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Abstract: We study the non-linear transient gravity waves inside vast oceans with general 

topographies. These waves are generated following climate variations simulated by an external 

pressure acting on the ocean's surface. We use a perturbation method for the study. The present 

approach necessitates a mild slope of the topography. Quadratic solutions are obtained from nonlinear 

theory technique and illustrated. The reliability of the nonlinear (quadratic) solution is examined by a 

comparison between the trace of the bottom and the lowest streamline. The proposed model is shown 

to be strongly efficient in simulating the considered phenomenon, especially if the slope of the 

topography is not sharp. The features of the phenomenon under consideration are revealed and 

discussed mathematically and physically according to the nonlinear theory technique. 
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1. Introduction 

Phenomena occurring in oceans are closely related to certain geological aspects as well as to 

meteorology and climate conditions (pressure, winds, temperature, storms, ...). Volcanic eruptions, 

underwater explosions and earthquakes, and testing with nuclear weapons at sea are some of the 

reasons for the generation of tsunamis in large oceans (see for example LeMéhauté & Wang [1] and 
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Abou-Dina & Hassan [2] and references included therein). On the other hand, winds, atmospheric 

pressure, and temperature variations, and strong storms have the potential to generate surface waves 

in oceans (Young [3], Holthuijsen [4]). 

After their generation by the wind, ocean surface waves can travel over long distances. The 

propagation of such waves depends not only on the generation conditions but also on the nature of the 

topography of the ocean’s bottom. These waves have a large impact on offshore structures, ships, 

coastal erosion, and sedimentation, as well as harbors. Bottom friction’s effect on offshore propagating 

geostrophic alongshore flow explains the coastal poleward alongshore flow, highlighting the 

connection between ocean bottom topography and Earth's climate are discussed by Jayne et al. [5]. 

Seasonal variability in ocean bottom topography affects regions like subpolar and subtropical basins, 

leading to alternations of low and high anomalies are studied by Chen et al. [6]. Qin et al. [7] has 

discussed the impact of climate dynamics into the interannual variability of ocean bottom pressure in 

the South Pacific region. The study uses observations and models to explore the causes of observed 

sea level variability in the midlatitude South Pacific on interannual time scales, emphasizing the role 

of topography in shaping seasonal ocean bottom pressure variability. Yang and Chen [8] have discussed 

the significance of wind stress as a key driver of the primary along-shelf flows in the Northwest 

Atlantic. Du et al. [9] have focused on the simultaneous measurement of ocean surface current, vector 

wind, and temperature which advancing our knowledge of ocean processes and their role in shaping 

global climate patterns. Alaidrous [10] has discussed the impact of a floating ship in the reflection and 

transmission of water waves in some vast oceans and proposed a model of the water wave flow under 

a floating body of an incident wave in a liquid. 

Several models have been elaborated to simulate the phenomenon of gravity wave propagation 

over a flat bottom (see for example the experimental work of, Shi et al. [11], Wang et al. [12], 

Bazilevskii et al. [13], De Serioa & Mossa [14] and the theoretical work of Abou-Dina [15], Abou-

Dina and Helal [16, 17], Hassan [18] and references included in these publications). Lamb [19], Abou-

Dina & Hassan [20], Abou-Dina & Ghaleb [21], and others have studied some aspects of the problem. 

Another technique, relying upon perturbation approaches are followed. Works by Cole [22] and Ghaleb 

& Hefni [23], Hanna et al. [24] have investigated the stationary case of the geophysical problem. 

Numerical investigations such as those dealt with in [25] have been carried out. One can find a 

review of these numerical approaches in Yeung [26]. 

Most of the papers cited above deal with steady-state cases. These papers considered that the 

motion of the fluid remains for all times, and this is unnatural. In general, the steady-state problem has 

not a unique mathematical solution (see Stoker [27,28] for a discussion of this aspect). Many 

geophysical phenomena (such as the case considered by Abou-Dina [29] are transient, and their steady-

state limit can never take place. These works did not consider the transient motions. Mathematically, 

to guarantee a unique solution, one should consider the initial conditions. 

Following the shallow water theory, Abou-Dina & Helal [30–32] have considered the transient 

aspects of the problem, for various topographies. 

The general problem of nonlinear transient fluid waves has been reduced by Abou-Dina and 

Helal [16,17] to a coupled set of integral and PDEs and they presented a numerical solution for their 

system. The stability of their procedure deteriorated at large time moments and needs careful 

examination. Hassan [18] has implemented the same idea proposed by Abou-Dina and Helal [16,17] 

and partially remedied this inconvenient result by using a different numerical procedure.  

Abou-Dina [20] has developed a nonlinear theory of the nonstationary waves, resulting in 

following an initial shape of the fluid surface over a non-horizontal bottom. The problem was 

considered as an initial value problem. Also, Shroy et al. [33], Whitewell et al. [34], Marshal [35], and 
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Zhang [36] have considered the phenomenon of wave propagation within the nonlinear theory of 

motion. 

Germain [37] has discussed the limitations on the geometry of the problem assumed to be satisfied 

in the shallow water theory. These limitations were considered by Abou-Dina and Helal [30,31] in the 

applications. In contrast to this, the approach proposed by Abou-Dina [22] is free from these limitations 

and it only requires a small vertical extent of the shape of the bottom. Besides, Chen et al. [38], Marshal 

[35], Spall [39] and Soontiens [40] have dealt with the fluid flow over irregular topographies and 

discovered the impact of the shape of the bottom on the propagation of waves. 

Moreover, Nonlinear topographies in the vast ocean play a pivotal role in shaping the dynamics 

of ocean currents and the distribution of marine life. The complex interplay between the ocean’s 

bottom topography and the fluid dynamics above creates a rich tapestry of mesoscale circulation 

patterns. Ahmad et. al [41] has discussed the stochastic solitons of short wave intermediate dispersive 

variable equations. Gao has investigated many important nonlinear physical phenomena like two-layer 

liquid and elastic waves [42], oceanic shallow water on generalized Whitham–Broer–Kaup–

Boussinesq–Kupershmidt system [43], wave processes in acoustics, hydrodynamics and oceanography 

by means of an extended coupled (2+1)-dimensional Burgers system [44]. Gao et. al [45] has 

investigated the solitons for Ablowitz-Ladik equation and generalized Darboux transformation. 

Similar work on the physical implications of nonlinear theory was investigated by [46-49]. 

In this work, we examine the gravity waves, in oceans with irregular topography, generated by 

the effect of winds blowing on the free surface. Similar subjects attract the attention of several authors 

from both experimental or theoretical points of view (Bertin et al. [50], Markina et al. [51] and 

references included therein). A suitable mathematical model simulating the considered phenomenon is 

formulated. We formulated the equations of the problem via the velocity potential. A classical 

perturbation technique, in powers of a parameter identifying the applied external pressure (simulating 

the blowing winds) and the geometry of the topography, is introduced to handle this nonlinear system. 

Linear and nonlinear theories are formulated, and the procedure for obtaining higher-order theories is 

indicated. The proposed mathematical procedure relies upon the use of the joint complex Fourier and 

Laplace transforms (Tranter [52]). According to the limitations assumed on the proposed model, it is 

found that the bottom corrugation is irrelevant to the solution of the linear theory, and this is similar to 

the results of Abou-Dina [20]. 

Here, the necessity for the nonlinear theory in predicting the considered phenomenon is discussed. 

