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1. Introduction

Let Q be an exterior Lipschitz domain in R?, i.e., the complement of a bounded planar Lipschitz
domain. The aim of this paper is to show the existence of the Helmholtz decomposition of the vector
fields in L,(€; R?) provided that p satisfies

1
‘———‘<Z+e (1.1)

with some constant & = &(Q) € (0, 1/4], where it is allowed to take € = 1/4 if 9Q € C'. Let L,-(Q) be
the subspace of functions f in L,(Q;R?) such that fQ f-Vodx = 0forevery ¢ € H })(Q). Notice that
L, -(Q) is the closure of C (Q) := {¢ € CX(R?) = diveg = 0} in L,(€;R?), see [4, Proposition 2.5].
In addition, let G,(Q) := ImV, = V,,H},(Q) denote the space of gradients in LP(Q;Rz), where
V,: H)(Q) = L,(Q;R?) is the linear map. We aim to prove the following theorem.

Theorem 1.1. Let Q C R? be an exterior Lipschitz domain. Then there exists € = &(Q) € (0, 1/4] such
that for every p subject to (1.1) the Helmholtz decomposition

L (Q;R*) = L,,(Q) &G,(Q) (1.2)
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holds, where the direct sum is topological. In particular, if 0Q € C!, it is allowed to take € = 1/4, i.e.,
the Helmholtz decomposition (1.2) is valid for every 1 < p < oo.

The Helmholtz decomposition (1.2), a useful tool in the study of the incompressible Navier-Stokes
equations, is well-known in the case that the boundary 9Q is smooth (see e.g., [9, Theorem 1.6] and [11,
Theorem 1.4]). In the case of exterior domains with lower regularity (locally Lipschitz), it was proved
by Lang and Méndez [7, Theorem 6.1] as well as Tolksdorf and the author [12, Proposition 2.3] that
the Helmholtz decomposition (1.2) holds for all p satisfying [1/p — 1/2| < 1/6 + & with some constant
£(Q) > 0 provided that Q c R? with d > 3. However, to the best of the author’s knowledge, there
seems to be no result on the Helmholtz decomposition (1.2) in the case of exterior planar Lipschitz
domains.

It is well-known (cf. [2, Lemma III.1.2]) that the existence of the Helmholtz decomposition (1.2) is
equivalent to the unique solvability of the following weak Neumann problem: Given f € L,(Q;R?),
consider the weak Neumann problem

(Vu,Vp)o = (f, V) forevery ¢ € H;,(Q). (1.3)

The present paper aims to prove the following theorem.

Theorem 1.2. Let Q C R? be an exterior Lipschitz domain. Then there exists € = £(Q) € (0,1/4]
having the following property: If p satisfies (1.1), for every f € L,(Q) Problem (1.3) admits a solution
ueH },(Q) subject to the estimate

IVullz, @z < Cllfll,@r2)

with some positive constant C > 0 which depends only on Q and p. In particular, the solution is unique
in H),(Q;R?) up to an additive constant. Furthermore, if 0Q € C', then it is allowed to take & = 1/4.

Remark 1.3. Let us make some comments on Theorem 1.2.

(1) The constant & appearing in Theorem 1.2 arises from analyses of elliptic systems on bounded
Lipschitz domains (i.e., analyses near the boundary dQ2). More precisely, € is given by € = &ney €
(0, 1/4], where &y, 1s a constant arising in the result of the Neumann-Laplacian, see Lemma 3.3
below. This is due to the fact that we will construct a solution to (1.3) via a cut-off procedure
so that, roughly speaking, a solution to (1.3) may be given as a sum of the solution to the weak
Neumann problem in a bounded Lipschitz domain and the fundamental solution of the Laplace
equation. Namely, the restriction (1.1) on p stems essentially from the roughness of the boundary
0Q but the unboundedness of the domain does not restrict the range of p, which is entirely different
from the strategy in [7]. A similar observation for the large-time behavior of the three-dimensional
Navier-Stokes flow in an exterior Lipschitz domain was made by the author [13].

