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1. Introduction

The Frenet frame is the best known and the most used frame for characterizing curves in differential
geometry. However, there exist other frames for characterizing curves. Some of these alternative
frames are the Bishop frame (rotation minimizing frame), the Flc (Frenet-like curve) frame, the
{N, C, W} frame, etc. The Bishop frame [2] is also very suitable for engineering applications [10]
because of being defined at points where even curvatures vanish. That’s why many studies have been
done by using this frame. On the other hand, the Bishop frame cannot be calculated analytically [6].
Therefore, Dede [5] recently introduced a new moving frame called the Flc frame. This frame has
much easier calculations and a more analytical form that the Bishop frame does not have. The
other alternative frame, {N, C, W}, has been defined by Scofield [14], providing a different approach.
Uzunoglu et al. [15] showed that the {N,C, W} frame has an important advantage according to the
Frenet frame since the expression of slant helix characterization is more short with the new curvatures.
As an alternative to the Frenet frame, Dede et al. [4] defined a new adapted frame along a space curve.
They called this new frame as g-frame and obtained the relations between the Frenet frame and the
q-frame.
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By using the Darboux frame {T, V, U} along a regular curve a lying on an oriented surface M in
E?, Hananoi et al. [9] defined the osculating Darboux vector field D, the normal Darboux vector field
D,, and the rectifying Darboux vector field D,, where T is the unit tangent vector field of @, U is
the unit normal vector field of M restricted to @, and V = U X T. Considering these vector fields,
Onder [13] defined three special curves on a surface as D;-Darboux slant helices, where i € {o,n, r}. In
recent days, Alkan et al. [1] defined osculator Darboux frame, normal Darboux frame, and rectifying
Darboux frame.

Recently, many researchers [3,7,8,11, 12, 16] have studied associated curves and have revealed the
relationships between the main curve and the associated curves. The spherical indicators, the involute-
evolute curve couple, the Bertrand curve couple, the Mannheim curve couple, and the integral curves
are the most familiar ones among these associated curves. Integral curves are one of the interesting
curves among these curves since they are tangent to the vector field at every point.

In this study, considering the Darboux vector field of the g-frame, we first define some new frames
called the osculating g-frame, the normal g-frame, and the rectifying q-frame along a space curve in
E? and obtain their derivative equations. Second, by using some vector fields of these new q-frames,
we define new integral curves called ao—direction curve, an—direction curve, and ar—direction curve of a
space curve.

2. Preliminaries

Let @ = a(f) be a regular space curve with nondegenerate condition @’ X @’ # 0. Then, the Frenet
frame vector fields are defined as

' a’ xa”
t=—, n=bxt, b=———,
[l lle” x|l
where t, n, and b denote the tangent, the principal normal, and the binormal vector fields of the curve
a and the prime denotes the derivative with respect to ¢. Then, we have the following Frenet equations:

t' = vkn,
n’ = v(—«t + tb),
b’ = —vrn,

where v = ||’ (¢?)||, and the curvature and the torsion functions are

B ||a/ X C¥/I|| 3 <al X a/l’a///>
ol e x e

b

respectively.
The g-frame {t, n,, b,, k}, which is an alternative to the Frenet frame along a space curve « = (%),
is given by Dede et al. [4], and its vector fields are defined as

o’ txk

t=—, n,=—, b,=txn,,
lorl” ikl !

where the vector k = (0, 0, 1) is the projection vector and the vectors n, and b, are the quasi-normal and
the quasi-binormal vector, respectively. The relation matrix between the Frenet frame and the g-frame
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is given by

t 1 0 0 t
n|=| 0 cos@ -sind ng |,
b 0 sind cosb b,

where 6 is the angle between the vectors n and n,,.
Let @ = a(s) be a space curve with arc length parameter s. Then, the g-frame equations are given

by
t 0 k k \(t
[n;J:[—k1 0 kg][nq], 2.1
b, ~k, —k; 0 )\ b,

where ki, ky, k3 denote the g-curvatures of « [4]. The relations between the curvatures are
ki = kcos, k, = —ksin0, k=6 +T,
where k, T are the Frenet curvatures. The Darboux vector d, of the g-frame {t, n,, b,, k} is given by
d, = kst — kong + kib,.
Thus, the instantaneous angular speed of the g-frame is calculated as

