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1. Introduction

We investigate differential geometric invariants of surfaces with singular points, that is, singular
surfaces. The geometry of singular surfaces in the Euclidean space is a classical object (cf. [1-5,9,
11, 18-21]). For regular surfaces, the Gauss curvature and mean curvature are important invariants
up to congruence. However, if we consider a deformation of a regular surface (for instance, parallel
surfaces or caustics), it may have singular points. One of the idea is to consider the fronts or frontals
as smooth surfaces with singular points (cf. [1, 2,10, 13, 16, 19]). The other idea is to consider one-
parameter families of framed curves as smooth surfaces with singular points (cf. [7,15]). We generalise
the consideration to treat the smooth surfaces with singular points. A more general notion of singular
surfaces, called generalised framed surfaces, is introduced in this paper. The notion of generalised
framed surfaces includes not only the notion of framed surfaces, but also the notion of one-parameter
families of framed curves. It also includes surfaces with corank one singularities (cf. [12, 14]).
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We have introduced framed surfaces as surfaces with singular points in [6]. The framed surface
is a surface with a moving frame based on the unit normal vector of the surface. Thus, the notion of
framed surfaces (respectively, framed base surfaces) is locally equivalent to the notion of Legendre
surfaces (respectively, frontals). In fact, if f is a frontal, then the Jacobi ideal J; of f is generated by
one element [10]. On the other hand, we have also introduced one-parameter families of framed curves
as surfaces with singular points in [8, 15]. The relation between framed surfaces and one-parameter
families of framed curves was investigated in [7]. In §2, we review the theories of framed surfaces and
one-parameter families of framed curves. In §3, we introduce the basic invariants of generalised framed
surfaces and give the existence and uniqueness theorems for the basic invariants of generalised framed
surfaces. The properties of the generalised framed surfaces are investigated. We give conditions for
a surface to become a generalised framed base surface (Theorem 3.10) and for a generalised framed
surface to become a framed base surface (Theorem 3.11). In §4 and §5, we focus on surfaces with
corank one singularities and corank two singularities, respectively. We prove that surfaces with corank
one singularities can always be considered generalised framed surfaces at least locally (Theorem 4.1).
Moreover, we find that a part of surfaces with corank two singularities can be considered as generalised
framed surfaces. The conditions for special cases of surfaces with corank two singularities to become
generalised framed surfaces and framed surfaces are given. As an application, we investigate two types
of parallel surfaces of generalised framed surfaces and give concrete examples to illustrate our results
in §6.

All maps and manifolds considered in this paper are differentiable of class C* unless stated
otherwise.

2. Preliminaries
Let R? be the 3-dimensional Euclidean space equipped with the inner product @ - b = a,b; + ab, +

asbs, where a = (ay,a,,a3) and b = (b}, by, b3) € R®. The norm of a is given by |a| = +/a - a and the
vector product is given by

e e é3
a X b =det a a; as |,
by by b

where e}, e, and e; are the canonical basis of R®. Let U be a simply connected domain in R? and S?
be the unit sphere in R?, that is, §> = {a@ € R%||a| = 1}. We denote a 3-dimensional smooth manifold
{(a,b) € S* x S%la-b =0} by A.

2.1. Framed surfaces

We quickly review the theory of framed surfaces in Euclidean 3-space; in detail, see [6,7]. Let
(x,n,s) : U— R?x A be a smooth mapping.

Definition 2.1. We say that (x,n,s) : U — R3 x A is a framed surface if x,(u,v) - n(u,v) = x,(u,v) -
n(u,v) = 0 for all (u,v) € U, where x,(u,v) = (0x/0u)(u,v) and x,(u,v) = (0x/0v)(u,v). We say that
x : U — R’ is a framed base surface if there exists (n,s) : U — A such that (x, n, s) is a framed
surface.
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By definition, the framed base surface is a frontal. For the definition and properties of frontals
see [1,2]. On the other hand, the frontal is a framed base surface at least locally.

We denote #(u,v) = n(u,v) X s(u,v). Then {n(u,v), s(u,v), t(u,v)} is a moving frame along x(u, v),
and we have the following systems of differential equations:

=)= )

n, 0 er fil(n n, 0 e LH\(n
sul=|-er 0 & S), sv]={—ez 0 gf|s]
t, -fi —&1 0)\¢t) \¢, - —g& 0)\¢
where a;, b;, e;, fi,8: - U — R, i = 1,2 are smooth functions. We call these functions basic invariants
of the framed surface. We denote the above matrices by G, 71 and 7, respectively. We also call the
matrices (G, F1, >) basic invariants of the framed surface (x, n, s). Note that (u, v) is a singular point

of x if and only if det G(u, v) = 0.

Since the integrability conditions x,, = x,, and %>, — F1, = F1F2 — F271, the basic invariants
should satisfy some conditions. Note that there are fundamental theorems for framed surfaces, namely,
the existence and uniqueness theorems for the basic invariants of framed surfaces (cf. [6]).

2.2. One-parameter families of framed curves

We also review the theory of one-parameter families of framed curves in the Euclidean 3-space, in
detail, see [7, 15]. Let (y, v;,v2) : U — R3 X A be a smooth mapping.

Definition 2.2. We say that (y,v;,v2) : U — R X A is a one-parameter family of framed curves
with respect to u (respectively, with respect to v) if (y(-,v), vi(:,v), v2(-,v)) is a framed curve for each v
(respectively, (y(u,-), vi(u,-), vo(u,-)) is a framed curve for each u), that is, y,(u, v) - vi(u, v) = y,(u,v) -
va(u,v) = 0 (respectively, y,(u, v) - vi(u,v) = y,(u,v) - vo(u,v) = 0) for all (u,v) € U. We say that y is a
one-parameter family of framed base curves with respect to u (respectively, with respect to v) if there
exists (vy,v2) : U — A such that (y, vy, v,) is a one-parameter family of framed curves with respect to
u (respectively, with respect to v).

We denote u(u,v) = vi(u,v) X vo(u,v). Then {vi(u,v),v,(u,v),u(u,v)} is a moving frame along
v(u,v) and we have the Frenet-Serret type formula.

Vi(u, v) 0 f(u,v) m(u,v) vi(u,v)

Vou (i, v) = —(u,v) 0 n(u,v) vo(u,v) |,
luu(u’ V) _m(ua V) _I’l(l/t, V) 0 lu(u’ V)
viu(u, v) 0 L(u,v) M(u,v) vi(u,v)
Vo, (U, V) = —L(u,v) 0 N(u,v) [ vo(u, v) J ,
,Uv(l/t, V) —M(M, V) —N(I/l, V) 0 ,U(I/l, V)

Yulu,v) = r(u,viu(u,v),
vo(u,v) = Plu,v)vi(u,v)+ Ou, v)va(u,v) + R(u, vu(u, v).

We call the mapping (¢, m,n,r, L, M, N, P, Q, R) the curvature of the one-parameter family of framed
curves with respect to u of (y, vy, v2).
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Since the integrability conditions 7y,,(«, v) = v, (U, V), ViU, v) = viU,v), v (u,v) = v, (u,v)
and w,,(u,v) = p,(u,v), the basic invariants should satisfy some conditions. Note that there
are fundamental theorems for one-parameter families of framed curves, namely, the existence and
uniqueness theorems for curvatures of one-parameter families of framed curves (cf. [7]).

3. Generalised framed surfaces

We give a definition of a generalisation of framed surfaces and one-parameter families of framed
curves. Let (x, v, ;) : U = R? X A be a smooth mapping. We denote v = x,, X x,..

Definition 3.1. We say that (x,v;,v,) : U — R’ x A is a generalised framed surface if there exist
smooth functions «,8 : U — R such that v(u, v) = a(u, v)vi(u, v) + B(u, v)v,(u,v) for all (u,v) € U. We
say that x : U — R3 is a generalised framed base surface if there exists (vi,v,) : U — A such that
(x,v1,r,) is a generalised framed surface.

Remark 3.2. Let (x,n,5) : U — R x A be a framed surface with basic invariants (G, 7, 7).
Then v(u,v) = x,(u,v) X x,(u,v) = (a;(u,v)by(u,v) — a(u,v)b;(u,v))n(u,v). If we take a(u,v) =
ai(u,v)by(u,v) — ax(u,v)b(u,v) and B(u,v) = 0, then (x, n, s) is also a generalised framed surface.

Remark 3.3. Let (y,v;,v) : U - R3xAbea one-parameter family of framed curves with respect to u
with curvature (¢, m,n,r,L, M, N, P, Q,R). Then v(u,v) = y,(u,v) X y,(u,v) = —r(u, v)Qu, v)v,(u, v) +
r(u, v)P(u, v)vo(u,v). If we take a(u,v) = —r(u,v)Q(u,v) and B(u,v) = r(u, v)P(u,v), then (y, v, v,) is
also a generalised framed surface.

