + Wl ey
<Chgey {Il(f, APV [, 3128, Vg, A, V2R, AV 80k oy + |l fall1 ey + IIdllwg(Rn)} :
Moreover, we have
APl ey <Cogogo {1 A £,V fi1, 28, Vg, A, V20, AV Byl i
HA Sl oy + lllwz i, + 11l o |
and
P17l 2y <Cgaoyo {Il(f, A2 10,V fa, 312 g,V g, A, V2R, AV Bk i
HAl fally;1 @y + Nlllw2geny + |/l|”d”Lq(R”)}'
Theorem 2.4. Let 1 < p,q < oo. Then, there exists a constant yy > 1 such that, for any
F € Lyoy R, LLR"), FseW,

GeH)s (R,LMR)NLyo,®R WyR"), HeW,

1
H, € WP,O,)’O

0 (R WITR™) N Ly 50 (R, WHR™),
oy ®s LyR™) N Ly, (R, W; R"),
(R, E,R"M), D € Ly, (R, WAR"),
problem (1.2) admits a unique solution (U, ®,Y) such that

U €W, R, LyRM) N Loy, R, Wo(R"),

© € Lyy0,(R, Wy (R"),

00 (B W2R))

with the following maximal L,-L, regularity estimate:
lle™"(0,U, yU, A;/ZVU, V32U, V@))”L,,(R,Lq(R"))

-yt -yt
+[le™(9,Y, VY)”LF(R,Wg(Rn)) + [le™ Y||L,,(R,W3(R"))

Scn,p,q,yo {lle_)/l(F; A;//de’ VFd’ A;/2G7 VG7 6IH’ VZH, 8Z(|V,|—1a}’lHl’l))”Lp(R,Lq(R”))

+le™(0,F 4, YEp, ;@) + ||€_ytD||Lp(R,W§(Rn))} ,

for any y > yy. Moreover, we see that, if D € H;ﬁyo(R, W, (R")), then Y € H;ﬁyo(R, W, (R") and

||€_WA§/2Y||L,,(R,W(} (@)
Scn,p,q,yo {”e_YI(F’ A;//ZFd’ VFd7 A;//ZG’ VG’ atHa VZH’ at(lvll_]aan))”Lp(R,Lq(R"))

—yt —yt —yt A 1/2
+lle™ (ath,'}’Fd)”LP(R,W;l(Rn)) +le”” D”LP(R,Wg(R")) + e Ay/ D”LP(R,W(}(Rn))}

AIMS Mathematics Volume 9, Issue 7, 18186—-18210.



18192

for any y > yy. Moreover, we see that, if D € WIILOO’O(R’ L,R"), then Y € Wﬁ’o’%(R, L,(R") and

||€_7t3,2Y||Lp<R,Lq(Rn))
<Cypg (€7 (F, AYFy, V4, A G, VG, 0,H,V* H, 0,1V 0, H)1 5.1,y
+|le™"(0,F 4, de)”L,,(R,Wq‘l(R")) + ”e_WD”Lp(R,Wg(R”)) + ||e_7tatD||Lp(R,Lq(R"))}
for any y > yy.

Remark 2.5. (i) In Theorems 2.1 and 2.3, the uniqueness implies that, if f = f; = [g]] = [h] = 0 and

[d]] = O, then u = 0, VO = 0 with [[6]] = 0, and ang = 0. In Theorems 2.2 and 2.4, the uniqueness has
a similar implication.
(i1) By interpolation theory, we have

W 050 Ry LeR™) N Ly, (R, Wo(RM) € H)G (R, Wy (R™),

SN )/ 3/2 SN
W2 0B LR AW, (R, W, (R") C Hp’/o’m R, W,(R").

3. Reduction to the problem only with boundary data

In this section, we follow the method in [33]; thus, it is enough to consider the case that f = f; = 0
and F = F,; = 0 by subtracting solutions of inhomogeneous data.
We start with whole-space problems.

Lemma 3.1. ([33, Lemma 2.1]) Let 1 < p,q < oo and yy > 0.
(1) For any f; € Wq‘l(R”) N W, (R"), there exists a z € W (R") such that divz = f; in R", [z]] = 0 on
R§, and the following estimates hold:
Izl 2y < Cugllfall; 1.
IV 2l @y < CogllV fullg, e (G = 0, 1).

