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1. Introduction

Fixed point theory is one of the most important and significant research fields in nonlinear and
functional analysis since it provides some of the most useful tools to solve many problems in applied
sciences and engineering, such as dynamical systems, game theory, optimization theory, the existence
of solutions to integrals, and differential and matrix equations. One of the most useful results in fixed
point theory is the Banach-Picard-Caccioppoli contraction principle [1, 2]. It states that a mapping
T on a complete metric space X onto itself has a unique fixed point provided that T is a contractive
mapping, i.e., there exists a constant k ∈ [0, 1) such that

d(T x,Ty) ≤ kd(x, y)

for all x, y ∈ X. Due to its importance, the result has since been studied and generalized.
Broadly, there are two manners in the generalization of fixed point theorems. One is by weakening

the conditions of the contraction and the other way is by generalizing the underlying space (which is
usually done by weakening the triangle inequality).

https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2024887


18164

In 1962, Rakotch [3] generalized the contraction condition by defining a family of functions such
that the contraction principle was still valid when the constant k was replaced by a function with
suitable properties. After that, in 1969, Boyd and Wong [4] improved the result of Rakotch by
introducing in the right hand member of the contraction an upper semicontinuous function φ(·) such
that φ(t) < t, for any t > 0 and, in the same year, Meir and Keeler [5] generalized the latter result by
introducing a condition of weakly uniformly strict contraction. Inspired by the contraction principle,
in 1968, the concept of the Kannan contraction [6] was introduced. Note that this type of contraction
may not always be continuous, thus the independence of the Kannan fixed point theorem of the
contraction principle. Also, note that a Kannan contraction characterizes the completeness of a metric
space, as was shown in [7]. In 1972, the Chatterjea’s fixed point theorem [8] was stated, while
in 1971, Reich [9] generalized Banach’s fixed point theorem and Kannan’s fixed point theorem by
putting together the terms from the right-hand side of both contractions. In the same manner, Hardy
and Rogers [10] generalized, in 1973, the results of Reich and Chatterjea and one year later, in 1974,
Ćirić [11] improved the Hardy-Rogers contraction. Also, one can consider different types of rational
contractions, for example, in [12], researchers used an ICS function and some generalized weak
contractions of Boyd-Wong-type to generalize the results from [13]. For a more perspicuous and
comprehensive view of the contractive mappings that admit a unique fixed point, we address the
reader to Rhoades [14] and the references therein. In 1982, Istrăţescu [15] inaugurated the class of
convex contractive mappings by introducing several convexity conditions, thus bringing out new
generalizations for the contraction principle. The convex contractions, too, were later subjected to
generalization. For example, in [16], Miandaragh et al. defined the notions of generalized convex
contractions and generalized convex contractions of order 2 and proved fixed point theorems
regarding these type of mappings.

In recent years, several generalizations of classical metric spaces have been given. For instance,
Bakhtin [17] and Czerwik [18] introduced the concept of b-metric spaces. With the emergence of this
space, a myriad of novel results has concurrently surfaced. For example, in [19], Ali et al. defined
on b-metric spaces the notions of Hardy-Rogers-type (F-α)-contractions and Hardy-Rogers-type (F-
α∗)-contractions and then established fixed point theorems for these contractions. In [20], Kamran
et al. introduced on the same ambiental space the concepts of Feng-Liu-type (F-α)-contractions and
Feng-Liu-type (F-α∗)-contractions and proved fixed point results regarding these contractions. In [21],
Shatanawi et al. used a contraction condition by means of a comparison function to prove a result
regarding a unique common fixed point of two mappings.

In 2014, Kirk and Shahzad [22] defined the notion of strong b-metric spaces. In 2000, Branciari [23]
defined the framework of generalized metric spaces (also known as rectangular metric spaces) and
generalized metric spaces of order ν, and in the same year, Hitzler and Seda [24] introduced the notion
of dislocated metric spaces. In 2014, Khojasteh et al. [25] defined the concept of θ-metric spaces.
For related further results, including the metrization of such spaces, see [26]. In 2015 and 2018,
Jleli and Samet introduced the generalized metric spaces [27] and F-metric spaces [28], respectively.
In 2017, Kamran et al. [29] defined the concept of extended b-metric spaces, in this way generalizing
the b-metric spaces. For fixed point results in the setting of this space, the reader can consult, for
example, some of the following articles and references therein. In [30], Samreen et al. came up
with a generalization of some of the main results from [31–33]. In [34], Alqahtani et al. proved
fixed point theorems for two mappings that form an (α, β)-orbital-cyclic-admissible pair and obtained
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corollaries for (α, β)-orbital-cyclic-admissible mappings and α-orbital-admissible mappings. In [35],
Abdeljawad et al. defined the concepts of Θe-contractions and Hardy-Rogers-type Θ-contractions and
proved fixed point theorems for each one of them in the setting of extended b-metric spaces. Also,
in [36], Shatanawi et al. introduced the notion of α − ψ-contractive mappings and proved a fixed
point result for such functions. In [37], Alqahtani et al. proved some fixed point theorems for an
orbitally continuous self-map T on a T -orbitally complete extended b-metric space. In [38], Mitrović
et al. proved the fixed point theorems of Reich [9] and Nadler [39] in the setting of extended b-metric
spaces. Huang et al. [40] and Alqahtani et al. [41] determined fixed point results for some rational type
contractions and in [42], Kiran et al. generalized the Hardy-Rogers fixed point theorem [10] in the
setting of extended b-metric spaces and also proved some theorems for multi-valued mappings.