We denote v3(u,v) = vi(u,v) X vo(u,v). Then {vi(u,v),vo(u,v),v3(u,v)} is a moving frame along
x(u,v), and we have the following systems of differential equations:

V1
Xy a by
= V21,
Xy a by,

V3
Viu 0 e fiy(m) (viv 0 e f\(n
vil=|-e1 0 gif|»nf. |va]|=]-e 0 gl||»|.
Vi - =g 0)\vi) \v3 - —& 0J\»ns

where a;, b;, c;,e;, fi,gi : U — R,i = 1,2 are smooth functions with a;b, — a,b; = 0. We call the
functions basic invariants of the generalised framed surface. We denote the above matrices by G, F;
and 7, respectively. We also call the matrices (G, 1, F>) basic invariants of the generalised framed
surface (x, vi, v,). By definition, we have

bi(u,v) ci(u,v)

_ ay(u,v) ci(u,v)
a(u,v) = det (bz(u, V) el v) ) .

ar(u,v) ca(u,v)

), Bu,v) = —det(

Since the integrability conditions x,, = x,, and %>, — 71, = F1F> — 5>, the basic invariants should
satisfy the following conditions:

ay, —biey — ¢ fo = ay, — brey — 2 f,
by, + aje; — 182 = by, + azey — 281, (3.1)
Civ+aifo+bigr =coy+arfi +brg,
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e — f182 = exw — fr81,
Jiv — 281 = fou — €182, 3.2)
g —eifr=gu—efi.

We give fundamental theorems for generalised framed surfaces, that is, the existence and uniqueness
theorems for the basic invariants of generalised framed surfaces.

Theorem 3.4 (Existence Theorem for generalised framed surfaces). Let (a;, b;, ci,e;, fin8) + 1 —
R'2,i = 1,2 be a smooth mapping satisfying a;b,—a,b, = 0, satisfying the integrability conditions (3.1)
and (3.2). Then there exists a generalised framed surface (x,vy,v,) : U — R3 x A whose associated
basic invariants are (G, F1, F2).

Proof. Since the integrability conditions (3.1) and (3.2) exist, there exists a smooth mapping x :
U — R? and an orthonormal frame {v,, v, v3} such that the condition holds. Therefore, there exists a
generalised framed surface (x, vy,v;) : U — A whose associated basic invariants are (G, 71, 72). O

Definition 3.5. Let (x,v;,,), (X,v;,%) : U — R? x A be generalised framed surfaces. We say that
(x,v1,v) and (x,v{,v,) are congruent as generalised framed surfaces if there exists a constant rotation
A € SOQ3) and a translation a € R? such that x(u,v) = A(x(u,v)) + a, v,(u,v) = A(v,(u,v)) and
Vo(u,v) = A(vo(u, v)) for all (u,v) € U.

Theorem 3.6 (Uniqueness Theorem for generalised framed surfaces). Let (x,v1,v2), x, v, ) : U —>
R3 X A be generalised framed surfaces with basic invariants (G, F1, F2), (G, F1, F2), respectively. Then
(x,n,s) and (x,n,s) are congruent as generalised framed surfaces if and only if the basic invariants

(G, F1,%2) and (G, F1,F>) coincide.
In order to prove the uniqueness theorem, we prepare the following two lemmas.

Lemma 3.7. Let (x,v1,2), x,vi,m) : U — R3 X A be generalised framed surfaces with basic
invariants (G, F1, 2), (G, 71, 72), resBeciiveiy. If (x,v1,v,) and (x,vy, V) are congruent as generalised

framed surfaces, then (G, F1, F2) = (G, F1, F2).

Proof. By Definition 3.1 and a direct calculation, we obtain the lemma. O

Lemma 3.8. Let (x, V1£/2’)‘1(};:171,72) : U — R XA be generalised framed surfaces with basic
invariants (G, F1, F2), (G, F1, F2), respectively. If (G, F1,F2) = (G, F1,F2) and (x,v1,v2)(ug, vo) =

(x,v1,v2)(uo, vo) for some point (u, vo) € U, then (x,v1,v2) = (X,V1, V).

Proof. Define a smooth function f : U — R by
fu,v) = viu,v) - vi(u,v) + vou, v) - vo(u, v) + v3(u, v) - v3(u, v).
By the definition of the basic invariants, we have

fu=(e1 =€)V, - va+ (@ — ey Vo + (fi = v - vs + (fi = fiv - V3

+(g1 -8 v3+ (g1 —gva - Vs
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By the assumption (71, 7>) = (7?1, 7?2), we have f,(u,v) = 0 for all (u,v) € U. Similarly, we also have
f(u,v) = 0 for all (u,v) € U. Moreover, by the assumption (v, v2)(ug, vo) = (vi, v2)(up, vo), we have
f(uo,vo) = 3. It concludes that f(u,v) = 3 for all (u,v) € U. Hence, we have v;-v; = 1, va-v, = 1, v3-
v3 = 1. It follows that v; = V1, v, = v,,v3 = v3. Next, we show x = X. By the assumption G = G, we
have x, = a;vi+b;v» +c1vz = 5171 +Fi;172 +F5173 = :if-u and X, = arvi +byvs +Crv3 = 5271 +F5272+FC“/273 = F.fv.
Then, we have (x — x), = (x —x), = 0. Since x(up, vo) = X(uo, vy), we have x(u,v) = x(u,v) for all
(u,v) € U. Therefore, we have (x, v, v2) = (X,v1,72). |

Proof of the Uniqueness Theorem. The necessary part of the theorem is Lemma 3.7. We prove
the sufficient part of the theorem. For fix a point (ug,vy) € U, there exist A € SO3) and a € R?
such that (x, vi, v2)(ug, vo) = (AX + a, Avy, Av>)(ug, vo). By Lemmas 3.7 and 3.8, we have (x, v, ;) =
(Ax + a, Av,, Av,), that is, (x, v{,v>) and (X, v;, ;) are congruent as generalised framed surfaces. O

By relations among basic invariants of generalised framed surfaces, basic invariants of framed
surfaces, and curvatures of one-parameter families of framed curves, we have the following:

Proposition 3.9. Let (x,v,v,) : U — R? X A be a generalised framed surface with basic invariants
(G. F1,F2)-

(D) If a;(u,v) = ay(u,v) = 0 (respectively, by(u,v) = by(u,v) = 0) for all (u,v) € U, then (x,vy,Vv,)
(respectively, (x,v,,v1)) is a framed surface.

2) If ay(u,v) = by(u,v) = 0 (respectively, a(u,v) = by(u,v) = 0) for all (u,v) € U, then (x,vy,v;)
(respectively, (x,v,,v1)) is a one-parameter family of framed curves with respect to u (respectively,
with respect to v).

We give a condition for a surface to become a generalised framed base surface.

Theorem 3.10. Let x : U — R? be a smooth mapping. We denote v = x, X X, = pie| + p,e, + pses,
where e, e, and ez are the canonical basis. Then x is a generalised framed base surface at least locally
if and only if the functions pi, p, and ps are linearly dependent.

Proof. 1If x 1s a generalised framed base surface at least locally, then there exist (vi,v;) : U — A and
a,B : U — R, such that v = av; + Bv,. If we denote v; = v; X v,, then there exists a rotation A(u,v) €
S O(3), such that T (v, v»,v3) = AT (e, e, e3), where T is the transpose of the matrix. Therefore,

(2] 41 e
V= (pl’pZ’ P3) €| = (Q’,B, 0) V2| = (a7ﬁ7 O)A é|.
(] V3 €3

It follows that (a,8,0)A = (pi, p2, p3). Since the orthogonal transformation does not change the
linearly relation of the set of functions, we have that the functions py, p, and p; are linearly dependent
by @, 3, 0.

Conversely, if py, p», p3 are linearly dependent, then there exist functions ki, ky, k3 : U — R with
(k1, ko, k3) # (0,0,0) such that kyp; + kaps + ksps = 0. Without loss of generality, we may assume
ky # 0, at least locally. Then we have

k> ks
vV =pie; + p:e; + p3ez = Pz(ez - k—el) + p3(e3 - k—el).
1 1
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If we take
- k.e, — ke, o kikse, + kokser — (K2 + k2)es
| Je+ie 2 V& + ) + 1+ 1)
and
—(k? + k3)p2 — kaks ps K+ ks + k3
@ = = —% . 2 D3

P T 2,12
ky I+ K2 ki+k

then v = av, + Bv,. It follows that (x,v;,v,) : U -» R* x Aisa generalised framed surface, and hence
x is a generalised framed base surface, at least locally. O

We also give a condition for a generalised framed surface to become a framed base surface.

Theorem 3.11. Let (x,v,,v,) : U — R® X A be a generalised framed surface with v = av; + fv».

(1) If x is a framed base surface, then the functions a and 3 are linearly dependent.