(2) Forany F; € W; (R, Wq_ 'R N L,0.(R, W; (R™)), there exists a

10,0

1
AS WP,OJ’O

(R, LyR™) N Ly, (R, W;(R"))
suchthat divZ = F; in R* X R, [Z(1)]] = 0 on R4 X R, and the following estimates hold:
le™ G Z Y2, 5.1,6m) < Copalle " @t YF )y 31y
||e_y[A)1//2VZ||LP(R,Lq(R”)) < Cn,p,q”e_yrA;,/zF dllz, @ L,
||e_WV2Z”Lp(R,Lq(R")) < Copglle™VElly @1 @)
for any y > vyy.

Settingu=v+2z f=f-(Alz—Az)and U = V + Z, F = F — (00,Z — AZ), we would like to find
(v, 6), (V,®) such that 3 .

pAlv—-DivS(v,0) = f in R",

divv=0  inR",

[S (v, 0)v] = g — uD(2)v] on R},

V1 = [~ on Ry.

(3.1

AIMS Mathematics Volume 9, Issue 7, 18186—-18210.



18193

and 5 '
p0,V-DivS(V,0) =F inR" >0,

divV =0 inR".t>0,
[S(V,0)w] =[G —uDZ)v] on Ry, 7> 0, (3.2)
[Vl = [H] on Ry, >0,
Vlo=0  inR""

Let g := g — uD(z)v and G := G — uD(Z)v. We see that

1z, < If Iz, oy + Cog QAU falli oy + IV fall i)
||€_WF”L[,(R,L,,(]R”)) <Ne™”Fll,,@.r,@m) + Cn,p,q(l|e_yzath||Lp(R,Wq*1(Rﬂ)) +lle™'VFall, & 1,c0)>
1228, V)1, ey < CNA? £, ¥ fa, 128, VRNl ey
e (A6, V)l w.r, ey < Clle " (N2 Fa, VF 4, NG, VG) st oy

Therefore, we can reduce the problem as follows: f; =0, F; = 0.
Second, we would like to reduce the case of f = 0, F = 0. Let P(€) = (Pjx) i = (0jx — EEIE i
be the Helmholtz decomposition. Then, the functions

_ 1| PEOFSE) _ 1| TS
Ya(x) = F; [p—i A+ L] §IZ] (),  ¢.(x) = —F; [—I e ](x),
L [ POFLFE D L |- FLEE D
Falnt) = LT [ ol + el ](x’ 0 ®ulx0) = —LTE [ EE ](x’ )
satisfy
s ¢2) € WoR") X W (R"),
A — u Ay + Vo, = f, divg. =0 inR",
(A, APV, VP, VoIllr,ry) < Cugell fllz, @
and
Y. € W, R, LyRM) N Loy R, WiRY), @ € Loy, (R, W(R"),

0.0V —uAY. + VO, = F, divP. =0 inR" X (0,00), WY.|— =0,
lle™" (0, ¥+, Vs, A;/ZV‘P, VY, VO, @@y < Cupaylle ' F I, .,y

forany 1 < p,g < o0,y > vy 2 0,f € LR"),F € Lyo,,(R,L,(R"), and A € X, with 0 < & < 7/2,
according to (3.19) in [34]. We define

(w+’ ¢+7\P+7(D+) for X € R:l.’

Y, 0) .=
¥, 9, ¥, D) {(l//_’¢_’\}l_’(1)_) for x e R".

Then, we have that [¢]] = 0 on Rjj and [®(#)]] = 0 on Q.
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Settingu :=¢+w,0 :=¢+kin(1.5) with f; =0and U :=¥Y+W,0 = O+ Ein (1.4) with F; =0,
respectively, we have
pAw — uAw + Ve = 0 in R",
divw =20 in R",
LS (w, vl = [[g —uDW)v] on R,
[wl = [~ — vl on Ry.

(3.3)

and .
PO W — uAW + VE =0 inR", >0,
divW =0 inR"t>0,
[SW,E)W] =[G — uD¥)v] on Ry, > 0, (3.4)
[W] =1H-YI] on Rg, 1 > 0,
Wieo=0  inR""
Let

g—uDW)y, h:=h-y,

g:=
G:=G-uD¥)y, H:=H-Y.
Since we have the estimates

1228, Vg, A, V2R, AV 3Tl i
<CII(f, 2'2g, Vg, Ah, V21, AV Bl iy,

le"(AY2G, VG, 8,H,V*H, (V| 3 H), o1, 0y
<Clle™ (F, A)*G,VG,0,H,V*H,0,(\V'"' 0, H\)ll1, o1, 2y

we conclude that f = f; = 0 and F = F; = 0 are sufficient for Theorems 2.1 and 2.2, where we prove
that

-1
IAIV'] Ol @y < ClANlL, @
- -1 -
lle™"0,(V'| ¥l @ L,am) < Clle WF”@,(R,@(R**))

in the Appendix.
4. Solution formula for the problems without f, f; and surface tension