Id,ll = AJK2 + K2 + K2,

Let us consider the vector fields d,, d,,, and d, which are called the osculating g-vector field, the normal
g-vector field, and the rectifying g-vector field along a, respectively:

do = k3t - kznq,
dn = —kgnq + klbq,

dr = k3t + klbq.

Then, the unit osculating g-vector field, the unit normal g-vector field, and the unit rectifying q-vector
field along « are given by, respectively:

— k k
d, = ——t—- ———n,, (2.2)
JB+E B +R
— k k
d, = ————n,+ ——b,, (2.3)
K+ i K+ K
(2.4)

~ k k
d, = S t+ ! b,
JB+E B+R
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3. Some new frames along a space curve

In this section, let us define some new frames along a space curve using the Darboux vector field of
the g-frame and give some theorems related with these frames.

Definition 3.1. Let @ be a space curve in E?, {t, ng, by, K} be iti g-frame, and a,, be the unit osculating q-
vector field along the curve a. Then, the orthonormal frame {d,, b,, €,} is called the osculating q-frame
along a, where e, = d, X b,.

Theorem 3.2. Let {ao,bq,eo} be the osculating q-frame along the curve «. Then, the derivative
equations according to this frame can be found as

—

dg = —Po€y,
0, =m0, G.1)
e; = podo - nobqa

(K ey =k e3)+ky (k3 +K3
K3+k2

where p, = > and Mo = A /k% + k% are the curvatures of a according to the osculating

q-frame.

Proof. Since d, is the unit osculating q-vector field along the curve a, we get d, € Spit, ng}. So, d, L
b,, and, thus, {a(,, b,, €.} is an orthonormal frame along «, where e, = a(,qu. Since a; € Sp{ao, by, €0},
we can write

do = aldo + azbq + ase,.

Tilking the inner product of both sides of this equation with ao yields a; = (8’0,6()) — 0 because of
lld,|| = 1. So, we get ~
do = Clzbq + ase,. (3'2)

If we take the inner product of both sides of Eq (3.2) with b, and e,, respectively, we obtain a, =
(d,.b,) and as = (d,, e,). Substituting

k k
sin¢g = S — cos ¢ = . — 3.3)
K + &2 KB+ K
into Eq (2.2) gives 3
d, =singt—cos¢én,. (3.4)

If we differentiate this equation with respect to s and use Eq (2.1), we have
d, = (¢ + ki) cospt+ (¢ + ki) singn, + (ky sin ¢ — k3 cos p)b,.
If we use Eq (3.3), we get a, = 0. So,
d, = (¢ +kp)cos gt +singpn,]. (3.5)
Moreover, using Eq (3.4), we obtain

€, = —cos¢t—singn,. (3.6)
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If we use Egs (3.5) and (3.6), we obtain az = —(¢" + k;). Also, Eq.(3.3) gives tan ¢ = i—;, and by doing
some calculations, we find

(Kyks — Kyfes) + Ky (2 + K2)
“= 2+ i '

So, from Eq (3.2), we obtain

axﬂ{@@—@m+m@+@)
- 12+ k2

e,. (3.7)

In a similar way, we may write b; as a linear combination of the vectors ao, b,, and e,, i.e.,
b}, = b1d, + by, + bse,. (3.8)

Taking the inner product of both sides of Eq (3.8) with d, yields by = (b’q, d,). If we use Egs (2.1), (3.3),
and (3.4), we find b, = 0. Also, since |[b,|| = 1, we get b, = 0. Then, we have

b, = bse,. (3.9)