(2) Suppose that the set of regular points of x is dense in U. If the functions a and 3 are linearly
dependent, then x is a framed base surface, at least locally.

Proof. (1) If x is a framed base surface, then there exists (n, s) : U — A such that (x, n, 5) is a framed
surface. Therefore, there exists a smooth function ¢ : U — R such that v = av, + Bv, = {n. By
a® + B> = (?, there exists a smooth function # : U — R such that @« = £cos6,8 = €sinf. Since
asinf — S cos @ = 0, the functions @ and S are linearly dependent.

(2) If @ and B are linearly dependent, then there exist functions ky, k, : U — R with (k, k) # (0,0)
such that kja + k8 = 0. Without loss of generality, we may assume k; # 0 at least locally. Since the
set of regular points of x is dense in U, we have

k
v=av+6v, :,8( - k—zvl + vz).
1

It follows that (x, n, s) : U — R? X A is a framed surface, where

—kovi + kyvy kivi + kyvy
— s =

A K+ K2 K+ K

and hence x is a framed base surface at least locally. O

Corollary 3.12. Let (x,v,,v,) : U — R3 X A be a generalised framed surface with basic invariants
(G, F1, F2). Suppose that the set of regular points of x is dense in U.

(D) If a(u,v) = (ay,ay)(u,v) and b(u,v) = (b, by)(u,v) are linearly dependent, then x is a framed
base surface, at least locally.

(2) If rank(a, b) = 1 at p € U, then x is a framed base surface around p.

Proof. (1) By assumption, there exist smooth functions k;,k, : U — R with (k, k) # (0, 0) such that
kia + kob = 0. Since

kya — k18 = kodet(b, ¢) + kidet(a, ¢) = det(k;a + k»b, c) = 0,
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« and S are linearly dependent. By Theorem 3.11 (2), x is a framed base surface, at least locally.
(2) By assumption, a and b are linearly dependent around p. Therefore, we have the result by (1). O

Let (x,v;,v;): U > R3*xAbea generalised framed surface with v = av; + v, and basic invariants
(G, F1, F2). We consider other frames by using rotation and reflection.

(Vl(u, v)) _ (cos O(u,v) —sinb(u, v)) (vl(u, v))

Vo(u,v) sinf(u,v) cosB(u,v) | \vo(u,v)
vi(u,v)) _ (0 1) (vi(u,v)
vo(u,v)] \1 0J\»y(u,v)]"
Proposition 3.13. Under the above notations, we have the following:
(1) (x,v1,v) : U = R} x A is also a generalised framed surface with

cosO(u,v) sinO(u,v)
—sin@(u,v) cosf(u,v)

@(u, v), B(u, v)) = (alu,v), B, v))(

and the basic invariants

(El(u, V) El(u, V) a(u,v) bi(u, v)) ( cosO(u,v) sinf(u, v))
D, v) byu,v))  \ax(u,v) by(u,v))\=sinOu,v) cos6(u,v))’

ci(u,v)\ _ [ci(u,v)) [ei(u,v)\ _ (ei(u,v) —0,(u,v)
S, v))  \ea(u,v)] \ex(u,v))  \ex(u,v) —6,(u,v))’
(ﬁ(u, v) gi(u,v) filu,v) gi(u, v)) ( cosB(u,v) sin6(u, v))
]72(”, V) &u,v) Hu,v) g(u,v)]\—sinO(u,v) cosb(u,v))’

(2) (x,v1,v) : U — R} x A is also a generalised framed surface with (6(u,v),,§(u,v)) =
(B(u,v), a(u, v)) and the basic invariants

by(u,v) ax(u,v) —ca(u,v)

(ﬁl(u, V) bi(u,v) ¢ (u, v))

ar(u,v) Ez(u, v) ¢(u,v)

(bl(u, v) a(u,v) —ci(u, v))

(zmu, v iy B, v))

(—el(u, v) —gi(w,v) —fi(u, V))
e (u,v) fo(u,v) g,(u,v) '

—er(u,v) —g(u,v) —folu,v)
Proof. (1) Since

v=av +6v;
= a(cos Bv + sinGv,) + B(—sinGv; + cos Gv,)

= (@ cos O — BsinO)v; + (asinf + Bcos O)v,,

we have @ = acosf — Bsin 6, E = asin @ + Bcos 6. Moreover, v; - v, = (cos @y — sin6v,) - (sinfv; +
cos Bv,) = 0. Therefore, (x,7,,%) : U — R® x A is also a generalised framed surface. Since

V3 =V XV, = (cos By, — sinBv,) X (sin v + cos Ov,) = v3,
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we have the basic invariants

a; =x,- vy =x,-(cosOv; —sinbv,) = a; cosd — b, sin 0,

a, =x, vy =X, -(cosOv; —sinbv,) = a, cos 0 — b, sin 0,

by =x,-v, =x,-(sinOv; + cosOv,) = a; sin0 + b cos 0,

52 =X, V2 =X, - (sin@v; + cosOv,) = a, sin 6 + b, cos O,

C1 =X, V3=cy,

C2 =X, V3 =0y,

e1 =V, - vy = ((eg — 0,)(sin Ov + cos Ov,) + (f cos 6 — g; sinB)v3) - (sin vy + cos Ov,)
=e — 0,

e, =V, - va = ((ex — 6,)(sin Ovy + cos Ov,) + (f> cos 6 — g, sin ) v3) - (sin Ov; + cos Ov,)
=ey— 6,

ﬁ =V, - v3 = ((e; — 6,)(sin Ovy + cos Ovy) + (fi cos 6 — g1 sinh)v3) - v3 = fi cos 6 — g sin b,

]7; =V, - v3 = ((ex — 0,)(sin Ov; + cos Ov,) + (f>cos 0 — g2 sinO)v3) - v3 = frcos — grsin 6,

21 =V -v3 =((0, —ey)(cos By, —sinOvy) + (f1 sin6 + gy cos O)v3) - v3 = fsin6 + g; cos b,

2 =V, - v3 = ((6, — ex)(cos Bvy — sinOvy) + (f>sin6 + g cos O)v3) - v3 = fosinf + g, cos 6.

(2) Since v = av, + Bv, = Bv| + av,, we have a = 8, S = a. Moreover, v| - v, = v, - v; = 0. Therefore,
(x,v1,7) : U - R¥*x Aisalso a generalised framed surface. Since v; = v X v, = v, X v; = —v3, we
have the basic invariants

1 =X, VI =X, V2= by,

) =Xx,"Vi =X, vy = by,

| =X, V2 =XtV = ay,

2 =X, V2 =X, 0 V) =,

1 :xu')_/?a :xu'(_v3): —C1,
=X, v3=Xx,(-n3) = —¢,
€1 =V V2 =Vy V) = —ey,

ey =V, Vy =V, V) = —ey,
S1= Ve va=vay - (-v3) = —g1,
fr=vva=va, - (-v3) = —go,
g1 =V V3=V (-v3) = —fi,
& =Va vi=vy - (-v3) = —fo
o

Next, we consider a parameter change in the domain U and a diffeomorphism in the target space R>.

Proposition 3.14. Let (x,v,v,) : U — R? X A be a generalised framed surface with basic invariants
(G.F1.F2). Let ¢ = V — U, (p,q) = ¢(p,q) = (u(p,q),v(p,q)) be a parameter change, that is, a
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diffeomorphism of the domain. Then (X,v1,v,) = (x,vi,v2) o ¢ : V — R3 X A is a generalised framed
surface with

@, . B(p. ) = (@(p. g))det (Z :{;) (P.)-B@(p. g))det (Z z”) ».9)

q q q

and the basic invariants

aq b] Eﬂ
ar b2 Cy

e fi & vp) (e1 fi gl)
(g; % §2)(p,q) (uq v, PD\,, g, PP

Il
S
»Q:'h
Q< ’*5:
S —
~
=
Q
g
—_——
Q
\S) —_
S S
%) —_

C1
62) (@(p, ),

Proof. Since

(P, q) = Xp(p,q) X X4(P, q)
= Xu(d(P, @)up(p, @) X X, (PP, PDIVe(P> @) — X (PP, @))ug(ps @) X X,(d(P, )V, (P> q)
u \%
= v(¢(p, g))det (u” V” ) .9

q q

= (@v1 +Br)(@(p, q))det (Z" i”) (P.9)

q q

:a<¢<p,q>)det(fj i”) (p,q)vl(¢(p,q))+B(¢(p,q))det(zp E")mqmw(p,q»
q q

q q

= (¢ (p.q))det (Z”

q

i”) (P.9W1(p.q) + Bd(p. )det (Z” z”) (P V(. @);

q q q

we have

a‘(p,q):aw(p,q»det(zp f’)(p,qx E(p,q>:ﬁ(¢(p,q)>det(zp E”)(p,q).
q

q q q

Moreover, vi(p, q) - v2(p. q) = vi(¢(p, @) - v2(¢(p, @) = 0. Therefore, (x,v,%,) : U = R’ x Ais also
a generalised framed surface. By the chain rule, we have