(2) Concerning the higher-dimensional case, say,  C R? (d > 3), that was discovered by Lang and
Méndez [7, Theorem 6.1] as well as Tolksdorf and the author [12, Proposition 2.3], in their papers,
it was proved that the Helmholtz decomposition (1.2) exists provided that p satisfies |1/p — 1/
2| < 1/6 + & with some constant £(€2) > 0. Although the present paper is restricted to dealing
with the two-dimensional case, it is easy to extend to the higher-dimensional case and obtain the
same result as in [7, 12]. Nevertheless, the present paper provides a simpler proof than that of [7]
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(notice that the proof in [12] relied on the result obtained in [7]). It should be emphasized that
it seems to be difficult to extend the approach of Lang and Méndez [7] to the two-dimensional
case since their approach heavily relied on potential theory, which causes several difficulties in the
two-dimensional case due to a logarithm singularity of the fundamental solution to the Laplace
equation.

This paper is organized as follows: In the next section, we introduce some notation and the function
spaces that will be used throughout this paper. Section 3 is concerned with the solvability result of
some elliptic systems in bounded domains. Then, in the last section, we give the proof of Theorem 1.2
via a cut-off technique introduced by Shibata [10]. It should be noted that some modifications are
required in contrast to Shibata’s argument [10] since we may not expect the Hﬁ(Q)—regularity for the
solution to elliptic systems due to the lack of the smoothness of the boundary. Note that, for the same
reason, we may not use the approaches of Miyakawa [9] as well as Simader and Sohr [11] to prove
Theorem 1.2.

2. Notation

As usual, let N and R be the set of all natural and real numbers, respectively. For scalar-valued
functions u and v defined on G C R?, let (u,v)g = fG u(x)v(x)dx. For vector-valued functions U =
(U;,Uy) and V = (V,,V,) defined on G c R?, let (U, V)s = =12 fG U;j(x)Vi(x)dx. For R > 0, let
Br(0) = {x € R? | |x| < R}. For Banach spaces X and Y, let £(X,Y) be all bounded linear operators
from X into Y, where we will write £(X) = £(X, X) to simplify the notation. For a Banach space X,
denote by X’ the dual space of X. Throughout this paper, the letter C stands for a generic constant that
does not depend on the quantities whenever there is no confusion.

Let X be a complex Banach space and let R? be endowed with the Lebesgue measure. Let C(G; X)
be the set of all C*-functions on R? whose supports are compact and contained in D ¢ R?. For 1 < p <
oo and G c R?, let L,(G; X) be the Lebesgue space equipped with the norm || - ||z, G.x)- For 1 < p < oo
and s € R, let H ;(RZ;X) be the inhomogeneous Sobolev space endowed with the norm || - ||H;(R2;X).
The inhomogeneous Sobolev space on G is defined by the collection of all u € O(G; X) = (CX(G; X))
such that there exists v € H (G; X) with v|g = u. Furthermore, the norm || - || HY(G:X) is defined by the
usual quotient norm:

||M||H;;(G;X) = inf||V||H;(R2;X)
where the infimum is taken over all v € H ;(Rz; X) such that its restriction v|g to G coincides in D' (G; X)
with u. In particular, if u € H;(G; X) vanishes on the boundary dG then the space will be attached with

the subscript 0, i.e., H} ((G;X). For 1 < p <coand s € R, let H3(R?; X) be the homogeneous Sobolev
space equipped with the norm || - [|sg2.x). For 1 < p < co and G C R?, we also define

H},(G) ={lul=u+R: u€ly(G) and Vu e L,,(G;R2)}
with the norm || - || HYG) = V- lz,@c), where u € L, ,.(G) means u € L,(G") for any bounded domain
G’ with G’ c G. If X = R, we often write L,(G) = L,(G;R), H}(R*) = H}R*;R), and H}(R?) =
H;‘ (R%; R) for short. The Holder conjugate exponent of p is denoted by p’.
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3. Solvability result in bounded domains

In this section, we give the solvability result for elliptic systems in the case of bounded domains.
Consider the following elliptic system:

_Au=f D,
P
M_0 ony 3.1)
ov
u=0 onl.

Here, D C R? is a bounded Lipschitz domain with Q = T UT with X = 4D \T and £ # 0. We suppose
that there exist some constants 0 < R; < R, such thatX C Bg (0) and I" C R2\ Bg,(0). Let

Lp,o(D) = {f S Lp(D) . <f, 1>D = 0}
Then the result for (3.1) reads as follows.

