AIMS Mathematics, 9(7): 17758-17773.
DOI: 10.3934/math.2024863
ATMS Mathematics Received: 18 March 2024

Revised: 15 May 2024

Accepted: 20 May 2024
https://www.aimspress.com/journal/Math Published: 23 May 2024

Research article

Existence and multiplicity of triple weak solutions for a nonlinear elliptic
problem with fourth-order operator and Hardy potential

Khaled Kefi*
Faculty of Computing and Information Technology, Northern Border University, Ratha, Saudi Arabia
* Correspondence: Email: khaled kefi @yahoo.fr.

Abstract: This study investigates the existence of triple weak solutions for a system of nonlinear
elliptic equations with a fourth-order operator. The problem arises in the mathematical modeling of
complex physical phenomena.

Keywords: critical points theorem; fourth order Leray-Lions operator; Hardy potential; variable
exponent
Mathematics Subject Classification: 35J35, 35J60, 35G30

1. Introduction

Nonlinear partial differential equations serve as valuable mathematical tools for simulating complex
physical phenomena across various scientific disciplines. The study of these equations is of great
significance as it deepens our understanding of the underlying mathematical theory and provides
insights into the behavior of real-world systems. This paper focuses on a specific problem:
investigating the existence of triple weak solutions for a system of nonlinear elliptic equations featuring
a fourth-order operator. The problem at hand revolves around mathematical modeling, where intricate
physical processes with highly nonlinear dynamics are described by a system of equations. Examples
of such phenomena can be found in fluid dynamics [1, 2], elasticity theory [3], image processing [4],
and other fields where complex behavior arises from the interaction of multiple elements. Additionally,
the inclusion of a Hardy potential in the Leray-Lions operator introduces further complexity and
enriches its properties. The presence of singularities near the origin, induced by the Hardy potential,
amplifies the intricacy of the operator’s characteristics, making the behavior of solutions to be highly
sensitive.

The main objective of this research is to establish the existence of solutions to this system of
equations, which holds significant implications for both theoretical analysis and practical applications.
Using a local minimum theorem and its variants Bonanno, Candito and D’Agui [5] respectively and
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Bonanno and Marano [6], we prove that the following coupled system admits one non-zero weak
solutions and three weak distinct solutions respectively

Z(A(a(xAu))+9(x)| > )—AZf,(xu) inQ,

u—Au—O, on 092,

(1.1)

where, for i = 1, - - -, n, functions denoted by f; satisfy the condition that

(f) S, u) < E(x) + eilul O, (1.2)

is a Carathéodory function such that & € L'(Q) and ¢; is a positive constant. 6; is a real function
in L*(Q) with essinf .5 6;(x) > 0. Here, Q represents a bounded domain in RV (N > 2) with a C'
boundary 0€). The constant s; is fixed, and 4 > 0 is a parameter. The functions ¢; and p; belong to
C(Q) and satisfy the following inequalities

N
I <s; <ming;(x) <maxqg;(x) < —<p.
xeQ xeQ 2

In the given context, we have the following:

Let p~ = )lclg(g p(x) and p(x) = 111<1;a<§ pi(x). The term A (a;(x, Au)) represents the fourth-order Leray-
Lions operator, which operates on the function u and involves the second-order spatial derivative of u.
The function q; is a Carathéodory function that satisfies additional requirements that are appropriate
for the given context. Recently, Liu and Zhao [7] established the existence and multiplicity result for
the following problem:

Ala(x, Au)) + 2620 = Af(x, 1), inQ,
u=20, on 092,
Au =0, on 0Q2,

where Q is a bounded subset in RV(N > 2) with the smooth boundary dQ,1 > 0 is a parameter,
0 < b(x) € L(Q),1 < h < min {p(x), %}, and a : Q x R — R is a Carathéodory function satisfying
some required conditions. Two theorems about the existence of at least one and at least two nontrivial
generalized solutions to their problem. In fact the authors established the existence of two solutions
for a continuous spectrum; however, they used a condition of type (AR). We mention that our work is
a generalization of the above problem because we consider a sum of finite Leray-Lions type operators
with Hardy potentials; moreover, condition of type Amrosetti-Rabinowitz condition is not needed to
establish that our main problem admits three weak solutions.

