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Abstract: We have introduced framed surfaces as smooth surfaces with singular points. The framed
surface is a surface with a moving frame based on the unit normal vector of the surface. Thus, the notion
of framed surfaces (respectively, framed base surfaces) is locally equivalent to the notion of Legendre
surfaces (respectively, frontals). A more general notion of singular surfaces, called generalised framed
surfaces, is introduced in this paper. The notion of generalised framed surfaces includes not only the
notion of framed surfaces, but also the notion of one-parameter families of framed curves. It also
includes surfaces with corank one singularities. We investigate the properties of generalised framed
surfaces.
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1. Introduction

We investigate differential geometric invariants of surfaces with singular points, that is, singular
surfaces. The geometry of singular surfaces in the Euclidean space is a classical object (cf. [1–5, 9,
11, 18–21]). For regular surfaces, the Gauss curvature and mean curvature are important invariants
up to congruence. However, if we consider a deformation of a regular surface (for instance, parallel
surfaces or caustics), it may have singular points. One of the idea is to consider the fronts or frontals
as smooth surfaces with singular points (cf. [1, 2, 10, 13, 16, 19]). The other idea is to consider one-
parameter families of framed curves as smooth surfaces with singular points (cf. [7,15]). We generalise
the consideration to treat the smooth surfaces with singular points. A more general notion of singular
surfaces, called generalised framed surfaces, is introduced in this paper. The notion of generalised
framed surfaces includes not only the notion of framed surfaces, but also the notion of one-parameter
families of framed curves. It also includes surfaces with corank one singularities (cf. [12, 14]).
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We have introduced framed surfaces as surfaces with singular points in [6]. The framed surface
is a surface with a moving frame based on the unit normal vector of the surface. Thus, the notion of
framed surfaces (respectively, framed base surfaces) is locally equivalent to the notion of Legendre
surfaces (respectively, frontals). In fact, if f is a frontal, then the Jacobi ideal J f of f is generated by
one element [10]. On the other hand, we have also introduced one-parameter families of framed curves
as surfaces with singular points in [8, 15]. The relation between framed surfaces and one-parameter
families of framed curves was investigated in [7]. In §2, we review the theories of framed surfaces and
one-parameter families of framed curves. In §3, we introduce the basic invariants of generalised framed
surfaces and give the existence and uniqueness theorems for the basic invariants of generalised framed
surfaces. The properties of the generalised framed surfaces are investigated. We give conditions for
a surface to become a generalised framed base surface (Theorem 3.10) and for a generalised framed
surface to become a framed base surface (Theorem 3.11). In §4 and §5, we focus on surfaces with
corank one singularities and corank two singularities, respectively. We prove that surfaces with corank
one singularities can always be considered generalised framed surfaces at least locally (Theorem 4.1).
Moreover, we find that a part of surfaces with corank two singularities can be considered as generalised
framed surfaces. The conditions for special cases of surfaces with corank two singularities to become
generalised framed surfaces and framed surfaces are given. As an application, we investigate two types
of parallel surfaces of generalised framed surfaces and give concrete examples to illustrate our results
in §6.

All maps and manifolds considered in this paper are differentiable of class C∞ unless stated
otherwise.

2. Preliminaries

Let R3 be the 3-dimensional Euclidean space equipped with the inner product a · b = a1b1 + a2b2 +

a3b3, where a = (a1, a2, a3) and b = (b1, b2, b3) ∈ R3. The norm of a is given by |a| =
√

a · a and the
vector product is given by

a × b = det


e1 e2 e3

a1 a2 a3

b1 b2 b3

 ,
where e1, e2 and e3 are the canonical basis of R3. Let U be a simply connected domain in R2 and S 2

be the unit sphere in R3, that is, S 2 = {a ∈ R3||a| = 1}. We denote a 3-dimensional smooth manifold
{(a, b) ∈ S 2 × S 2|a · b = 0} by ∆.

2.1. Framed surfaces

We quickly review the theory of framed surfaces in Euclidean 3-space; in detail, see [6, 7]. Let
(x, n, s) : U → R3 × ∆ be a smooth mapping.

Definition 2.1. We say that (x, n, s) : U → R3 × ∆ is a framed surface if xu(u, v) · n(u, v) = xv(u, v) ·
n(u, v) = 0 for all (u, v) ∈ U, where xu(u, v) = (∂x/∂u)(u, v) and xv(u, v) = (∂x/∂v)(u, v). We say that
x : U → R3 is a framed base surface if there exists (n, s) : U → ∆ such that (x, n, s) is a framed
surface.
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By definition, the framed base surface is a frontal. For the definition and properties of frontals
see [1, 2]. On the other hand, the frontal is a framed base surface at least locally.

We denote t(u, v) = n(u, v) × s(u, v). Then {n(u, v), s(u, v), t(u, v)} is a moving frame along x(u, v),
and we have the following systems of differential equations:(

xu

xv

)
=

(
a1 b1

a2 b2

) (
s
t

)
,


nu

su

tu

 =


0 e1 f1

−e1 0 g1

− f1 −g1 0



n
s
t

 ,

nv

sv

tv

 =


0 e2 f2

−e2 0 g2

− f2 −g2 0



n
s
t

 ,
where ai, bi, ei, fi, gi : U → R, i = 1, 2 are smooth functions. We call these functions basic invariants
of the framed surface. We denote the above matrices by G,F1 and F2, respectively. We also call the
matrices (G,F1,F2) basic invariants of the framed surface (x, n, s). Note that (u, v) is a singular point
of x if and only if det G(u, v) = 0.

Since the integrability conditions xuv = xvu and F2,u − F1,v = F1F2 − F2F1, the basic invariants
should satisfy some conditions. Note that there are fundamental theorems for framed surfaces, namely,
the existence and uniqueness theorems for the basic invariants of framed surfaces (cf. [6]).

2.2. One-parameter families of framed curves

We also review the theory of one-parameter families of framed curves in the Euclidean 3-space, in
detail, see [7, 15]. Let (γ, ν1, ν2) : U → R3 × ∆ be a smooth mapping.

Definition 2.2. We say that (γ, ν1, ν2) : U → R3 × ∆ is a one-parameter family of framed curves
with respect to u (respectively, with respect to v) if (γ(·, v), ν1(·, v), ν2(·, v)) is a framed curve for each v
(respectively, (γ(u, ·), ν1(u, ·), ν2(u, ·)) is a framed curve for each u), that is, γu(u, v) · ν1(u, v) = γu(u, v) ·
ν2(u, v) = 0 (respectively, γv(u, v) · ν1(u, v) = γv(u, v) · ν2(u, v) = 0) for all (u, v) ∈ U. We say that γ is a
one-parameter family of framed base curves with respect to u (respectively, with respect to v) if there
exists (ν1, ν2) : U → ∆ such that (γ, ν1, ν2) is a one-parameter family of framed curves with respect to
u (respectively, with respect to v).

We denote µ(u, v) = ν1(u, v) × ν2(u, v). Then {ν1(u, v), ν2(u, v), µ(u, v)} is a moving frame along
γ(u, v) and we have the Frenet-Serret type formula.

ν1u(u, v)
ν2u(u, v)
µu(u, v)

 =


0 ℓ(u, v) m(u, v)
−ℓ(u, v) 0 n(u, v)
−m(u, v) −n(u, v) 0



ν1(u, v)
ν2(u, v)
µ(u, v)

 ,
ν1v(u, v)
ν2v(u, v)
µv(u, v)

 =


0 L(u, v) M(u, v)
−L(u, v) 0 N(u, v)
−M(u, v) −N(u, v) 0



ν1(u, v)
ν2(u, v)
µ(u, v)

 ,
γu(u, v) = r(u, v)µ(u, v),
γv(u, v) = P(u, v)ν1(u, v) + Q(u, v)ν2(u, v) + R(u, v)µ(u, v).