Theorem 3.1. Let D C R? be a bounded Lipschitz domain. Suppose that there exist some constants
0 <R, <Ry suchthatX € Bg,(0) and I’ C RZ\ Bg,(0). Then there exists € = (D) € (0, 1/4] having the
following property: If p satisfies (1.1), for every s € [0, 1/p) and for every f € L, (D) Problem (3.1)
admits a solution u € H ;,”(D) subject to the estimate

il < ClLF 0

with some positive constant C > 0 which depends only on D, p, and s. Furthermore, if 6D € C', then
it is allowed to take € = 1/4.

To prove this theorem, we define the weak Dirichlet-Laplacian Alli s ON Ly(D) as

DAY, ) ={ue H$(D): Aue L,(D)},
o ’ (3.2)
A, st = Au

with 0 < s < 1/p. Here, Au € L,(D) is understood in the sense of distributions. We also define the
weak Neumann-Laplacian AIIX s ON Ly(D) as

D(A),,) = {ue Hy"(D): Ive L,(D)s.t. Vo € Hy (D) : (Vu, Vo)p = (v, 9)p},

p.SW

N _
Ap,s,wu =y

(3.3)

with 0 < s < 1/p. Notice that the Neumann boundary condition du/dv = 0 on dD is interpreted in the
sense that
(Au, @)p = —(Vu,V)p forany ¢ € H,*(D).

Mimicking the argument as in Sections 3-5 in [15], we may prove the following results.

Lemma 3.2. Let D C R? be a bounded Lipschitz domain. Then there exists epi; = epir(D) € (0, 1/4]
having the following property: If p satisfies (1.1), for every s € [0, 1/p) the operator AP defined

D.s,W

by (3.2) generates a Co-semigroup of contractions on L,(D). Furthermore, if D € C', then it is
allowed to take ep;, = 1/4.
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Lemma 3.3. Let D C R? be a bounded Lipschitz domain. Then there exists eneu = Exen(D) € (0, 1/4]
having the following property: If p satisfies (1.1), for every s € [0, 1/p) the operator AJIX s defined

by (3.3) generates a Cy-semigroup of contractions on L,(D). Furthermore, if 8D € C', then it is
allowed to take exe, = 1/4.

Remark 3.4. Let us make a few comments on Lemmas 3.2 and 3.3.

(1) If s = 0, Lemma 3.2 was obtained by Wood [15, Proposition 4.1]. However, it is easy to extend its
result to the case of 0 < s < 1/p due to [6, Theorem 1.3].

(2) In the case of D c RY with d > 3, Lemma 3.3 with s = 0 was proved by Wood [15, Theorem 5.6].
It is not difficult to extend the result of [15, Theorem 5.6] to the case of D C R? if one replaces [15,
Theorem 2.6] by [8, Corollary 4.2].

For every A > 0, consider the resolvent problem for the Laplacian with Dirichlet boundary condition

Au—Au=f in D,
(3.4)
u=>0 on 0D
as well as the resolvent problem for the Laplacian with Neumann boundary condition
Au—Au=f in D,
d (3.5)
M _o on dD.
ov

By the Hille-Yosida theorem, we infer from Lemma 3.2 that for every 4 > 0, there exists a unique
solution u satisfying

Allullz, o) < 1fllz,m)-

Let p and s be the same numbers as in Lemma 3.2. From the invertibility results in [8, Corollary 4.2],
we have

+5 < —_ —1+s
||M||H}, ) < Cll—Au + f”le (D)
< Cll-Au+ fllz,m

< C(/IIIuIILp(D) +f IIpr))
< Cllfllz, )

since H,'**(D) <= L,(D) due to —1 + s < 0. Hence, the solution u € H[‘,BS(D) to (3.4) verifies
/l”Lt”Lp(D) + ”u”H},H(D) < C”f”Lp(D) forallA >0

provided that f € L,(D). Likewise, we infer from Lemma 3.3 and the invertibility results in [8,
Corollary 4.2] that there exists a unique solution u € H },”(D) satisfying