This paper is organized as follows: In Section 2, preliminary concepts and notions are recalled, such
as b-metric spaces, extended b-metric spaces, and the convex contractive mappings used in the main
results. Also, a new type of convex contractive mapping is presented—the Ćirić-convex contraction.
In Section 3, some fixed point theorems are formulated and proven in the setting of extended b-metric
spaces for the contractive mappings defined in the previous section.

2. Preliminary definitions and auxiliary results

First, recall the definition of a b-metric space.

Definition 2.1. [17, 18] Let X be a nonempty set and s ≥ 1 be a given real number. A function
d : X × X → [0,∞) is called a b-metric provided that, for all x, y, z ∈ X,

• d(x, y) = 0 if and only if x = y,
• d(x, y) = d(y, x),
• d(x, z) ≤ s[d(x, y) + d(y, z)].

A pair (X, d) is called a b-metric space of constant s.

Second, recall the definition of an extended b-metric space.

Definition 2.2. [29] Let X be a nonempty set and θ: X × X → [1,∞). A function dθ: X × X → [0,∞)
is called an extended b-metric if for all x, y, z ∈ X, it satisfies:

• dθ(x, y) = 0 if and only if x = y,
• dθ(x, y) = dθ(y, x),
• dθ(x, z) ≤ θ(x, z)[dθ(x, y) + dθ(y, z)].

A pair (X, dθ) is called an extended b-metric space.

It is obvious that a b-metric space is a particular case of an extended b-metric space by taking
θ(x, y) = s. The following example shows that the class of extended b-metric spaces is larger than the
class of b-metric spaces, in the sense of inclusion.

Example 2.1. [43] Let X = [−1, 1] and θ: X × X → [1,∞) be defined by

θ(x, y) =
1 + x2 + y2

x2 + y2 ,
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if x2 + y2 > 0 and θ(0, 0) = 1. Define dθ: X × X → [0,∞),

dθ(x, y) =


0, if and only if x = y,
1
x2 , if xy = 0 and x2 + y2 , 0,

1
x2y2 , if 0 , x , y , 0.

Thus, dθ defines an extended b-metric on X, therefore (X, dθ) is an extended b-metric space. Note
that (X, dθ) is not a b-metric space. To prove this, consider x, y ∈ [−1, 1] \ {0} such that x , y. We have
that

dθ(x, y)
dθ(x, 0) + dθ(0, y)

=

1
x2y2

1
x2 +

1
y2

=
1

x2 + y2 .

Note that
sup
{ 1
x2 + y2 : x, y ∈ [−1, 1] \ {0}, x , y

}
= +∞.

Therefore, it is impossible to find s ≥ 1 such that

dθ(x, y) ≤ s[dθ(x, 0) + dθ(0, y)].

Onwards, we recollect the concepts of convergence, Cauchy sequence, and completeness in an
extended b-metric space.

Definition 2.3. [29] Let (X, dθ) be an extended b-metric space. Then a sequence {xn}n in X is said to
be:

• Convergent if and only if there exists x ∈ X such that dθ(xn, x) → 0 as n → ∞, and we write
limn→∞ xn = x,
• Cauchy if and only if dθ(xn, xm)→ 0 as n, m→ ∞.

The extended b-metric space (X, dθ) is complete if every Cauchy sequence converges in X. We note
that the extended b-metric dθ is not a continuous function in general.

A useful result in proving fixed point theorems in the setting of extended b-metric spaces is
presented here.

Lemma 2.1. [30] Let (X, dθ) be an extended b-metric space. Then every convergent sequence has a
unique limit.

Proof. Consider a convergent sequence {xn}n of X and presume there exist u, v ∈ X such that

lim
n→∞

xn = u and lim
n→∞

xn = v.

Then,
dθ(u, v) ≤ θ(u, v)[dθ(u, xn) + dθ(xn, v)].

As θ(·, ·) is finite, by taking the limit when n→ ∞ in the previous inequality, we obtain that dθ(u, v) = 0,
thus u = v. Therefore, the limit of {xn}n is unique. □

Remark 2.1. If we define θ(·, ·) as θ: X × X → [1,∞], then the uniqueness of a convergent sequence
would not yield from Definition 2.2.
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Henceforth, consider X to be a nonempty set and (X, d) to be an extended b-metric space.
A usual property of functions used in proving fixed point results for convex contractive mappings is

stated next.

Definition 2.4. [44] A mapping T : X → X is called orbitally continuous if

lim
i→∞

T ni x = z

implies
lim
i→∞

T (T ni x) = Tz,

where T n denotes the n-fold composition of T with itself.

In the following, we present the types of convex contractive mappings that will be used in the main
results.

Definition 2.5. [15] A mapping T : X → X is said to be a convex contraction of order 2 if there exist
a, b ∈ [0, 1) with a + b < 1 such that, for all x, y ∈ X, the following inequality holds:

d(T 2x,T 2y) ≤ ad(T x,Ty) + bd(x, y).

Note that this class of mappings contains the class of contractive mappings in the sense of [1, 2].