If we take the inner product of both sides of Eq (3.9) with e, and use Eqgs (2.1), (3.3), and (3.6), we

obtain
b, = \Jk3 + k3 e,. (3.10)

Moreover, since €/, € Sp{ao, by, €,}, it can be written as
e, = cid, + cab, + c3e,. (3.11)

Taking the inner product of both sides of Eq (3.11) with d, gives ¢| = (e;,ao). Using Eqs (2.1) and
(3.6) yields
e, = (¢ +k)singt— (¢ +k)cospn, — (kycos¢ + ks singp)b,,. (3.12)

If we use Eqgs (3.3), (3.4), and (3.12), we obtain

(Kyky — Koks) + Ky (K + K2)

(]
2 2
k5 + k;

From Eqgs (3.3), (3.11), and (3.12), we get ¢, = — 1/k% + kg. Also, since ||le,|| = 1, we have ¢; = 0.
Then, from Eq (3.11), we find

Kiky — kyks) + ki (k2 + k2)] =
o — ( 3h2 2 3) 1( 2 3) do_ k2+k2b . (313)
2+ P

o

_ (Kyka—Kyk3)+ky (I3 +k5

If we denote p, = e ) and Mo = +Jk5 + k3, Eqs (3.7), (3.10), and (3.13) give the desired
2 2
equations. Here, p, and 1, are called the curvatures of @ according to the osculating q-frame. m|

Definition 3.3. Let {d,, b,, €.} be the osculating q-frame along the space curve @. The curve « is called
a b,-slant helix relative to the osculating q-frame if the vector field b, makes a constant angle with a
fixed direction, i.e., {b,, U) = cosy, where U is a constant unit vector and ¢ is a constant angle.
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Theorem 3.4. Ler {d,, b,, €.} be the osculating q-frame along the space curve a. The curve a is a
b,-slant helix relative to the osculating q-frame if, and only if, the expression Z—" is constant (forn, # 0

and p, # 0). ’

Proof. Let « be a b,-slant helix relative to the osculating g-frame. Then, (b,,u) = cosyy = ¢ # 0,
where u is a unit constant direction. So, it can be written as

u=A,d, +cb, + 16, (1,4, €R).

If we differentiate this equation, we obtain

’
0

U = A, + Ayd, + b, + e, + e
If we use Eq (3.1), we find

/1’1 + /lzpo =0,
/12770 =0,
Ay = 41p, + cm, = 0.

Since n, # 0 and p, # 0, we have A, = 0 and A; = constant. Thus, we get % = constant.

Conversely, let Z—Z be constant. Choosing Z—: = Z%Z' and taking U = cosyd, + sin Yb, givesu” = 0
by using Eq (3.1). So, the vector u is constant. Also, by taking the inner product of both sides of
u = cosyd, + sinyb, with b, yields to (u,b,) = siny. Then, the constant vector u and the vector b,

make a constant angle, i.e., the curve « is a b,-slant helix. ]

Corollary 3.5. A space curve a with (ky(s), k3(s)) # (0,0) is a b,-slant helix if, and only if,

(ks — Koks) + k(K5 + k3)
W + 2P

pi(s) =

is a constant function.

Definition 3.6. Let « be a space curve in B>, {t, ng, by, K} be its_ g-frame, and an be the unit normal
g-vector field along tlle curve @. Then, the orthonormal frame {d,,t, e,} is called the normal g-frame
along a, where e, = d, x t.