/l”l/t”Lp(D) + ”u”HI],”(D) < C”f”Lp(D) forall 4 >0

provided that f € L,o(D), where p and s are the same numbers as in Lemma 3.3. With the
aforementioned preliminaries, we are in a position to prove Theorem 3.1.
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Proof of Theorem 3.1. Lete € (0, 1/4] be € = min{ep;;, Eney}, Where ep;, and eye, are the same numbers
as in Lemmas 3.2 and 3.3, respectively. In addition, let p and s satisfy (1.1) and 0 < s < 1/p,
respectively. Assume that f € L,o(D). Then, for every 4 > 0, there exists a unique solution up;; €
H ;I)S(D) to

Aupir — Aupi; = f in D,
Upir = 0 onXUT.
In addition, u satisfies the estimate
/1||MDir||L,,(D) + ||14Dir||H]1,+S(D) < C”fHLp(D) forall 2 > 0. (3.6)
By complex interpolation, we observe that for every ¢ € (0, s), there holds
lupicll 1) < Cﬂ%”fHLp(D) for all 4 > 0.

Similarly, for every 4 > 0, there exists a unique solution uye, € H },”(D) to

AltNey — AI/‘Neu = f in D,
auNeu

=0 XUl
pw on

Moreover, u satisfies the estimate
Alluneullz, @) + ||MNeu||H]1,+S(D) < Cllfllz,) forall 1> 0.
By complex interpolation, we observe that for every ¢ € (0, s), there holds
llneull iy < Cﬂﬁllflle(D) for all 4 > 0. (3.7)

Let £ € C(D; 0, 1]) be a cut-off function such that = 1 if |[x] < R+ eand { = 0if [x]| > R, — €,
where € := (R; + R,)/3. Set v = lup;, + (1 — {)unen. We see that v solves

Av—Av=f+Ryf inD,

ov

— =0, >,

o on
v=20 onT,

where we have set
Rof = Al(unew — upir) + 2V - V(uNew — Upir)-
From (3.6) and (3.7), there exists Ay > 1 such that for all 1 > Ay, we have
1
1RSIz, 0y < 5||f||L,,(D),

which together with a Neumann series argument implies that the operator I + Ry: L, o(D) — L,(D) is

invertible. Thus, we see that
Au—Au=f in D,

P
M_0 ony, (3.8)
ov

u=0 onT,
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is solvable for all 1 > Ay. Notice that the uniqueness of the solution follows from the duality argument.
Indeed, suppose that u € H},“(D) solves (3.8) with f vanishing in D. For any A > A, and ¢ € C°(D),

consider
Aug — Aug = ¢ in D,

0
%:0 on X,
up =0 onl.

Then we infer from the divergence theorem that
(u, $)p = (u, Auo — Auo)p = (Au — Au, ug)p = 0.

Since ¢ € C°(D) is arbitrary, we deduce that u = 0 in D, which gives the uniqueness assertion. In the
following, let A, ; be the operator defined by

d
D(A,,) = {u € H'*(D) : a_z —0 on¥ and u=0 on r}

Ap it = Au

with 0 < s < 1/p. From the aforementioned argument, we see that the resolvent set p(A, ;) of A,
contains [Ag, ©0).

We next deal with the case 0 < A4 < 4. Since (3.8) may be written as (4] — A, )u = f, we find
that (3.8) and

(1 + (A= 220)R, (1)) 2] = ApJu = f,  Rps(do) := Aol = A, )"

are equivalent. Hence, to prove that [0, A) is contained in p(A,, ), it suffices to show the invertibility
of the operator I + (4 — 219)R,, ;(1p). Since it follows from the Rellich-Kondrachov theorem (cf. [,
Theorem 6.3]) that R, ;(1y) is a compact operator from H ;“(D) into L,(D), we observe that [0, 1y) C
p(A, ) follows from the Fredholm alternative theorem and the injection of I + (4 — 24¢)R,, ;(1p). To
see this, for any A € [0, Ay), take u; € Ker (I + (4 — 249)R,, ;(10)), 1.€.,

(1 +(A- 240)1fe,,,5(10))u1 =0 forany u; € L,o(D).
From the definition of R, (1), we see that u; € D(A, ;) and w solves

/llxtl - Al/l] =0 in D,

0
M _0  ons, (3.9)
ov

u = 0 onl.