The nonlinear expressions for the potential, the free surface’s height, and the stream function are 

calculated. The quadratic solution according to the nonlinear theory technique depends explicitly on 

the shape of the bottom. The contribution of the bottom’s shape to the free surface form could be 

isolated and presented explicitly. This check is made by carrying out a comparison between the lowest 

streamline and the trace of the topography. A good and satisfactory agreement between these two 

curves is obtained. 

There is a very limited number of published works that worked on this mode, you can see 

Alaidrous [10], Abou-Dina [20] and our new achievement is that we will present an approach to obtain 

quadratic solutions from nonlinear theory technique. We describe how changing some of the 

phenomenon’s characteristics affects the waves that are produced. More specifically, the effects of 

increasing the frequency of the applied external pressure, increasing the area exposed to the external 

pressure, and studying fluctuations over time on the propagation of created waves are explored. The 

reliability of the proposed solution is examined through a certain worked application. 

 

https://dept.atmos.ucla.edu/avivsolo/publications/topographic-effects-mesoscale-ocean-circulation
https://dept.atmos.ucla.edu/avivsolo/publications/topographic-effects-mesoscale-ocean-circulation
https://dept.atmos.ucla.edu/avivsolo/publications/topographic-effects-mesoscale-ocean-circulation
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2. The mathematical model 

The mathematical model simulating the considered phenomenon consists of a homogeneous and 

ideal layer of the fluid, occupying an open channel with a non-horizontal bottom (Figure 1). An outer 

pressure is applied to the fluid’s surface. This pressure generates waves propagating, in the fluid, 

towards both extremities of the channel. Specifying the externally applied pressure (simulating the 

winds), we require to describe the fluid at every instant of time. 

The problem is studied in two dimensions and the vertical height of the topography is assumed 

small compared with the other dimensions. The coordinate system 𝑂(𝑥, 𝑦), of Figure 1 is used. The 

origin “𝑂” lies the free surface’s mean level, the 𝑥 −axis is horizontal and the 𝑦 −axis is vertical. 

 

Figure 1. The graphical model of the mathematical Problem and its frame of reference. 

3. Equations and conditions 

The external pressure acting on the fluid’s surface is regular, and the motion starts from rest. This 

is sufficient for the subsequent motion of the fluid to be non-rotational (∇⃗⃗ × 𝑉⃗ = 0, 𝑉⃗  is the velocity 

vector) (Lamb [19]). The problem is now to determine a scalar potential Φ(𝑥, 𝑦, 𝑡)  (with 𝑉⃗ =

∇⃗⃗ Φ(𝑥, 𝑦, 𝑡)), together with the shape of the surface 𝜂(𝑥, 𝑡). These unknown functions satisfy the 

following system (Lamb [19] and Stoker [28]). 

(I) In the fluid mass, the following condition must be satisfied: 

𝛻2Φ = 0,−ℎ + 𝜀𝑘(𝑥) ≤ 𝑦 ≤ 𝜂(𝑥, 𝑡), |𝑥| < ∞,                          (1) 

where 𝛻2 denotes the Laplacian operator: 𝛻2 =
𝜕2

𝜕𝑥2 +
𝜕2

𝜕𝑦2. 

The pressure is given as: 

𝑃(𝑥, 𝑦) = 𝜌 {
𝜕

𝜕𝑡
Φ +

1

2
[(

𝜕

𝜕𝑥
Φ)

2
+ (

𝜕

𝜕𝑦
Φ)

2
] + 𝑔𝑦},                   (2) 
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where 𝜌 is the fluid’s density. 

(II) On 𝑦 = 𝜂(𝑥, 𝑡), the impermeability implies: 

𝜕

𝜕𝑦
Φ =

𝜕𝜂

𝜕𝑡
+

𝜕𝜂

𝜕𝑥

𝜕

𝜕𝑥
Φ   𝑎𝑡   𝑦 = 𝜂(𝑥, 𝑡).                         (3) 

The pressure on this boundary is prescribed at every instant of time. This condition is expressed as: 

𝜕

𝜕𝑡
Φ +

1

2
[(𝛻⃗ Φ)

2
] + 𝑔𝑦 + 𝜀𝑃0(𝑥, 𝑡) = 0  𝑎𝑡   𝑦 = 𝜂(𝑥, 𝑡),               (4) 

where 𝑃0 is a given function of its variables characterizing the external pressure acting on the surface. 

The function 𝑃0(𝑥, 𝑡) is assumed to vanish at 𝑡 = 0 (i.e., 𝑃0(𝑥, 0) = 0). 

(III) The impermeability of the bottom implies: 

𝜕

𝜕𝑦
Φ − 𝜀

𝑑𝑘

𝑑𝑥

𝜕

𝜕𝑥
Φ = 0   𝑎𝑡   𝑦 = −ℎ + 𝜀𝑘(𝑥).                  (5) 

The function 𝑘(𝑥), characterizing the bottom topography, is continuously differentiable and 𝜀 is a 

small parameter. 

(IV) The radiation condition at infinity is expressed as (Stoker [28]): 

lim
|𝑥|→∞

Φ = 0, lim
|𝑥|→∞

𝜕

𝜕𝑥
Φ = 0.                         (6) 

(V) At 𝑡 = 0, the conditions are expressed in the form: 

Φ = 0   𝑎𝑡   𝑡 = 0,                            (7) 

𝜕

𝜕𝑡
Φ = 0   𝑎𝑡   𝑡 = 0, 𝑦 = 0.                        (8) 

Conditions (3,4) are nonlinear conditions and applied on 𝑦 = 𝜂(𝑥, 𝑡), and the function 𝜂 is one of the 

unknowns of the system. The functions Φ and 𝜂 are coupled in this system and it does not seem 

probable to uncouple these functions. Further, the domain of the problem does not seem to be bounded 

by coordinate curves in any system of coordinates. Because of these properties, it is not expected to 

seek the solution of the above system as a combination of elementary functions. 

4. The perturbation technique 

To overcome the difficulties, indicated earlier, we follow Abou-Dina [20] and use a perturbation  

procedure for solving. Following this method, the functions Φ and 𝜂 are considered developable in 

the form (Nayfeh [53]) 

Φ(𝑥, 𝑦, 𝑡) = ∑ 𝜀𝑛Φ𝑛(𝑥, 𝑦, 𝑡),∞
𝑛=1  𝜂(𝑥, 𝑡) = ∑ 𝜀𝑛𝜂𝑛(𝑦, 𝑡)∞

𝑛=1 ,             (9) 

and we suppose that the system of equations is verified for all orders of 𝜀. 

Nonlinear conditions (3,4) on 𝑦 = 𝜂(𝑥, 𝑡)  and condition (5) on 𝑦 = −ℎ + 𝜀𝑘(𝑥)  are to be 

developed in powers of 𝜀. The system of equations so obtained is called the perturbed system. 