X,(p, ) = (P, P)uip(p, @) + X,(d(P, DIV,(P, q)
={ai(¢(p, PIv1(¢(p, @) + b1(d(p, PIv2($(p, @) + c1(d(p, @)Iva(d(p, @)}, (p, q)
+ {ax(d(p, PIvi(d(p, @) + ba(d(p, D)2 (P(p, @) + c2(d(p, )v3(P(p, P)}vp(P, )
= {ai(¢(p, )u,(p, q) + ax(d(p, v, (p, QIvi(p, q)
+{b1(p(p, @))up(p, @) + br(d(p, )V, (P, D2, @)
+{c1(d(p, 9)u,(p, @) + c2(p(p, DIV, (P, DIV3(P, @),
X,(Psq) = Xu(d(p, ug(p, @) + x.(D(P, PIVy(P> 9)
= {ai1(¢(p, Pvi(¢(p, @) + b1(d(p, D)2 (d(p, @) + c1(d(p, P)v3(d(p, D)}y, )
+{ax((p, PIvi(@(p, @) + ba(d(p, D)va(P(p, @) + c2(d(P, )3 (PP, D)}vy(P. @)
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17726

= {a1(¢(p, Q)uy(p, @) + ar(d(p, DIvy(p, PIVi(p, )
+{b1(d(p. Duy(p, q) + ba(d(p, O)vy (P, Q)2 (p. q)
+{c1(@(p, Puy(p, q) + c2(d(p, PIv,(p, )fV3(p, @).

It follows that we have the first equation of the basic invariants. The second equation of the basic
invariants can be proved similarly to the above by using the chain rule. O

Proposition 3.15. Let (x,v;,v,) : U — R3 X A be a generalised framed surface and ® : R® — R be a
diffeomorphism. Then there exists a smooth mapping (v{,vy) : U = A such that (® o x,v{,v)) : U —
R3 x A is a generalised framed surface.

Proof. We denote the Jacobi matrix of @ at x by Dg(x), that is,

P5L0) P5L0) P3L0)

5 L(x) 5 2 (%) 5 2 (x)
0. 6D, o

Dg(x) = o (x) o (x) e (x)
13L0) 13L0) 13L0)

L) — ) —)

O0x; O0x; Ox3

Since @ is a diffeomorphism, Do (x) € GL(3, R). We define a mapping (v{,v) : U — A by

o 0 _ (A, v) (Avi(u,v) - Avi(u, v)Avo (i, v) = (Avi(u, v) - Ava(u, v)Avi(u, v)
(V] ’ V2 )(l/l, V) - ’ ’
|Avi(u, V)| |Av1 (u, V)IIAV1(, v) X Ava(u, v)|

where A =" ((Dg)™' o x). Then we show that (® o x,¥",v9) : U — R? x A is a generalised framed
surface. In fact,

v® = (d/du)(® o x) X (d/dv)(® o x) = (D¢ 0 x)x, X (Dg © X)X,
= (detDg o x)Ax, X x, = (detDg o x)Av = (detDg o x)A(av, + Bv2)
a(Avy - Avy) + B(Av; - Avy) Avy

= (detDg o Xx)
? Avi| Avi|
ﬁlAV] X AV2| (AV] . AV])AV2 — (AV] . AV2)AV1
+ (detD
(detDo o= AV 1[lAv; X Avy|

Avi - Avy) + B(Av, - A Av; X A

= (detDg o x)a( Vi Av) +BAn Vz)v‘lp + (detDg o x)'B—| 4 V2|v§’.

|Avi] |Avi]

Thus, v® = a®V{ + B%vJ, where

a(b = (deth, o x)a/(Avl : AVI) +ﬁ(AV1 . AVZ)

|Av,| ’
Av) X A
B® = (detDg o x)’B—| 1 X Avo|
|Av]

Moreover,

V(D ) V(D _ AV] ) (AV] . AV])AVZ - (AV] . AVQ)AV] -0

P2 Ay |Avi]|Avy X Ay, '

Therefore, (@ o x,v",v9) : U - R x A is a generalised framed surface. O
AIMS Mathematics

Volume 9, Issue 7, 17716-17742.



17727

4. Corank one singularities

Let x : U — R? be a smooth mapping. Suppose that corank(dx) = 1 at a point p € U. By using a
parameter change of U, we may assume that x is given by x(u, v) = (u, f(u,v), g(u,v)) at least locally,
where f,g : U — R are smooth functions. Then corank one singularities are always generalised
framed base surfaces, at least locally.

Theorem 4.1. Let x : U — R? be given by x(u,v) = (u, f(u,v), gu,v)). Then (x,vi,v») : U = R3> x A
is a generalised framed surface, where

with

(fu(u,v),—1,0)

Vi (l/l, V) = m s
_ (gu(ua V)’ fu(ua V)gu(u’ V), _fu(u, v)2 B 1)
va(u,v) =

VI + ful, V2T + fiu(u, )2 + gu(u, v)?

(1 + fultt, v))gu(ut, v) = fult, v) (1, v)gu(it, v)

ol v) = V1 + fulu, v)?
Sy — N il + g7

V1 + fulu,v)?

and the basic invariants

AIMS Mathematics

a(u,v) =0,

bi(u,v) =0,

c1(u,v) = 1+ £, )7 + gu(u, v)2,
ar(u,v) = — hw,v)

VI + fu, )2
_ Ful ) A V)81, v) = (fut ) + g, v)

VU fl 2T+ fu v + g vy
Fultt, V) ftt, v) + gty v)g (14, v)

\/1 + fulu,v)* + g, (u, v)?

Fuatt, )gu (1, )

(A + fulu, V) N+ fult v + gt V72
ity )

by(u,v)

co(u,v) =

e1(u,v) =

filu,v) = ,
‘/1 + fulu, v)? \/1 + fu(u, V)2 + g.(u, V)2
gl(u V) = _fu(u’ V)fuu(l/t, v)g”(u’ v) + (fu(u’ V)z + l)guu(u’ V)
’ VEF R 2+ P + g
€2(M V) — fuv(u’ V)gu(’/l, V)

(1 + fuu, )T+ ol v)? + gu(, )2
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‘f‘z(u’ V) — fuv(ua v) ,
+ w\u,v + WU, v +gu u,v
VI + £, 2T+ fuu,v)2 + gu(u, v)?
sty = 0 V0 V)80, ) + (fil, v+ Dgu(ut,v)

VI + fiu, v)2(1 + fo(u,v)? + g, (u,v)?)

Proof. Since x,(u,v) = (1, f,(u,v), g.(u,v)), x,(u,v) = (0, f,(u,v), g,(u,v)), we have

v(u,v) = x,(u,v) X x,(u, v)
= (fulu,v)gu(u, v) = fi(u, v)gu(u, v), =g, (u, v), fi(u, v)).
By x,(#,v) # 0 and x,(&,Vv) - v(u,v) = O for all (u,v) € U, we have that the components of v(u, v)

are linearly dependent. Therefore, x is a generalised framed base surface by Theorem 3.10. By direct
calculation, we have the basic invariants. O

Example 4.2 (Cross cap). Let (x,v;,v) : (R%,0) —» R} x A,

x(u,v) = (u, V2, uv), vi(u,v) = (0,-1,0), vo(u,v) = ;2(\/, 0,-D).

VI +v

Note that x at O is a cross cap singular point (cf. [21]). Then (x, vy, ;) is a generalised framed surface
germ. By f(u,v) = v?, g(u,v) = uv in Theorem 4.1, we have a(u,v) = u, B(u,v) = —2v V1 +1? and
the basic invariants

—Uu uyv
aZ(u’ V) bZ(u’ V) CZ(M, V) -2v

(al(u, v) bi(u,v) ci(u, v)) 0 0 m)
VI+v2 V1+y?

(61(“, v) filu,v) gi(u, v)) 00 (1)
eZ(”, V) fz(u,V) gz(u, v) 0 0 .

1+2

Example 4.3 (ST singular point). Let (x,v;,v2) : (R%,0) > R’ X A,

1
x(u,v) = (u, v, u*v £v7), vi(u,v) = (0,-1,0), vy(u,v) = ———=2uv,0, 1).
V1 + 4u?y?
Note that x at O is a S| singular point (cf. [14,17]). Then (x, v, v,) is a generalised framed surface germ.
By f(u,v) =V, g(u,v) = u>v+v? in Theorem 4.1, we have a(u, v) = u?>£3v?, B(u,v) = —2v V1 + 4u*\?
and the basic invariants

ar(u,v) bi(u,v) ci(u,v) 0 0 1 + 4202
1\, 1\, 1, _ iy ) j .
(a2(”’ V) by(u,v) ca(u, v)) i w” £3v")  2uv(u” +3v7) |,

V1 + 4uy? V1 + 4u2?
2v

(el(u,v) filu,v) g1<u,v>)_ 00 v

er(u,v)  fo(u,v) ga(u,v)| u_ |

1+ 4u?v?
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Remark 4.4. The A-simple singularities of a map from a 2-dimensional manifold to a 3-dimensional
one are also of corank one; see [14]. We can treat them as generalised framed surfaces.