We first deal with the case 2 < p < oo. In this case, we may assume u; € D(A,,) due to the
boundedness of D. Using the divergence theorem, we deduce from (3.9) that

1
0= Allur |, + S 1D,
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where we have set D(u;) := Vu; + [Vu;]". By the Korn inequality (cf. [14, Theorem A.4]), we obtain

1
2 2
/l”ulllLZ(D) + Ellvullle(D) <0

with some constant C > 0 depending only on D. Since A € [0, 4j), we see that u; = 0 in D due to the
Dirichlet boundary condition u; = 0 onT'. This completes the proof of [0, 1o) C p(A, ;) in the case that
p satisfies 2 < p < co. The remaining case 1 < p < 2 follows from the duality [5, Corollary A.4.3]. O

4. Proof of the main results

Without loss of generality, we may assume that the origin of the coordinates is located interior to
the complement of the domain Q. Then, we may take R, > 0 so large that there holds R? \ Q c B(0)
for any R > Ry. Set Dy := Q N Bgg(0) and Ag := {x € R? | 2R < |x| < 7R}.

Step 1: Construction of U,

Following the argument of Shibata [10, Section 3], we introduce cut-off functions as follows. Let
Yo, xo € C(R%; [0, 1]) be the cut-off functions satisfying

1 for|x| < 4R, 1 for|x| < 6R,
Yo(x) = Xo(x) =

0 for |x| > 5R, 0 for |x| > 7R,
respectively. In addition, let ¥, Yoo € C(R?; [0, 1]) be smooth functions defined by

XoOR — |x|) for |x| < 9R,
0 = I - s oo =
Vo = 1=0(®),  Xel® {1 for [ = 9R,

respectively. Clearly, there holds .(x) = O for |x] < 4R and ¥, (x) = 1 for |x| > SR, while y.(x) =0
for [x| < 2R and y.(x) = 1 for [x| > 3R. Let U, be the inverse of —A, ; and U, be the solution

operator to
(Vu, Vdae = (F, Vhzo for every ¢ € H),(R%), 4.1)

i.e., the solution u to this equation may be written as u = U (F), where F has been assumed to be
F € L,(R*;R?). Since the solution u to (4.1) is unique up to an additive constant, there is no loss of
generality in assuming (U (F), 1)p = 0. Notice that the Fourier multiplier theorem and the Poincaré-
Wirtinger inequality yield

IVU ()L, z2:52) + UL, 6) < CIF I, @2:52)
for every bounded Lipschitz domain G C R2. Given f € L,(€; R?), define the linear operator U, by
U () = xoUoWof) + (1 = xo) U (Woo f).

Here, ¥, f may be regarded as a function defined on R? since . f vanishes in Bz(0). In the following,
for all smooth functions & defined on R?, the term h Uy(y f) is regarded as a function that is extended
by zero to all of R?. Then we see that U (f) satisfies

(VUL(S), Vo = ([, Vpda + (Z1(f), p)a  forevery ¢ € H ), (Q)
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with
Z1(f) = =2(Vx0) - V(U W0 f) = Us(o ) — (Bxo)(Uo(Wo ) = U /).
Here, we have used the identity

Wof, Vixoe)a + W f, Vixe®)a = {(Wo + ¥ f, Voo = {f, V)a,

which follows from ¢ + ¢, = 1 and the fact that y, = 1 on supp(¥) and y. = 1 on supp(¥,). Since
we may write

R(f) = ~(Vxo) - V(UsWo)) = UsWeo ) = div (Vxo) UoWof) — Usbea ).

we have
(Z\(), erz = (Ri(f), VoIre for every ¢ € H),(R%) 4.2)

with
Ri(f) := o f + (Vxo)UoWof) + xo VU0 f) = (Vo) U oo f) = Xo VU (W f). (4.3)

In fact, it follows that

(Z1(f), ez = ~(V(Uo(po ) = U ))), (Vx0)@Ir2 + (Vi) UoWof) — U /), V),
= ~(VU W0 /), Vo) pp + (VU0 ), Vxo@))w2
+ o V(U (o f) = UsWo ), VeI + {(Vxo)(UoWof) — Us(Wo f)), V)1,

for any ¢ € H),(R?). Here, we have used the identity

—~( div (Vxo)( UoWo /) = UsWe D), ¢)_, = (Tx0) UoWof) = UsWeo])), VD

which may be justified since supp(Vyy) is contained in an annulus (i.e., a bounded domain). Since
Xo = 1 on supp(¥y) and yo = 0 on supp(¥,), we deduce that