4.1. The linear theory 

The linear theory arises when neglecting 𝜀𝑛, 𝑛 > 1, in the perturbed system. This theory is also 

called a first-order theory. According to this theory, the domain of the problem reduces to a uniform 
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strip of depth ℎ, and it is required to seek Φ1(𝑥, 𝑦, 𝑡) defined in this strip (with Φ = 𝜀Φ1). This 

function satisfies the equations: 

(I.1) In the domain of the problem: 

∇2Φ1 = 0,−∞ ≤ 𝑥 < ∞,−ℎ ≤ 𝑦 ≤ 0.                      (10) 

(II.1) At 𝑦 = 0: 

𝜕2

𝜕𝑡2 Φ1 + 𝑔
𝜕

𝜕𝑦
Φ1 = −

𝜕

𝜕𝑡
𝑃0(𝑥, 𝑡).                        (11) 

(III.1) At 𝑦 = −ℎ: 

𝜕

𝜕𝑦
Φ1 = 0.                                 (12) 

(IV.1) The radiation conditions: 

lim
|𝑥|→∞

Φ1 = 0, lim
|𝑥|→∞

𝜕

𝜕𝑥
Φ1 = 0.                         (13) 

(V.1) At 𝑡 = 0: 

Φ1 = 0,                                  (14) 

𝜕

𝜕𝑦
Φ1 = 0   at   𝑦 = 0.                            (15) 

The height of the surface is 𝜂 = 𝜀𝜂1, with 

𝜂1(𝑥, 𝑡) = −
1

𝑔
[
𝜕

𝜕𝑡
Φ1(𝑥, 𝑦, 𝑡) + 𝑃0(𝑥, 𝑡)]    at   𝑦 = 0.                (16) 

4.2. The nonlinear (quadratic) theory 

The nonlinear theory arises if we stop the perturbed system at the second order of 𝜀. Here also, 

the problem is defined in the same horizontal strip, and it is required to determine Φ2  (with 

Φ(𝑥, 𝑦, 𝑡) = 𝜀Φ1(𝑥, 𝑦, 𝑡) + 𝜀2Φ2(𝑥, 𝑦, 𝑡)). This function satisfies the following equations: 

(I.2) In the domain of the problem: 

∇2Φ1 = 0,−∞ ≤ 𝑥 < ∞,−ℎ ≤ 𝑦 ≤ 0.                    (17) 

(II.2) At 𝑦 = 0: 

𝜕2

𝜕𝑡2 𝛷2 + 𝑔
𝜕

𝜕𝑦
𝛷2 = 𝐹(𝑥, 𝑡), 𝑦 = 0,                     (18) 

with 

𝐹(𝑥, 𝑡) = 𝑔 [
𝜕

𝜕𝑡
𝐴(𝑥, 𝑡) − 𝐵(𝑥, 𝑡)],                      (19) 

where 

𝐴(𝑥, 𝑡) = −
1

𝑔
[
1

2
(
𝜕Φ1

𝜕𝑥
)
2
+

1

2
(
𝜕𝜂1

𝜕𝑡
)
2
+ 𝜂1.

𝜕2𝜂1

𝜕𝑡2 ]
𝑦=0

,              (20) 
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𝐵(𝑥, 𝑡) = −
𝜕

𝜕𝑥
[𝜂1.

𝜕

𝜕𝑥
Φ1]

𝑦=0
.                       (21) 

(III.2) At 𝑦 = −ℎ: 

𝜕

𝜕𝑦
Φ2 = 𝐺(𝑥, 𝑡), 𝑦 = −ℎ,                         (22) 

with 

𝐺(𝑥, 𝑡) =
𝜕

𝜕𝑥
[𝑘(𝑥).

𝜕Φ1

𝜕𝑥
] ,   𝑦 = −ℎ.                         (23) 

(IV.2) The radiation conditions: 

lim
|𝑥|→∞

Φ2 = 0, lim
|𝑥|→∞

𝜕

𝜕𝑥
Φ2 = 0.                         (24) 

(V.2) At 𝑡 = 0: 

Φ2 = 0,   at   𝑡 = 0,                            (25) 

𝜕

𝜕𝑦
Φ2 = 0  at   𝑡 = 0, 𝑦 = 0.                        (26) 

The second-order expression of 𝜂 writes 𝜂(𝑥, 𝑡) = 𝜀𝜂1(𝑥, 𝑡) + 𝜀2𝜂2(𝑥, 𝑡), with 

𝜂2(𝑥, 𝑡) = −
1

𝑔

𝜕

𝜕𝑡
Φ2(𝑥, 𝑦, 𝑡) + 𝐴(𝑥, 𝑡),   at   𝑦 = 0.               (27) 

The system of equations for any other order higher than the second can be formulated in the same way. 

4.3. Solution of the problem 

To obtain solutions for these theories, we follow Abou-Dina [20] and use the technique of integral 

transforms. The functions of Φ  and η  are thus assumed to possess complex Fourier transforms 

(Lighthill [54]). We denote by Ã(ζ) the complex Fourier transform of A(x) (Tranter [52]). Hence, 

𝐴̃(𝜁) = ∫ 𝐴(𝑥, 𝑡)𝑒𝑖𝜁𝑥𝑑𝑥
∞

−∞
, −∞ < 𝜁 < ∞.                   (28) 

We write 𝐵̅(𝑠) for the Laplace transform of the function 𝐵(𝑡) (Tranter [43]). Therefore: 

𝐵̅(𝑠) = ∫ 𝐵(𝑡)𝑒−𝑠𝑡𝑑𝑡
∞

0
, 𝑠 ≥ 0.                        (29) 

By 𝐶̅̃(𝜁, 𝑠), we mean the joint complex Fourier and Laplace transform of the function 𝐶. For the 

solution of the theorems formulated above, we use the joint complex Fourier and Laplace transforms 

with their inversion formulae, see Abou-Dina [20] for similar calculations. 
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4.4. Solution of the linear theory 

For the first order (10)−(15), the solution is obtained as: 

Φ1(𝑥, 𝑦, 𝑡) = −
1

2𝜋
∫ [

cosh(𝜁(𝑦+ℎ))

cosh(𝜁ℎ)
∫ cos(𝜔(𝑡 − 𝑡′). 𝑃0̃( 𝜁, 𝑡′)𝑑𝑡′

𝑡

0
]

∞

−∞
𝑒−𝑖𝜁𝑥𝑑𝜁,       (30) 

with 𝜔2(𝜁) = 𝑔𝜁 tanh(𝜁ℎ).                           (31) 

The function 𝜂1 is given, by (16) and (31), as: 

𝜂1(𝑥, 𝑡) = −
1

2𝜋𝑔
∫ 𝜔 [∫ cos(𝜔(𝑡 − 𝑡′). 𝑃0̃( 𝜁, 𝑡′)𝑑𝑡′

 𝑡

 0
]

∞

−∞
𝑒−𝑖𝜁𝑥𝑑𝜁.         (32) 

4.5. Solution of the second order (nonlinear) theory 

The solution of the second order (nonlinear) theory (17)−(26), is obtained as: 

Φ2(𝑥, 𝑦, 𝑡) =
1

2𝜋
∫ [(

𝑔 cosh(𝜁(𝑦+ℎ))

𝜔 cosh(𝜁ℎ)
) ∫ {𝜔𝐴̃(𝜁, 𝑡′) cos𝜔(𝑡 − 𝑡′) − (𝐵̃(𝜁, 𝑡′) +

𝐺̃(𝜁,𝑡′)

cosh(𝜁ℎ)
) sin𝜔(𝑡 −

 𝑡

 0

∞

−∞

𝑡′)} 𝑑𝑡′ +
sinh(𝜁ℎ)

𝜁cosh(𝜁ℎ)
𝐺̃(𝜁, 𝑡′)] 𝑒−𝑖𝜁𝑥𝑑𝜁.                     (33) 

The function 𝜂2 is given, by (27) and (33), as: 𝜂2(𝑥, 𝑡) = 𝜂21(𝑥, 𝑡) + 𝜂22(𝑥, 𝑡), with 

𝜂21(𝑥, 𝑡) =
1

2𝜋
∫ [∫ {𝜔𝐴̃(𝜁, 𝑡′) sin𝜔(𝑡 − 𝑡′) + 𝐵̃(𝜁, 𝑡′) cos𝜔(𝑡 − 𝑡′)}𝑑𝑡′ 𝑡

 0
]

∞

−∞
𝑒−𝑖𝜁𝑥𝑑𝜁,   (34) 

𝜂22(𝑥, 𝑡) =
1

2𝜋
∫ [

1

cosh(𝜁ℎ)
∫ 𝐺̃(𝜁, 𝑡′) cos𝜔(𝑡 − 𝑡′) 𝑑𝑡′ 𝑡

 0
]

∞

−∞
𝑒−𝑖𝜁𝑥𝑑𝜁.         (35) 

In contrast with the results of the linear theory, one notes the influence of the bottom shape, in 

the results of the second order (nonlinear) theory, represented in the function 𝐺(𝑥, 𝑡) given by (23) 

depending on the function 𝑘(𝑥) describing the bottom topography. 