We call the mapping (ℓ,m, n, r, L,M,N, P,Q,R) the curvature of the one-parameter family of framed
curves with respect to u of (γ, ν1, ν2).
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Since the integrability conditions γuv(u, v) = γvu(u, v), ν1uv(u, v) = ν1vu(u, v), ν2uv(u, v) = ν2vu(u, v)
and µuv(u, v) = µvu(u, v), the basic invariants should satisfy some conditions. Note that there
are fundamental theorems for one-parameter families of framed curves, namely, the existence and
uniqueness theorems for curvatures of one-parameter families of framed curves (cf. [7]).

3. Generalised framed surfaces

We give a definition of a generalisation of framed surfaces and one-parameter families of framed
curves. Let (x, ν1, ν2) : U → R3 × ∆ be a smooth mapping. We denote ν = xu × xv.

Definition 3.1. We say that (x, ν1, ν2) : U → R3 × ∆ is a generalised framed surface if there exist
smooth functions α, β : U → R such that ν(u, v) = α(u, v)ν1(u, v) + β(u, v)ν2(u, v) for all (u, v) ∈ U. We
say that x : U → R3 is a generalised framed base surface if there exists (ν1, ν2) : U → ∆ such that
(x, ν1, ν2) is a generalised framed surface.

Remark 3.2. Let (x, n, s) : U → R3 × ∆ be a framed surface with basic invariants (G,F1,F2).
Then ν(u, v) = xu(u, v) × xv(u, v) = (a1(u, v)b2(u, v) − a2(u, v)b1(u, v))n(u, v). If we take α(u, v) =
a1(u, v)b2(u, v) − a2(u, v)b1(u, v) and β(u, v) = 0, then (x, n, s) is also a generalised framed surface.

Remark 3.3. Let (γ, ν1, ν2) : U → R3×∆ be a one-parameter family of framed curves with respect to u
with curvature (ℓ,m, n, r, L,M,N, P,Q,R). Then ν(u, v) = γu(u, v) × γv(u, v) = −r(u, v)Q(u, v)ν1(u, v) +
r(u, v)P(u, v)ν2(u, v). If we take α(u, v) = −r(u, v)Q(u, v) and β(u, v) = r(u, v)P(u, v), then (γ, ν1, ν2) is
also a generalised framed surface.

We denote ν3(u, v) = ν1(u, v) × ν2(u, v). Then {ν1(u, v), ν2(u, v), ν3(u, v)} is a moving frame along
x(u, v), and we have the following systems of differential equations:(

xu

xv

)
=

(
a1 b1 c1

a2 b2 c2

) 
ν1

ν2

ν3

 ,

ν1u

ν2u

ν3u

 =


0 e1 f1

−e1 0 g1

− f1 −g1 0



ν1

ν2

ν3

 ,

ν1v

ν2v

ν3v

 =


0 e2 f2

−e2 0 g2

− f2 −g2 0



ν1

ν2

ν3

 ,
where ai, bi, ci, ei, fi, gi : U → R, i = 1, 2 are smooth functions with a1b2 − a2b1 = 0. We call the
functions basic invariants of the generalised framed surface. We denote the above matrices by G,F1

and F2, respectively. We also call the matrices (G,F1,F2) basic invariants of the generalised framed
surface (x, ν1, ν2). By definition, we have

α(u, v) = det
(
b1(u, v) c1(u, v)
b2(u, v) c2(u, v)

)
, β(u, v) = −det

(
a1(u, v) c1(u, v)
a2(u, v) c2(u, v)

)
.

Since the integrability conditions xuv = xvu and F2u−F1v = F1F2−F2F1, the basic invariants should
satisfy the following conditions:

a1v − b1e2 − c1 f2 = a2u − b2e1 − c2 f1,

b1v + a1e2 − c1g2 = b2u + a2e1 − c2g1,

c1v + a1 f2 + b1g2 = c2u + a2 f1 + b2g1,

(3.1)

AIMS Mathematics Volume 9, Issue 7, 17716–17742.



17720
e1v − f1g2 = e2u − f2g1,

f1v − e2g1 = f2u − e1g2,

g1v − e1 f2 = g2u − e2 f1.

(3.2)

We give fundamental theorems for generalised framed surfaces, that is, the existence and uniqueness
theorems for the basic invariants of generalised framed surfaces.

Theorem 3.4 (Existence Theorem for generalised framed surfaces). Let (ai, bi, ci, ei, fi, gi) : I →
R12, i = 1, 2 be a smooth mapping satisfying a1b2−a2b1 = 0, satisfying the integrability conditions (3.1)
and (3.2). Then there exists a generalised framed surface (x, ν1, ν2) : U → R3 × ∆ whose associated
basic invariants are (G,F1,F2).

Proof. Since the integrability conditions (3.1) and (3.2) exist, there exists a smooth mapping x :
U → R3 and an orthonormal frame {ν1, ν2, ν3} such that the condition holds. Therefore, there exists a
generalised framed surface (x, ν1, ν2) : U → ∆ whose associated basic invariants are (G,F1,F2). □

Definition 3.5. Let (x, ν1, ν2), (̃x, ν̃1, ν̃2) : U → R3 × ∆ be generalised framed surfaces. We say that
(x, ν1, ν2) and (̃x, ν̃1, ν̃2) are congruent as generalised framed surfaces if there exists a constant rotation
A ∈ S O(3) and a translation a ∈ R3 such that x̃(u, v) = A(x(u, v)) + a, ν̃1(u, v) = A(ν1(u, v)) and
ν̃2(u, v) = A(ν2(u, v)) for all (u, v) ∈ U.

Theorem 3.6 (Uniqueness Theorem for generalised framed surfaces). Let (x, ν1, ν2), (̃x, ν̃1, ν̃2) : U →
R3 ×∆ be generalised framed surfaces with basic invariants (G,F1,F2), (G̃, F̃1, F̃2), respectively. Then
(x, n, s) and (̃x, ñ, s̃) are congruent as generalised framed surfaces if and only if the basic invariants
(G,F1,F2) and (G̃, F̃1, F̃2) coincide.

In order to prove the uniqueness theorem, we prepare the following two lemmas.

Lemma 3.7. Let (x, ν1, ν2), (̃x, ν̃1, ν̃2) : U → R3 × ∆ be generalised framed surfaces with basic
invariants (G,F1,F2), (G̃, F̃1, F̃2), respectively. If (x, ν1, ν2) and (̃x, ν̃1, ν̃2) are congruent as generalised
framed surfaces, then (G,F1,F2) = (G̃, F̃1, F̃2).

Proof. By Definition 3.1 and a direct calculation, we obtain the lemma. □

Lemma 3.8. Let (x, ν1, ν2), (̃x, ν̃1, ν̃2) : U → R3 × ∆ be generalised framed surfaces with basic
invariants (G,F1,F2), (G̃, F̃1, F̃2), respectively. If (G,F1,F2) = (G̃, F̃1, F̃2) and (x, ν1, ν2)(u0, v0) =
(̃x, ν̃1, ν̃2)(u0, v0) for some point (u0, v0) ∈ U, then (x, ν1, ν2) = (̃x, ν̃1, ν̃2).

Proof. Define a smooth function f : U → R by

f (u, v) = ν1(u, v) · ν̃1(u, v) + ν2(u, v) · ν̃2(u, v) + ν3(u, v) · ν̃3(u, v).