This paper appears to be one of the first to focus on investigating a coupled system involving a
Leray-Lions operator with non-standard growth, a Hardy potential, and a coupled nonlinear source
term. These additional features introduce further complexities and challenges in the analysis of this
system. The paper is structured as follows. Section 2 introduces the Sobolev spaces with variable
exponents and provides necessary background information. The proofs of the results are presented in
Sections 3 and 4.
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2. Background set up

Throughout this paper, the set is defined as follows:
C.(Q) :={B|BeCQ),B(x)>1, forall xe Q).
Additionally, we introduce the notations:

B :=infB(x) and B :=supB(x).

xeQ xQ

In this study, we focus on a bounded regular domain Q c RY, where N > _2, and with a C! boundary.
We make the assumption that the functions p; and g; belong to the set C,(€2) and satisfy the following
conditions:

N
I <s; <ming;(x) <maxgq;(x) < — < p~.
xeQ xeQ 2

Moreover, we denote the Lebesgue space with variable exponents, as introduced in [8] by
LP(Q) = {Q — R : u is measurable and f lu(x)|PDdx < oo} )
Q
The Luxemburg norm of a function u is given by:

pi(x)
|ul o) = inf{,u >0: f dx < 1}.
Q

For any function u in the space LP™(Q) and v in the conjugate space L”*(Q) (where LPi(Q) is the
conjugate space of L{™(Q)), there exists a Holder-type inequality (see e.g., [9-12]), i.e.,

f uvdx
Q

Using the notation adapted in [13], for 8 € C,(Q), put

u(x)

1 1
<\ =+ —= | lulpin V- 2.1)
(p > ) i VIpi(0)

i i

[ZF := max{Z® . %), (£ := min{” 7).
A simple calculation shows that
() 121 = max {¢, 27"},
(i) 121, = min {7,
(iii) [¢]y = @ &= ¢ = [af, (] = a & ¢ = [alg,
(iv) [{1plalg < [Lalg < [Zal < [{Plal.

Now, let us recall the following proposition:

Proposition 2.1. ( [14]) For every u in the function space LP™(Q), the following inequalities hold:
[lulp,-(x)]p,- < f |u(x)|Pi(X)dx < [lulp,-(x)]pi-
Q
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Furthermore, we have the following proposition:
Proposition 2.2. ( [15]) If p and q are two functions in C,(Q) such that ¢(x) < p(x) almost everywhere
in Q, then the embedding L’ (Q) — LIY(Q) holds, and we have
|u|q(x) < cqlulp(x)7
where c, is a positive constant.

The Sobolev space with a variable exponent W-P™(Q), where [ € {1,2} and p € {p;,i = 1,...,n}, is
defined as
WHOQ) = {u € L'Y(Q) : D"u € L'V(Q),lo] < 1},

Al

_ . > _vN . @, _
where @ = (a1, s, ..., ay) is a multi-index such that o] = }} .., @;; also, Du = T

The norm on the space W""™(Q) is given by
”u”l,p(x) = g« |Dau|p(x) ,

is a reflexive separable Banach space. Let Wé’p @(Q) be the closure of Cy(Q) in WH™(Q), which has
the norm [|u||; () = |Dul . In the following, let

X := WyP(Q) n W@,

endowed with the norm

. A
lull = |Aulpy = inf {u >0: f
ol M

The modular on X is the mapping ps) : X — R defined by psy(u) = [, [Aul”®dx. This mapping
meets the same characteristics as those defined in Proposition 2.3. To be more specific, we have the
following:

p(x)
“ dx < 1}.

Proposition 2.3. For every u € LP™(Q), one has

(1) 1Aulsy < 1 (resp. =1,> 1) © pp(u) < 1 (resp. =1,> 1);

(2) [1Aulpin], < ppoo() < [JAulpm]”.
Proposition 2.4 ( [16]). Let p and q be measurable functions such that p € L*(Q), and let 1 <
p(x)g(x) < oo, for a.e. x € Q. Letw € L1Y(Q), w # 0. Then

[lwlp(x)q(x)]p < ||W|p(X)|q(x) < [lwlp(x)q(x)]p-

The space X thus defined is a reflexive and separable Banach space. Remember that, the critical
Sobolev exponent is defined as follows:

Np(x)
N -2p(x)’

+00, p(x) >

p(x) <
pi(x) =

N
2 b
N
2
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As a consequence of Proposition 2.2, if g(x) < p(x) almost everywhere on €, we have the following
embeddings )
Wy (Q) & Wy (@) and  WHO(Q) > WHO(Q).