Definition 2.6. [15] A mapping T : X → X is said to be a two-sided convex contraction if there exist
a1, a2, b1, b2 ∈ [0, 1) with a1 + a2 + b1 + b2 < 1 such that, for all x, y ∈ X, the following inequality
holds:

d(T 2x,T 2y) ≤ a1d(x,T x) + a2d(T x,T 2x) + b1d(y,Ty) + b2d(Ty,T 2y).

Definition 2.7. [15] A mapping T : X → X is said to be a convex contraction of type 2 if there exist
constants c0, c1, a1, a2, b1, b2 ∈ [0, 1) with c0 + c1 + a1 + a2 + b1 + b2 < 1 such that, for all x, y ∈ X, the
following inequality holds:

d(T 2x,T 2y) ≤c0d(x, y) + c1d(T x,Ty) + a1d(x,T x)
+ a2d(T x,T 2x) + b1d(y,Ty) + b2d(Ty,T 2y).

Definition 2.8. [15] A mapping T : X → X is said to be a convex contraction of order k ≥ 2 if there
exist a0, a1, . . . , ak−1 ∈ [0, 1) with a0 + a1 + . . . + ak−1 < 1 such that, for all x, y ∈ X, the following
inequality holds:

d(T kx,T ky) ≤ a0d(x, y) + a1d(T x,Ty) + . . . + ak−1d(T k−1x,T k−1y).

Another type of convex contractive mapping is presented next.

Definition 2.9. A mapping T : X → X is said to be a Ćirić-convex contraction if there exists h ∈ [0, 1)
such that, for all x, y ∈ X, the following inequality holds:

d(T 2x,T 2y) ≤ h max{d(x, y), d(T x,Ty), d(x,T x), d(T x,T 2x), d(y,Ty), d(Ty,T 2y)}.
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3. Main results

A valuable lemma that will be used throughout the proofs of the theorems in this section is given
below.

Lemma 3.1. Let (X, d) be an extended b-metric space, let T : X → X be a mapping and the sequence
{xn}n of Picard iterations based on an initial point x0 ∈ X, i.e., xn = T nx0, for all n ≥ 0. If there exists
λ ∈ [0, 1) such that

d(xn, xn+1) ≤
√
λn−1 max{d(x0, x1), d(x1, x2)}

for all n ≥ 0, and there exist

β <
1
√
λ

and n0 ∈ N such that the inequality

j∏
i=n

θ(xi, xn+p) ≤ β j−n+1

holds for all n ≥ n0, p ≥ 1, and j ∈ {n, n + 1, . . . , n + p − 1}, then {xn}n is a Cauchy sequence.

Proof. Set dn = d(xn, xn+1), for all n ≥ 0 and M = max{d0, d1}. Consider n, p, j ∈ N with n ≥ n0, p ≥ 1
and j ∈ {n, n + 1, . . . , n + p − 1}. Obviously, β

√
λ < 1.

The following estimations will justify that {xn}n is a Cauchy sequence:

d(xn, xn+p) ≤θ(xn, xn+p)d(xn, xn+1) + θ(xn, xn+p)d(xn+1, xn+p)
≤θ(xn, xn+p)dn + θ(xn, xn+p)θ(xn+1, xn+p)d(xn+1, xn+2)
+ θ(xn, xn+p)θ(xn+1, xn+p)d(xn+2, xn+p)
≤ . . .

≤θ(xn, xn+p)dn + θ(xn, xn+p)θ(xn+1, xn+p)dn+1

+ . . . + θ(xn, xn+p)θ(xn+1, xn+p) · · · θ(xn+p−1, xn+p)dn+p−1

≤β
√
λn−1M + β2

√
λnM + . . . + βp

√
λn+p−2M

≤β
√
λn−1M

[
1 + β

√
λ + . . . + βp−1

√
λp−1
]

=β
√
λn−1M

1 − (β
√
λ)p

1 − β
√
λ

≤β
√
λn−1M

1

1 − β
√
λ
→ 0,

when n→ ∞. □

The bounding condition imposed on the function θ(·, ·) was dictated by the necessity to ensure
that the Picard sequence under consideration meets the Cauchy sequence definition. Note that, in the
previous lemma, if we replace the condition

j∏
i=n

θ(xi, xn+p) ≤ β j−n+1
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with the condition
lim

n,m→∞
θ(xn, xm) ≤ β or lim

n,m→∞
θ(xn, xm) <

1
√

h
,

the conclusion would still be valid.
Another lemma, which will prove to be useful, is presented as follows. For the forthcoming result,

which is self-evident and straightforward, we shall opt to omit the proof.

Lemma 3.2. Let (X, d) be a complete extended b-metric space and let T : X → X be an orbitally
continuous mapping. If the Picard iterations sequence based on an initial point x0 ∈ X, i.e., xn = T nx0,
for all n ≥ 0, is a Cauchy sequence, then T has a fixed point.

From now on, we present fixed point theorems for the previously introduced convex contractive
mappings.

Theorem 3.1. Let (X, d) be a complete extended b-metric space and let T : X → X be an orbitally
continuous convex contraction of type 2. Suppose there exist x0 ∈ X,

β <

√
1 − b2

c0 + c1 + a1 + a2 + b1

and n0 ∈ N such that the inequality

j∏
i=n

θ(xi, xn+p) ≤ β j−n+1

holds for all n ≥ n0, p ≥ 1, and j ∈ {n, n + 1, . . . , n + p − 1}, where xn = T nx0, n ≥ 0.
Then T has a unique fixed point.