By the definition of the basic invariants, we have

fu =(e1 − ẽ1)̃ν1 · ν2 + (̃e1 − e1)ν1 · ν̃2 + ( f1 − f̃1)̃ν1 · ν3 + ( f̃1 − f1)ν1 · ν̃3

+ (g1 − g̃1)̃ν2 · ν3 + (̃g1 − g1)ν2 · ν̃3.
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By the assumption (F1,F2) = (F̃1, F̃2), we have fu(u, v) = 0 for all (u, v) ∈ U. Similarly, we also have
fv(u, v) = 0 for all (u, v) ∈ U. Moreover, by the assumption (ν1, ν2)(u0, v0) = (̃ν1, ν̃2)(u0, v0), we have
f (u0, v0) = 3. It concludes that f (u, v) = 3 for all (u, v) ∈ U. Hence, we have ν1 · ν̃1 = 1, ν2 · ν̃2 = 1, ν3 ·

ν̃3 = 1. It follows that ν1 = ν̃1, ν2 = ν̃2, ν3 = ν̃3. Next, we show x = x̃. By the assumption G = G̃, we
have xu = a1ν1+b1ν2+c1ν3 = ã1̃ν1+b̃1̃ν2+c̃1̃ν3 = x̃u and xv = a2ν1+b2ν2+c2ν3 = ã2̃ν1+b̃2̃ν2+c̃2̃ν3 = x̃v.
Then, we have (x − x̃)u = (x − x̃)v = 0. Since x(u0, v0) = x̃(u0, v0), we have x(u, v) = x̃(u, v) for all
(u, v) ∈ U. Therefore, we have (x, ν1, ν2) = (̃x, ν̃1, ν̃2). □

Proof of the Uniqueness Theorem. The necessary part of the theorem is Lemma 3.7. We prove
the sufficient part of the theorem. For fix a point (u0, v0) ∈ U, there exist A ∈ S O(3) and a ∈ R3

such that (x, ν1, ν2)(u0, v0) = (Ax̃ + a, Ãν1, Ãν2)(u0, v0). By Lemmas 3.7 and 3.8, we have (x, ν1, ν2) =
(Ax̃ + a, Ãν1, Ãν2), that is, (x, ν1, ν2) and (̃x, ν̃1, ν̃2) are congruent as generalised framed surfaces. □

By relations among basic invariants of generalised framed surfaces, basic invariants of framed
surfaces, and curvatures of one-parameter families of framed curves, we have the following:

Proposition 3.9. Let (x, ν1, ν2) : U → R3 × ∆ be a generalised framed surface with basic invariants
(G,F1,F2).

(1) If a1(u, v) = a2(u, v) = 0 (respectively, b1(u, v) = b2(u, v) = 0) for all (u, v) ∈ U, then (x, ν1, ν2)
(respectively, (x, ν2, ν1)) is a framed surface.

(2) If a1(u, v) = b1(u, v) = 0 (respectively, a2(u, v) = b2(u, v) = 0) for all (u, v) ∈ U, then (x, ν1, ν2)
(respectively, (x, ν2, ν1)) is a one-parameter family of framed curves with respect to u (respectively,
with respect to v).

We give a condition for a surface to become a generalised framed base surface.

Theorem 3.10. Let x : U → R3 be a smooth mapping. We denote ν = xu × xv = p1e1 + p2e2 + p3e3,
where e1, e2 and e3 are the canonical basis. Then x is a generalised framed base surface at least locally
if and only if the functions p1, p2 and p3 are linearly dependent.

Proof. If x is a generalised framed base surface at least locally, then there exist (ν1, ν2) : U → ∆ and
α, β : U → R, such that ν = αν1 + βν2. If we denote ν3 = ν1 × ν2, then there exists a rotation A(u, v) ∈
S O(3), such that T (ν1, ν2, ν3) = AT (e1, e2, e3), where T is the transpose of the matrix. Therefore,

ν = (p1, p2, p3)


e1

e2

e3

 = (α, β, 0)


ν1

ν2

ν3

 = (α, β, 0)A


e1

e2

e3

 .
It follows that (α, β, 0)A = (p1, p2, p3). Since the orthogonal transformation does not change the
linearly relation of the set of functions, we have that the functions p1, p2 and p3 are linearly dependent
by α, β, 0.

Conversely, if p1, p2, p3 are linearly dependent, then there exist functions k1, k2, k3 : U → R with
(k1, k2, k3) , (0, 0, 0) such that k1 p1 + k2 p2 + k3 p3 = 0. Without loss of generality, we may assume
k1 , 0, at least locally. Then we have

ν = p1e1 + p2e2 + p3e3 = p2

(
e2 −

k2

k1
e1

)
+ p3

(
e3 −

k3

k1
e1

)
.
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17722

If we take

ν1 =
k2e1 − k1e2√

k2
1 + k2

2

, ν2 =
k1k3e1 + k2k3e2 − (k2

1 + k2
2)e3√

(k2
1 + k2

2)(k2
1 + k2

2 + k2
3)

and

α =
−(k2

1 + k2
2)p2 − k2k3 p3

k1

√
k2

1 + k2
2

, β = −

√
k2

1 + k2
2 + k2

3

k2
1 + k2

2

p3,

then ν = αν1 + βν2. It follows that (x, ν1, ν2) : U → R3 × ∆ is a generalised framed surface, and hence
x is a generalised framed base surface, at least locally. □

We also give a condition for a generalised framed surface to become a framed base surface.

Theorem 3.11. Let (x, ν1, ν2) : U → R3 × ∆ be a generalised framed surface with ν = αν1 + βν2.
(1) If x is a framed base surface, then the functions α and β are linearly dependent.
(2) Suppose that the set of regular points of x is dense in U. If the functions α and β are linearly

dependent, then x is a framed base surface, at least locally.

Proof. (1) If x is a framed base surface, then there exists (n, s) : U → ∆ such that (x, n, s) is a framed
surface. Therefore, there exists a smooth function ℓ : U → R such that ν = αν1 + βν2 = ℓn. By
α2 + β2 = ℓ2, there exists a smooth function θ : U → R such that α = ℓ cos θ, β = ℓ sin θ. Since
α sin θ − β cos θ = 0, the functions α and β are linearly dependent.

(2) If α and β are linearly dependent, then there exist functions k1, k2 : U → R with (k1, k2) , (0, 0)
such that k1α + k2β = 0. Without loss of generality, we may assume k1 , 0 at least locally. Since the
set of regular points of x is dense in U, we have

ν = αν1 + βν2 = β
(
−

k2

k1
ν1 + ν2

)
.

It follows that (x, n, s) : U → R3 × ∆ is a framed surface, where

n =
−k2ν1 + k1ν2√

k2
1 + k2

2

, s =
k1ν1 + k2ν2√

k2
1 + k2

2

and hence x is a framed base surface at least locally. □

Corollary 3.12. Let (x, ν1, ν2) : U → R3 × ∆ be a generalised framed surface with basic invariants
(G,F1,F2). Suppose that the set of regular points of x is dense in U.

(1) If a(u, v) = (a1, a2)(u, v) and b(u, v) = (b1, b2)(u, v) are linearly dependent, then x is a framed
base surface, at least locally.

(2) If rank(a, b) = 1 at p ∈ U, then x is a framed base surface around p.

Proof. (1) By assumption, there exist smooth functions k1, k2 : U → R with (k1, k2) , (0, 0) such that
k1a + k2b = 0. Since

k2α − k1β = k2det(b, c) + k1det(a, c) = det(k1a + k2b, c) = 0,
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α and β are linearly dependent. By Theorem 3.11 (2), x is a framed base surface, at least locally.
(2) By assumption, a and b are linearly dependent around p. Therefore, we have the result by (1). □

Let (x, ν1, ν2) : U → R3 ×∆ be a generalised framed surface with ν = αν1 +βν2 and basic invariants
(G,F1,F2). We consider other frames by using rotation and reflection.(̃

ν1(u, v)
ν̃2(u, v)

)
=

(
cos θ(u, v) − sin θ(u, v)
sin θ(u, v) cos θ(u, v)

) (
ν1(u, v)
ν2(u, v)

)
,(

ν1(u, v)
ν2(u, v)

)
=

(
0 1
1 0

) (
ν1(u, v)
ν2(u, v)

)
.