In particular, this implies
X = W, (Q)n W (Q).

where p~ > % Since X — Co(ﬁ) is compact (see [11]), we obtain the inequality |u|oco < co|Aulp(x),
where ¢ is a positive constant. .
Furthermore, for 1 < i < n, the continuous embedding X — L%™(Q) holds for any o; € C.(Q)

such that ;(x) < p(x) almost everywhere on €. This leads to the inequality
|u|(z;(x) < C(I,-lAullﬁ(x)’ (22)

where c,, is a positive constant.
The definition and statements required for the proofs presented in Section 3 are as follows:

Definition 2.1. Consider two continuously Gateaux differentiable functionals, ® and ¥, defined on a
real Banach space X, and let d € R. The functional I := ® - satisfies the Palais-Smale condition with
an upper bound of d if any sequence {u; };cy € X that verifies the following conditions has a convergent
subsequence:

e [ (uy) is bounded,
o Jim 7' (ully- =0,
o O (u) <dforeachkeN,

has a convergent subsequence. If d = oo, we say that I :== ® — ¥ fulfill the Palais-Smale condition.

In what follows, we recall the following local minimum theorem which plays a crucial role to prove
our main result.

Theorem 2.1. (Theorem 3.1 [5]) Let X be a real Banach space, and let ® and Y be two continuously
Gdateaux differentiable functionals defined on X. Suppose that the following conditions hold

in)t;(l) = ®(0) =¥(0) =0.

There exists a positive constant d € R and x € X with 0 < ®(X) < d such that

sup Y(x) _
xe®~(]—00,d]) - Y(x)
d O(x)
and for any
O(x d
A€ A ::] (f), [’
Y(x) sup WY(x)
xed (]—o0.d])

I, = ® — Y fulfill the (PS)\“-condition, so for any A € A, there is x, € ®~'(]0,d]) such that I, (x;) <
1y(x) for all x € ®7'(]0,d]) and I, (x;) = 0.
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The multiplicity result is attributed to the following theorem:

Theorem 2.2. [6] Consider a reflexive real Banach space X, let ® : X — R be a coercive, continuously
Gdateaux differentiable, and sequentially weakly lower semi-continuous functional. Assume that the
Gadteaux derivative of ® has a continuous inverse on X*. Furthermore, let'¥ : X — R be a continuously
Gateaux differentiable functional whose Gateaux derivative is compact; assume that

(ao) iI)}f(D =®0) =¥Y(0) =0.

Suppose that there exist d > 0 and x € X, with d < O(Xx), such that
( ) supCD(x)<d ‘{/(x) @
aQ d G’
Z12® 4 — . .
(ap) for any 1 € A, =] T [, I := ® — AY is coercive.
Then, for any 1 € Ay, ® — A has at least three distinct critical points in X.

In what follows, let D(x) := sup{D > 0| B(x, D) C Q}, for all x € Q, where B is the ball centered at
x and of radius D. By the properties of the supremum, we can see easily that there exists x° € Q such

that B(x°, R) C Q, where R = sup D(x).
xeQ
In the following we consider the following assumptions:

Fori =1,---n, let A; : Q XR — R be a continuous function with the continuous derivative
ai(x, &) = 0¢A(x, &), satisfying

(A0) a;(x,u +v) < ci(ai(x,u) + ai(x,v)),Yu,v € W(;’p Q) N W2Pi(Q), for some positive constant
¢;, and A; satisfy the following conditions:

(A1) Ai(x,0) = 0,A;(x, &) = Ai(x, =¢&) forall x € Q, & € R,

(A2) la/(x, &) < ¢y, (yi(x) + Iflpi(")‘l) ae. (x,&) € Q xR, where ¢, is a positive constant, y;(x) €
LitT1(Q), p, € C.(Q).