We shall give a solution of the resolvent problem (1.5) with f = f; = O and A € .. We apply a
partial Fourier transform with respect to the tangential direction x’ € R""!. We apply notation

V(E, x,) =Fov(E, x,) = f e_"xl'flv(x’,x,,)dx',

Rn-1

71 ’ — ix'-¢' ’ de’
Fer WX, x,) Gy fR e w(¢', x,)d§

AIMS Mathematics Volume 9, Issue 7, 18186—-18210.
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for the functions v,w : R}, — C. Let u, = "(t4s1, ..., Usn-1), Usn). Here and hereafter, the index j runs
from 1 to n — 1 unless stated otherwise.
We need to solve the following second-order ordinary differential equations:

(P2 + pelé | = pe0Dity +ié;0. =0 inx, # 0,
(pi/l + Mil‘f,lz - ﬂiarzl)ain + 6néi = 0 il’l Xn * 0,

n—1

i€y + ity =0 in 3, %0,

P 4.1)
[[/J(lé‘:ji’\tn + anﬁ])]] = _[[gj]] onx, =0,
[260,it, — 01 = ~[&1 on x, =0,
[2] = [A] on x, = 0.
Set
A= B, := \p.(u,)"'1 + A2
with positive real parts. Here, we consider &’ to have complex values, as follows:
£ €%, :={zeC\{0}]|argzl <n}U{z € C\ {0} | 7 —n <|argzl}
for n € (0, 7/4). The details are given in Lemma 5.2.
We find the solution of the form
(€, %) = auj(@7P — &™) 4 B e™B (j=1,...,0),  0.(&,x,) =y
Then, the equations become
_ﬂr(B%_r - Az)au_,j +i&y: =0,
- +B_2,__A2 a’+n_A +:0,
Me(By = A%)@sn F Ay 42)

—i&" - o, £ Ay, =0,
ifl : (a:_r +,8;) F Bi(@uy + Bn) =0,
and 2 2 2 2 2 2 2 2
(B2 = Ay, + (1 (B2 + A, — p_ (B2 = AV, — (B2 + AV, = i€ - [],
(o (By = AP sy — 2U.AB. By + u(B- — AP, — 2u_AB_B-, = ~AlE,,
(B, —A)ay, + BB, +(B_.—-A)a_,+B_B_, =it - |[fz’]],
Ben — B = [R}].
This means that

pe(By +A) pi (B +A%) —p (B-+A) —p(B2+A)][(Bs - Ay,

ui(By —A)  —2u,AB, u(B-—-A) —2u_AB_ Bin
1 B, 1 B_ (B -A)a_,
0 1 0 -1 B-n
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[118:1]
& -1 gt oo o oy
_|-atgn|_{ o -a 0 of|l2]
-] |0 0 @& o[l
4] 0 0 0 1] :
|71}

where &7 is the transpose of &. We define

te(Bs +A) pp(BL+A%) —p(B-+A) —p(B2+A%
— :u+(B+ - A) _2/1+AB+ ,u—(B— - A) _ZM—AB—

L: 1 B. | B ’
0 1 0 -1
i€’ 0 0 0
R:=(r;) = 8 _(;4 igO'T 8 (1<i<4,1<j<2n).
0 0 0 1

We have

det L = (uy — u_)’A> = {Bpy — pp By + Bp- — p)u_B_}A?
~{(eBy + p-B_)* + pop_(B. + BL)’JA — (. B, + p_B_)(u. B, + p_B*)

and it is known, from [33, Lemma 5.5], that the determinant is not zero for A € X, & € R*!.
We introduce some new notation:

e—B+Xn _ e—Axn
M, = Mi(A, By, x,) = T B-A
eB,xn _ eAxn
Mo=MI(A,B_,x,) = ———,
( Xn) B A

4
(@) = (L7'R); = (det L)Y Ligryj)yy (1 <i<4,1<j<2m),

s=1

where we use the cofactor matrix of L, denoted by Cof(L) = (L;;).
From these observations, we have

n

@ x0) = Y {(@uMi + arge ™ D@ + (@M, + arpee ™Y,
k=1

n

A_y(&', x,) = Z {(03,kM— + age® M8l + (a3 M- + a4,n+k€B‘x")[[ilk]]} .

k=1

To simplify, we define the following symbols for k = 1,...,n:

-B
Gran( A E  xy) = ap My + azre™ "™,

AIMS Mathematics Volume 9, Issue 7, 18186—-18210.
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-B