Proposition 3.13. Under the above notations, we have the following:
(1) (x, ν̃1, ν̃2) : U → R3 × ∆ is also a generalised framed surface with

(α̃(u, v), β̃(u, v)) = (α(u, v), β(u, v))
(

cos θ(u, v) sin θ(u, v)
− sin θ(u, v) cos θ(u, v)

)
and the basic invariants(̃

a1(u, v) b̃1(u, v)
ã2(u, v) b̃2(u, v)

)
=

(
a1(u, v) b1(u, v)
a2(u, v) b2(u, v)

) (
cos θ(u, v) sin θ(u, v)
− sin θ(u, v) cos θ(u, v)

)
,(̃

c1(u, v)
c̃2(u, v)

)
=

(
c1(u, v)
c2(u, v)

)
,

(̃
e1(u, v)
ẽ2(u, v)

)
=

(
e1(u, v) − θu(u, v)
e2(u, v) − θv(u, v)

)
,(

f̃1(u, v) g̃1(u, v)
f̃2(u, v) g̃2(u, v)

)
=

(
f1(u, v) g1(u, v)
f2(u, v) g2(u, v)

) (
cos θ(u, v) sin θ(u, v)
− sin θ(u, v) cos θ(u, v)

)
.

(2) (x, ν1, ν2) : U → R3 × ∆ is also a generalised framed surface with (α(u, v), β(u, v)) =
(β(u, v), α(u, v)) and the basic invariants(

a1(u, v) b1(u, v) c1(u, v)
a2(u, v) b2(u, v) c2(u, v)

)
=

(
b1(u, v) a1(u, v) −c1(u, v)
b2(u, v) a2(u, v) −c2(u, v)

)
,(

e1(u, v) f 1(u, v) g1(u, v)
e2(u, v) f 2(u, v) g2(u, v)

)
=

(
−e1(u, v) −g1(u, v) − f1(u, v)
−e2(u, v) −g2(u, v) − f2(u, v)

)
.

Proof. (1) Since

ν = αν1 + βν2

= α(cos θ̃ν1 + sin θ̃ν2) + β(− sin θ̃ν1 + cos θ̃ν2)
= (α cos θ − β sin θ)̃ν1 + (α sin θ + β cos θ)̃ν2,

we have α̃ = α cos θ − β sin θ, β̃ = α sin θ + β cos θ. Moreover, ν̃1 · ν̃2 = (cos θν1 − sin θν2) · (sin θν1 +

cos θν2) = 0. Therefore, (x, ν̃1, ν̃2) : U → R3 × ∆ is also a generalised framed surface. Since

ν̃3 = ν̃1 × ν̃2 = (cos θν1 − sin θν2) × (sin θν1 + cos θν2) = ν3,
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we have the basic invariants

ã1 = xu · ν̃1 = xu · (cos θν1 − sin θν2) = a1 cos θ − b1 sin θ,
ã2 = xv · ν̃1 = xv · (cos θν1 − sin θν2) = a2 cos θ − b2 sin θ,

b̃1 = xu · ν̃2 = xu · (sin θν1 + cos θν2) = a1 sin θ + b1 cos θ,

b̃2 = xv · ν̃2 = xv · (sin θν1 + cos θν2) = a2 sin θ + b2 cos θ,
c̃1 = xu · ν̃3 = c1,

c̃2 = xv · ν̃3 = c2,

ẽ1 = ν̃1u · ν̃2 =
(
(e1 − θu)(sin θν1 + cos θν2) + ( f1 cos θ − g1 sin θ)ν3

)
· (sin θν1 + cos θν2)

= e1 − θu,

ẽ2 = ν̃1v · ν̃2 =
(
(e2 − θv)(sin θν1 + cos θν2) + ( f2 cos θ − g2 sin θ)ν3

)
· (sin θν1 + cos θν2)

= e2 − θv,

f̃1 = ν̃1u · ν̃3 =
(
(e1 − θu)(sin θν1 + cos θν2) + ( f1 cos θ − g1 sin θ)ν3

)
· ν3 = f1 cos θ − g1 sin θ,

f̃2 = ν̃1v · ν̃3 =
(
(e2 − θv)(sin θν1 + cos θν2) + ( f2 cos θ − g2 sin θ)ν3

)
· ν3 = f2 cos θ − g2 sin θ,

g̃1 = ν̃2u · ν̃3 =
(
(θu − e1)(cos θν1 − sin θν2) + ( f1 sin θ + g1 cos θ)ν3

)
· ν3 = f1 sin θ + g1 cos θ,

g̃2 = ν̃2v · ν̃3 =
(
(θv − e2)(cos θν1 − sin θν2) + ( f2 sin θ + g2 cos θ)ν3

)
· ν3 = f2 sin θ + g2 cos θ.

(2) Since ν = αν1 + βν2 = βν1 + αν2, we have α = β, β = α.Moreover, ν1 · ν2 = ν2 · ν1 = 0. Therefore,
(x, ν1, ν2) : U → R3 × ∆ is also a generalised framed surface. Since ν3 = ν1 × ν2 = ν2 × ν1 = −ν3, we
have the basic invariants

a1 = xu · ν1 = xu · ν2 = b1,

a2 = xv · ν1 = xv · ν2 = b2,

b1 = xu · ν2 = xu · ν1 = a1,

b2 = xv · ν2 = xv · ν1 = a2,

c1 = xu · ν3 = xu · (−ν3) = −c1,

c2 = xv · ν3 = xv · (−ν3) = −c2,

e1 = ν1u · ν2 = ν2u · ν1 = −e1,

e2 = ν1v · ν2 = ν2v · ν1 = −e2,

f 1 = ν1u · ν3 = ν2u · (−ν3) = −g1,

f 2 = ν1v · ν3 = ν2v · (−ν3) = −g2,

g1 = ν2u · ν3 = ν1u · (−ν3) = − f1,

g2 = ν2v · ν3 = ν1v · (−ν3) = − f2.

□

Next, we consider a parameter change in the domain U and a diffeomorphism in the target space R3.

Proposition 3.14. Let (x, ν1, ν2) : U → R3 × ∆ be a generalised framed surface with basic invariants
(G,F1,F2). Let ϕ : V → U, (p, q) 7→ ϕ(p, q) = (u(p, q), v(p, q)) be a parameter change, that is, a

AIMS Mathematics Volume 9, Issue 7, 17716–17742.



17725

diffeomorphism of the domain. Then (̃x, ν̃1, ν̃2) = (x, ν1, ν2) ◦ ϕ : V → R3 × ∆ is a generalised framed
surface with

(α̃(p, q), β̃(p, q)) =
(
α(ϕ(p, q))det

(
up vp

uq vq

)
(p, q), β(ϕ(p, q))det

(
up vp

uq vq

)
(p, q)

)
and the basic invariants(̃

a1 b̃1 c̃1

ã2 b̃2 c̃2

)
(p, q) =

(
up vp

uq vq

)
(p, q)

(
a1 b1 c1

a2 b2 c2

)
(ϕ(p, q)),(̃

e1 f̃1 g̃1

ẽ2 f̃2 g̃2

)
(p, q) =

(
up vp

uq vq

)
(p, q)

(
e1 f1 g1

e2 f2 g2

)
(ϕ(p, q)).

Proof. Since

ν̃(p, q) = x̃p(p, q) × x̃q(p, q)
= xu(ϕ(p, q))up(p, q) × xv(ϕ(p, q))vq(p, q) − xu(ϕ(p, q))uq(p, q) × xv(ϕ(p, q))vp(p, q)

= ν(ϕ(p, q))det
(
up vp

uq vq

)
(p, q)

= (αν1 + βν2)(ϕ(p, q))det
(
up vp

uq vq

)
(p, q)

= α(ϕ(p, q))det
(
up vp

uq vq

)
(p, q)ν1(ϕ(p, q)) + β(ϕ(p, q))det

(
up vp

uq vq

)
(p, q)ν2(ϕ(p, q))

= α(ϕ(p, q))det
(
up vp

uq vq

)
(p, q)̃ν1(p, q) + β(ϕ(p, q))det

(
up vp

uq vq

)
(p, q)̃ν2(p, q),

we have

α̃(p, q) = α(ϕ(p, q))det
(
up vp

uq vq

)
(p, q), β̃(p, q) = β(ϕ(p, q))det

(
up vp

uq vq

)
(p, q).