(VU0 f), Vixop)pe = Wof, Vla, (VU f), Vxop))r2 = 0,
which yields the representation (4.3). Clearly, for any f € L,(Q;R?), we have
%1 (NI, @2 < Cllfllz,@z2), IR (N, z2:r2) < Clf L, @r2)-

We also infer from (4.2) that
12\ (i1 22) < Cllf I, @m2)-

In addition, we infer from 1 € H,(R?) and (4.2) that (Z(f), D)z2 = (Ri(f), 0)z2 = 0.
For later, we introduce the function space

H,(R?) = {g € L,(R*) N H,'(R?) : supp(g) C Ag. (g 1)z =0}.
Clearly, from the aforementioned argument, we see that %, (f) € H,(R?) for any f € L,(Q;R?).
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Step 2: Construction of U,

Given g € H,(R?), we intend to construct the solution operator to
(Vir, V) = (g, @) forevery ¢ € H),(Q) (4.4)

possessing the estimate
IVuallzr2) < ClIgllL,&2)- 4.5)

Notice that, by using this operator U, it follows that U, (f) — U(Z#,(f)) solves (1.3).
In the following, let g € H,(R?). Let V., be the operator defined by

V) = - f 8- g0 dy,

R

where E(x — y) stands for the fundamental solution of the Laplace equation:
E(x —y) = 2n) ' loglx - yl.
By [10, (82)], the formula
(VVe(8): VIr2 = (g, @l for every ¢ € H)(R?)

may be justified. Furthermore, for every g € H,(R?), we have

”(Voo(g)”Lp(BgR(O)) + sup x|V (gl < C||g||L,,(R2),

[x[=9R

IVVeol@llL,@2:22) + sup X1 Veo(@)l < CllgllL, @2, (4.6)

[x|>9R
2
IV V(@ @224y < ClIgllz, ®2),

see [10, (80)].
We next consider the following elliptic problem:

—Aus = glp, in Dg,

ous _ on 4, 4.7)
ov
usz = 0 on aBgR(O)

By Theorem 3.1, we know that (4.7) admits a unique solution u; € H},”(DR) provided that p
satisfies (1.1) with some € € (0, 1/4] and s satisfies 0 < s < 1/p. Notice that we may take € = 1/4 if
0Q € C!. Denote by V, the solution operator to (4.7), i.e., u3 = Vy(g). From Theorem 3.1, we see
that Vy(g) solves

(VVo(8), Vo), = (8. ¢)p, forevery ¢ € H),(Dg)

possessing the estimate
||(V0(g)||H,1,H(DR) < C||f||L,,(DR)- (4.8)
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Let Vo be Vo o(g) = Vo(g) + ¢, with a constant ¢, such that

6R<|x[<TR

Furthermore, V. o(g) verifies

Voo 0(@L, Bor(0)) < CrlIgIL, R2:R2)-

For every g € H ,,(RZ), let Uy(f) = Yo Vo(8) +¥Vwo(g). As noted before, for all smooth functions
h defined on R?, the term h V(g) is regarded as a function that is extended by zero to all of R?. Clearly,
there holds

f Uy(g)dx =0 4.9)
OR<|x|<7R

since there holds U»(g) = V. 0(g) for 6R < |x| < 7R. Note that it follows from (4.6) and (4.8) that

U2 L, r) + IVUDN 30 < ClIgllL, @)- (4.10)

We also see that U, (g) satisfies

(VUQ), Vo)a = (¢ + Za(8). p)a  forevery ¢ € H,,(Q) (4.11)
with
Ar(8) = =2(V) - V(Vo(8) = Veo0(8)) = (M) (Vo(8) = Veoo())- (4.12)
Similarly to (4.2), we set
Ra(8) := V(WaVo(8)) + VYoV 0(2)), (4.13)
so that there holds
(Z2(8), > = (8, 02 — (Ra(9), Vo) forevery ¢ € H,,(R?). (4.14)