Theorem 3.7. Let {a,,, t,e,} be the normal g-frame along the curve a. Then, the derivative equations
according to this frame can be obtained as

—

dn = _pnen’
t' =n.e, (3.14)
e;z = pndn - nnt’
ki =k, ko) +ks (K3 +K> .
where p, = Gk ‘kfi;;( ) ind M, = 1/kf + k% are the curvatures of a according to the normal
1 2

q-frame.
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Proof. S_ince an is the unit_normal g-vector field along @, from Eq (2.3), we have an € Spi{n,, b,}.
Hence, % 1 t. Lete, = d, xt. Then, we obtain the orthonormal frame {d,,t,e,} along . Since
d, € Sp{d,.t,e,}, it can be written as

d, = aid, + ast + ase,. (3.15)

If we take the inner product of both sides of Eq (3.15) with an and take into consideration ||a,,|| =1, we
get a; = 0. So, we have 3
dn = apt + ase,. (3.16)

Taking the inner product of both sides of Eq (3.16) with t and e,,, respectively, yields a, = (8;, t) and
as = (d,,e,). In Eq (2.3), if we take

k k
sing = —2, cos¢ = —1, (3.17)
K+ i K+ K
we obtain B
d, = —singn, +cospb,. (3.18)
Differentiating this equation with respect to s and using Eq (2.1) gives
d, = (k; sin ¢ — ky cos @)t — (¢’ + k) cos N, — (¢ + k3) sin @ b,
If we use Eq (3.17), we get a, = 0. So, we have
d, = —(¢' +k3)[cos ¢ n, + sinpb,]. (3.19)
Also, using Eq (3.18) yields
e, =cos¢n, +singb,. (3.20)

Moreover, from Eqs (3.19) and (3.20), we have a; = —(¢" + k3). By doing some calculations, we find

_ (kékl — k’lkz) + k3(k% + k%)
“= K+ '

If we use Eq (3.16), we have

— (Koky — K ko) + ks(k? + k2)
d = _[ 2 1k2 e L2 e, (3.21)
1T
Similarly, since t’ € Sp{a,,, t,e,}, we can write
t' = byd, + bot + bse,. (3.22)

If we take the inner product of both sides of Eq (3.22) with d,, we obtain b, = (t’,d,). Egs (2.1), (3.17),
and (3.18) give b; = 0. Also, since ||t|| = 1, we have b, = 0. So, we get

t' = bse,. (3.23)
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Taking the inner product of both sides of Eq (3.23) with e, and using Eqs (2.1), (3.17), and (3.20)

yields by = ([k? + k3 and
t=Jk+ie, (3.24)

Additionally, since €], € Sp{a,,, t,e,}, we can write
e, = c,d, + cot + c3e,. (3.25)

If we take the inner product of both sides of Eq (3.25) with d,, we getc) = (e, d,). Eqgs (2.1) and (3.20)
give us
e, = —(k; cos ¢ + ky sin )t — (¢’ + k3) singn, + (¢" + k3) cos ¢b,. (3.26)

If we use Egs (3.18) and (3.26), we find

Kok — K ko) + ks (K2 + k3)

Cc1 =
2 2
ki + k5

Also, using Eqs (3.17), (3.25), and (3.26) yields ¢, = — \/k? + k3. In addition, since ||e,|| = 1, we have

c3 = 0. Thus, using Eq (3.25) gives
d, - 1/k% + k% t. (3.27)
(K ki =K, ko) +hz (K2 +K2)

If we denote p,, = —= lk§+k§ 2 and 57, = [k} + k3 and use Egs (3.21), (3.24), and (3.27), we obtain
the desired equations. O

o = (k;kl — k’lkz) + kg(k% + k%)
" k2 + k2

Theorem 3.8. Let {d,.t,e,} be the normal q-frame along the space curve a. The curve « is a helix

relative to the normal g-frame if, and only if, the expression Z" is constant, for n, # 0 and p,, # 0.

Proof. Let a be a helix relative to the normal g-frame. Then, (t,u) = cosy = ¢ # 0, where u is a unit
constant direction. So, we can write

u=A,d, +ct+ e, (1,1 ¢cR).
Differentiating this equation with respect to s and using Eq (3.14) gives

/l’l + /lzpn =0,
/127711 =0,
Ay = 4p, +cmy, = 0.

Since 17, # 0 and p,, # 0, we have A, = 0 and A, = constant. So, we obtain Z— = constant.