Moreover, ν̃1(p, q) · ν̃2(p, q) = ν1(ϕ(p, q)) · ν2(ϕ(p, q)) = 0. Therefore, (x, ν̃1, ν̃2) : U → R3 × ∆ is also
a generalised framed surface. By the chain rule, we have

x̃p(p, q) = xu(ϕ(p, q))up(p, q) + xv(ϕ(p, q))vp(p, q)
= {a1(ϕ(p, q))ν1(ϕ(p, q)) + b1(ϕ(p, q))ν2(ϕ(p, q)) + c1(ϕ(p, q))ν3(ϕ(p, q))}up(p, q)
+ {a2(ϕ(p, q))ν1(ϕ(p, q)) + b2(ϕ(p, q))ν2(ϕ(p, q)) + c2(ϕ(p, q))ν3(ϕ(p, q))}vp(p, q)
= {a1(ϕ(p, q))up(p, q) + a2(ϕ(p, q))vp(p, q)}̃ν1(p, q)
+ {b1(ϕ(p, q))up(p, q) + b2(ϕ(p, q))vp(p, q)}̃ν2(p, q)
+ {c1(ϕ(p, q))up(p, q) + c2(ϕ(p, q))vp(p, q)}̃ν3(p, q),

x̃q(p, q) = xu(ϕ(p, q))uq(p, q) + xv(ϕ(p, q))vq(p, q)
= {a1(ϕ(p, q))ν1(ϕ(p, q)) + b1(ϕ(p, q))ν2(ϕ(p, q)) + c1(ϕ(p, q))ν3(ϕ(p, q))}uq(p, q)
+ {a2(ϕ(p, q))ν1(ϕ(p, q)) + b2(ϕ(p, q))ν2(ϕ(p, q)) + c2(ϕ(p, q))ν3(ϕ(p, q))}vq(p, q)

AIMS Mathematics Volume 9, Issue 7, 17716–17742.



17726

= {a1(ϕ(p, q))uq(p, q) + a2(ϕ(p, q))vq(p, q)}̃ν1(p, q)
+ {b1(ϕ(p, q))uq(p, q) + b2(ϕ(p, q))vq(p, q)}̃ν2(p, q)
+ {c1(ϕ(p, q))uq(p, q) + c2(ϕ(p, q))vq(p, q)}̃ν3(p, q).

It follows that we have the first equation of the basic invariants. The second equation of the basic
invariants can be proved similarly to the above by using the chain rule. □

Proposition 3.15. Let (x, ν1, ν2) : U → R3 ×∆ be a generalised framed surface and Φ : R3 → R3 be a
diffeomorphism. Then there exists a smooth mapping (νΦ1 , ν

Φ
2 ) : U → ∆ such that (Φ ◦ x, νΦ1 , ν

Φ
2 ) : U →

R3 × ∆ is a generalised framed surface.

Proof. We denote the Jacobi matrix of Φ at x by DΦ(x), that is,

DΦ(x) =



∂Φ1

∂x1
(x)

∂Φ2

∂x1
(x)

∂Φ3

∂x1
(x)

∂Φ1

∂x2
(x)

∂Φ2

∂x2
(x)

∂Φ3

∂x2
(x)

∂Φ1

∂x3
(x)

∂Φ2

∂x3
(x)

∂Φ3

∂x3
(x)


.

Since Φ is a diffeomorphism, DΦ(x) ∈ GL(3,R). We define a mapping (νΦ1 , ν
Φ
2 ) : U → ∆ by

(νΦ1 , ν
Φ
2 )(u, v) =

(
Aν1(u, v)
|Aν1(u, v)|

,
(Aν1(u, v) · Aν1(u, v))Aν2(u, v) − (Aν1(u, v) · Aν2(u, v))Aν1(u, v)

|Aν1(u, v)||Aν1(u, v) × Aν2(u, v)|

)
,

where A =T ((DΦ)−1 ◦ x). Then we show that (Φ ◦ x, νΦ1 , ν
Φ
2 ) : U → R3 × ∆ is a generalised framed

surface. In fact,

νΦ = (d/du)(Φ ◦ x) × (d/dv)(Φ ◦ x) = (DΦ ◦ x)xu × (DΦ ◦ x)xv

= (detDΦ ◦ x)Axu × xv = (detDΦ ◦ x)Aν = (detDΦ ◦ x)A(αν1 + βν2)

= (detDΦ ◦ x)
α(Aν1 · Aν1) + β(Aν1 · Aν2)

|Aν1|

Aν1

|Aν1|

+ (detDΦ ◦ x)
β|Aν1 × Aν2|

|Aν1|

(Aν1 · Aν1)Aν2 − (Aν1 · Aν2)Aν1

|Aν1||Aν1 × Aν2|

= (detDΦ ◦ x)
α(Aν1 · Aν1) + β(Aν1 · Aν2)

|Aν1|
νΦ1 + (detDΦ ◦ x)

β|Aν1 × Aν2|

|Aν1|
νΦ2 .

Thus, νΦ = αΦνΦ1 + β
ΦνΦ2 , where

αΦ = (detDΦ ◦ x)
α(Aν1 · Aν1) + β(Aν1 · Aν2)

|Aν1|
,

βΦ = (detDΦ ◦ x)
β|Aν1 × Aν2|

|Aν1|
.

Moreover,

νΦ1 · ν
Φ
2 =

Aν1

|Aν1|
·

(Aν1 · Aν1)Aν2 − (Aν1 · Aν2)Aν1

|Aν1||Aν1 × Aν2|
= 0.

Therefore, (Φ ◦ x, νΦ1 , ν
Φ
2 ) : U → R3 × ∆ is a generalised framed surface. □
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4. Corank one singularities

Let x : U → R3 be a smooth mapping. Suppose that corank(dx) = 1 at a point p ∈ U. By using a
parameter change of U, we may assume that x is given by x(u, v) = (u, f (u, v), g(u, v)) at least locally,
where f , g : U → R are smooth functions. Then corank one singularities are always generalised
framed base surfaces, at least locally.

Theorem 4.1. Let x : U → R3 be given by x(u, v) = (u, f (u, v), g(u, v)). Then (x, ν1, ν2) : U → R3 × ∆

is a generalised framed surface, where

ν1(u, v) =
( fu(u, v),−1, 0)√

1 + fu(u, v)2
,

ν2(u, v) =
(gu(u, v), fu(u, v)gu(u, v),− fu(u, v)2 − 1)√

1 + fu(u, v)2
√

1 + fu(u, v)2 + gu(u, v)2

with

α(u, v) =
(1 + fu(u, v)2)gv(u, v) − fu(u, v) fv(u, v)gu(u, v)√

1 + fu(u, v)2
,

β(u, v) = −
fv(u, v)

√
1 + fu(u, v)2 + gu(u, v)2√

1 + fu(u, v)2

and the basic invariants

a1(u, v) = 0,
b1(u, v) = 0,

c1(u, v) =
√

1 + fu(u, v)2 + gu(u, v)2,

a2(u, v) = −
fv(u, v)√

1 + fu(u, v)2
,

b2(u, v) =
fu(u, v) fv(u, v)gu(u, v) − ( fu(u, v)2 + 1)gv(u, v)√

1 + fu(u, v)2
√

1 + fu(u, v)2 + gu(u, v)2
,

c2(u, v) =
fu(u, v) fv(u, v) + gu(u, v)gv(u, v)√

1 + fu(u, v)2 + gu(u, v)2
,

e1(u, v) =
fuu(u, v)gu(u, v)

(1 + fu(u, v)2)
√

1 + fu(u, v)2 + gu(u, v)2
,

f1(u, v) =
fuu(u, v)√

1 + fu(u, v)2
√

1 + fu(u, v)2 + gu(u, v)2
,

g1(u, v) =
− fu(u, v) fuu(u, v)gu(u, v) + ( fu(u, v)2 + 1)guu(u, v)√

1 + fu(u, v)2(1 + fu(u, v)2 + gu(u, v)2)
,

e2(u, v) =
fuv(u, v)gu(u, v)

(1 + fu(u, v)2)
√

1 + fu(u, v)2 + gu(u, v)2
,
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f2(u, v) =
fuv(u, v)√

1 + fu(u, v)2
√

1 + fu(u, v)2 + gu(u, v)2
,

g2(u, v) =
− fu(u, v) fuv(u, v)gu(u, v) + ( fu(u, v)2 + 1)guv(u, v)√

1 + fu(u, v)2(1 + fu(u, v)2 + gu(u, v)2)
.