We say that x at p is a cross cap singular point (respectively, ST singular point) if x at p is A-
equivalent (that is, right-left equivalent) to (1, v) — (u, v*, uv) (respectively, (u, v) = (u, v*, v(u® £1?))).
By using the criteria of cross cap and S singular points, we have the following:

Proposition 4.5. Let (x,v|,v;) : U — R? X A be a generalised framed surface which is given by the
form of Theorem 4.1. Suppose that p is a singular point of x; that is, a,(p) = by(p) = c2(p) = 0. Then
we have the following:

(1) x at p is a cross cap singular point if and only if — f,b,, + gra,, # 0 at p.

(2) x at pis a ST singular point if and only if ay,b>, — by,a,, = 0, (ay,, by,) # (0,0) and H < 0 at p,
where

H = (a2uub2v - b2uua2v + 2a2ub2uv - 2b2ua2uv + z(a%u + b%u)eZ)

(a2vb2vv - a2vvb2v + 2((1%1; + bg‘;)eZ) - (a2ub2vv - a2vvb2u + 2(a2ua2v + bZMbZV)eZ)2 .

(3) x at pis a S singular point if and only if ay,b,, — by,ay, = 0 and H > 0 at p.

Proof. Since f,(p) = g,(p) = 0, we have a,(p) = b,(p) = c2(p) = 0. Note that ¢,(p) # O.
(1) By x, = c1v3, X, = aavi + byvy + c2v3,

Xy = —CLfavi — c182v2 + c1yvs,
Xy, = (az, — brey — 2 2)vi + (byy + azey — €282)va + (Coy + a2 fo + D2g2)V3,
we have det(x,, x,,, x,,)(p) = cf(p)(— H(p)ba(p) + g2(p)az,(p)). By the criterion of the cross cap

singular point in [21], we have the result.
(2) We denote ¢ = det(x,, x,, x,,). By the calculation of (1) and

Xy = (a2y — brea — 2 fo)vi + (@aez + bay — €282)v2 + (aafa + baga + c20)vs,
we have @Y = Cl(az(azez + b2v - ngz) - bz(dzv - b2€2 - szz)). It follows that

ou = crlax(azer + bay — €282) — ba(az, — bres — c22))
+ c1(aa(arer + by, — €282) + ax(azer + by, — €282)u
— by(ay — byey — 2 f2) — balaay — baey — c2f2)u),

¢y = cnlaa(azer + by — €282) — ba(aay — brey — 2 /2))
+ c1(ag(azes + by, — 282) + ax(azes + by, — c282)y
— byy(az, — baes — 2 f2) — balaz, — brea — c2./2)0).

Therefore, ¢,(p) = c1(p)(ax(p)b,(p)—br(p)az,(p)) and ¢,(p) = 0. By the integrability condition (3.1)
of the generalised framed surface, —c1(p)f2(p) = ax(p), —c1(p)g2(p) = ba(p), and c1,(p) = c2u(p).

Hence dy(p) = 0if and only if a,(p)b2,(p)—ba(p)az(p) = 0 (equivalently, f2(p)bs,(p)—g2(p)az.(p) =
0). By a direct calculation, we have

2 2
Quu = cl(a2uub2v - b2uua2v + 2a2ub2uv - 2b2ua2uv + 2(a2u + bzu)ez),
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Oy = Cl(a2ub2vv - aZvvaLl + 2(02ua2v + b2ub2v)62)a

Oy = Cl(a2vb2vv - a2vvb2v + 2((1%1; + b%y)eZ)
at p. By the criterion of the ST singular point in [17], x at p is a S| singular point if and only if
de(p) = 0, x,, and x,, are linearly independent at p, and H = ¢,,(p)¢.(p) — ¢>,(p) < 0. We have the
result.

(3) x at p is a S singular point if and only if dg(p) = 0 and H = @, (p)en(p) — ¢i(p) > 0. We
have the result. m|

Remark 4.6. By the integrability condition (3.1), the condition —fb,, + ga, # 0 at p in
Proposition 4.5 (1) is equivalent to the condition ay,b,, — by,as, # 0 at p. That is, de(p) # 0 (cf. [17]).

5. Corank two singularities

Let x : U — R? be a smooth mapping. Suppose that corank(dx) = 2 at a point p € U. We consider
one of the components of x(u, v) to be 2-jet; that is, by using parameter change and up to sign, x(u, v)
is given by

1
(l) (E(MZ + vz)’ f(u7 V), g(u, V)) s
o (los 5
(ll) E(u -V )’ f(u’ V), g(u$ V) 5
(1
(lll) Eu ,f(l/l, V), g(”? V) )
where f, g : U — R are smooth functions. By direct calculation, v(u, v) is given by

(l) (fu(u, V)g‘,(u, V) - ﬁ/(ua v)gu(u’ V), —(ugv(u, V) - Vgu(u7 V)), Mﬁ,(u, V) - vfu(ua V))a
(1) (ful, vIgo(u, v) = fi, v)gu(u, v), =(ug,(u, v) + vgu(u, v)), ufi(u, v) + vfi(u, v)),
(iii) (fulu, v)go(ut, v) — fo(u, v)gu(ut, v), —ug,(u, v), uf,(u,v)),

respectively. By Theorem 3.10, x is a generalised framed base surface at least locally if and only if the
components of v(u, v) are linearly dependent.
As special cases, we consider two of the components of x(u, v) to be 2-jet.

Proposition 5.1. Let x : (R?,0) — R? be given by
Loy ol 5 5
x(l/t, V) = E(” +Vv ), E(” -V ), g(u’ V)

and j*g(0) = 0. Then we have the following:

(1) x : (R%,0) — R? is a generalised framed base surface germ if and only if there exists a function
h: (R?,0) — R such that g, = uh or g, = vh.

(2) Suppose that x is a generalised framed base surface germ. Then x : (R?,0) — R3 is a framed
base surface germ if and only if there exist functions hy,h, : (R?,0) — R such that g, = uh, and
& = vhy.
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Proof. (1) We show the sufficient part of the proposition. Since

x,(u,v) = (u,u, g,(u,v)), x,(u,v) = (v, -v, g,(u,v)),

we have v(u, v) = (ug,(u, v)+vg,(u,v), vg,(u, v)—ug,(u, v), —2uv). If there exists a function 4 : (R?,0) —
R such that g, = uh or g, = vh, then we have

(ugy(u,v) +vgu(u,v)) + (vgu(u, v) — ug,(u,v)) + h(u, v)(=2uv) = 0

or
(ug,(u,v) +vg,(u,v)) — (vgu(u, v) — ug,(u,v)) + h(u, v)(—2uv) = 0

for all (u,v) € (R%,0). It follows that the components of v(u,v) are linearly dependent. By

Theorem 3.10, x is a generalised framed base surface germ. In fact, we can take

" (u’ V) B %(1, _1’ O)’ VZ(M, V) = (h(l/l, V), h(u’ V)’ _2)

V2 V2 \Jh(u, v)2 +2

with
a(u,v) = ﬁ(—(vgu(u, v) —ug,(u,v)) + uvh(u,v)), p(u,v) = 2uy Vh(u, v)? +2 (5.1

i = 1,2. Therefore, (x,v,v,) : (R%,0) — R x A is a generalised framed surface germ.

Conversely, if x is a generalised framed surface germ, we have ug, + vg,,vg, — ug, and —2uy are
linearly dependent. Then there exist functions &y, ky, k3 : (R%,0) — R with (ky, kp, k3) # 0 at 0, such
that k,(ug, + vg.) + kx(vg, — ug,) + ks(=2uv) = 0. By j?>g(0) = 0, we have k;(0) # 0 or k(0) # O.
Without loss of generality, we assume k;(0) # 0. Then we have

ky(u, v) ky(u, v) ky(u,v)
V(l " ki(u,v) B kl(u,v))gV(u’v) _2k1(u, v)uv a

)gu(u, V) + u(l

for all (u,v) € (R?,0). It follows that v (1 + k»(0,v)/k;(0,v)) g,(0,v) = O for all v € (R,0) and
u(l — ky(u,0)/k1(u,0)) g,(u,0) = 0 for all u € (R,0). If 1 +k,(0,0)/k;(0,0) # 0, we have vg,(0,v) = 0.
By the continuous condition, g,(0,v) = 0 for all v € (R, 0). Thus, there exists a function A, such that
gu(u,v) = uh(u,v). If 1 — k»(0,0)/k(0,0) # 0, we have ug,(u,0) = 0. By the continuous condition,
g,(u,0) = 0 forall u € (R,0). Thus, there exists a function 4 : (R?,0) — R, such that g,(u, v) = vh(u, v).