Proof. {xn}n is the Picard iteration sequence based on the initial point x0.
Set dn = d(xn, xn+1), for all n ≥ 0,

λ =
c0 + c1 + a1 + a2 + b1

1 − b2
and M = max{d0, d1}.

Affirmation 1. dn ≤
√
λn−1M, for all n ≥ 0.

The statement will be proven by complete induction on n. For n = 0 and n = 1, the inequality is
obvious. For n = 2, it follows that

d2 =d(x2, x3) = d(T 2x0,T 2x1)
≤ c0d(x0, x1) + c1d(x1, x2) + a1d(x0, x1) + a2d(x1, x2) + b1d(x1, x2) + b2d(x2, x3),

then

d2(1 − b2) ≤ (c0 + a1)d0 + (c1 + a2 + b1)d1

≤ (c0 + a1)M + (c1 + a2 + b1)M

= (c0 + c1 + a1 + a2 + b1)M,
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thus

d2 ≤
c0 + c1 + a1 + a2 + b1

1 − b2
M = λM <

√
λM =

√
λ2−1M.

Therefore, the base step is verified. Henceforth, consider k ≥ 1 such that

dk ≤
√
λk−1M and dk−1 ≤

√
λk−2M.

Considering these inequalities, we present the inductive step:

dk+1 = d(xk+1, xk+2)
= d(T 2xk−1,T 2xk)
≤ c0dk−1 + c1dk + a1dk−1 + a2dk + b1dk + b2dk−1,

then

dk+1(1 − b2) ≤ (c0 + a1)dk−1 + (c1 + a2 + b1)dk

≤ (c0 + a1)
√
λk−2M + (c1 + a2 + b1)

√
λk−1M

≤ (c0 + a1)
√
λk−2M + (c1 + a2 + b1)

√
λk−2M

=
√
λk−2M(c0 + a1 + c1 + a2 + b1),

thus

dk+1 ≤
√
λk−2M

c0 + c1 + a1 + a2 + b1

1 − b2

=
√
λk−2Mλ

=
√
λ(k+1)−1M.

Therefore, by complete induction on n, we conclude that dn ≤
√
λn−1M, for all n ≥ 0.

Affirmation 2. T has a fixed point.

By using Lemma 3.1, we conclude that the sequence {xn}n is Cauchy. Also, by making use of
Lemma 3.2, we get that T has a fixed point u ∈ X.

Affirmation 3. T has a unique fixed point.

Assume that there exists v ∈ X such that v , u and Tv = v. Then,

d(u, v) =d(T 2u,T 2v)
≤c0d(u, v) + c1d(Tu,Tv) + a1d(u,Tu) + a2d(Tu,T 2u) + b1d(v,Tv) + b2d(Tv,T 2v)
=(c0 + c1)d(u, v)
<d(u, v)

is a contradiction.
Consequently, u is the only fixed point of T . □
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By setting a1 = a2 = b1 = b2 = 0 and c0 = c1 = 0 in Theorem 3.1, we obtain the corresponding
results for convex contractions of order 2 and two-sided convex contractions, respectively.

Corollary 3.1. Let (X, d) be a complete extended b-metric space and let T : X → X be an orbitally
continuous convex contraction of order 2. If there exist x0 ∈ X,

β <
1

√
a + b

,

n0 ∈ N such that the inequality
j∏

i=n

θ(xi, xn+p) ≤ β j−n+1

holds for all n ≥ n0, p ≥ 1, and j ∈ {n, n + 1, . . . , n + p − 1}, where xn = T nx0, n ≥ 0, then T has a
unique fixed point.

Corollary 3.2. Let (X, d) be a complete extended b-metric space and let T : X → X be an orbitally
continuous two-sided convex contraction. Suppose there exist x0 ∈ X,

β <

√
1 − b2

a1 + a2 + b1

and n0 ∈ N such that the inequality

j∏
i=n

θ(xi, xn+p) ≤ β j−n+1

holds for all n ≥ n0, p ≥ 1, and j ∈ {n, n + 1, . . . , n + p − 1}, where xn = T nx0, n ≥ 0.
Then T has a fixed point that is unique.

Theorem 3.2. Let (X, d) be a complete extended b-metric space and let T : X → X be an orbitally
continuous Ćirić-convex contraction. Presume there exist x0 ∈ X,

β <
1
√

h

and n0 ∈ N such that the inequality

j∏
i=n

θ(xi, xn+p) ≤ β j−n+1

holds for all n ≥ n0, p ≥ 1, and j ∈ {n, n + 1, . . . , n + p − 1}, where xn = T nx0, n ≥ 0.
Then T has a unique fixed point.

Proof. Consider {xn}n as the Picard iteration sequence based on the initial point x0.
If there exists n0 ∈ N such that xn0 = xn0+1, then xn0 is a fixed point of T . Without loss of generality,

we may assume that xn , xn+1 for any n ∈ N. Set dn = d(xn, xn+1), for all n ≥ 0 and M = max{d0, d1}.

Affirmation 1. dn ≤
√

hn−1M, for all n ≥ 0.
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The statement will be proven by complete induction on n. For n = 0 and n = 1, the inequality is
obvious. For n = 2, it follows that:

d2 = d(x2, x3) = d(T 2x0,T 2x1)
≤ h max{d0, d1, d0, d1, d1, d2}

= h max{d0, d1, d2}

= h max{M, d2}.