Proof. Since xu(u, v) = (1, fu(u, v), gu(u, v)), xv(u, v) = (0, fv(u, v), gv(u, v)), we have

ν(u, v) = xu(u, v) × xv(u, v)
=

(
fu(u, v)gv(u, v) − fv(u, v)gu(u, v),−gv(u, v), fv(u, v)

)
.

By xu(u, v) , 0 and xu(u, v) · ν(u, v) = 0 for all (u, v) ∈ U, we have that the components of ν(u, v)
are linearly dependent. Therefore, x is a generalised framed base surface by Theorem 3.10. By direct
calculation, we have the basic invariants. □

Example 4.2 (Cross cap). Let (x, ν1, ν2) : (R2, 0)→ R3 × ∆,

x(u, v) = (u, v2, uv), ν1(u, v) = (0,−1, 0), ν2(u, v) =
1

√
1 + v2

(v, 0,−1).

Note that x at 0 is a cross cap singular point (cf. [21]). Then (x, ν1, ν2) is a generalised framed surface
germ. By f (u, v) = v2, g(u, v) = uv in Theorem 4.1, we have α(u, v) = u, β(u, v) = −2v

√
1 + v2 and

the basic invariants (
a1(u, v) b1(u, v) c1(u, v)
a2(u, v) b2(u, v) c2(u, v)

)
=

 0 0
√

1 + v2

−2v
−u
√

1 + v2

uv
√

1 + v2

 ,(
e1(u, v) f1(u, v) g1(u, v)
e2(u, v) f2(u, v) g2(u, v)

)
=

0 0 0

0 0
1

1 + v2

 .
Example 4.3 (S ±1 singular point). Let (x, ν1, ν2) : (R2, 0)→ R3 × ∆,

x(u, v) = (u, v2, u2v ± v3), ν1(u, v) = (0,−1, 0), ν2(u, v) =
1

√
1 + 4u2v2

(2uv, 0, 1).

Note that x at 0 is a S ±1 singular point (cf. [14,17]). Then (x, ν1, ν2) is a generalised framed surface germ.
By f (u, v) = v2, g(u, v) = u2v±v3 in Theorem 4.1, we have α(u, v) = u2±3v2, β(u, v) = −2v

√
1 + 4u2v2

and the basic invariants

(
a1(u, v) b1(u, v) c1(u, v)
a2(u, v) b2(u, v) c2(u, v)

)
=


0 0

√
1 + 4u2v2

−2v
−(u2 ± 3v2)
√

1 + 4u2v2

2uv(u2 ± 3v2)
√

1 + 4u2v2

 ,
(
e1(u, v) f1(u, v) g1(u, v)
e2(u, v) f2(u, v) g2(u, v)

)
=

0 0
2v

1 + 4u2v2

0 0
2u

1 + 4u2v2

 .
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Remark 4.4. TheA-simple singularities of a map from a 2-dimensional manifold to a 3-dimensional
one are also of corank one; see [14]. We can treat them as generalised framed surfaces.

We say that x at p is a cross cap singular point (respectively, S ±1 singular point) if x at p is A-
equivalent (that is, right-left equivalent) to (u, v) 7→ (u, v2, uv) (respectively, (u, v) 7→ (u, v2, v(u2± v2))).
By using the criteria of cross cap and S ±1 singular points, we have the following:

Proposition 4.5. Let (x, ν1, ν2) : U → R3 × ∆ be a generalised framed surface which is given by the
form of Theorem 4.1. Suppose that p is a singular point of x; that is, a2(p) = b2(p) = c2(p) = 0. Then
we have the following:

(1) x at p is a cross cap singular point if and only if − f2b2v + g2a2v , 0 at p.
(2) x at p is a S +1 singular point if and only if a2ub2v − b2ua2v = 0, (a2v, b2v) , (0, 0) and H < 0 at p,

where

H =
(
a2uub2v − b2uua2v + 2a2ub2uv − 2b2ua2uv + 2(a2

2u + b2
2u)e2

)(
a2vb2vv − a2vvb2v + 2(a2

2v + b2
2v)e2

)
− (a2ub2vv − a2vvb2u + 2(a2ua2v + b2ub2v)e2)2 .

(3) x at p is a S −1 singular point if and only if a2ub2v − b2ua2v = 0 and H > 0 at p.

Proof. Since fv(p) = gv(p) = 0, we have a2(p) = b2(p) = c2(p) = 0. Note that c1(p) , 0.
(1) By xu = c1ν3, xv = a2ν1 + b2ν2 + c2ν3,

xuv = −c1 f2ν1 − c1g2ν2 + c1vν3,

xvv = (a2v − b2e2 − c2 f2)ν1 + (b2v + a2e2 − c2g2)ν2 + (c2v + a2 f2 + b2g2)ν3,

we have det(xu, xuv, xvv)(p) = c2
1(p)(− f2(p)b2v(p) + g2(p)a2v(p)). By the criterion of the cross cap

singular point in [21], we have the result.
(2) We denote φ = det(xu, xv, xvv). By the calculation of (1) and

xvv = (a2v − b2e2 − c2 f2)ν1 + (a2e2 + b2v − c2g2)ν2 + (a2 f2 + b2g2 + c2v)ν3,

we have φ = c1(a2(a2e2 + b2v − c2g2) − b2(a2v − b2e2 − c2 f2)). It follows that

φu = c1u(a2(a2e2 + b2v − c2g2) − b2(a2v − b2e2 − c2 f2))
+ c1(a2u(a2e2 + b2v − c2g2) + a2(a2e2 + b2v − c2g2)u

− b2u(a2v − b2e2 − c2 f2) − b2(a2v − b2e2 − c2 f2)u),
φv = c1v(a2(a2e2 + b2v − c2g2) − b2(a2v − b2e2 − c2 f2))
+ c1(a2v(a2e2 + b2v − c2g2) + a2(a2e2 + b2v − c2g2)v

− b2v(a2v − b2e2 − c2 f2) − b2(a2v − b2e2 − c2 f2)v).

Therefore, φu(p) = c1(p)(a2u(p)b2v(p)−b2u(p)a2v(p)) and φv(p) = 0. By the integrability condition (3.1)
of the generalised framed surface, −c1(p) f2(p) = a2u(p),−c1(p)g2(p) = b2u(p), and c1v(p) = c2u(p).
Hence dφ(p) = 0 if and only if a2u(p)b2v(p)−b2u(p)a2v(p) = 0 (equivalently, f2(p)b2v(p)−g2(p)a2v(p) =
0). By a direct calculation, we have

φuu = c1(a2uub2v − b2uua2v + 2a2ub2uv − 2b2ua2uv + 2(a2
2u + b2

2u)e2),
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φuv = c1(a2ub2vv − a2vvb2u + 2(a2ua2v + b2ub2v)e2),
φvv = c1(a2vb2vv − a2vvb2v + 2(a2

2v + b2
2v)e2)

at p. By the criterion of the S ±1 singular point in [17], x at p is a S +1 singular point if and only if
dφ(p) = 0, xu and xvv are linearly independent at p, and H = φuu(p)φvv(p) − φ2

uv(p) < 0. We have the
result.