Indeed, by

Br(8) = 2AV) - VVo(2) + (M) V() + 2(V0) - VVeo (&) + (A0) Voo (&)
= div ((VYe)Vo(@) + Y VVo(@) + (V) Ves(2) + 0V Voo 0(9))
— YA Vo(8) = YoAVea(2),

we have

(r(8). @)z = (8. 90z = (VW) Vo(8) + U VVo(8). Vi)
+ (V) Vo o) + ¥V Vo 0(2), Vep)

Bsr(0)’

which yields the representation of R,(g). Since 1 € H}? (R?) and g € H,(R?), the relation (4.14) gives
(%#5(2), 1)g2 = 0. In addition, we also deduce from (4.13) and (4.14) that there holds %,(g) € WP(RZ).
Thus, to construct the solution operator to (4.4), it remains to verify the invertibility of I + %, on
H,(R?).
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Step 3: Invertibility of I + %,

To show the invertibility of /+%, on H,(R?), we first note that % is a compact operator on H,(R?).
In fact, we see that supp(%#»(g)) C Ag and

||<@2(g)||H;(R2) < Cligllz,&2),

where the Kato-Ponce type inequality has been applied (cf. [3, Theorem 1]). Let (g;) jen be a bounded
sequence in H, p(Rz). Then we infer from the Rellich-Kondrachov theorem (cf. [1, Theorem 6.3]) that
H ;(Rz) is compactly embedded into L,(Ag), and thus the operator %, may be regarded as a compact
operator from WP(RZ) into L,(Ag). Namely, there exists a subsequence (%#(gk))ken C (%#2(8)) jen
such that

]}i_)fglo”%z(gj(k)) = Rllr,ap =0 (4.15)

with some R, € L,(Ag). Let ﬁg be the zero extension of R, to R2. Since supp(%»(g i) C Ag, it follows
from the Poincaré-Wirtinger inequality that

(>(8jay) — R 9Yezl < 1Z2(gjt)) — Rl o ||@ — 1ARI! f @dx
AR

< ”f%z(gj(k)) - Rglle(AR) ||V‘P||Lp,(R2;R2)

Ly (Ap) (4.16)

for every ¢ € H},(R?). Together with (4.15), we deduce that
im {128 jay) = Relle, @2y ) = 0.
Notice that, similarly to (4.16), we have R, € H;'(R?). In addition, there holds
(Re: Dz = (Ry 1)a, = iM(2a(800). D = 0

due to the construction of %#,. Since supp(ﬁg) C Ag, we observe ﬁg eH p(Rz). Therefore, the operator
%, is a compact operator from H,(R?) into itself.
We next verify the following lemma.

Lemma 4.1. Assume that Q C R? is an exterior Lipschitz domain and p satisfies (1.1) with some
0 <& < 1/4aswellas p > 2. Let H,(R?), %>, and U, be as above. If g € H,(R?) satisfies
(I + %»)g = 0, then U>(g) = 0 in Q.

Proof. Let w € CZ(R?; [0, 1]) be a function such that w(x) = 1 for x| < 1 and w(x) = 0 for [x| > 2.
Set w;(x) = w(x/L). By (4.10), we have U>(g) € H'** (Q), which implies w; U>(g) € H},(Q). Here,

p.loc
u€ H* (Q) meansu € H ;,“(Q’) for any bounded domain Q" with Q" ¢ Q. Hence, the formula (4.11)

p.loc

together with (I + %,)g = 0 yields

0=(U+%)g, wrUg))a
= (VU (g), V(w,U(8)))a 4.17)
=(w VU(8), VU (g))a + {(Vwr) - VU(g), U(2))a.
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Let L > 10R. Then there holds supp(V¢/,) N supp(Vw,) = 0. Recalling the definition of U,, by (4.6),
we obtain

K(Vowr) - VU(E), Ua(g))al < K(Vwr) - VVe(8), codrel + K(VwL) - VVeo(8), Veo(8))r2

CR -1 -2
< — sup|Vw(x)| 18, 2 (Icel + lglle eyl )Ix 7 dix,
L x€R? L<|x|<2L

where a constant Cx may depend on R but is independent of L. We then observe
Lli_l}olo«VwL) -VU>(g), U(g))a = 0.