5. The quadratic (nonlinear) solution 

The solutions of the first and second-order theories, given above, lead to the following 

expressions: 

5.1. The function 𝛷(𝑥, 𝑦, 𝑡) 

Relations (30) and (33) give the potential (Φ(𝑥, 𝑦, 𝑡) = Φ1(𝑥, 𝑦, 𝑡) + 𝜀2Φ2(𝑥, 𝑦, 𝑡)) as 

Φ(𝑥, 𝑦, 𝑡) =
1

2𝜋
∫ [(

cosh(𝜁(𝑦+ℎ))

𝜔 cosh(𝜁ℎ)
)  x ∫ {𝜀𝑃0̃(𝜁, 𝑡

′). cos𝜔(𝑡 − 𝑡′) − 𝜀2 𝑔

𝜔
(𝜔𝐴̃(𝜁, 𝑡′) cos𝜔(𝑡 −

 𝑡

 0

∞

−∞

𝑡′) − [𝐵̃(𝜁, 𝑡′) +
𝐺̃(𝜁,𝑡′)

cosh(𝜁ℎ)
] sin𝜔(𝑡 − 𝑡′))} 𝑑𝑡′ − 𝜀2 sinh(𝜁ℎ)

𝜁cosh(𝜁ℎ)
𝐺̃(𝜁, 𝑡′)] 𝑒−𝑖𝜁𝑥𝑑𝜁.    (30) 
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5.2. The function 𝛹 

The Cauchy-Riemann conditions (
𝜕

𝜕𝑥
Φ =

𝜕

𝜕𝑦
Ψ,

𝜕

𝜕𝑦
Φ = −

𝜕

𝜕𝑥
Ψ) give the relations between the 

functions Ψ and Φ. Using (36) together with these relations, we obtain the quadratic expression of Ψ 

as Ψ(𝑥, 𝑦, 𝑡) = 𝜀Ψ1(𝑥, 𝑦, 𝑡) + 𝜀2Ψ21(𝑥, 𝑦, 𝑡) + 𝜀2Ψ22(𝑥, 𝑦, 𝑡), with: 

Ψ1(𝑥, 𝑦, 𝑡) =
𝑖

2𝜋
∫ 𝑒−𝑖𝜁𝑥𝛼(𝜁, 𝑡) sinh(𝜁(𝑦 + ℎ)) 𝑑𝜁

∞

−∞
,                (37) 

and 

Ψ21(𝑥, 𝑦, 𝑡) =
𝑖

2𝜋
∫ 𝑒−𝑖𝜁𝑥𝛽(𝜁, 𝑡) sinh(𝜁(𝑦 + ℎ)) 𝑑𝜁

∞

−∞
,                (38) 

with 

Ψ22(𝑥, 𝑦, 𝑡) =
𝑖

2𝜋
∫ 𝑒−𝑖𝜁𝑥𝛾(𝜁, 𝑡) cosh(𝜁𝑦) 𝑑𝜁

∞

−∞
,                 (39) 

with 

𝛼(𝜁, 𝑡) =
1

cosh(𝜁𝑦)
𝛼𝑐(𝜁, 𝑡).                           (40) 

𝛽(𝜁, 𝑡) =
−𝑔

2𝜋𝜔cosh(𝜁ℎ)
∫ [∫ {

𝜔

𝑔
{
1

2
(𝜉(𝜁 − 𝜉) −

𝜑2𝜃2

𝑔2 )𝛼𝑐(𝜁, 𝑡′)𝛼𝑐(𝜁 − 𝜉, 𝑡′) −
𝜑2𝜃

𝑔2 (𝑃0̃(𝜁, 𝑡′) −
𝑡

0

∞

−∞

𝜑𝛼𝑠(𝜁, 𝑡′)) 𝛼𝑠(𝜁 − 𝜉, 𝑡′)} cos𝜔(𝑡 − 𝑡′) − (
𝜁𝜉𝜃

𝑔
𝛼𝑐(𝜁, 𝑡′)𝛼𝑠(𝜁 − 𝜉, 𝑡′) +

𝜁𝜉

cosh(𝜁ℎ) cosh(𝜉ℎ)
𝛼𝑐(𝜁, 𝑡

′). 𝑘̃(𝜁 − 𝜉)) sin𝜔(𝑡 − 𝑡′)} 𝑑𝑡′] 𝑑𝜉,            (41) 

and 

𝛾(𝜁, 𝑡) =
−1

2𝜋 cosh(𝜁ℎ)
∫

𝜉

cosh(𝜁ℎ)
𝛼𝑐(𝜉, 𝑡). 𝑘̃(𝜁 − 𝜉)𝑑𝜉

∞

−∞
,                (42) 

where the functions 𝛼𝑐 and 𝛼𝑠 are given in terms of 𝜁, 𝑡 as: 

𝛼𝑐(𝜁, 𝑡) = ∫ 𝑃0̃(𝜁, 𝑡′). cos𝜔(𝑡 − 𝑡′) 𝑑𝑡′
𝑡

0
,                      (43) 

𝛼𝑠(𝜁, 𝑡) = ∫ 𝑃0̃(𝜁, 𝑡
′). sin𝜔(𝑡 − 𝑡′) 𝑑𝑡′𝑡

0
,                      (44) 

where 𝜔(𝜁) is given in (31), and 𝜑 and 𝜃 are given as: 

𝜑2 = 𝑔𝜉 tanh(𝜉ℎ),                                (45) 

and 

𝜃2 = 𝑔(𝜁 − 𝜉) tanh(𝜁 − 𝜉)ℎ.                           (46) 
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5.3. The function 𝜂(𝑥, 𝑡) 

Using (32), (34) and (35), we obtain the quadratic height of the free surface as 

𝜂(𝑥, 𝑡) =
1

2𝜋
∫ [𝜀𝜂̃1(𝜁, 𝑡) + 𝜀2𝜂̃21(𝜁, 𝑡) + 𝜀2𝜂̃22(𝜁, 𝑡)]𝑒

−𝑖𝜁𝑥𝑑𝜁
 ∞

−∞
,            (47) 

with 

𝜂̃1(𝜁, 𝑡) = −
𝜔

𝑔
𝛼𝑠(𝜁, 𝑡).                              (48) 