If max{M, d2} = d2, then

d2 ≤ hd2 < d2,

is a contradiction.
Thus, max{M, d2} = M. Eventually,

d2 ≤ hM ≤
√

hM =
√

h2−1M.

Therefore, the base step is verified. Henceforth, consider k ≥ 1 such that

dk ≤
√

hk−1M and dk−1 ≤
√

hk−2M.

Considering these inequalities, we present the inductive step:

dk+1 = d(xk+1, xk+2) = d(T 2xk−1,T 2xk)
≤ max{dk−1, dk, dk+1}.

If max{dk−1, dk, dk+1} = dk+1, then

dk+1 ≤ hdk+1 < dk+1,

which is a contradiction.
Therefore,

max{dk−1, dk, dk+1} = max{dk−1, dk}.

Then,

dk+1 ≤ h max{dk−1, dk}

≤ h max{
√

hk−2M,
√

hk−1M}

= h
√

hk−2M

=
√

h(k+1)−1M.

Thus, by complete induction on n, we conclude that dn ≤
√

hn−1M, for all n ≥ 0.

Affirmation 2. T has a fixed point.

By using Lemma 3.1 with λ = h, {xn}n is a Cauchy sequence. Now, employing Lemma 3.2, T has a
fixed point u ∈ X.
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Affirmation 3. T has a unique fixed point.

Assume that there exists v ∈ X such that v , u and Tv = v. Then,

d(u, v) = d(T 2u,T 2v)
≤ h max{d(u, v), d(Tu,Tv), d(u,Tu), d(Tu,T 2u), d(v,Tv), d(Tv,T 2v)}
= hd(u, v) < d(u, v),

which is a contradiction.
Consequently, u is the only fixed point of T . □

In order to prove the next theorem, we first need to prove the following result.

Lemma 3.3. Let (X, d) be an extended b-metric space and let T : X → X be a mapping and the sequence
{xn}n of Picard iterations based on an initial point x0 ∈ X, i.e., xn = T nx0, for all n ≥ 0. If there exist
λ ∈ [0, 1) and an integer k ≥ 2 such that

d(xn, xn+1) ≤
k√
λn−kM

for all n ≥ 0, where
M = max{d(x0, x1), d(x1, x2), . . . , d(xk−1, xk)}

and there exist β < 1
k√
λ

and n0 ∈ N such that the inequality

j∏
i=n

θ(xi, xn+p) ≤ β j−n+1

holds for all n ≥ n0, p ≥ 1, and j ∈ {n, n + 1, . . . , n + p − 1}, then {xn}n is a Cauchy sequence.

Proof. Set dn = d(xn, xn+1), for all n ≥ 0 and M = max{d0, d1}. Consider n, p, j ∈ N with n ≥ n0,
p ≥ 1, and j ∈ {n, n + 1, . . . , n + p − 1}. Obviously, β k√

λ < 1.
The following estimations will justify that {xn}n is a Cauchy sequence.

d(xn, xn+p) ≤θ(xn, xn+p)d(xn, xn+1) + θ(xn, xn+p)d(xn+1, xn+p)
≤θ(xn, xn+p)dn + θ(xn, xn+p)θ(xn+1, xn+p)d(xn+1, xn+2)
+ θ(xn, xn+p)θ(xn+1, xn+p)d(xn+2, xn+p)
≤ . . .

≤θ(xn, xn+p)dn + θ(xn, xn+p)θ(xn+1, xn+p)dn+1

+ . . . + θ(xn, xn+p)θ(xn+1, xn+p) · · · θ(xn+p−1, xn+p)dn+p−1

≤β
k√
λn−kM + β2 k√

λn−k+1M + . . . + βp k√
λn−k+p−1M

≤β
k√
λn−kM

[
1 + β

k√
λ + . . . + βp−1 k√

λp−1
]

=β
k√
λn−kM

1 − (β k√
λ)p

1 − β k√
λ

≤β
k√
λn−kM

1

1 − β k√
λ
→ 0,

when n→ ∞. □
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The following result is an extension of Corollary 3.1.

Theorem 3.3. Let (X, d) be a complete extended b-metric space, let k be an integer such that k ≥ 2,
and let T : X → X be an orbitally continuous convex contraction of order k. Suppose there exist x0 ∈ X,

β <
1

k
√

a0 + a1 + . . . + ak−1

and n0 ∈ N such that the inequality

j∏
i=n

θ(xi, xn+p) ≤ β j−n+1

holds for all n ≥ n0, p ≥ 1, and j ∈ {n, n + 1, . . . , n + p − 1}, where xn = T nx0, n ≥ 0.
Then T has a unique fixed point.

Proof. Let x0 ∈ X. Construct the sequence {xn}n of Picard iterations based on the initial point x0. Set
dn = d(xn, xn+1), for all n ≥ 0. Set

λ = a0 + a1 + . . . + ak−1 and M = max{d0, d1, . . . , dk−1}.

Affirmation 1. dn ≤
k√
λn−kM, for all n ≥ 0.

The statement will be proven by complete induction on n.
For n ∈ {0, 1, . . . , k − 1}, the inequality is obvious. For n = k, it follows that

dk = d(xk, xk+1) = d(T kx0,T kx1)
≤ a0d(x0, x1) + a1d(x1, x2) + . . . + ak−1d(xk−1, xk)
= a0d0 + a1d1 + . . . + ak−1dk−1

≤ a0M + a1M + . . . + ak−1M

= λM ≤ M = λ0M

=
k√
λk−kM.