(A3) €Y < ai(x, &) - € < pi(x)Ai(x, &) for a.e. x € Qand all € € R.

A typical example of A; and g; that can be chosen is as follows:

A58 = —— 1P and ai(x, &) = |EPO2E,
pi(x)

Remark 2.1. According to condition (A2) and for i = 1,...,n, the following inequality holds
|Ai(x, t)l < C,’ (’)/,(X)|t| + |t|Pi(x)) ,

for almost every x € Q and all t € R, where C; > 0 is a constant.

N

In this work, we will use the symbol m to represent the value , where I' denotes the gamma

N1 (N
2r2

function.
3. Existence

This section is dedicated to presenting some necessary results that are required to establish the
existence and multiplicity of solutions. We begin by recalling the Hardy-Rellich inequality, which is

stated in the following lemma [17].
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Lemma 3.1 ([18]). Fori=1,---,n, 1 <s;<N/2andu € Wé’s"(Q) N W25(Q), we have

()| k f .
dx < |[Au(x)|*dx,
o x> H,, Ja

Si
where H, := (—N“i‘“gN‘m) :

Si

Now, let’s review the definition of a weak solution to problem (1.1).

Definition 3.1. We say that u € X\{0} is a weak solution of problem (1.1) if u = 0 on 0Q; then, the
Jfollowing integral equality is true:

n . s
Zfai(x’A”)Avdx+ZfH,-(x)lulT“"dx
=1 -8 -1 Y | [ >si

-4 f fix, wyvdx = 0,

foreveryv € X.
Let us define the functional W(u) as follows:
Y(u) := f Fi(x,u)dx,

i=1 Y

where u € X. The Euler-Lagrange functional for problem (1.1) is then given under the condition that
L: X —->R:
L(u) = ®(u) — AP (u), forall u € X,

O(u) = Z fg Ai(x, Au)dx + Z Sl fg Gi(x)lb(;;)sll_Sidx.
i=1 i=1 !

It is evident that condition (ag) of Theorem 2.2 holds. Furthermore, Remark 2.1 ensures that @ is
well-defined. Additionally, by employing (1.2), we have the following for all u € X:

where

Ci

qi(x)

[Fi(x, u)| < &(0)lul + ||,

Therefore, we can write the following:

n

P(u) < ) (6@ @luls + qc— f (1l + ul®)dx).

i=1 i YQ

Using Remark 2.2, we obtain

n

C; + + " -
P(u) < ) (16l + qj(cZ;|Au|§'(x) +cAul i),

i=1

AIMS Mathematics Volume 9, Issue 7, 17758-17773.
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Hence, we conclude that ¥ is well-defined. Furthermore, one has
WY@w,vy =¥ W] = Z f filx, wyvdx,
i=1 Y

forall u,v € X, and it is compact. In fact, condition (f) and the compact embedding X — L1MQ), 1 <
gi(x) < p*(x) implies the compactness of ¥ (). In fact, let (u;)r C X be a sequence such that u; — u.
Noting that the embedding X — L%¥(Q),1 < ¢;(x) < p*(x) is compact, there is a subsequence,
still denoted by (u;);, such that u; — u, strongly in L% (Q). We claim that the Nemytskii operator
Ng(u)(x) = fi(x,u(x)) is continuous since f; : Q X R — R is a Carathéodory function satisfying (f);
thus, Ng(ux) — Ny(u) in L%(Q). In view of the Holder’s inequality mentioned in (2.1) and the
compact embedding X < L%M(Q), 1 < g;(x) < p*(x), for all v € X, one has

W))W = |Z ([ swawmax= [ fiumas)

< Z f (i, u) = fitx, w)v)dx

<3 (2Nt - N3]y Wlyco)

i=1

(2N 10) = Ny )] s [A]c).
i=1 e

N

where ¢,, 18 the embedding constant of the embedding X — L19(Q), 1 < gi(x) < p*(x). Thus ¥’ (uy) —
W' (u) in X*, i.e., ¥ is completely continuous, thus P’ is compact.
Moreover, by using Proposition 2.3 and the hypothesis (A3) for u € X with |ju|| > 1, one has

1 " 1 __
D) > f A 2 ) 2 il = [l (3.1)
Q

since p~ > 1, we deduce that @ is coercive. On the other hand ® is sequentially weakly lower
semicontinuous as sum of sequentially weakly lower semicontinuous functionals and of class C' on X
for the same reason, for more details one can see [7] and note that

lu(x)l?

|x|2v

@' (w)[v f(a(x Au) - Av+20() )dx,

for any v € X. Moreover, we have the following proposition:

Proposition 3.1. @' : X — X* is uniformly monotonic and admits a continuous inverse in X* .