𝜂̃21(𝜁, 𝑡) =
1

2𝜋𝑔
∫ [∫ {𝜔 {

1

2
(𝜉(𝜁 − 𝜉) −

𝜑2𝜃2

𝑔2 ) 𝛼𝑐(𝜁, 𝑡′)𝛼𝑐(𝜁 − 𝜉, 𝑡′) −
𝜑2𝜃

𝑔2 (𝑃0̃(𝜁, 𝑡′) −
 𝑡

 0

∞

−∞

𝜑𝛼𝑠(𝜁, 𝑡′)) 𝛼𝑠(𝜁 − 𝜉, 𝑡′)} sin𝜔(𝑡 − 𝑡′) + 𝜁𝜉𝜃𝛼𝑐(𝜁, 𝑡′)𝛼𝑠(𝜁 − 𝜉, 𝑡′) cos𝜔(𝑡 − 𝑡′)} 𝑑𝑡′] 𝑑𝜉.   (49) 

𝜂̃22(𝜁, 𝑡) =
1

2𝜋
∫

𝜁𝜉𝑘̃(𝜁−𝜉)

cosh(𝜁ℎ) cosh(𝜉ℎ)
(∫ 𝛼𝑐(𝜁, 𝑡′) cos𝜔(𝑡 − 𝑡′) 𝑑𝑡′𝑑𝑡′

 𝑡

 0
)

∞

−∞
𝑑𝜉.        (50) 

We denote by 𝜂ℎ(𝑥, 𝑡), the elevation of the free surface for a horizontal bottom. This function 

takes the form: 

𝜂ℎ(𝑥, 𝑡) = 𝜀𝜂1(𝑥, 𝑡) + 𝜀2𝜂21(𝑥, 𝑡) =
1

2𝜋
∫ 𝑒−𝑖𝜁𝑥[𝜀𝜂̃1(𝜁, 𝑡) + 𝜀2𝜂̃21(𝜁, 𝑡)]𝑑𝜁

 ∞

−∞
.     (51) 

6. The validity of the solution 

In the present section, we carry out a numerical study to check the validity of the solution obtained 

above. We consider the particular case where the applied external pressure function 𝑃0(𝑥, 𝑡) has finite 

supports of the following form: 

𝑃0(𝑥, 𝑡) = {
sin(𝛼0𝑡),   for   |𝑥| ≤ 𝑎;

0,   for   |𝑥| > 𝑎.
                       (52) 

The topography of the bottom will be assumed to consist of an asymmetric hump of height 𝑐 =

𝜀𝑐̅  and width 2𝑑.  The bottom is otherwise horizontal without corrugations. For this bottom, the 

function 𝑘(𝑥) is: 

𝑘(𝑥) =
𝑐̅

2
{1 + cos (

𝜋𝑥

𝑑
)} {𝐻(𝑥 + 𝑑) − 𝐻(𝑥 − 𝑑)},                (53) 

whose Fourier transform takes the form: 

𝑘̃(𝜁) =
𝜋2𝑐̅ sin(𝜁𝑑)

𝜁(𝜋2−𝜁2𝑑2)
.                           (53) 

For such a choice, the functions 𝛼, 𝛽, and 𝛾 intervening in the expression of Ψ(𝑥, 𝑦, 𝑡) take the 

following forms: 
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𝛼(𝜁, 𝑡) =
2𝛼0 sin(𝜁𝑎)

𝜁 cosh(𝜁ℎ)
. (

cos(𝛼0𝑡)−cos(𝜔𝑡)

𝜔2−𝛼0
2 ).                        (54) 

𝛽(𝜁, 𝑡) =
1

cosh(𝜁ℎ)
. ∫

sin(𝜁𝑎)

(𝜁−𝜉)

∞

−∞
 [

sin((𝜁−𝜉)𝑎)

(𝜑2−𝛼0
2)(𝜃2−𝛼0

2)
(𝛽1(𝜁, 𝜉, 𝑡) + 𝛽2(𝜁, 𝜉, 𝑡)) + 𝛽3(𝜁, 𝜉, 𝑡)] 𝑑𝜉,    (55) 

and 

𝛾(𝜁, 𝑡) =
−𝛼0𝑐𝜋̅

cosh(𝜁ℎ)
. ∫

sin(𝜁𝑎) sin((𝜁−𝜉)𝑑)

(𝜁−𝜉)(𝜋2−(𝜁−𝜉)2𝑑2) cosh(𝜁ℎ)

∞

−∞
. (

cos(𝛼0𝑡)−cos(𝜑𝑡)

𝜑2−𝛼0
2 ) 𝑑𝜉,           (57) 

where 

𝛽1(𝜁, 𝜉, 𝑡) =
𝛼0

2

2𝜋
 {[(𝜁 − 𝜉) +

𝜑2𝜃2

𝜉𝑔2 ] (
sin(𝜔𝑡)

𝜔
) + [(𝜁 − 𝜉) − 3

𝜑2𝜃2

𝜉𝑔2 ] (
2𝛼0 sin(2𝛼0𝑡)−𝜔sin(𝜔𝑡)

(2𝛼0)
2−𝜔2 ) −

[(𝜁 − 𝜉) − 3
𝜑2𝜃(𝜃+2𝛼0)

𝜉𝑔2 ] (
(𝛼0+𝜃) sin((𝛼0+𝜃)𝑡)−𝜔sin(𝜔𝑡)

(𝛼0+𝜃)2−𝜔2 ) − [(𝜁 − 𝜉) −

𝜑2𝜃(𝜃−2𝛼0)

𝜉𝑔2 ] (
(𝛼0−𝜃)sin((𝛼0−𝜃)𝑡)−𝜔 sin(𝜔𝑡)

(𝛼0−𝜃)2−𝜔2 ) − [(𝜁 − 𝜉) −
𝜑2𝜃2(𝛼0+2𝜑)

𝛼0𝜉𝑔2 ] (
(𝛼0+𝜑)sin((𝛼0+𝜑)𝑡)−𝜔 sin(𝜔𝑡)

(𝛼0+𝜑)2−𝜔2 ) −

[(𝜁 − 𝜉) −
𝜑2𝜃2(𝛼0−2𝜑)

𝛼0𝜉𝑔2 ] (
(𝛼0−𝜑)sin((𝛼0−𝜑)𝑡)−𝜔 sin(𝜔𝑡)

(𝛼0−𝜑)2−𝜔2 ) + [(𝜁 − 𝜉) −

𝜑2𝜃(𝜃+2𝜑)

𝜉𝑔2 ] (
(𝜑+𝜃) sin((𝜑+𝜃)𝑡)−𝜔 sin(𝜔𝑡)

(𝜑+𝜃)2−𝜔2 ) + [(𝜁 − 𝜉) −
𝜑2𝜃(𝜃−2𝜑)

𝜉𝑔2 ] (
(𝜑−𝜃) sin((𝜑−𝜃)𝑡)−𝜔sin(𝜔𝑡)

(𝜑−𝜃)2−𝜔2 )}.  (58) 

𝛽2(𝜁, 𝜉, 𝑡) =
−𝛼0𝜁𝜃

𝜋𝜔
 {𝜃 [(

2𝛼0 sin(𝜔𝑡)−𝜔 sin(2𝛼0𝑡)

(2𝛼0)
2−𝜔2 ) − (

(𝛼0+𝜑)sin(𝜔𝑡)−𝜔 sin((𝛼0+𝜑)𝑡)

(𝛼0+𝜑)2−𝜔2 ) +

(
(𝛼0−𝜑) sin(𝜔𝑡)−𝜔sin((𝛼0−𝜑)𝑡)