Thus, the base step is verified. Henceforth, consider s ≥ k such that d j ≤
k√
λ j−kM, for all j ≤ s.

Considering these inequalities, we present the inductive step:

ds+1 = d(xs+1, xs+2) = d(T kxs−k+1,T kxs−k+2)
≤ a0ds−k+1 + a1ds−k+2 + . . . + ak−1ds

≤ a0
k√
λs−2k+1M + a1

k√
λs−2k+2M + . . . + ak−1

k√
λs−kM

≤ a0
k√
λs−2k+1M + a1

k√
λs−2k+1M + . . . + ak−1

k√
λs−2k+1M

= M
k√
λs−2k+1[a0 + a1 + . . . ak−1]

= M
k√
λs−2k+1λ

=
k√
λ(s+1)−kM.
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Affirmation 2. T has a fixed point.

By using Lemma 3.3, {xn}n is a Cauchy sequence. Now, employing Lemma 3.2, T has a fixed point
u ∈ X.

Affirmation 3. T has a unique fixed point.

Assume that there exists v ∈ X such that v , u and Tv = v. Then,

d(u, v) = d(T ku,T kv)
≤ a0d(u, v) + a1d(Tu,Tv) + . . . + ak−1d(T k−1u,T k−1v)
= a0d(u, v) + a1d(u, v) + . . . + ak−1d(u, v)
= (a0 + a1 + . . . + ak−1)d(u, v)
< d(u, v),

which is a contradiction.
Consequently, u is the only fixed point of T . □

By taking c0 = a1 = b1 = 0 and a2 = b2 in Theorem 3.1, we get the following power contraction
version of the Reich fixed point theorem for extended b-metric spaces.

Corollary 3.3. Let (X, dθ) be a complete extended b-metric space and let T : X → X be an orbitally
continuous mapping. Suppose there exist a, b ∈ [0, 1) with a + 2b < 1 such that the inequality

dθ(T 2x,T 2y) ≤ adθ(T x,Ty) + b[dθ(T x,T 2x) + dθ(Ty,T 2y)]

holds for any x, y ∈ X. Also, presume there exist x0 ∈ X, β <
√

1−b
a+b , and n0 ∈ N such that the inequality

j∏
i=n

θ(xi, xn+p) ≤ β j−n+1

holds for all n ≥ n0, p ≥ 1, and j ∈ {n, n + 1, . . . , n + p − 1}, where xn = T nx0, n ≥ 0. Then T has a
unique fixed point.

By setting c0 = a1 = a2 = b1 = b2 = 0 in Theorem 3.1, we obtain the following extension of the
contraction principle in the framework of extended b-metric spaces.

Corollary 3.4. Let (X, dθ) be a complete extended b-metric space and let T : X → X be an orbitally
continuous mapping. If there exists k ∈ [0, 1) such that the inequality

dθ(T 2x,T 2y) ≤ kdθ(T x,Ty)

holds for any x, y ∈ X, and if there exist x0 ∈ X, β < 1
√

k
, and n0 ∈ N such that the inequality

j∏
i=n

θ(xi, xn+p) ≤ β j−n+1

holds for all n ≥ n0, p ≥ 1, and j ∈ {n, n + 1, . . . , n + p − 1}, where xn = T nx0, n ≥ 0, then T has a
unique fixed point.
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If we pick c1 = a1 = a2 = b1 = b2 = 0 in Theorem 3.1, we get a power contraction version of the
contraction principle on extended b-metric spaces.

Corollary 3.5. Let (X, dθ) be a complete extended b-metric space and let T : X → X be an orbitally
continuous mapping. Presume there exists k ∈ [0, 1) such that the inequality

dθ(T 2x,T 2y) ≤ kdθ(x, y)

holds for any x, y ∈ X, and suppose there exist x0 ∈ X, β < 1
√

k
, and n0 ∈ N such that the inequality

j∏
i=n

θ(xi, xn+p) ≤ β j−n+1

holds for all n ≥ n0, p ≥ 1, and j ∈ {n, n + 1, . . . , n + p − 1}, where xn = T nx0, n ≥ 0. Then, T has a
fixed point, which is unique.

By choosing c0 = c1 = a1 = b1 = 0 and a2 = b2 in Theorem 3.1, we obtain a power contraction
version of the Kannan fixed point theorem in the setting of extended b-metric spaces.

Corollary 3.6. Let (X, dθ) be a complete extended b-metric space and let T : X → X be an orbitally
continuous mapping. If there exists k ∈ [0, 1

2 ) such that the inequality

dθ(T 2x,T 2y) ≤ k[dθ(T x,T 2x) + dθ(Ty,T 2y)]

holds for any x, y ∈ X, and if there exist x0 ∈ X, β <
√

1−k
k , and n0 ∈ N such that the inequality

j∏
i=n

θ(xi, xn+p) ≤ β j−n+1

holds for all n ≥ n0, p ≥ 1, and j ∈ {n, n + 1, . . . , n + p − 1}, where xn = T nx0, n ≥ 0, then T has a
unique fixed point.

By taking θ(·, ·) ≡ s ≥ 1, we obtain the following analogous result for Theorem 3.1 in the setting of
b-metric spaces.