Conversely, let Z” be constant. If we choose = SfZ and take u = cosy d, +sinyt, we find U’ = 0
with the help of Eq (3.14). Then, the vector u 1s constant Additionally, if we take the inner product
of both sides of u = cosy d, + siny t with t, we get (u,t) = siny. Consequently, the constant vector u

and the tangent vector t make a constant angle, i.e., the curve « is a helix. m]
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Example 3.9. Let us consider the curve a(f) = (3t — 13, 3¢, 3t + ) in E*. The g-frame apparatus of the

curve « is
1 1
t=— (1 -22t,1+4), n,= @242 -1,0), b, = ——(1-142t,-1 -1,
\/E(l + 1) 4 1+ 7 7 \/5(1 +t2)
2 2
k1=—\/_, ky=0, k= \/_,
1+7£ 1+7

with the projection vector k = (0,0, 1). Also, the normal g-frame apparatus of the curve « is

— 1

d, = ———
V2(1 + 1)

P -1,-2t,1+7), t= (1-722t,1+1), e,= (=2t,1 - 1%,0),

V21 + 1)

1417

V2

Pn:ﬂn=m-

Since the expression Z— is constant, the curve « is a helix relative to the normal g-frame.
Corollary 3.10. A space curve a with (ki(s), ka(s)) # (0,0) is a helix if, and only if,

(k3ki — kiky) + k3(kf + k%)
K+ )P

p2(8) =

is a constant function.

Definition 3.11. Let « be a space curve in E?, {t, ng, by, K} be itE g-frame, and d, be the unit rectifying g-
vector field along the_curve «. Then, the orthonormal frame {d,, n,, e,} is called the rectifying g-frame
along @, where e, = d, x n,.

Theorem 3.12. Ler {d,, Ny, €.} be the rectifying g-frame along the curve a. Then, the derivative
equations according to this frame can be calculated as

—
dr = =06y,

ng = 1,€r,

e; = prdr - nrnq’

(K1 =K, k3) ko (K3+K3
K3 +k2

where p, = > and n, = \Jk + k3 are the curvatures of a according to the rectifying

q-frame.

Proof. Since d, is the unit rectifying q-vector field along «, we have d, € Spft, b,}. So, d, L n, and
{a,, ng, €.} is an orthonormal frame along «, where e, = a, X n,. Since a: € Sp{ar, ng, €.}, we can write

—

d, = ad, + aun, + aze,. (3.28)

If we take the inner product of both sides of Eq (3.28) with d, and consider ||a,|| =1, we have a; = 0.
So, it can be written as

-/

d, = aon, + aze,. (3.29)
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Taking the inner product of both sides of Eq (3.29) with n, and e,, respectively, yields a, = (a;, Ng)
and a; = (a;, e,). In Eq (2.4), denoting

Sing = —2 cospe —F_ (3.30)
NSRS K+ K3
gives B
d, =singt+cosgb,. (3.31)
If we differentiate Eq (3.31) with respect to s and use Eq (2.1), we obtain
d, = (¢ — k) cos ¢t + (ki sin ¢ — ks cos g)n, — (¢/ — ko) sin ¢ b,
So, from Eq (3.30), we get a, = 0 and
d, = (¢ — kp)[cos ¢t —singb,]. (3.32)
Moreover, from Eq (3.31), we have
e, =—cos¢t+singb,. (3.33)

Also, if we use Eqs (3.32) and (3.33), we obtain a; = —(¢’ — k). Doing some calculations yields

(Kiky — kiks) — kz(kf + k%)
a3 = —
ki + k3

and from Eq (3.29), it follows that

— (kiky — k' k3) — ko (K2 + Kk2)
d,:—[ e (3.34)
ki + k5
Similarly, since nj] € Sp{a,, ng, €.}, we can write
n, = bid, + bon, + bse,. (3.35)