(2) We show the sufficient part of the proposition. If there exist functions 4,k : (R?,0) —» R
such that g, = uh; and g, = vh,, then vg, — ug, = uv(h; — h). It follows that @ and B are linearly
dependent from Eq (5.1). Since the set of regular points of x is dense, according to Theorem 3.11 (2),
x : (R%,0) — R? is a framed base surface germ.

Conversely, since x is a generalised framed base surface germ, we have g, = uh; or g, = vh,.
Without loss of generality, we assume g, = uh;. By Theorem 3.11 (1), @ and S are linearly dependent.
Then there exists a function k : (R?,0) — R, such that vg,(u, v) — ug,(u, v) = k(u, v)uv. It follows that

ug,(u,v) = uvh;(u,v) — k(u, viuv = uv(h(u,v) — k(u, v)).

Thus, ug,(u,0) = O for all u € (R,0). Then there exists a function &, : (R?>,0) — R such that
gv(u,v) = vhy(u,v) for all (u,v) € (R?,0). O

AIMS Mathematics Volume 9, Issue 7, 17716-17742.



17732

Proposition 5.2. Let x : (R?,0) — R? be given by

x(u,v) = (%uz, %vz, g(u, v))
and j*g(0) = 0. Then we have the following:

(1) x : (R?,0) = R? is a generalised framed base surface germ if and only if there exists a function
h:(R2,0) = R such that g, = uh or g, = vh.

(2) Suppose that x is a generalised framed base surface germ. Then x : (R?,0) — R3 is a framed
base surface germ if and only if there exist functions hi,h, : (R?>,0) — R such that g, = uh, and
& = vhy.

Proof. (1) We show the sufficient part of the proposition. Since

xu(ua V) = (u, 0, gu(u’ V))’ xv(u’ V) = (O, v, gv(uv V))’

we have v(u,v) = ( — vg,(u,v), —ug,(u,v),uv). If there exists a function 4 : (R?,0) — R such that
gu = uh, we have —vg,(u,v) + h(u,v)uv = 0. It follows that the components of v(u, v) are linearly
dependent. By Theorem 3.10, x is a generalised framed base surface germ. In fact, we can take

(h(u,v),0,-1)

Vh(u,v)?> + 1

vi(u,v) = (0,-1,0), vo(u,v) =

with

a(u,v) = —ug,(u,v), B(u,v) = —uv Vh(u,v)> + 1. (5.2)

Therefore, (x, v;,v») : (R?,0) = R? X A is a generalised framed surface germ.

If there exists a function & : (R?,0) — R such that g, = vk, we have —ug,(u,v) + h(u,v)uv = 0.
It follows that the components of v(u, v) are linearly dependent. By Theorem 3.10, x is a generalised
framed base surface germ. In fact, we can take

0, h(u,v),—1)

Vh(u,v)? + 1

viu,v) = (1,0,0), vo(u,v) =

with
a(u,v) = —vg,(u,v) — h(u, vuv, f(u,v) = —uv \h(u,v)> + 1. (5.3)

Therefore, (x, v, v,) : (R%,0) — R X A is a generalised framed surface germ.

Conversely, if x is a generalised framed surface germ, we have —vg,, —ug, and uv are linearly
dependent. Then there exist functions (ki, k, k3) # 0 at 0, such that k;(—vg,) + ka(—ug,) + ksuv = 0.
By j2g(0) = 0, we have k;(0) # 0 or k»(0) # 0. If k;(0) # 0, we have

ky(u, v) k3(u, v)
v, =0
ki(u,v) gt v) + ki(u,v) w

—vgu(u,v) —
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for all (u,v) € (R, 0). It follows that vg,(0,v) = 0 for all v € (R,0). Thus, there exists a function
h: (R%,0) — R, such that g,(u, v) = uh(u,v). If k»(0) # 0, we have

ki(u,v) ky(u,v)
_kz(u, ») vg,(u,v) —ug,(u,v) + (i, v)u =

for all (u,v) € (R?,0). It follows that ug,(u,0) = O for all u € (R,0). Thus, there exists a function
h: (R%,0) — R, such that g,(u, v) = vh(u, v).

(2) We show the sufficient part of the proposition. If there exist functions h;, h, : (R?,0) — R such
that g, = uhy and g, = vh,, then a(u,v) = —uvhy(u,v) or a(u,v) = —uv(hy(u,v) + ha(u,v)). It follows
that @ and g3 are linearly dependent by Eqs (5.2) and (5.3). Since the set of regular points of x is dense,
according to Theorem 3.11 (2), x : (R%,0) — R? is a framed base surface germ.

Conversely, since x is a generalised framed base surface germ, we have g, = uh; or g, = vh,.
Without loss of generality, we assume g, = uh;. By Theorem 3.11 (1), @ and S are linearly dependent.
Then there exists a function k : (R?,0) — R, such that ug,(u,v) = k(u,v)uv by Eq (5.2). Thus,
ug,(u,0) = 0 for all u € (R,0). Then there exists a function 4, : (R?,0) — R, such that g,(u,v) =
vhy(u, v) for all (u,v) € (R?,0). O

Example 5.3. Let (x,v;,v) : (R?,0) - R* x A be

((k + 2)utv, 0, -1)
Vk+ 2222+ 1

1 1
x(u,v) = (Euz, §v2, u"”V), vi(u,v) = (0,-1,0), vy(u,v) =

where k is a natural number. Note that 0 is a corank two singular point of x. By g(u,v) = u**?v in

Proposition 5.2 (1), (x, vy, v,) is a generalised framed surface germ with

au,v) = =u™, Bu,v) = —uv y(k + 22?2 + 1

and the basic invariants

0 0 uA(k +2)2u*v2 + 1
(al(u, v) bi(u,v) c(u, V)) _ k2 \/((k + 2))u2k+2v

a(u,v) by(u,v) co(u,v) -y

Vi + 2202 + 1 J(k +2)2uv2 + 1
k(k + 2)ufv

(k +2)2u*v? + 1
(k + 2)uk

(k +2)2u?v? + 1

00

(el(u, v) fiw,v) giu, V))

ex(u,v)  fo(u,v) go(u,v) 0 0

By Proposition 5.2 (2), x is not a framed base surface germ.
6. Parallel surfaces of generalised framed surface

Let (x, v, ) : U = R¥x A be a generalised framed surface with v = av; + 8v, and basic invariants
(G, F1,F2). We consider parallel surfaces of the generalised framed surface (x, v{, v»).

Definition 6.1. We say that x* : U — R?, x! = x + Av is a parallel surface of the generalised framed
surface (x, v{,v,), where A is a non-zero constant.
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Remark 6.2. If there exist functions b?,ﬁ,f : U — R, such that @ = fa,B = KE, then we take
v = {(av, +Evz) = (v. In this case, we consider the parallel surface as x* = x + Av. Moreover, if the
set of regular points of x is dense in U and, a and S are linearly dependent, then there exists a function
¢ such that v = Zn, where (x, n, s) is a framed surface (cf. Theorem 3.11). In this case, the parallel
surface is given by x! = x + An.

Since x!' = x + Av, we have
2= (ay + Aa, — Be)vi + (by + AB, + ae))va + (c1 + Aaf +Bg1)Vss (6.1)
x! = (a2 + Aa, — Bex))vi + (by + AB, + @ex))va + (c2 + Aafs + Bg2))vs. (6.2)

It follows that

v = (CY + Aa(brfa — bafi) + B(b182 — bag1) + (23 — c18y) + a(e1c2 — exc1))
+ A(af(e1g2 — €281) + (e fo — ex fi) + a( o — fiBy) + B(g2Bu — 81/3v)))V1
+ (ﬁ + Aa(arfi — a1 f2) + Blaag — a182) + (cra, — 2y) + Berca — excr))
+ B(aflerfs — erfy) + (182 — e281) + alfiy = o) + B(g1%y — 220)) )72
+ Aatarer — azer) + Blbres = brer) + (a1 — axf) + (bay — byev)
+ Aa(era, — eray) + Blefu — eifpy) + (@fy = avﬁu)))V3-
By Theorem 3.10, x* is a generalised framed base surface at least locally if and only if the components
of v! are linearly dependent.

By Remark 6.2, if k : U — R is a non-zero function, then @ = {a@ = (£/k)ka,B = (B = (£/k)kB.
Therefore, v is not unique, that is, x'[k] = x + Akv.

Proposition 6.3. Let (x,v,v») : (R%, p) = R? X A be a generalised framed surface with kv = kav, +
kﬁvz and basic invariants (G, 1, F»). Suppose that (a, E)(p) = 0. Then we have the following:

(D If (a1, a2)(p) = (b, by)(p) = 0 and (b?u,b?v,ﬁu,ﬁv)(p) # 0, then x'[k] is also a generalised framed
base surface around p.