Yin(A, &L, x,) = aypiMs + az e,
B

Gr—n(A, &, xy) = a3 Mo+ ag ™,

B_
',bk,_n(/l, fl’ xn) = a3,n+kM— + A4 k€ x,,’

which yields the solution formulas for u.,:
lin = 0& %) = ) (@nll@id + Yianlfl), %, >0,
k=1

oy = 00(E %) = ) (@kall@idl + Y aliel), 3, <0,
k=1

Since

_p:(B: + A)
+—

4 (B~ A,

Y+ =
from the second equation of (4.2), by letting

ui(By +A) —Ax,
-—Fa

X+ (4, &, x,) = ) ke
W+ (4, €, x,) = —Malmke%x”,
pe- € x) = T g e

W - (A4, €, x,) = @613,%1&“”,

we have
0. = 0.8, x) = ) (eall@dl + willhid), %, 2 0.
k=1

From the first equation of (4.2), a.; = F(i§;/A)a.,. From the fourth and the sixth equations of (4.1),
B satisfies

[ +B. ﬂ—B—] |:ﬁ+j:| _ IIg'j]] + [_,U+(B+ - A)a’+j + 1€ By —u-(B- - A)a'—j — U-i& By

1 -1 ,3—/' - _[[ilj]]_ 0
(By — Ay,
_|mem @[m A —p —ﬂ—A] Bin
1] A0 0 0 0 [[(B.-Aa,l|’
Bn
(By —A)a,,
[ﬁﬂ'] - 1 [Ilgj]] +:u—B—[[€lj]]] " @ [,U+ HyA  —p _:U—A] Bin
B-il By +pu B |81 —psBillAjll| A | A —po —p-A[|(B- — A,
B-n
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1 &1 +p-B_h;] + L1 = et (arg + Aar 8]l — p-(azpii + Aay, s A
" By 4 B ([0 - e BLIRGT + & 2 Y k(@ + Aa Il — po(@3 ek + Adsed) T} |

Therefore,
ey = 0sj(E, %) = (By = A)ars M + Baje™

=: Z(m,ij[[gk]] s lil), %, 20,

k=1

where
G+ j(A, &, x,) = —%al,k/\/h + R G + i#;fj (ars + Aas e,
Vrnsd 8o 20) = _éal’n+kM+ " m (B0~ i:“;‘fj (@30k + Adgpii))e ",
Gr—j(A, &, x,) = é613,k/\/(- + m(ém + %(au{ + Aay))e’,
Srofo o) = % a® M- m W4 Byoij + #Aff (@3,04k + Ada pir))e" .

Here, we introduce a new notation, i.e., [ fTI(x’, x,) := f(x', x,) — f(xX’, —x,), for f : R"” — C. Then,
we have that [ fTI(x") = lim,, o[l /T(x’, x,) and [a]l(§) = F fR M0,.all(¢’, y,)dy, for a function a with
a(-, x,) — 0 as x, — *oo0. So, we obtain the solution formulas of integral form;

uij(x) =+ Z {L 7:.571 [6n¢k,ij(/la f” Xp + yn)7:x’ ﬂ[gk]]]] (x, yn)dyn
k=1 +

For' |01/, & 50 + 3 Fe 10,8410 O v,

Rs
+ f 7:_571 [anwk,ij(/l’ é:” Xp + yn)g_-x’ ﬂ[hk]]]] (x, y,,)dyn
R:
+ f Fe ['Pk,ij(/l, E X+ y)Fw ﬂ[ﬁnhk]]]] (x, yn)dyn}, (j=1,...,n), (4.3)

0.(x) = F Z{ [0nxis(A. & x + yu)Foo lgidl] (. yu)elyn

+ f Fo' Dee & x, + ) Fo0,8e01] (2. y)dy,
R,

+ f ?:;-'71 [al’lwk,i (/1’ é‘:,a -xn + yn)ﬁ' []Ihk]]]] (.x, yl’l)dyn
Ry

+ f Fo' [0k2(4 € %0 + y)Fo 8, (x,yn)dyn}~ 4.4)
Ry

Since the Laplace-transformed non-stationary Stokes equations of (1.4) with F = F;, = 0 on R are
equivalent to the resolvent problem (1.5) with f = f; = 0, we have the following formula:

Uij(-xa t) = ¢-£,_11 Z {f ]mgjl [an(pk,ij(/la g,’ Xn + yn)]mx"g[[[Gk]]]] (X, yn)dyn
Ry

k=1

AIMS Mathematics Volume 9, Issue 7, 18186—-18210.
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fR T B/ €00+ 30T LUOG] (3. )y,
o [ 7 ot LU ey
L Fo' |0 (0E 20+ y)Fo LB HAN (x, yn)dyn} (G=L....m, (45
O.(x,1) = FL; n fR Fo [0k (A, €, X0 + y)Fo LG (%, yu)dy,
s

fR T s € X + y)Fo LUB,G] (5, vy,
; fR  0h0r (A, %+ y) P LITH] (5, y)dly

fR

77571 [wk,i(/l’ ‘f,’ Xy + yn)ﬁc/-L[[[anHk]]]] (X, yn)dyn} . (46)

+

5. Proofs of estimates for the problem without surface tension and gravity

We decompose the solutions (4.3) and (4.4) to obtain the independent variables on the right-hand
side of the resolvent estimates. Analysis of the solutions (4.5) and (4.6) are based on the same analysis
for the resolvent problems.

We shall provide a theorem to prove the main theorems. Let us respectively define the operators T
and T, by

Tlmlf(x) = f (T2 & %+ y)Fe £y
0

Ty[m/l]g(xa t) = ~£/_ll f [7-;;1"1/1(5/’ X + yn)ﬁc’~£g](x’ Yns ﬂ)dyn,
[ewq—‘r—nT[mﬂ]%—w(e_ytg)](xa t)’

where A = y + it € ., m, m, are C-valued functions, f : R} — C, and g : R} xR — C. The following
theorem was taken from [17]. See also [18], where R-boundedness and the difference from previous
works are written.

Theorem 5.1. ([17, Theorem 6.1]) (i) Let m satisfy the following two conditions:

(a) There exists n € (0,7/2) such that {m(-, x,,), x, > 0} C Hm(i’,;‘l).

(b) There exist n € (0,n/2) and C > 0 such that SUP g1 |m(&', x,)| < Cx;lfor all x, > 0.
Then, T[m] is a bounded linear operator on L,(R'}) for every 1 < g < oo.

(i1) Let yo = 0 and m, satisfy the following two conditions:

(c) There exists n € (0,7/2 — €) such that, for each x, > 0 and y > 7y,

25 (nE) P m(E x,) eC

is bounded and holomorphic.
(d) There existn € (0,7/2 — &) and C > 0 such that sup{|m,(&’, x,)| | (1,&) € i:‘]} < Cx;' forally > yo
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and x, > 0.
Then, Ty[mﬂ] satisfies

le™ Ty [malgllL, L @) < Clle™ gl e.L,@)
foreveryy > vyyand 1< p,q < co.

By using the identities given by

n—1 o) -191/2 n—-1 .
_ B  pi(us)A i&m
=puu) e g 1= = PR ) ),
m=1 + + m=1

we have

s f(X) = F { f Fo' |0e) " AP B0, (4. € % + y)Fe A2 | (6, vy,
k=1

- Z f 6B 0 /(A € % + 3 Fo TBngidl| (5, yu)dy,
+ f 9_;71 ¢k,ij(/l’ g/’ Xp + yn)?:x’ [[Iangk]]]] (X, yn)dyn

f Tt [BR0w (L€ 50 + 3 Fellpa ) 2 = Al] Gyl

—Z B s (1€ %+ Y F 0,0l (i, yn>dyn}

m=1

n—1
Z f For' =) A2 B2 s (A€ x, + y) o lTA20, 10| (. vy
k=1
+ f Fo' |02 (ua)  ABRY A€ 2 + y) T LAV 8,h,11 (5, ) dy,
Rs

0.(x) = F { Fo' |pe () A2 B2Ox (A, €, X0+ y) T LA il (x, ya)dyn
k=1 \WVE

i

n—1
-2 f For' |i6nB 0w (€ %0 + Y T ll0ngill| (5, v.)dy,
m=1 Y Rs
7‘} ek, &, x0 + y)Fre 10,86 (X, yu)dyn

f (f:f’ 26 nWk, +(/l é‘: Xn ‘i'yn)(f7~ ﬂI(p+(IJ+) /l N )]’lk]]]] (X yn)dyn
n—1
> | o |inBlwra A€ xu + YT 0ndulll] (x, yn)dyn}
m=1 YR«
n—1
) f Fo' =) A2 B (V€ x, + y) Fo 1A 20, | Gx. ya)dly,
k=1 YRs
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+ f Fo' |02 ABR 0 o(4, €, %, + y)F AV 0T | (5, 30y,
R

+

forj=1,...,n.
Let SY(A,¢, x,) and S%(A, &, x,) be considered as follows;

p:(s) ' APB20 ks (A€ x,) kel .. n),
i&mB20u i (A, €, Xp) ke{l,....n},me{l,....,n—1},
Gr+j (A4, &, Xn) kell,...,n},