If we take the inner product of both sides of Eq (3.35) with d,, we get b; = (n;,a,). Using
Eqgs (2.1), (3.30), and (3.31) yields b; = 0. Also, since ||n,|| = 1, we have b, = 0. Then, we get

n, = bse,. (3.36)

Taking the inner product of both sides of Eq (3.36) with e, gives b; = (n;,e». If we use
Eqs (2.1), (3.30), and (3.33), we obtain b3 = [k} + k3. So, we have

n, = JE+E e, (3.37)

Moreover, since €, € Sp{d,, n,, €,}, it can be written as

e, = cd, + can, + cze,. (3.38)
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If we take the inner product of both sides of Eq (3.38) with a,, we have ¢; = (e;,&,). From Eqgs (2.1)
and (3.33), we have

e, = (¢ —ky)singt— (k;cos¢ + ks sing)n, + (¢" — ky) cos ¢ by,. (3.39)
If we use Eqgs (3.31) and (3.39), we obtain

Kk = Kiks) = ka(k3 + K3)
B k2 + k2 '

C1

From Egs (3.30), (3.38), and (3.39), we find ¢, = — /k% + k%. Also, we get ¢; = 0, since |le,|| = 1. So,
Eq (3.38) yields

kiki — kK k3) — ko (k2 + k2) | =
e;:[( Sl j) 22( ‘ 3)]d,— JE+En,. (3.40)
ki + k3
Thus, if we denote
o = (k3ky — kiks) — kz(k% + kg)
kT + k3
and
n = ki +43,

we obtain the desired equations from Egs (3.34), (3.37), and (3.40). O

Definition 3.13. Let {d,, ng, €.} be the rectifying q-frame along the space curve a. The curve a is called
an n,-slant helix relative to the rectifying q-frame if the vector field n, makes a constant angle with a
fixed direction, i.e., {n,, U) = cos ¢, where U is a constant unit vector and  is a constant angle.

Theorem 3.14. Let {d,, n,, €.} be the rectifying q-frame along the space curve a. The curve « is an
ng-slant helix relative to the rectifying q-frame if, and only if, the expression Z— is constant (forn, # 0
and p, #0).

Proof. The proof of the theorem can be done in a similar way to the proof of Theorem 3.4. O
Corollary 3.15. A space curve a with (ki(s), k3(s)) # (0, 0) is an n,-slant helix if, and only if,

 (Kky — Kiks) — ka2 + K2)
(k2 + k2)372

p3(s)
is a constant function.
4. Some integral curves with Darboux q-vector fields

In this section, let us define some new integral curves associated with a space curve using the
osculating, the normal, and the rectifying g-frame vector fields.

Definition 4.1. Let « be a space curve in E, {t, n,, by, K} be the g-frame glong «, and ao_be the unit
osculating g-frame vector field of . The integral curve of the vector field d, is called the d,-direction
curve of @. Namely, if y(s) is the d,-direction curve of «, then y(s) = f d,(s) or d,(s) = y'(s).
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Now, let us find the Frenet apparatus {t,, n,,b,, «,, 7,} of y. Since y is the ao—direction curve of «, it
can be written " = d,. So, the tangent vector t, of y is

1
K2+ k2

If we differentiate this equation with respect to s and use Eq (2.1), we obtain

t,=d, = (kst = kan,).

5 _ Kl —Kks) + k(K + k)
(K2 + K2)372

(kzt + k3 nq). (4 1)

(KoK k3)+ky (K3+K3)

Since p, = oy , Eq (4.1) can be rewritten as
= b’
da = _po_q'

o,

—

- _ 3
So, we have [|d || = gp,, where & = £1. Since n, = m we get

b/
n, = —g—o

) .
o

Additionally, since b, = t, X n,, the binormal vector is obtained as b, = &b,. Moreover, the curvature
and the torsion of y can be found as

Ky = ”t;” = &Po» Ty = —<b;, n'y> =To-
Then, the following corollary can be given.