(2) If (c1, c2)(p) # 0, then x'[k] is also a generalised framed base surface around p.

Proof. Since x'[k] = x + Akv, we have

xkl, = (ay + Ak + k@, — kBe)vi + (by + A(kB + kB, + kacer))va

+(c1 + Akaf, + kBg))va, (6.3)
xkl, = (ar+ Aka + k@, — kBex)vi + (by + A(k,B + kB, + kadtez))v»
+(co + Ak fr + kBg2))vs. (6.4)

If (@,B)(p) = 0, (a1,a2)(p) = (b1,b2)(p) = 0 and (@, @,,B.,B)(p) # 0, or (@,6)(p) = 0 and
(c1,¢2)(p) # 0, then (x*[k],, x'[k],)(p) # O by the Eqs (6.3) and (6.4). It follows that the components
of v[k] are linearly dependent by x[k],(u, v) - v![k](u,v) = 0 and x*[k],(u, V) - v} [k](u,v) = O for all
(u,v) € (R?, p). By Theorem 3.10, x*[k] is a generalised framed base surface around p. O
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Proposition 6.4. Let (x,v;,v,) : (R%,0) = R? x A be a generalised framed surface germ, which is
given by the form of Theorem 4.1. Suppose that f,(0) = f,(0) = g,(0) = g,(0) = 0. Then (x*,v},v}) :
(R2,0) — R3 x A is also a generalised framed surface germ, where

A (fu _/lguv’_l _/l(fugv _fvgu)m O)

b \/(1 + ﬂ(fugv - fvgu)u)z + (fu - /Lguv)z’
( (gu + ﬂﬁtv) (fu - /lguv)(gu + /lfuv) (fu - /lguv)2 1)

4

1+ /l(fugv - fvgu)u’ (1 + ﬂ(fugv - fvgu)u)z, (1 + /l(fugv - fvgu)u)2 -
\/ (fu = Agu)? \/1 R R e V7,

A _
Vy =

1
T A+ Az — fg0P N U+ Az — g’ L+ Afugs — fo8)e)?
with
1 1

o -
VO A8 = £ (0 + A = Fig + (fu = Agun)?)
(= Afigs = Fr8u(8u + A1+ ACFuy = fi8u0) = (fo = A8u)(8u + Afur) f = Ag)
+ (g + Af)((1+ A(fugy = fu8u) + (fu = A8w)?)
o N+ Afigy = 8 + (fu = A8w) + (8u + Afin)

\/(1 + /l(fugv - fvgu)u)2 + (fu - /lguv)2
( - (fv - ﬂgvv)(l + /l(fugv - fvgu)u) + /l(fu - ﬂguv)(fugv - fvgu)v)~

Proof. Since x* = (u + A(f,g, — f,g.), f — Ag,, & + Af,), we have

xﬁ = (l + /l(fugv - ﬁ/gu)u’ fu - /lguv’ 8u + /lfuv)’
X} = (A fugv = £18vs fu = Agu> & + Afin)-

Then

V/l = ((ﬁt - /lguv)(gv + /lfvv) - (gu + /lfuv)(fv - Agvv)a
A(fugv - fvgu)v(gu + ﬁfuv) - (1 + /l(fugv - fvgu)u)(gv + /lfvv),
(1 + /l(fugv - f;zgu)u)(fv - /lgvv) - /l(fugv - ﬁ/gu)v(fu - /lguv))

Since f,(0) = £,(0) = g.0) = g,(0) = 0, we have x*(0) = (1,-1g,,(0), 1£,,(0)). It follows that
the components of v* are linearly dependent by x*(u,v) - v(u,v) = 0 for all (u,v) € (R*0). By
Theorem 3.10, x* is a generalised framed base surface germ. O

Corollary 6.5. Let (x, v, v») : (R%,0) = R? X A be a generalised framed surface germ, which is given
by the form of Theorem 4.1. Suppose that the set of regular points of x* is dense in U. Under the same
assumptions in Proposition 6.4, we have the following:

(1) If g,,(0) # 0, then x" is a framed base surface germ.

(2) If g.,(0) = 0 and f,,(0) # O, then x* is a framed base surface germ.
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Proof. By Proposition 6.4, we have

1
a/l(o) = i /12 (0)2 (_/1(1 + /lzguv(o)z)fvv(o) - /l3guv(0)fuv(o)gvv(0)) >
8uv
2 2 2 2
g0y = VL L2 + LenOF

V1+ 28, (0

If g,,(0) # 0, then B4(0) # 0. It follows that a! and B* are linearly dependent around 0. Also, if
2w(0) = 0 and £,,(0) # 0, then a*(0) # 0. It follows that a* and 8! are linearly dependent around 0.
By Theorem 3.11 (2), x" is a framed base surface germ. O

We define the other type of parallel surfaces of the generalised framed surface (x, vy, v»).

Definition 6.6. We say that x*[0] : U — R3, x[0] = x + A(cos v, + sin6y,) is a -parallel surface of
the generalised framed surface (x, vy, v,), where A is a non-zero constant and 6 is a constant.

Remark 6.7. Let (x,v;,v;) : U — R?>x A be a generalised framed surface with basic invariants
(G, T1,52). If ay = a; = 0 (respectively, by = b, = 0), then (x, vy, v;) (respectively, (x,v,,v1)) is a
framed surface by Proposition 3.9. That is n = v, (respectively, n = v,). It follows that x*[0] = x* =
x + An (respectively, x'[n/2] = x' = x + An).

Since x'[0] = x + A(cos Oy, + sin 6y,), we have

x'[0], = (a1 — Ae; sinO)v, + (by + Ae; cos O)v, + (c1 + Afi cos O + Ag; sin O)vs,
x'[0], = (as — Aey sin @)y, + (by + de, cos O)v, + (ca + Af> cos @ + Ag, sin O)vs.

It follows that

Vv6] = (a + A((eyc; — excy)cos O + (byfo — by fy) cos O + (b1g, — brgy) sin )
+ X((erfo — exfi) cos® 0 + (18, — e,g1) cos Bsin 9))1/1
(B + A((fiaz — frar)cos 0 + (g1ax — gra;) sin @ + (ejcy — excy) sinf)
+ X((er fo — exfi) sinBcos O + (e8> — e2gy) sin’ 0))1/2
+ A((alez —aze1)cosf + (byey — brep) sin 6)v3.
By Theorem 3.10, x[6] is a generalised framed base surface at least locally if and only if the
components of v![#] are linearly dependent.

Proposition 6.8. Let (x,v;,v,) : (R%,0) — R? x A be a generalised framed surface germ, which is
given by the form of Theorem 4.1. Suppose that f,(0) = £,(0) = g,(0) = g,(0) = 0. Then we have the
following:

(1) If £,,(0) cos 0 + g,,(0) sin @ = O, then x[6] is a generalised framed base surface germ.

(2) If f.,(0) cos 8 + g,,(0) sin @ # O, then x*[6] is a generalised framed base surface germ.

Proof. Since x'[6] = x + A(cos fv; + sin Hv,), we have
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fuugu Sin o Sfuugu cos 6

A
G+ T irg U+ iiig
fW cos 6 (_fufuugu + (1 + fuz)guu) sin 6
1 2 2 /l ﬂ )
B e e Ay TRy Ry
0], = [ - -2
e TPy
( fufvgu_(l'i'fuz)gv fuvguCOSQ )
+ +A Vo
VIH RN+ forg A+ VI+ R+
_ 2 :
+( Julv + 8u8v 2 fuv €O 0 N ﬂ( fufw&u + (L + f)guw) 51n0)v3

VI+f2+8 N1+ f2\ 1+ f2+¢ VI+ 20+ f2+82)

x'[6], = -2

It follows that

x'[01,(0) = (1 + Au(0) cos 6 + 1g,,,(0) sin H)v3(0),
x*[61,(0) = A(fi(0) 08 6 + g, (0) sin O)v3(0).

If £,.(0)cos 6 + g,,(0)sinf = 0 or f,,(0)cosb + g,,(0)sinf # 0, then 0 is a corank one singular point
of x*[6]. By Proposition 3.14 and Theorem 4.1, x*[6] is a generalised framed base surface germ. O

We consider special cases where v, or v; is a constant. If v, (respectively, v;) is a constant, then we
denote x{ = x[0] = x + Av; (respectively, x5 = x*[n/2] = x + A,).

Proposition 6.9. Let (x,v;,v,) : U — R? X A be a generalised framed surface with v = av, + Bv, and
basic invariants (G, 1, F2).