Proof. By using the assumption on 6;, i € {1, - - -, n}, one has
0;(x), e ess mfxE 0;(x) . .
Tl = B vy > SBR[ b - v (32
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Now, let Ug, = {x € Q : Bi(x) > 2} and Vg, = {x € Q : 1 < Bi(x) < 2}; by using the elementary
inequality [19], fori € {1,---,n} and §; > 1, we get that there exists a positive constant Cg,; such that if
Bi = 2, then

(20 = 12y, x = y) 2 Cylx = WP, for B; 22 (3.3)
andif 1 < S3; < 2, then
(I 2x = 2y, x - y) 2 Cﬁ,.lx_—ylz,, for 1 <f;i <2, (3.4)
(Ixl + IyD*>#

where (-, -) denotes the usual inner product in R". Due to (A0) and by assumptions (A1) and (A3), we
have

(@' () = D' W), u—v)

Z f (ai(x, Au) — a(x, Av)) - (Au — Av)dx,
i=1 YO

- 0;
’ Z‘f | Tfs)(l "1 = V) (u — v)dx,

= Z f (ai(x, Au) + a(x, —Av)) - (Au — Av)dx,
i=1 Y&
S 6i(x

' Zf = b

1
Z - f a(x, Au — Av) - (Au — Avydx,
Ci Jo

>
i=1
o
> > = f |Au - AvPDdx,
— C;
i=1
>

min — Z f IAGu — V)PP dx,
1<i<n Ci P

To end our proof let p = 1nf(m1n(p,(x)) since |A(u — )P € L1(Q), we shall distinguish two cases.
First case: Suppose that |A(u - v)| > 1, forall 1 <i < n,which yields,

—_ _ )2
min . f Zm(u WIPdx

1 N
> min —|lu —v||". 3.5)
I<i<n C;

(@' (u) = D'(v),u —v)

v

Second case: Suppose that there exists 1 < iy < n, such that, |A(u;, — v;,)| < 1; thus,

(D' () — D' V), u—v) > mm—fm(ulo Vi )P0 dx
I<izn ¢;

> min — f Aui, = viy)Podx
1<i<n ¢;
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1 -
> min —|juz, — vy, |["o. (3.6)
1<i<n n Cj

Now, by adding (3.5) and (3.6), we can deduce that @ is uniformly monotonic Theorem 26(A)(d)
of [20] ends the proof. O

Proposition 3.2. @’ satisfies the condition (S),, which means that, if uy — u and ﬁk_)+m((l)'(uk) -
D' (1), u — uy <0, then u, — u (strongly).

Proof. Since @’ is uniformly monotone, so due to [20, Example 27.2(b)], @’ satisfy the condition
(S)+. m

Remark 3.1. Under assumptions (A2) and (A3), one has

[|Au|,,(x) < D) < KZ Aty + [[Aulpio]” + 1Au]
i=1

p(x))

where

A

16;]o
K = max{Cic Cc o c, k .
1<i<n { P ”%” p(X) ’ S,?‘(Sl

Proof. By using assumptions (A2), (A3), Proposition 2.3, Lemma 3.1 and finally Proposition 2.2 we
have

1 1 i
E[mmﬁm]ﬁ < 5 j; |AulP™ dx,

<D (u)