Corollary 4.2. Let vy be the d,-direction curve of a space curve «. Then, the Frenet apparatus
{t,,n,,b,,k,,7,} of y can be obtained as
— by,
t, =d,, n,=-e—, b, = &by, Ky = EPo» Ty = 1o,
Al
where € = +1.

Corollary 4.3. vy is a general helix if, and only if, « is a b,-slant helix.

Definition 4.4. Let o be a space curve in B3, {t, n,, by, K} be the g-frame _along a, and a,,_be the unit
normal g-frame vector field of @. The integral curve of the vector field d, is called the d,-direction
curve of @. Namely, if (s) is the d,-direction curve of «, then {(s) = f d,(s) or d,(s) = '(s).

Similarly, let us obtain the Frenet apparatus {t;, n;, b, x;, 7/} of the curve {. Taking into account the
definition of the d,-direction curve gives

- 1
t{ = dn = —(—kznq + ky bq)

K+ K2
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Differentiating this equation with respect to s and applying Eq (2.1) yields

5 _ Kk~ k) — ks +K)
" (k2 + k2372

(kin, + kob,). (4.2)

Kk =k o)k (3 +K3

Since p, = e ), Eq (4.2) can be rewritten as
1 2

— v

= —Pni -
lig]
— . i .
Then, we get ||d, || = ep,, where & = +1. Thus, since n; = ”g',’”, we obtain
t/
n( = =& .
' lig]

Also, the binormal vector b, is given by b, = &t. Besides, the curvatures of the an—direction curve £ can
be obtained as

ke = = gpn, 72 = =0y Ng) = 1.

Then, we can give the following corollary.

Corollary 4.5. Let ¢ be the d,-direction curve of a space curve a. Then, the Frenet apparatus
{t;,n;, by ke, T} of £ can be found as

— t
tr =d,, n, = —e—, b
‘ TR

=&, kK =&pp, T =M

where € = 1.
Corollary 4.6. ( is a general helix if, and only if, a is a general helix.

Definition 4.7. Let a be a space curve in B, {t, ng, by, K} be the g-frame glong a, and ar_be the unit
rectifying g-frame vector field of . The integral curve of the vector field d, is called the d,-direction
curve of a. Namely, if ¢(s) is the d,-direction curve of «, then ¢(s) = f d,(s) or d,(s) = ¢'(s).

In a similar way, let us calculate the Frenet apparatus {t,, n,, by, k., 7,} of ¢. From the definition of
the d,-direction curve, we have

_ 1
t,=d, = ———(kst + kib,).
K+ &

If we differentiate this equation with respect to s, we find

5 _ Wk — Kk — kol + )
(2 + K2)3/?

(kyt — ksb,). (4.3)
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(KK k) ko (k2 +K3)

Since p, = e , from Eq (4.3) we obtain
1 3
- n’
d, =—p—.
;|

—r

_, _ 3
Then, we have ||d,|| = gp,, where € = £1. Since n, = m, we get

’
n‘]

I

n, =

Also, the binormal vector b, of the curve ¢ is found as b, = &n,. In addition, the curvature and the
torsion of the d,-direction curve ¢ can be obtained as

Ky = Il = epr, T, = —(b),Ny) =7,
Then, the following corollary can be given.

Corollary 4.8. Let ¢ be the d,-direction curve of a space curve a. Then, the Frenet apparatus
{to, Ny, by, Ky, T4} Of @ can be obtained as

_ n’

q
t,=d,, N, = —sm, b, =en,, Kk, =0, To=1
q

where € = £1.

Corollary 4.9. ¢ is a general helix if, and only if, a is an n,-slant helix.
5. Conclusions

In this study, we obtained the derivative equations of the osculating q-frame, the normal g-frame,
and the rectifying g-frame which have been defined along a space curve by using the Darboux vector
field of the g-frame in Euclidean 3-space. Then, we defined some new slant helices and new integral
curves and gave their characterizations.
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