(1) If v, is a constant, then (xf, V1, v2) is also a generalised framed surface with &@* = a + A(b, f> —
b, f1), Eﬂ = B+ Aay fi — a1 f>) and the basic invariants

(5/11 E;l 'Ef):(al bl C1+/lf1) (?f E 'g’f):(o f] 0)
a bl a by a+aAfh)’ \e f & 0 20

(2) If vy is a constant, then (xﬁ, V1, v2) is also a generalised framed surface with a* = a + A(b,g, —
byg1), Bt = B+ A(arg, — a,g») and the basic invariants

G 3 ) b 2B R0
a by ) \ax by ox+ag) e fg) 0 0 &)
Proof. (1) Since v, is a constant and xf = x + Avy, we have

X}, = avi +byvy + (¢ + Afi)vs, X1, = aavy + bavy + (2 + Af5)vs.
By a direct calculation, we have

V=x!, xx], = (@+Ab1fo — baf))vi + (B + Aaxfi — a1 fo))va.
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It follows that (x{, vy, v,) is also a generalised framed surface with @' = a + A(b, f> — by f), Bt =
B+ Aarfi — a, f>). By a direct calculation, we have the basic invariants.
(2) Since v; is a constant and xﬁ = x + Av,, we have

A A
X5, = ajvy + b1V2 + (C1 + /lgl)V3, X,, = a1 + b2V2 + (C2 + /lgg)V3.

By a direct calculation, we have

V= x5, X x5, = (@ + Abi1g2 — bag))vi + (B + Aaxg1 — a182))va.

It follows that (x3,v1,v,) is also a generalised framed surface with @' = @ + A(b1g> — bag1), B =
B+ Aarg, — a18»). By a direct calculation, we have the basic invariants. O

We give a relation between parallel surfaces x! and 6-parallel surfaces x*[6)].

Proposition 6.10. Let (x,v;,v,) : U — R? X A be a generalised framed surface, and v = av, + v,.
(1) If x* = x*[6), then x is a regular surface.
(2) Suppose that the set of regular points of x is dense in U and a = {a, 8 = {’,E. If x* = x[0], where
x' = x + A, then x is a framed base surface at least locally.

Proof. (1) By assumption, @ = cosf and S = sinf. Since (a,8) # (0,0), x is a regular surface and
hence a framed base surface.

(2) By assumption, @ = cos 6 andE = sinf. Then @ and g are linearly dependent. By Theorem 3.11
(2), x is a framed base surface at least locally. |

By Proposition 6.10 (2), if £(ug, vo) = 0, then (i, vo) is a singular point of x. The relation between
two parallel surfaces x* and x*[#] measures not only regular surfaces, but also framed base surfaces.

Example 6.11 (Cross cap). Let (x,v;,,) : (R2,0) —» R3 x A,

x(u,v) = (u, V2, uv), vi(u,v) = (0,-1,0), vo(u,v) =

(v,0,-1).

1412

Then (x, vy, ;) is a generalised framed surface germ with a(u,v) = u,B(u,v) = =2vVI1 +12, see
Example 4.2.
We consider the parallel surfaces of (x,v,v,). Let (x*,v{,v}) : (R?,0) - R? X A be
x'u,v) = (u = 200°%, V7 — Au,uv + 2v),
(_/L -1 ’ 0) 1 _ (V’ _/lva -1- /12)

A = = .
Vi) ny) VI + )1 12+ 2)

V1 + 22 P2

Then (x*, v}, v}) is a generalised framed surface germ with

6Av? + (1 + A%)(u +24) By 202 - VI +12+ 22
s u,v)= .
V1+2 1+ 22

In fact, (x*, n, ) : (R?,0) = R X A is a framed surface germ, where

ou,v) =

A, 4 pd,l Al 4 Al

a’vi+ B, s_—ﬁvl+av2
Py - .

\/aﬂ + B ot + g
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The curvature of (x*, n, 5) is given by

Ay = NOW + (e + 2D + D) +4Q2 - D21 +12 + 1)
K™, v) = - 424 - 12(1L+ ) |
(6 + (u + 2)(2 + 1) + 422 = IPVA(1 +17 + %))
HFfl(u v) = 2(2,12 — D1+ 2 + A (u +22) + 2 (w — ) + (=44 + u) V1 + 22y 2)

(62 + (1 + 2)(A2 + 1) + 4222 — D221 +12 + 12)

Moreover, x* is a regular surface germ, since J* A(O) = 42321 + 22) # 0.
Next, we consider #-parallel surface of (x, vy, v,). Since v; is a constant, we consider
p! v ) 1
xy(u,v) = x(u,v) + Avo(u,v) = (U + A—==,v", uv — 4

1+2 V1 +12 '

By a direct calculation, we have
Y(u,v) = uvi(u,v) — 2v mvz(u, V).
It follows that (xg, Vi, ) ¢ (R%,0) — R x A is a generalised framed surface germ with
at(u,v) = u, ,ABdA(u, V) = 2wV +12
and the basic invariants

0 0 V1+4u2v2+/l

@(u,v) biw,v) Tw,v) _ s , 4u2v2
@) biu,v) ) |y, —W ) 2uvGr” £ 3v) + 2u2 ; ’
V1+4uv: VI +4uh? 1+ 4u?y
2v

e, v)  flu,v) §f(u,v)): 00 7722

A,y ffuv) v _ 2w
1 + 4u?v?

Moreover, we can see that the functions @ and Eﬂ are not linearly dependent. By Theorem 3.11 (1), x4
is not a framed base surface germ.

Example 6.12 (H, singular point). Let (x,v;,v») : (R?,0) — R? x A be

-, 1,0
x(u,v) = (u, uv + v VY, vi(u,v) = w, va(u,v) = (0,0, 1),

V1 +72

where k is a natural number with £ > 2. Note that O is a H; singular point of x (cf. [14]). Then (x, v, v»)
is a generalised framed surface germ with

a(u,v) = =3V VI +12, Bu,v) = u+ Bk — 1y¥*2
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and the basic invariants

0 0 V1 +2
=|u+ Bk—-1¥*2 32 vu+ Bk — 1Wv*2) |,
v

i+ Vit v
(el(u,v) filu,v) gl(u,v)) 0 01 0)

(al(u, v) bi(u,v) ci(u, v))

a(u,v) by(u,v) co(u,v)

ex(u,v) folw,v) g |0 o]

12
We consider the parallel surface of (x, v, v,). Let (x*,v{,v}) : (R*,0) > R? X A be
', v) = (u+30°, uv + v =307 07 + A(u + Bk — 1)v¥F2)),
(V’ _19 0) pi (/L /lv9 _(1 + Vz))
—, V(u,v) = )
V1 + 1?2 V1 +12 V1 + 2 +12

Note that 0 is a corank one singular point of x*. Then (x*, v{, v}) is a generalised framed surface germ
with

A
vi(u,v) =

—Auv — 3(A% = 1v? + 3v* + A3k — 1)(Bk — 2v* 3 + A3k — 1)(3k — 3!

a'(u,v) = :
V1 +v2
T+ 72+ .
By = 6y + 90 — Bk — 1))

V1 +172

and the basic invariants

a*(u,v) = 0, by u,v) = 0, c;'(u,v) = VI + 22 +12,
—u+ 6y +91° — (3k — 12

2
a (u,v) = )
V1 +172

b /1( ) Auy + 3(/12 - l)v2 — 3t = AQBk - 1)(3k - 2)\/3]‘_3 —ABk-1)Bk - 3)\/3/‘_1

2 U,v) = s

VI + 2 V1 + 22 +12
A uv + 6.0v% + 23k — 1)(3k — 2v**3 + Bk — 1!

o (u,v) =

V1 + A2 +12 ’

ei'(u,v) =0, fi'(w,v) =0, g1'(u,v) =0,

A 1 Ay
)= ——, &'W,v) =

, S,y : ~ :
(1+v) VI + 2 +12 1+ VI+v2(1 + 22 +12)

Moreover, we can see that the functions a* and 84 are not linearly dependent. By Theorem 3.11 (1), x*
is not a framed base surface germ.
Next, we consider #-parallel surface of (x, vy, ;). Since v, is a constant, we consider

A
€ (l/l, V) =

Av 3 A
Juv + vl 4 3

,V
V1 412 V1 412

x’ll(u, v) = x(u,v) + Avi(u,v) = lu—

By a direct calculation, we have

Vi, v) = =3 V1 +v23v;(u,v) + (u + Bk = DvF s (u, v).
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It follows that (xf, vi,va) : (R%2,0) > R3x Aisa generalised framed surface germ with
@' (u,v) = =3 V1 +2, Bu,v) = u + 3k — )2

and the basic invariants

@) biwv) G | ey v+ Gk— 12y 1|,
at(u,v) biu,v) <u,v) 3v? —
2 2 2 V1 +1? V1 +? 1+

(e‘f(u,w fiav) ?f(u,v)): 00 O]

exu,v)  fiu,v) gu,v) 0 12 o)

Moreover, we can see that the functions a* and ,@ are not linearly dependent. By Theorem 3.11 (1), x{
is not a framed base surface germ.
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