(3) x at p is a S −1 singular point if and only if dφ(p) = 0 and H = φuu(p)φvv(p) − φ2
uv(p) > 0. We

have the result. □

Remark 4.6. By the integrability condition (3.1), the condition − f2b2v + g2a2v , 0 at p in
Proposition 4.5 (1) is equivalent to the condition a2ub2v − b2ua2v , 0 at p. That is, dφ(p) , 0 (cf. [17]).

5. Corank two singularities

Let x : U → R3 be a smooth mapping. Suppose that corank(dx) = 2 at a point p ∈ U. We consider
one of the components of x(u, v) to be 2-jet; that is, by using parameter change and up to sign, x(u, v)
is given by

(i)
(
1
2

(u2 + v2), f (u, v), g(u, v)
)
,

(ii)
(
1
2

(u2 − v2), f (u, v), g(u, v)
)
,

(iii)
(
1
2

u2, f (u, v), g(u, v)
)
,

where f , g : U → R are smooth functions. By direct calculation, ν(u, v) is given by

(i) ( fu(u, v)gv(u, v) − fv(u, v)gu(u, v),−(ugv(u, v) − vgu(u, v)), u fv(u, v) − v fu(u, v)),
(ii) ( fu(u, v)gv(u, v) − fv(u, v)gu(u, v),−(ugv(u, v) + vgu(u, v)), u fv(u, v) + v fu(u, v)),
(iii) ( fu(u, v)gv(u, v) − fv(u, v)gu(u, v),−ugv(u, v), u fv(u, v)),

respectively. By Theorem 3.10, x is a generalised framed base surface at least locally if and only if the
components of ν(u, v) are linearly dependent.

As special cases, we consider two of the components of x(u, v) to be 2-jet.

Proposition 5.1. Let x : (R2, 0)→ R3 be given by

x(u, v) =
(
1
2

(u2 + v2),
1
2

(u2 − v2), g(u, v)
)

and j2g(0) = 0. Then we have the following:
(1) x : (R2, 0)→ R3 is a generalised framed base surface germ if and only if there exists a function

h : (R2, 0)→ R such that gu = uh or gv = vh.
(2) Suppose that x is a generalised framed base surface germ. Then x : (R2, 0) → R3 is a framed

base surface germ if and only if there exist functions h1, h2 : (R2, 0) → R such that gu = uh1 and
gv = vh2.
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Proof. (1) We show the sufficient part of the proposition. Since

xu(u, v) = (u, u, gu(u, v)), xv(u, v) = (v,−v, gv(u, v)),

we have ν(u, v) =
(
ugv(u, v)+vgu(u, v), vgu(u, v)−ugv(u, v),−2uv

)
. If there exists a function h : (R2, 0)→

R such that gu = uh or gv = vh, then we have

(ugv(u, v) + vgu(u, v)) + (vgu(u, v) − ugv(u, v)) + h(u, v)(−2uv) = 0

or
(ugv(u, v) + vgu(u, v)) − (vgu(u, v) − ugv(u, v)) + h(u, v)(−2uv) = 0

for all (u, v) ∈ (R2, 0). It follows that the components of ν(u, v) are linearly dependent. By
Theorem 3.10, x is a generalised framed base surface germ. In fact, we can take

ν1(u, v) =
1
√

2
(1,−1, 0), ν2(u, v) =

(h(u, v), h(u, v),−2)
√

2
√

h(u, v)2 + 2

with

α(u, v) =
√

2(−(vgu(u, v) − ugv(u, v)) + uvh(u, v)), β(u, v) =
√

2uv
√

h(u, v)2 + 2 (5.1)

i = 1, 2. Therefore, (x, ν1, ν2) : (R2, 0)→ R3 × ∆ is a generalised framed surface germ.
Conversely, if x is a generalised framed surface germ, we have ugv + vgu, vgu − ugv and −2uv are

linearly dependent. Then there exist functions k1, k2, k3 : (R2, 0) → R with (k1, k2, k3) , 0 at 0, such
that k1(ugv + vgu) + k2(vgu − ugv) + k3(−2uv) = 0. By j2g(0) = 0, we have k1(0) , 0 or k2(0) , 0.
Without loss of generality, we assume k1(0) , 0. Then we have

v
(
1 +

k2(u, v)
k1(u, v)

)
gu(u, v) + u

(
1 −

k2(u, v)
k1(u, v)

)
gv(u, v) − 2

k3(u, v)
k1(u, v)

uv = 0

for all (u, v) ∈ (R2, 0). It follows that v (1 + k2(0, v)/k1(0, v)) gu(0, v) = 0 for all v ∈ (R, 0) and
u (1 − k2(u, 0)/k1(u, 0)) gv(u, 0) = 0 for all u ∈ (R, 0). If 1+ k2(0, 0)/k1(0, 0) , 0, we have vgu(0, v) = 0.
By the continuous condition, gu(0, v) = 0 for all v ∈ (R, 0). Thus, there exists a function h, such that
gu(u, v) = uh(u, v). If 1 − k2(0, 0)/k1(0, 0) , 0, we have ugv(u, 0) = 0. By the continuous condition,
gv(u, 0) = 0 for all u ∈ (R, 0). Thus, there exists a function h : (R2, 0)→ R, such that gv(u, v) = vh(u, v).

(2) We show the sufficient part of the proposition. If there exist functions h1, h2 : (R2, 0) → R
such that gu = uh1 and gv = vh2, then vgu − ugv = uv(h1 − h2). It follows that α and β are linearly
dependent from Eq (5.1). Since the set of regular points of x is dense, according to Theorem 3.11 (2),
x : (R2, 0)→ R3 is a framed base surface germ.

Conversely, since x is a generalised framed base surface germ, we have gu = uh1 or gv = vh1.
Without loss of generality, we assume gu = uh1. By Theorem 3.11 (1), α and β are linearly dependent.
Then there exists a function k : (R2, 0)→ R, such that vgu(u, v) − ugv(u, v) = k(u, v)uv. It follows that

ugv(u, v) = uvh1(u, v) − k(u, v)uv = uv(h1(u, v) − k(u, v)).

Thus, ugv(u, 0) = 0 for all u ∈ (R, 0). Then there exists a function h2 : (R2, 0) → R such that
gv(u, v) = vh2(u, v) for all (u, v) ∈ (R2, 0). □
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Proposition 5.2. Let x : (R2, 0)→ R3 be given by

x(u, v) =
(
1
2

u2,
1
2

v2, g(u, v)
)

and j2g(0) = 0. Then we have the following:
(1) x : (R2, 0)→ R3 is a generalised framed base surface germ if and only if there exists a function

h : (R2, 0)→ R such that gu = uh or gv = vh.
(2) Suppose that x is a generalised framed base surface germ. Then x : (R2, 0) → R3 is a framed

base surface germ if and only if there exist functions h1, h2 : (R2, 0) → R such that gu = uh1 and
gv = vh2.

Proof. (1) We show the sufficient part of the proposition. Since

xu(u, v) = (u, 0, gu(u, v)), xv(u, v) = (0, v, gv(u, v)),

we have ν(u, v) =
(
− vgu(u, v),−ugv(u, v), uv

)
. If there exists a function h : (R2, 0) → R such that

gu = uh, we have −vgu(u, v) + h(u, v)uv = 0. It follows that the components of ν(u, v) are linearly
dependent. By Theorem 3.10, x is a generalised framed base surface germ. In fact, we can take

ν1(u, v) = (0,−1, 0), ν2(u, v) =
(h(u, v), 0,−1)√

h(u, v)2 + 1

with

α(u, v) = −ugv(u, v), β(u, v) = −uv
√

h(u, v)2 + 1. (5.2)

Therefore, (x, ν1, ν2) : (R2, 0)→ R3 × ∆ is a generalised framed surface germ.
If there exists a function h : (R2, 0) → R such that gv = vh, we have −ugv(u, v) + h(u, v)uv = 0.