(𝛼0−𝜑)2−𝜔2 )] − 𝛼0 [(
(𝜃+𝛼0) sin(𝜔𝑡)−𝜔sin((𝜃+𝛼0)𝑡)

(𝜃+𝛼0)
2−𝜔2 +

(𝜃−𝛼0) sin(𝜔𝑡)−𝜔 sin((𝜃−𝛼0)𝑡)

(𝜃−𝛼0)
2−𝜔2 ) −

(
(𝜃+𝜑) sin(𝜔𝑡)−𝜔 sin((𝜃+𝜑)𝑡)

(𝜃+𝜑)2−𝜔2 +
(𝜃−𝜑) sin(𝜔𝑡)−𝜔 sin((𝜃−𝜑)𝑡)

(𝜃−𝜑)2−𝜔2 )]},            (59) 

and 

𝛽3(𝜁, 𝜉, 𝑡) =
−𝛼0𝑐𝜋̅𝑔𝜁 sin((𝜁−𝜉)𝑑)

cosh(𝜉ℎ) cosh(𝜁ℎ)(𝜋2−(𝜁−𝜉)2𝑑2)
× (

cos(𝜔𝑡)

(𝛼0
2−𝜔2)(𝜑2−𝜔2)

−
cos(𝛼0𝑡)

(𝛼0
2−𝜔2)(𝜑2−𝛼0

2)
+

cos(𝜑𝑡)

(𝜑2−𝜔2)(𝜑2−𝛼0
2)
). 

(60) 

The stream function is obtained in the vicinity of the topography by setting 𝑦 = −ℎ + 𝜀𝜎(𝑥)  in 

Ψ(𝑥, 𝑦, 𝑡), then, 

Ψ(𝑥, 𝑦, 𝑡) = 𝜀Ψ1(𝑥, −ℎ + 𝜀𝜎(𝑥), 𝑡) + 𝜀2Ψ21(𝑥, −ℎ + 𝜀𝜎(𝑥), 𝑡) + 𝜀2Ψ22(𝑥, −ℎ + 𝜀𝜎(𝑥), 𝑡). 

(61) 

Expressing these functions in powers of 𝜎 one gets: 

Ψ(𝑥, 𝑦, 𝑡) = 𝜀𝜎
∂Ψ1

𝜕𝑦
(𝑥, −ℎ, 𝑡) + 𝜀2Ψ22(𝑥, −ℎ, 𝑡) + 𝑂(𝜀3).              (62) 

Here, Ψ1 and Ψ22 are given by (37), (39, (42). 

The streamlines of this flow are given as the solution of the algebraic equation: 

Ψ(𝑥, 𝑦, 𝑡) = 𝐶𝑠.                                 (63) 



17943 

AIMS Mathematics  Volume 9, Issue 7, 17932–17954. 

Each streamline is distinguished by a constant real value given to the parameter 𝐶𝑠. The single-valued 

function Ψ(𝑥, 𝑦, 𝑡) given by (61), may be replaced by (62), for regions near the topography. 

The calculated lowest streamline coincides with the topography if the obtained solution is the 

analytic solution. A comparison of this streamline with the topography can examine the validity of the 

proposed solution. We carry out this comparison using the choice, explained above, for the applied 

external pressure (52) and the bottom topography (53). 

The parameter 𝐶𝑠 takes the value 𝐶𝑏 along the bottom. This value is obtained from (62) by 

putting 𝑥 = 𝑥0 and 𝜎 = 0, as: 

𝐶𝑏 = 𝜀2Ψ22(𝑥0, −ℎ, 𝑡),                              (64) 

where 𝑥0  is chosen such that, the point (𝑥0, −ℎ)  belongs to the flat part of the bottom. The 

streamline containing this point is the lowest one. 

The equation of the lowest streamline (𝑦 = −ℎ + 𝜀𝜎(𝑥)) is given by (62)−(64) as: 

𝑦 = −ℎ + 𝜀 [
Ψ22(𝑥0,−ℎ,𝑡)−Ψ22(𝑥,−ℎ,𝑡)

𝜕Ψ1
𝜕𝑦

(𝑥,−ℎ,𝑡)
] + 𝑂(𝜀2),                     (65) 

where Ψ1 and Ψ22 are given by (37), (39) and (42). 

Figure 2 display a comparison between the topography of the bottom, represented by the broken 

line, and the lowest streamline, represented by the solid line, at time 𝑡 = 8√ℎ/𝑔 for the same height 

𝑐 = 0.5ℎ  of the sinusoidal obstacle and maximum width 2𝑑  with 𝑑 = 0.3ℎ , 0.5ℎ  and 0.7ℎ 

respectively. The remaining parameters are given the values 𝑎 = ℎ and 𝛼0 = 2√𝑔/ℎ. 

 

Figure 2. Comparison of the slope between the topography of the bottom and the lowest 

streamline for an obstacle with height (𝑐 = 0.5ℎ) and width (𝑑) at a time (t= 8√ℎ/𝑔): (a) 

𝑑 = 0.3ℎ; (b) 𝑑 = 0.5ℎ; (c) 𝑑 = 0.7ℎ. 

These numerical experiments indicate that the slope of the topography plays the principal rule in 

the validity of the proposed solution and that the considered model is adequate and has a vast range of 

applicability for describing the propagation of waves over topographies, which have moderate and not 

very strong slopes. For topographies with sharp slopes, theories of orders higher than the second are 

therefore needed. 

A comparison is also carried out at the same time 𝑡 = 5√ℎ/𝑔  for three sinusoidal obstacles 

having the equal maximum width 2𝑑 with 𝑑 = ℎ and different heights 𝑐 = 0.3ℎ, 0.6ℎ and 0.9ℎ 
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respectively, with 𝑎 = ℎ and 𝛼0 = 2√𝑔/ℎ. The results show a perfect coincidence between these 

two curves. This implies that, once the slope of the bottom is moderate, the accuracy of the solution 

which we propose has nothing to do with the effect of the height of the hump 𝑐/ℎ. 

7. Necessity for the nonlinear theory in predicting the geophysical phenomenon 

Having studied and tested the validity of the approximate solution obtained earlier, we will 

investigate the effect of the nonlinear terms of the solution on the generation and propagation processes. 

Further, we will also use this solution to reveal and analyze some of the features of the oceanographic 

phenomenon under consideration. 