Corollary 3.7. Let (X, d) be a complete b-metric space and let T : X → X be an orbitally continuous
convex contraction of type 2. If

s <

√
1 − b2

c0 + c1 + a1 + a2 + b1
,

then T has a unique fixed point.

Also, we obtain the corresponding results for Corollaries 3.1 and 3.2 for b-metric spaces.

Corollary 3.8. Let (X, d) be a complete b-metric space and let T : X → X be an orbitally continuous
two-sided convex contraction. If

s <

√
1 − b2

a1 + a2 + b1
,

then T has a fixed point that is unique.
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Corollary 3.9. Let (X, d) be a complete b-metric space and let T : X → X be an orbitally continuous
convex contraction of order 2. Suppose that

s <
1

√
a + b

.

Then T has a unique fixed point.

Consequently, we also acquire the analogous results for Theorems 3.2 and 3.3 in the setting of
b-metric spaces.

Corollary 3.10. Let (X, d) be a complete b-metric space and let T : X → X be an orbitally continuous
Ćirić-convex contraction. Presume

s <
1
√

h
.

Then T has a unique fixed point.

Corollary 3.11. Let (X, d) be a complete extended b-metric space, let k be an integer such that k ≥ 2,
and let T : X → X be an orbitally continuous convex contraction of order k. Suppose that

s <
1

k
√

a0 + a1 + . . . + ak−1
.

Then T has a unique fixed point.

By taking s = 1, we obtain the main results from [15] and the analogue of Theorem 3.2 in the
setting of metric spaces, stated next.

Corollary 3.12. Let (X, d) be a complete metric space and let T : X → X be a Ćirić-convex contraction.
If T is orbitally continuous, then T has a unique fixed point.

Now, we provide an application of our proven results by presenting an example of a mapping which
fulfills the conditions of a convex contractive mapping of order 2 so that it has a unique fixed point,
following the work in [34]. Similar examples can be found for all the other types of convex contractive
mappings presented in this paper.

Example 3.1. Let X = [0, 1]. Define θ: X × X → [1,∞),

θ(x, y) =


x+y+1

x+y , if (x, y) , (0, 0),

1.25, if (x, y) = (0, 0).

Define dθ: X × X → [0,∞),

dθ(x, y) =


0, if and only if x = y,
1
x , if xy = 0, and x2 + y2 , 0,
1
xy , if 0 , x , y , 0.

Define T : X → X,

T x =

 2x, if x ∈ [0, 1
4 ],

0, if x ∈ (1
4 , 1].
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We shall prove that the mapping T satisfies the conditions stated in Theorem 3.1, thus T has a
unique fixed point.

Affirmation 1. (X, dθ) is an extended b-metric space and is not a b-metric space.

Justification 1. As it was shown in [34], dθ is an extended b-metric, thus (X, dθ) is an extended b-metric
space.

Due to an argument similar to the one used in Example 2.1, we conclude that (X, dθ) is not a b-metric
space.

Affirmation 2. T is a convex contraction of order 2.

Justification 2. Note that

T 2x =

 4x, if x ∈ [0, 1
8 ],

0, if x ∈ (1
8 , 1].

Observe, by induction, that

T kx =

 2kx, if x ∈
[
0, 1

2k+1

]
,

0, if x ∈ ( 1
2k+1 , 1].

To prove that T is a convex contraction of order 2, we have to find constants a,b ∈ [0, 1) with
a + b < 1 such that the inequality

dθ(T 2x,T 2y) ≤ adθ(T x,Ty) + bdθ(x, y)

holds for any x, y ∈ [0, 1]. We will prove that a = 1
2 and b = 1

8 satisfy the contractive inequality.
Let x, y ∈ X. We have to consider different cases.

Case 1. If x = y, note that T x = Ty and T 2x = T 2y, thus

dθ(x, y) = dθ(T x,Ty) = dθ(T 2x,T 2y) = 0,

and then, the inequality

dθ(T 2x,T 2y) ≤ adθ(T x,Ty) + bdθ(x, y)

becomes 0 ≤ 0, thus the contractive inequality holds for any a and b.
Next, we have to consider the cases where x = 0 or y = 0. Without loss of generality, due to the

symmetry of dθ, we can assume that y = 0.

Case 2. If x ∈ (0, 1
8 ] and y = 0, note that T x = 2x, T 2x = 4x, Ty = 0, and T 2y = 0. Thus, the

inequality

dθ(T 2x,T 2y) ≤ adθ(T x,Ty) + bdθ(x, y)

becomes

1
4x
≤

a
2x
+

b
x
,
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or, equivalently,

1 ≤ 2a + 4b,

which holds for a = 1
2 and b = 1

8 .

Case 3. If x ∈ ( 1
8 ,

1
4 ] and y = 0, note that T x = 2x, T 2x = 0, Ty = 0, and T 2y = 0. Thus, the

inequality

dθ(T 2x,T 2y) ≤ adθ(T x,Ty) + bdθ(x, y)

becomes

0 ≤
a
2x
+

b
x
,

which holds for any a and b ∈ [0, 1).

Case 4. If x ∈ (1
4 , 1] and y = 0, note that T x = 0, T 2x = 0, Ty = 0, and T 2y = 0. Thus, the

inequality

dθ(T 2x,T 2y) ≤ adθ(T x,Ty) + bdθ(x, y)

becomes 0 ≤ 0, thus the contractive inequality holds for any a and b.
Henceforth, assume that 0 , x , y , 0.