SYWAE, %) 1= { BL0wis (4, €, %) kell,....n),
B Wi (A, € Xy) kef{l,....,n},me{l,...,n—1},
P PB4 E %) ke(l, . n—1},
pi(:ui)_lAB;zwn,ij(/L &, xn),

P AVPB0x (A, €, x,) k(L. n},
i€ B0k (A, €, Xp) kef{l,...,n},me{l,....n—1},
Xiex(A4,E %) kefl,....n},

SA€, %) :={ B20,wio(A, &€, x,) kefl,...,n}
i€, B wi (A, € x,) kel{l,...,n\,mef{l,....,.n—1},
pe(us) ' APBRw (A, €, x,)  kefl,...,n—1),
p() ' ABw, (4, €, x,).

We shall confirm that all of the symbols are bounded in the sense that

sup {0+ APl + EIEADIS YT+ (A1 + IEDIBLS Y1 + 1075 1 + IS L + 10,8 1}

(A.€)ezxE!
< C(xx,)7! (5.1

for suitable &, i7; thus, we can prove Theorem 2.1 with f = f; = 0.
Following the method in [17], we have some identities:

anMi(A7 Bi’ xn) = $€¢thn $ AMi(A7 Bi7 Xﬂ)a
PM.(A, By, x,) = (A + Bo)e™ =" + A M,(A, By, x,),
P M.(A, B, x,) = F(A® + AB, + B>)e™?+" x A M.(A, B, x,,)

as well as the following useful lemma, where we let A := /Z’};ll €12

Lemma 5.2. ([17, Lemma 6.3]) Let 0 < € < /2 and 0 < n < &/2. Then, for any (1,&,x,) €
¥, X ig‘l x R., we have

eA <|A| <A,

<R
c(1]'? + A) < Re B, < |B.| < C(]'* + A),

I
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|0 e™ ) < CA™""(+x,)7", for x, 2 0,
lome™B=) < C (1AM + Ay (xx,) 7!, for x, 2 0,
IML(A, B, x,)| < C(A"? + A)'A~ (x,)7", for x, =0,
10" M.(A, By, x,)| < C(|A|"? + A" (+x,)"", for x, 2 0,m # 0,
c(IAV? + A) < |y By + p_B_|

form =0, 1,2, 3, with positive constants ¢ and C, which are independent of A, &', x,,.

We recall that

-1
(B, + A) /1+(Bi +A?) —u-(B-+A) _,u—(Bz +A?)

o | Be—A) 2w AB. p(B-—A)  -2u-AB-
1 B, 1 B_
0 1 0 -1

= (det L)'Cof(L) = (det L)™' (L;);.
From the cofactor expansion, we have

C(AUY>+A)  for(i,s) = (2,1),(2,2),(4,1),(4,2),

C(A? + A2 for (i, s) = (1,1),(1,2),(2,3),(3,1),(3,2), (4,3),
C(AY?2 + A for (i, s) = (1,3),(2,4),(3,3),(4,4),

C(A"V? + A)*  for (i, s) = (1,4),(3,4).

|Lis| <

Then,

CAA'? +A)  for(,j)=2,1),...,2,n),&1),...,4,n),

1, D,....(Ln),2,n+1),...,2,2n— 1),

'iL e G, 1), Bon), 4+ 1), (4,20 - 1),
PPN CAQAI? + A for (i, ) = (Ln+ 1),..., (1,20 = 1),3,n+ 1),...,(3,2n = 1),

C(A* +A®  for (i, j) = (2,2n), (4,2n),

C(A"* + A for (i, j) = (1,2n), (3, 2n).

CA(AV2 + A)?  for (i, j) = {

We need to derive the boundedness for det L.

Lemma 5.3. Let 0 < & <7/2 and 0 < n < &/2. Then, there exist positive constants ¢ and C such that
(A2 + A < |detL| < CQAI'"* + AP (Aex.& e,

Proof. Let the angle of A be 6 € (0,7), i.e., A = |Ale®. Since the function of det L = det L(A, B, B_) is
homogeneous function of A, B, it follows that

|det L(A, B,, B_)| = |det L(|A|, B,e™™, B_e™™)| > c(|1e™*°| + |A)*? > c(|A]'? + A)°

from the previous results on real values in [30, Lemma 5.5], where we have chosen small 7 such that
0 < 2n < &. Itis easy to check the estimate from above. O
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We calculate the estimates of ¢y . ; and ¢ . ; by combining all of the estimates above, as follows:

B
10} Drnl < lar kO M.l + lazill0) e

4 4
< Idet L7 Y. Ll Mel +1 ) Loralidye™))

s=1 s=1
< C(AM* + Ay ™ (xx,) 7!,
1072l < Cllar 0T Ml + |y By + BT (1 + |yl + Alai))dre™ "))
< CUAM? + Ay (xx,) 7!,

form=0,1,2,3and j,k = 1,...,n; similarly,

CIAUY? + Ay "m(xx,)™'  ifkel{l,....,n—1)
CAUY? + A 'Am™(xx,)"  ifk=n,

07 el < CA™"(2x,)7!, k€ {1,...,n},

C(A'? + HAm(xx,)™"  ifkefl,...,n—1}
C(A'"? + APA"(xx,)”"  ifk=n,

Ié’:,"wk,ijl < {

|a;nwk,¢| < {

form=0,1,2,3and j=1,...,n.

We remark that ¢, .; and w, . are the coefficients of 4,. They are different from ¥ .; and wy ..
Therefore, we need to assume additional assumptions on normal components.

These estimates lead to the inequality (5.1), which encompasses the estimates Au, 1'/20,u, 6,0, u,
A20,u, 0,0,u, aﬁu, 0.6, and 9,,0.

We also see that the new symbols S and S¢, multiplied by A, &, and d,, are holomorphic in
(,&) € 52{‘7 Therefore, we are able to apply Theorem 5.1, where we employ a change of variables from
X, 10 =X, also, note that [[[[F M,y < £z, -

Theorem 5.4. Let 0 < e <nm/2and 1 < g < oo. Then, forany 1 € X.,g € qu(R"), h e Wg(R"), and
h, € E(R"), the problem (1.5) with f = fy = 0 admits a solution (u,6) € W(R") x W; (R™) with the
following resolvent estimate:

1A, A2V, V2u, VO iy < CII(A' g, Vg, A, A2V, V1, AV [ Bl iy
< Cll(A'%g, Vg, Ah, V2R, AV |7 8,y iy

for some positive constant C.

This theorem and the estimates in Section 3 can be applied to derive the existence in Theorem 2.1.
The uniqueness has been derived in [30,33], where they considered the homogeneous equation and the
dual problem.

For the non-stationary Stokes equations, we have the following theorem according to Theorem 5.1:

Theorem 5.5. Let 1 < p,q < oo and yy > 0. Then, for any

1
He WP,O,yo

1
H, € Wp,O,yo

(R, LyR™) N Ly, (R, W, (R")),
(R, E,(R"),
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the problem (1.4) with F = F; = 0 admits a solution (U, I1) such that

UeW,, R LyR") N Lo, R, Wo(R),

ITe Lp,O,)/o (R, qu (Rn))
with the following maximal L,-L, regularity:
||€_yt(at U, yU, A,l,/zv U, \a U, VH)"LP(R,Lq(R"))
< Clle™(0,H, A;/ZVH, V’H, 61(|V/|_laan))”Lp(R,Lq(]R”))
< Clle™ (0:H, V*H, 8,(\V'|"' s H)) I .1, 2y

for any y > vy with some positive constant C = C, ,, ..., depending only on n, p, q, and .
6. On the problems with surface tension and gravity

In this section, we consider the problems (1.2) and (1.3). We shall prove Theorems 2.3 and 2.4. Let
(v, 7) and (V, ) be solutions to the following problems:

pAv—DivS(v,7) = f in R",
divv = f; in R”,

[S v, vl = [gll on R,

v = A1 on R,

6.1)

p0,V —DivS(V,T)=F inR*,t>0,
divV=F, inR"t>0,
SV, T)v] = [G] on Ry, 7> 0, (6.2)
[Vl =MH] on Ry, > 0,
Vl|jo =0 in R".
We shall find the solutions (w, «, n7) and (W, E, ) satisfying

pAw —DivS (w, k) =0 in R",
divw =0 in R",
Mm+w,=d-v,=d on Ry, (6.3)
IS (w, V]l = ([pllcg + coA)nv =0 on Ry,
wll=0 on Ry,

pO,W —DivS(W,E) =0 inR",t> 0,

divWw =0 inR".t>0,
0Y+W,=D-V,=D  onRf,t>0,
[S(V,EW] - ([pllcg + c.A)Yv =0 onRj, >0,
[vi=0 on R, 7> 0,

(V;V)l=o = (0,0)  inR".