:ZfA(xAu)d)HZf@() |2‘
( iin(X)'Auldx+CiflAulpl(x)dx fg( )ll/t(_x)|sz )
Q Q S x|

IA

Sl

P ; . Pi
<2 (CibyiC o |8ty + Cill At o] er eolAu ),
=
n S'k
< (CiCp-b’i(X)l pio | AUl + Cicli[|Aulz ™ + 16iloo| Aue] )
p ’ PiGo-T pi siH, S
n
<K (1Aulpe + [1Aulp]™ + 1Aul,).
i=1
where
. 100
K =max<C;c ,Cc” ,x,slk ,
I<ic { Di ”71” P(> 17_{&
this ends the proof. O
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Remark 3.2. For u € X\{0 . If I'/(u) = 0, we have

d . |u| 7% uv
a; (x, Au) Avdx + f 0;,(x)
;L ; Q |x]?$
-A ff,-(x, wyvdx =0
2. ),

for any v € X\{0), which assures that the critical points of I, are exactly weak solutions of
problem (1.1).

Lemma 3.2. [, fulfill the Palais-Smale condition for any A > 0.

Proof. Let {u;} C X be a Palais-Smale sequence; so, one has

sup [ ) < +c0 and  lim |1} (up)||y. — O. 3.7)
k k—+00

Let us show that {#;} C X contains a convergent subsequence. By the Holder inequality, Proposition 2.4
and Remark 2.2, we have

n

<‘P’(u),u>:z f fi(x, wudx

=1 Y&

sZ(m(x)mgumw (c Aufl, + i aull, i)

p(x)
<Z léiCOlulBulzo + - (c 8ufl, + i Aufl, i),

So, for k large enough, by assumption (A3) and Proposition 2.3, one has
(L () i)y = (D) () s ) — ACY) () 5 )

[|Auk|p(x) AZ C0|§l(x)|L1(Q)|Auk|p(x)+ (C |Auk|p(x)+c |Auk|p(x))|gl)-
i=1

Moreover, by using (3.7), we have

n

[1Audpio]; < (co|§i<x)|L1<g)|Auk|ﬁ<x)+ (c Al

q; q;
1 Auly 1)
i=1

p(x)
Let us assume that klim |Augl5ry = +oo and divide by |Auk|Z"(x) since g7 < p~, forall 1 <i < n, we
—+00

obtain an absurdity, then {u,} is bounded, since X is a reflexive separable Banach space, then, passing
to a subsequence if necessary, we can assume that #; — u. By Proposition 3.2, u; — u (strongly) in X
and so [, satisfies the Palais-Smale condition. O

Our existence result is as follows:
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Theorem 3.1. Fori = 1,---,n, let a; : Q X R — R be a potential which satisfies the hypotheses
(A0)—(A3) and let f; : QXR — R be a Carathéodory function which satisfies condition (f) and exists
such that

!
ess infxegf fio(x,8)ds > 0, for some,iy € {1,---,n},
0

essinf F;(x, 1) := y (3.8)
e essinf o f fi(x, s)ds > 0, for i # i,
0
forall t € [0, h], where h is a non-negative constant.
Suppose that there exist d,d > 0 such that
[ o2ov o [ 2n ) [ 20m R\
KZ [ 2]1’ + 2 2 m(RN_(E) )<d’ G:9)
e o) e
then, for any A €]As, By[, with
.o 20N pi 20N i 26N
N
( - 1)K [ R 2] * R\2 R\2
AUR-(9) R - (%) R - (%)
A(g = .
; esxse }znf Fi(x,h)
and J
Bd =

n b

=

(cotolalra) + et ((a]' )+ (7)) i)

i=1

Problem (1.1) has at least one nontrivial weak solution.

Proof. We try to prove our existence result by using Theorem 2.1. For this purpose, we have to show
that all conditions of Theorem 2.1 are met. To begin and for a given 4 > 0, we mention that, given
from Lemma 3.2, the functional I, satisfies the (PS)!“! condition. Let d > 0,6 > 0 be as in (3.9) and
let w € X defined by

0, xe Q\B(x.R).
w(x) = 2 N x€ B(xo, §)
Rz_zg)z (Rz - L (xk - ng)2)’ x € B(XO,R) \B(xo, §)
where x = (x1,..., xy) € Q. Then,

> {0’ ve(@B( . R)uB(.f)
k=1 5)-

—35—1\2/ xEB(xo,R)\B(xo,)
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So, by applying Remark 3.1, one has