We consider the particular choice used above, where the applied external pressure 𝑃0(𝑥, 𝑡) and 

the bottom topography is given by (52) and (53). For such a choice, the quadratic form of the function 

𝜂(𝑥, 𝑡) is given by (47), with: 

𝜂̃1(𝜁, 𝑡) = −
2𝜔 sin(𝜁𝑎)

𝑔𝜁
. (

𝜔sin(𝛼0𝑡)−𝛼0 sin(𝜔𝑡)

𝜔2−𝛼0
2 ).                     (66) 

𝜂̃21(𝜁, 𝑡) =
1

2𝜋𝑔
∫

𝛼0
2 sin(𝜉𝑎) sin((𝜁−𝜉)𝑎)

(𝜁−𝜉)(𝜑2−𝛼0
2)(𝜃2−𝛼0

2)
× [{𝜔2 [(𝜁 − 𝜉) +

𝜑2𝜃2

𝜉𝑔2 ] (
1−cos(𝜔𝑡)

𝜔2 ) + (𝜔2 [(𝜁 − 𝜉) −
∞

−∞

3
𝜑2𝜃2

𝜉𝑔2 ] + 4𝜁𝜃2) (
cos(𝜔𝑡)−cos(2𝛼0𝑡)

(2𝛼0)
2−𝜔2 ) − (𝜔2 [(𝜁 − 𝜉) −

𝜑2𝜃(𝜃+2𝛼0)

𝜉𝑔2 ] + 2𝜁𝜃(𝛼0 +

𝜃)) (
cos(𝜔𝑡)−cos((𝛼0+𝜃)𝑡)

(𝛼0+𝜃)2−𝜔2 ) − (𝜔2 [(𝜁 − 𝜉) −
𝜑2𝜃(𝜃−2𝛼0)

𝜉𝑔2 ] − 2𝜁𝜃(𝛼0 − 𝜃)) (
cos(𝜔𝑡)−cos((𝛼0−𝜃)𝑡)

(𝛼0−𝜃)2−𝜔2 ) −

(𝜔2 [(𝜁 − 𝜉) −
𝜑2𝜃2(𝛼0+2𝜑)

𝛼0𝜉𝑔2 ] +
2𝜁𝜃2(𝛼0+𝜑)

𝛼0
) (

cos(𝜔𝑡)−cos((𝛼0+𝜑)𝑡)

(𝛼0+𝜑)2−𝜔2 ) − (𝜔2 [(𝜁 − 𝜉) −
𝜑2𝜃2(𝛼0−2𝜑)

𝛼0𝜉𝑔2 ] +

2𝜁𝜃2(𝛼0−𝜑)

𝛼0
) (

cos(𝜔𝑡)−cos((𝛼0−𝜑)𝑡)

(𝛼0−𝜑)2−𝜔2 ) + (𝜔2 [(𝜁 − 𝜉) −
𝜑2𝜃(𝜃+2𝜑)

𝜉𝑔2 ] + 2𝜁𝜃(𝜑 +

𝜃)) (
cos(𝜔𝑡)−cos((𝜑+𝜃)𝑡)

(𝜑+𝜃)2−𝜔2 ) + (𝜔2 [(𝜁 − 𝜉) −
𝜑2𝜃(𝜃−2𝜑)

𝜉𝑔2 ] + 2𝜁𝜃(𝜑 − 𝜃)) (
cos(𝜔𝑡)−cos((𝜑−𝜃)𝑡)

(𝜑−𝜃)2−𝜔2 )}] 𝑑𝜉, 

(67) 

and 

𝜂̃22(𝜁, 𝑡) = ∫
𝜋𝛼0𝑐𝜁̅ sin(𝜉𝑎) sin((𝜁−𝜉)𝑑)

cosh(𝜁ℎ) cosh(𝜉ℎ)(𝜁−𝜉)(𝜋2−(𝜁−𝜉)2𝑑2)
× (

𝛼0 sin(𝛼0𝑡)

(𝛼0
2−𝜔2)(𝜑2−𝛼0

2)
+

𝜔 sin(𝜔𝑡)

(𝛼0
2−𝜔2)(𝜔2−𝜑2)

−
∞

−∞

𝜑 sin(𝜑𝑡)

(𝛼0
2−𝜑2)(𝜔2−𝜑2)

) 𝑑𝜉.                             (68) 

For a flat bottom, the free surface elevation for the present particular choice 𝜂ℎ(𝑥, 𝑡), reads: 

𝜂ℎ(𝑥, 𝑡) = 𝜀𝜂1(𝑥, 𝑡) + 𝜀2𝜂21(𝑥, 𝑡) =
1

2𝜋
∫ [𝜀𝜂̃1(𝜁, 𝑡) + 𝜀2𝜂̃21(𝜁, 𝑡)]

∞

−∞
𝑒𝑖𝜁𝑥𝑑𝜁.        (69) 

The function 𝜂(𝑥, 𝑡), in the frame of the linear theory, takes the form: 

𝜂(𝑥, 𝑡) =
𝜀

2𝜋
∫ [𝜂̃1(𝜁, 𝑡)]

∞

−∞
𝑒𝑖𝜁𝑥𝑑𝜁 + 𝑂(𝜀2).                     (70) 

7.1. Necessity for the quadratic (nonlinear) theory in the course of time 

Figure 3 display the first order free surface elevation (dotted curves) and the quadratic free surface 
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elevation (solid curves) at the instants 𝑇 = 2√ℎ/𝑔 , 3√ℎ/𝑔 , 4√ℎ/𝑔 , and 5√ℎ/𝑔 , following the 

start of the motion. The remaining parameters are taken as 𝑎 = 2ℎ , 𝑐 = 0.4ℎ , 𝑑 = 3.0ℎ , 𝛼0 =

√𝑔/ℎ  and 𝜀 = 0.5 . These numerical experiments show that, although the linear theory may be 

adequate for describing the phenomenon in a small-time interval following the initial instant (0 ≤ 𝑇 ≤

2√ℎ/𝑔), the quadratic theory is indispensable for predicting the phenomenon as time elapses. The 

figures show also that the waves calculated by the nonlinear theory are faster than those calculated 

according to the linear one. The first-order theory screens important fluctuations of the free surface, 

characterizing the nonlinear features of the flow (cf. Figure 3(d)). 

 

Figure 3. Comparison of the waves and the fluctuations on the free surface between the 

linear and nonlinear theories at a time 𝑇: (a) 𝑇 = 2.0√ℎ/𝑔; (b) 𝑇 = 3.0√ℎ/𝑔; (c) 𝑇 =

4.0√ℎ/𝑔; (d) 𝑇 = 5.0√ℎ/𝑔. 

7.2. Necessity for the quadratic (nonlinear) theory with the increase of the frequency 

Figure 4 exhibit a comparison between the free surface profile as predicted by the linear theory 

(dotted curves) and the free surface profile as predicted by the quadratic theory (solid curves) for the 

particular values of the frequencies: 𝛼0 = 0.2√𝑔/ℎ , 0.4√𝑔/ℎ , 0.6√𝑔/ℎ , and 0.8√𝑔/ℎ , 
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respectively. The particular values given to the remaining parameters are 𝑎 = 2ℎ , 𝑐 = 0.3ℎ , 𝑑 =

5.0ℎ, 𝑇 = √ℎ/𝑔, and 𝜀 = 0.5. These figures show that the linear theory is sufficient to describe the 

phenomenon only in the cases of low frequencies (cf. Figure 4(a)). The necessity for the quadratic 

theory increases with the increase of the frequency since the divergence between the linear and the 

quadratic theories increases with the increase of 𝛼0. Here also, we note that the first-order theory 

cannot predict important fluctuations and slows the propagation of waves. 

 

Figure 4. Comparison of the phenomenon of the free surface between the linear and 

nonlinear theories for the frequency 𝛼0 : (a) 𝛼0 = 0.2√𝑔/ℎ ; (b) 𝛼0 = 0.4√𝑔/ℎ ; (c) 

𝛼0 = 0.6√𝑔/ℎ; (d) 𝛼0 = 0.8√𝑔/ℎ. 