Thus, letting L — oo in (4.17) implies that [[VU>(g)llL,r2) = 0. Hence, U»(g) is a constant. In
particular, we infer from (4.9) that U,(g) = 0. |

By Lemma 4.1 and the Fredholm alternative theorem, we may show the existence of the inverse of
I+ %>, on L(H, p(Rz)) provided that p satisfies (1.1). Namely, we may show the following lemma.

Lemma 4.2. Assume that Q C R? is an exterior Lipschitz domain and p satisfies (1.1) with some
0 < & < 1/4. Let %, be the operator defined by (4.12). Then the inverse of I + %> on L(H,(R?)) exists.

Proof. 1t suffices to show that the kernel of I + %, is trivial. To this end, let g be an element of H,(R?)
such that (I + %,)g = 0.

We first deal with the case p > 2. By Lemma 4.1, we have U,(g) = 0. Recalling the definition of
U,, there holds

YoVo(8) + (1 = ¢)Vwo(g) =0 inQ. (4.18)
Notice that it follows from the definition of ¢ that V., (g) = 0 for [x| > 5R and Vy(g) = 0 for
x € QN Byr(0). Let

Ve Vo(g) for4dR < |x| <8R,
o for 0 < |x| < 4R.

Since V(g) is a solution to (4.7) and satisfies (4.8), it is clear that V solves

(4.19)

—AV = gl in Bgg(0),
V=0 on 0Bgr(0).

Since Ve 0(g) = 0 for |x| > SR, we observe V., o(g) € H [17+S(BgR(O)) as follows from (4.6). In addition,
Veo(g) also solves (4.19). Thus, by the uniqueness of the solution to (4.19), we obtain V = V., ¢(g)
in Bgg(0), i.e., Vo(g) = Vwo(g) in Q N Bgg.

By virtue of the relation (4.18), we have V., o(g) = 0, and thus there holds g = AV, ((g) = 0 in Q.
Recalling that supp(g) C Ag, it is necessary to have g = 0 in R,

Concerning the remaining case p < 2, we note that if u, € H ;(Q) satisfies (4.4) with g = 0, then u,
is a constant. In fact, for any f € L,(Q;R?), let U, € H 11,/ (Q) be a solution to

(VU3, Vo = (f, Vo  forevery ¢ € H,(Q).

Then, the aforementioned argument ensures the existence of U, since the inverse of I + %, on
L(H,(R?)) exists. From the assumption, we know that u, € H)(Q) fulfills (Vu,, Vg)q = 0 for every
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peH ;, (Q), and hence there holds 0 = (VU,, Vu,)q = (f, Vuy)q. Then we deduce that u, is a constant
since f € L, (Q;R?) is arbitrary.
Since (I + %,)g = 0, it follows from (4.11) that U,(g) € H ;(Q) solves

(VUy(),Veya =0 forevery p € H, (Q).

As seen before, we deduce that U,(g) is a constant. In particular, U>(g) = 0 as follows from (4.9).
Then, mimicking the argument as in the case 2 < p, we may show the invertibility of 7 + %, on

L(H,(R). O

From Lemma 4.2, we may construct the solution operator to (4.4) with the desired estimate (4.5).
Then, as noted before (cf. Step 2 in this section), we see that U, (f) — U(Z,(f)) satisfies (3.5) with
the desired estimate. Hence, it remains to verify the uniqueness of the solution to (3.5), but this may
be proved along the same line as in the latter part of the proof of Lemma 4.2. Thus, the proof of
Theorem 1.2 is complete. Namely, Theorem 1.1 has been proved.

5. Conclusions

For an exterior Lipschitz domain Q C R?, we have proved the Helmholtz decomposition of the
vector fields in L,(€2; R?) provided that p satisfies |1/p —1/2| < 1/4 + & with some constant & = &(Q) €
(0, 1/4]. In particular, it is allowed to take & = 1/4 if 4Q € C'. We have presented a new proof of the
Helmholtz decomposition of the vector fields for two-dimensional exterior domains, which is different
from the previous approaches of Miyakawa [9] as well as Simader and Sohr [11].
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