2| (- (5

(5]
< d(w)
N (R B N v (5 )N)
<K - [RZ ~ (g)z] + R _(§)2 + R (1%)2] m(R 5 .
So, ®(w) < d. On the other hand, one has
Y(w) > Z L(xo 5 F:(x,w)dx > m(g)N Z esxsegznf Fi(x, h), (3.10)
then, we deduce that
inf F;(x, h
Wow) ) ; esxse }zn (x, h)
(D(W) n ) 5
(2N—1)kz [ 20N z]p,+ 20N : 20N i
e le-@r) e

Using Remark 2.3, for any u € ®~!((—o0, d]), we have
1
F[mum]ﬁ < D) < d.

Therefore . '
(Al < [ 00)]" < [5rd]".
Hence, from Proposition 2.4 and Remark 3.1, we deduce that

n
Ci (A1 G\ Ayl9i

D (€@l + S CplBul, + ¢l 1Aulgy  I),
i=1 i
¢ C

G A D G\ A9
D (coléilalulyey + ool + ¢ 1Aulyy, i)
i=1 i

Y(u)

IA

IA

So
n +

sup W) < Z(COIé’i(x)Ium)[ﬁ*dF+qc—;(czg([ﬁ+d];)qi + (| 5d] ) )

O(u)<d i1

As a result, the criteria of Theorem 2.1 are confirmed. So, for any
Y(w)’ SUD,cp1 (oo (1) ’

A €lA;, BylC |
I, admits at least one non-zero critical point, which is the problem’s weak solution. O
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4. Triple solutions

Theorem 4.1. For any A €]A;, B, [, As and B, are those of Theorem 3.1, i.e.,

Si

. 20N qpi 20N 26N
2V -1)K _—
As ::( ) ; [RZ‘(If)Z] ) R - (5) ) R - (%)
Zesxsegznf Fi(x,h)
and
Bd = m d ,

> (co|§i(x)|m[ﬁ+d]‘% + %(cjji([ﬁ*d];)” + ch([ﬁ*d]'l’)q"_nm)
i=1 i

Problem (1.1) admits at least three weak solutions.

Proof. Note that ® and V¥ satisfy the regularity assumptions of Theorem 2.2; let us verify conditions
(7) and (ii) of this theorem. For this purpose, let

1 206N R\N
e [ (3))
and let w € X be as mentioned above, that is
0 x € Q\B (xO,R) ,
X€B (xo, 1%) ,

N
e (R2 3 (s xg)z] v B(x.R)\B(x2,5).

k=1

w(x) :=

So, by applying assumption (A3) and Remark 3.1, one has

- 1 26N R\N
d(w) > Z fAi(x, Aw)dx > ~—+[—2]m (RN - (—) ) =d
Therefore, the assumption (i) of Theorem 2.2 holds. Let us show that /, is coercive for any 4 > 0. By
using (3.11), one has

n

Ci o A0 G A
Y(u) < Z (C0|§i(-x)|L1(Q)|Au|[7(x) + q—__(qulAulp(x) + qu__lAulp(x))IQI)-
i=1 i

Then, from Remark 3.1, %[lAulﬁ(x)]~ < ®(u). So,
p p

S

1 C; + + - -

1) 2 = 1Bulpco ) - (coléi(0)lz1 @l Aulpe) + qj(c;’;|Au|;l(x) + e Aul i),

i=1 i

where p* = sup p(x); by using p~ > g7 > 1, forall 1 < i < n, we deduce that I, is coercive;
xeQ

consequently condition (ii) is satisfied, which assures that all assumptions of Theorem 4.1 are satisfied.

So, for any A €]As, B, [, I, has at least three distinct critical points which represents the weak solutions
of problem (1.1). O
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5. Conclusions

The main objective of this paper was to establish the existence of solutions to the coupled system
of Eq (1.1), which has significant implications for both theoretical analysis and practical applications.
Using a local minimum theorem and its variants, we are able to prove the existence of one non-zero
weak solution and three distinct weak solutions. This is an important result, as it demonstrates the
solvability of this system of equations under the stated assumptions. The findings of this work can
contribute to the understanding of such systems and their potential applications in various fields.
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