7.3. Necessity for the quadratic (nonlinear) theory with the increase of the area exposed to the blowing 

winds 

Figure 5 present the free surface elevations as predicted by both the linear theory (dotted curves) 

and the nonlinear theory (solid curves) for several values of the parameter 𝑎 representing half the 

area of the free surface, exposed to the applied external pressure, precisely for the values: 𝑎 = 2.0ℎ, 

4.0ℎ, and 6.0ℎ. The particular values given to the remaining parameters are 𝑐 = 0.4ℎ, 𝑑 = 7.0ℎ, 

𝛼0 = √𝑔/ℎ, 𝑇 = 4.0√ℎ/𝑔 and 𝜀 = 0.5. 
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Figure 5． Comparison of the free surface elevations between the linear and nonlinear 

theories for half the area of the free surface 𝑎: (a) 𝑎 = 2.0ℎ; (b) 𝑎 = 4.0ℎ; (c) 𝑎 = 6.0ℎ. 

These numerical experiments show that for small areas exposed to the blowing winds the 

nonlinear theory is necessary to predict the flow all-over the channel (cf. Figure 5(a)). For vast areas, 

exposed to the external pressure, the free surface just above the corrugated part of the bottom lies in 

the neighborhood of its position at rest and the outputs of two theories are too near from each other 

while far from this area, a significant difference between the outputs of the two theories appears and 

the necessity to the quadratic (nonlinear) theory arises. 

8. Features of the oceanographic phenomenon 

We make use of the results of the numerical experiments carried out in the frame of the preceding 

parts to pull some of the features of the oceanographic phenomenon of the waves, generated in oceans 

as a response to the winds blowing on their free surfaces. The application used in the present study is 

again the one considered above, where the external pressure is taken oscillatory, symmetrical, and 

uniform on a finite area of the free surface and vanishes otherwise. The bottom is horizontal with a 

sinusoidal symmetrical hump. 

8.1. Variations occurring in the course of time 

Figure 6 displays the profiles of the free surface calculated according to the nonlinear theory at 

the instants of time 𝑇 = 2√ℎ/𝑔, 3√ℎ/𝑔, 4√ℎ/𝑔, and 5√ℎ/𝑔, following the start of the motion, 

for the same particular values of the other parameters as those for Figures 2−5. The figure shows that, 

in the course of time, the free surface waves increase notably in amplitude and slightly in wavelength. 

This figure shows also that waves, generated on each side of the hump, advance slowly towards the 

corresponding extremity of the channel. 
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Figure 6. The profiles of the free surface waves of the nonlinear theory that is increase in 

amplitude, wavelength and other topography in the course of time. 

8.2. Effect of the increase of the frequency 

Figure 7 exhibits the free surface elevations calculated according to the nonlinear theory at the 

instant of time T = 4√h/g  following the start of the motion for the following frequencies of the 

external pressure applied to the free surface: α0 = 0.2√g/h, 0.4√g/h, 0.6√g/h, and 0.8g/h. The 

figure shows that the influence of the variation of the frequency on the velocity of propagation of the 

surface waves is negligible and that the fluctuations of the free surface are localized in the same area 

for the different frequencies. It is also noticed that the amplitudes of the generated waves increase with 

the inrease of the frequency. 

 

Figure 7. The free surfaces waves over a topography for different values of the frequency 

according to nonlinear theory. the amplitudes of the generated waves increase with the 

increase of the frequency. 
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8.3. Effect of the increase of the area exposed to the external pressure 

Figure 8 exhibits the profiles of the free surface calculated according to the nonlinear theory at 

the instant 𝑇 = 4√ℎ/𝑔 following the start of the motion for the following values of the parameter 𝑎, 

representing half-width of the area on the free surface exposed to the applied external pressure: 𝑎 =
2.0ℎ, 4.0ℎ, and 6.0ℎ. 

 

Figure 8. The profiles of the free surface’s waves over a topography for different areas 

exposed to external pressure according to the nonlinear theory. The amplitudes of the 

generated waves are almost equal, but the larger area exposed to the applied external 

pressure produces faster waves. 

The figure shows that the amplitudes of the generated waves are almost equal, but the larger area 

exposed to the applied external pressure produces faster waves. We also notice, in all cases, that a part 

of the free surface lying just above the hump remains at the neighborhood of its position at rest. The 

width of this part increases with the increase of the width of the area exposed to the external pressure. 

9. Concluding remarks 

The present work deals with the theoretical aspects of the physical oceanographic phenomenon 

of generation and propagation of waves in vast oceans with arbitrary topography, due to varying winds 

blowing on the free surface of the ocean. These winds, interacting with the ocean’s free surface, 

instigate the formation of waves that traverse through waters of varying depths and contours. The study 

aims to understand the effect of nonlinear theory for the physical mechanisms behind these phenomena, 

considering the ocean’s complex topography which includes underwater features that can alter the 

course and characteristics of the waves. The following concluding some mathematical results and some 

physical remarks could be drawn out. 

9.1. Some mathematical results 

A nonlinear two-dimensional mathematical model is introduced to simulate the intricate process 
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of wave generation and propagation. Linear and nonlinear theories are formulated, and the 

corresponding systems of equations and conditions are solved and analyzed. Hince there are several 

mathematical results of this study that can be formulated as theories to compare the linear theory and 

the non-linear (quadratic) theory as the following: 

Theorem 1. The linear theory may be adequate for describing the phenomenon in a narrow interval of 

time following the start of the motion, the quadratic theory is necessary for predicting the phenomenon 

as time elapses. 

Theorem 2. The waves calculated following the nonlinear theory are shown to be faster than those 

calculated according to the linear theory. The above Theorem 2 highlights the critical importance of 

nonlinear theory for more realistic representation of wave dynamics. 

Theorem 3. Linear theory is sufficient to describe the phenomenon only in the cases of low frequencies, 

however, as frequency increases, the quadratic theory plays vital role for accurate depiction. 

Theorem 4. For wide regions, exposed to the external pressure, the free surface in the area just above 

the corrugated part of the bottom lies in the neighborhood of its position at rest and the outputs of both 

linear and nonlinear theories converge while as one moves away from this area, a significant difference 

between the outputs of the two theories appears and the non-linear theory cannot be neglected in this 

scenario. 

Theorem 5. Important fluctuations, of the free surface, characterizing the nonlinear theory features of 

the flow are screened by the linear theory. 

9.2. Some physical remarks according to the nonlinear theory technique 

Remark 1. In the course of time, the waves generated inside oceans with irregular topographies, by 

the effect of oscillating winds blowing on the free surface, increase notably in amplitude and slightly 

in wavelength. The waves generated on each side of the bottom corrugation, advance slowly towards 

the corresponding extremity of the channel. 

Remark 2. The frequency variations of the winds have a minimal impact on the waves’ propagation 

speed and the fluctuations of the free surface are localized in the same area for different frequencies. 

Remark 3. The amplitudes of the generated waves increase slightly by increasing the frequency of the 

blowing winds. This correlation suggests that the energy imparted by faster wind cycles marginally 

amplifies the waves’ height providing the balance between atmospheric forces and oceanic responses. 

Remark 4. For areas of the free surface with different widths, exposed to the blowing winds, the 

amplitudes of the generated waves are almost equal, but the larger area exposed to these winds give 

rise to swifter wave velocities. Also, in all cases, a part of the free surface lying just above the 

corrugated bottom remains at the neighborhood of its position at rest. The width of this part increases 

with the increase of the width of the area exposed to the winds. 

Remark 5. The free surface profiles, corresponding to different bottom topographies, are very near to 

each other for instants of time following the start of the climate variation, and the effect of the 

topography on these profiles increases in the course of time. The waves on horizontal bottoms are 

smaller in amplitude and faster in velocity than those on corrugated bottoms. 
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