(6.4)
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Then (u,6,n) = v+ w,T7+«k,n) and (U,0,Y) = (V+ W, T + E, Y) are the solutions of (1.3) and (1.2).
To solve the equations in (6.3), it is enough to consider that

([0, 18T, [2.1) = (0,0, —([pllc, — c-A™)A)
in (4.1), and that

{ /lﬁ+w,,:c§ on Ry, 6.5)

Wij:¢n,¢j[[§n]] IHRZ (j=1,---,n).
Note that ¢,, ,,(1,&,0) = ¢, _,(1,&",0) = ay, = a4, = (det L)_IA{,qu(BJr +A) + u_(B_ + A)}. Therefore

we have the following solution formulas:

PR det L 2
MAE) = et Afp (B, + A) + u_(B_ + A)}[lpllc, - c(,Az)d’
Wi (4, € x) = =usllollcy — ceA® (=1, ,n),

Re(A, €, %) = —xnz([plleg — co AP

with the following estimate:

LA,&) == Adet L — Ay, (B, + A) + u_(B_ + A)}([pllc, — coA?)
1L, &) = c(A] + Ay + A)

for (1,&") € X, X 22—1 with 0 < & < 1/2,0 < < &/2, and y, > 1. The proof for & € R"! is

in [33, Lemma 6.1]. However, the proof for complex values is almost the same.
Let n extend suitably from R"~! to R”. Since we have the estimate

det L

sup {(lﬂl + &) } <C

(AE)EZ e xEn~! L
=1,...,n—1

and holomorphy, we are able to prove, by applying Fourier multiplier theory as in [22,
Proposition 4.3.10, Theorem 4.3.3], that

1€, VI 2y < Cllll iy
1AV, V2, iy < CIIVAll, iy
ICAV?1, VoI, ey < CIVZdl, iy

for A € X, ,,. Then, from the results in the previous section, it follows that

1w, 29w, V2w, VIOl ey < CIIA g0, Vgl o
< (AP0, 21290, Vi, Vi)l oy
< Clidllyz»

where we have used |1|'/? < |4 when A € 2eysalso, C is dependent on g, as well as the constants [[p]],
Cq, and c,. This yields that

1, A2V u, V20, VO, ey + |l w2y + Wl ey
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<II(Av, A2, V2, dw, 329w, V2w, V1, Vi)l ey + 1Az + il
<Cogago I A £,V f1, 128, Vg, A, V2 I, AV 178l iy + U fillir ey + Ml
<Cogago I A £,V f1, 1128, Vg, A, V2R, A7 3l iy + U fillir oy + Nl

since

w2y < Cogellidllyzny + V2
2
< Cogeyo(ldliwzgen + 1AWl + V2V, )
1/2 1/2 2 -1
< Cogeyo(ldllwzany + 10, A fa V fas 4128, Vg, A, V2, AV 3z, oy + 1A falli 2y

In addition, we have

A2 1l ey < 1412l e
< I/ll”zlldllw;(Rn> + Mll/Z”V”W,}(R”)
< Cn,q,a,yo {”(f’ /ll/zfd’ Vfd, /ll/zg, Vg’ ﬂh, Vzh, ﬁlvll_lanhn)HLq(R”)

1/2
HAg i1 + Il + 1Al

and

APl ey < AL 2
< VAUl ey + 1AV, o
< Cogyo (I A £,V f1, 28, Vg, A, V2h, AV Byl
AUl 1y + el e, + 1A o} -

The proof of Theorem 2.4 is the same as above.
7. Conclusions

In this paper, the solution formulas for generalized two-phase Stokes equations have been derived.
By using the solution formulas, we have proved the existence of resolvent L, estimates and maximal
L,-L, estimates. The method is based on H*-calculus, whereas the previous works were based on
R-boundedness. The complexity of the calculation is comparatively less, and the conditions on the
normal component is relaxed. Our method does not require the estimates of derivatives of the Fourier
symbols. Although we were able to obtain an explicit form of the solution, we only applied the order of
the coeflicient of boundary source terms. Thus, we have not only considered the standard free-boundary
condition, we have also considered the problem with surface tension and gravity. This strategy will be
useful for future works when we consider other terms.
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Appendix

Proof of the estimate for normal components

Proof of the estimate |||V~ 8,0l ey < ClIf NIz, ) We see that

AV 0
n—1 . . 2]
— n 1 _fngk - lfn 1
= 771(/15 )7—; +7—'1(/1_—1__")7-'x -
27 o)) T T e e )
All symbols denoted by
. _ . 2 . 712
/llé:_n 1 - fnfk’ /llé:n 1 2(1__2):/1@ 1 2|‘§:|2
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are bounded and holomorphicin 1 € X, € € ig for small &,7, where we regard |£'| = ,/ ;’;} §J2. =A

and |€]> = A% + €2 as complex functions. Therefore, by Fourier multiplier theory, we have
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The other estimate follows similarly. O
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