Case 5. If x, y ∈ (0, 1
8 ], note that T x = 2x, T 2x = 4x, Ty = 2y, and T 2y = 4y. Thus, the inequality

dθ(T 2x,T 2y) ≤ adθ(T x,Ty) + bdθ(x, y)

becomes

1
16xy

≤
a

4xy
+

b
xy
,

or, equivalently,

1 ≤ 4a + 16b,

which holds for a = 1
2 and b = 1

8 .

Case 6. If x, y ∈ (1
8 ,

1
4 ], note that T x = 2x, T 2x = 0, Ty = 2y, and T 2y = 0. Thus, the inequality

dθ(T 2x,T 2y) ≤ adθ(T x,Ty) + bdθ(x, y)

becomes

0 ≤
a

4xy
+

b
xy
,

thus the contractive inequality holds for any a and b.
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Case 7. If x, y ∈ (1
4 , 1], note that T x = 0, T 2x = 0, Ty = 0, and T 2y = 0. Thus, the inequality

dθ(T 2x,T 2y) ≤ adθ(T x,Ty) + bdθ(x, y)

becomes

0 ≤ 0 +
b
xy
,

which holds for any b ∈ [0, 1).
Due to the symmetry of dθ, it is enough to consider only three more cases.

Case 8. If x ∈ (0, 1
8 ] and y ∈ ( 1

8 ,
1
4 ], note that T x = 2x, T 2x = 4x, Ty = 2y, and T 2y = 0. Thus, the

inequality

dθ(T 2x,T 2y) ≤ adθ(T x,Ty) + bdθ(x, y)

becomes

1
4x
≤

a
4xy
+

b
xy
,

or, equivalently,

y ≤ a + 4b.

Note that with a = 1
2 and b = 1

8 , we get that

y ≤ 1 = a + 4b.

Case 9. If x ∈ (0, 1
8 ] and y ∈ (1

4 , 1], note that T x = 2x, T 2x = 4x, Ty = 0, and T 2y = 0. Thus, the
inequality

dθ(T 2x,T 2y) ≤ adθ(T x,Ty) + bdθ(x, y)

becomes

1
4x
≤

a
2x
+

b
xy
,

or, equivalently,

y ≤ 2ay + 4b.

Considering a = 1
2 and b = 1

8 , we get that

y ≤ y +
1
2
= 2ay + 4b.

Case 10. If x ∈ ( 1
8 ,

1
4 ] and y ∈ (1

4 , 1], note that T x = 2x, T 2x = 0, Ty = 0, and T 2y = 0. Thus, the
inequality

dθ(T 2x,T 2y) ≤ adθ(T x,Ty) + bdθ(x, y)
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becomes

0 ≤
a
2x
+

b
xy
,

which holds for any a, b ∈ [0, 1).
Consequently, considering the cases presented above, we can conclude that T is a convex

contraction of order 2 with a = 1
2 and b = 1

8 .

Affirmation 3. There exist

β <
1

√
a + b

and n0 ∈ N such that the inequality

j∏
i=n

θ(xi, xn+p) ≤ β j−n+1

holds for all n ≥ n0, p ≥ 1, and j ∈ {n, n + 1, . . . , n + p − 1}, where xn = T nx0, for all n ≥ 0.

Justification 3. Let p ≥ 1.

1
√

a + b
=

1√
1
2 +

1
8

=
2
√

10
5

.

Let

β = 1.26 <
2
√

10
5

.

To prove that there exists n0 ∈ N such that the inequality

j∏
i=n

θ(xi, xn+p) ≤ 1.26 j−n+1

holds for all n ≥ n0, p ≥ 1, and j ∈ {n, n+1, . . . , n+ p−1}, it is enough to prove that there exists n0 ∈ N

such that θ(xk, xn+p) < 1.26 holds for all k ∈ {n, n + 1, . . . , n + p − 1}, k ≥ n0.
Let k ∈ {n, n + 1, . . . , n + p − 1}. If x0 = 0, T nx0 = 0, for all n ∈ N. Therefore,

θ(xk, xn+p) = θ(0, 0) = 1.25 ≤ 1.26.

If x0 ∈ (0, 1], let q ∈ N be the largest number such that x0 ∈ (0, 1
2q ]. Set n0 = q + 1. Therefore,

xk = T kx0 = 0, for any k ≥ n0. As k ≤ n + p, obviously, xn+p = 0 also. Therefore,

θ(xk, xn+p) = θ(0, 0) = 1.25 ≤ 1.26

for any k ≥ n0.
Therefore, all the conditions from Theorem 3.1 are satisfied.
Remark that 0 is a fixed point of T . We can conclude that 0 is the only fixed point of T .
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4. Conclusions

This research article delved into the exploration of convex contractions within the realm of extended
b-metric spaces, with a particular emphasis on the existence and uniqueness of fixed points under
various convexity conditions. The introduction of the Ćirić-convex contraction enriches the fixed point
theory by broadening the understanding of contractive mappings.

The findings underscore the versatility and potency of convex contractions in generalized metric
spaces, offering novel insights and extending the boundaries of traditional fixed point theorems. This
work not only contributes to the existing literature by providing generalizations and new perspectives
on convex contractions, but also lays the groundwork for future research in the setting of generalized
extended b-metric spaces, such as new extended b-metric spaces [45], controlled metric-type
spaces [46] and double controlled metric-type spaces [47], etc.
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