It follows that the components of ν(u, v) are linearly dependent. By Theorem 3.10, x is a generalised
framed base surface germ. In fact, we can take

ν1(u, v) = (1, 0, 0), ν2(u, v) =
(0, h(u, v),−1)√

h(u, v)2 + 1

with

α(u, v) = −vgu(u, v) − h(u, v)uv, β(u, v) = −uv
√

h(u, v)2 + 1. (5.3)

Therefore, (x, ν1, ν2) : (R2, 0)→ R3 × ∆ is a generalised framed surface germ.
Conversely, if x is a generalised framed surface germ, we have −vgu,−ugv and uv are linearly

dependent. Then there exist functions (k1, k2, k3) , 0 at 0, such that k1(−vgu) + k2(−ugv) + k3uv = 0.
By j2g(0) = 0, we have k1(0) , 0 or k2(0) , 0. If k1(0) , 0, we have

−vgu(u, v) −
k2(u, v)
k1(u, v)

ugv(u, v) +
k3(u, v)
k1(u, v)

uv = 0
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for all (u, v) ∈ (R2, 0). It follows that vgu(0, v) = 0 for all v ∈ (R, 0). Thus, there exists a function
h : (R2, 0)→ R, such that gu(u, v) = uh(u, v). If k2(0) , 0, we have

−
k1(u, v)
k2(u, v)

vgu(u, v) − ugv(u, v) +
k3(u, v)
k2(u, v)

uv = 0

for all (u, v) ∈ (R2, 0). It follows that ugv(u, 0) = 0 for all u ∈ (R, 0). Thus, there exists a function
h : (R2, 0)→ R, such that gv(u, v) = vh(u, v).

(2) We show the sufficient part of the proposition. If there exist functions h1, h2 : (R2, 0) → R such
that gu = uh1 and gv = vh2, then α(u, v) = −uvh2(u, v) or α(u, v) = −uv(h1(u, v) + h2(u, v)). It follows
that α and β are linearly dependent by Eqs (5.2) and (5.3). Since the set of regular points of x is dense,
according to Theorem 3.11 (2), x : (R2, 0)→ R3 is a framed base surface germ.

Conversely, since x is a generalised framed base surface germ, we have gu = uh1 or gv = vh1.
Without loss of generality, we assume gu = uh1. By Theorem 3.11 (1), α and β are linearly dependent.
Then there exists a function k : (R2, 0) → R, such that ugv(u, v) = k(u, v)uv by Eq (5.2). Thus,
ugv(u, 0) = 0 for all u ∈ (R, 0). Then there exists a function h2 : (R2, 0) → R, such that gv(u, v) =
vh2(u, v) for all (u, v) ∈ (R2, 0). □

Example 5.3. Let (x, ν1, ν2) : (R2, 0)→ R3 × ∆ be

x(u, v) =
(
1
2

u2,
1
2

v2, uk+2v
)
, ν1(u, v) = (0,−1, 0), ν2(u, v) =

((k + 2)ukv, 0,−1)√
(k + 2)2u2kv2 + 1

,

where k is a natural number. Note that 0 is a corank two singular point of x. By g(u, v) = uk+2v in
Proposition 5.2 (1), (x, ν1, ν2) is a generalised framed surface germ with

α(u, v) = −uk+3, β(u, v) = −uv
√

(k + 2)2u2kv2 + 1

and the basic invariants(
a1(u, v) b1(u, v) c1(u, v)
a2(u, v) b2(u, v) c2(u, v)

)
=


0 0 u

√
(k + 2)2u2kv2 + 1

−v
−uk+2√

(k + 2)2u2kv2 + 1

(k + 2)u2k+2v√
(k + 2)2u2kv2 + 1

 ,
(
e1(u, v) f1(u, v) g1(u, v)
e2(u, v) f2(u, v) g2(u, v)

)
=


0 0

k(k + 2)uk−1v
(k + 2)2u2kv2 + 1

0 0
(k + 2)uk

(k + 2)2u2kv2 + 1

 .
By Proposition 5.2 (2), x is not a framed base surface germ.

6. Parallel surfaces of generalised framed surface

Let (x, ν1, ν2) : U → R3 ×∆ be a generalised framed surface with ν = αν1 +βν2 and basic invariants
(G,F1,F2). We consider parallel surfaces of the generalised framed surface (x, ν1, ν2).

Definition 6.1. We say that xλ : U → R3, xλ = x + λν is a parallel surface of the generalised framed
surface (x, ν1, ν2), where λ is a non-zero constant.
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Remark 6.2. If there exist functions α̃, β̃, ℓ : U → R, such that α = ℓα̃, β = ℓβ̃, then we take
ν = ℓ(α̃ν1 + β̃ν2) = ℓ̃ν. In this case, we consider the parallel surface as xλ = x + λ̃ν. Moreover, if the
set of regular points of x is dense in U and, α and β are linearly dependent, then there exists a function
ℓ̃ such that ν = ℓ̃n, where (x, n, s) is a framed surface (cf. Theorem 3.11). In this case, the parallel
surface is given by xλ = x + λn.

Since xλ = x + λν, we have

xλu = (a1 + λ(αu − βe1))ν1 + (b1 + λ(βu + αe1))ν2 + (c1 + λ(α f1 + βg1))ν3, (6.1)
xλv = (a2 + λ(αv − βe2))ν1 + (b2 + λ(βv + αe2))ν2 + (c2 + λ(α f2 + βg2))ν3. (6.2)

It follows that

νλ =
(
α + λ(α(b1 f2 − b2 f1) + β(b1g2 − b2g1) + (c2βu − c1βv) + α(e1c2 − e2c1))

+ λ2(αβ(e1g2 − e2g1) + α2(e1 f2 − e2 f1) + α( f2βu − f1βv) + β(g2βu − g1βv))
)
ν1

+
(
β + λ(α(a2 f1 − a1 f2) + β(a2g1 − a1g2) + (c1αv − c2αu) + β(e1c2 − e2c1))

+ λ2(αβ(e1 f2 − e2 f1) + α2(e1g2 − e2g1) + α( f1αv − f2αu) + β(g1αv − g2αu))
)
ν2

+ λ
(
α(a1e2 − a2e1) + β(b1e2 − b2e1) + (a1βv − a2βu) + (b2αu − b1αv)

+ λ(α(e2αu − e1αv) + β(e2βu − e1βv) + (αuβv − αvβu))
)
ν3.

By Theorem 3.10, xλ is a generalised framed base surface at least locally if and only if the components
of νλ are linearly dependent.

By Remark 6.2, if k : U → R is a non-zero function, then α = ℓα̃ = (ℓ/k)kα̃, β = ℓβ̃ = (ℓ/k)kβ̃.
Therefore, ν̃ is not unique, that is, xλ[k] = x + λk̃ν.

Proposition 6.3. Let (x, ν1, ν2) : (R2, p) → R3 × ∆ be a generalised framed surface with k̃ν = kα̃ν1 +

kβ̃ν2 and basic invariants (G,F1,F2). Suppose that (α̃, β̃)(p) = 0. Then we have the following:
(1) If (a1, a2)(p) = (b1, b2)(p) = 0 and (α̃u, α̃v, β̃u, β̃v)(p) , 0, then xλ[k] is also a generalised framed

base surface around p.
(2) If (c1, c2)(p) , 0, then xλ[k] is also a generalised framed base surface around p.

Proof. Since xλ[k] = x + λk̃ν, we have

xλ[k]u = (a1 + λ(kuα̃ + kα̃u − kβ̃e1))ν1 + (b1 + λ(kuβ̃ + kβ̃u + kα̃e1))ν2

+(c1 + λ(kα̃ f1 + kβ̃g1))ν3, (6.3)
xλ[k]v = (a2 + λ(kvα̃ + kα̃v − kβ̃e2))ν1 + (b2 + λ(kvβ̃ + kβ̃v + kα̃e2))ν2

+(c2 + λ(kα̃ f2 + kβ̃g2))ν3. (6.4)

If (α̃, β̃)(p) = 0, (a1, a2)(p) = (b1, b2)(p) = 0 and (α̃u, α̃v, β̃u, β̃v)(p) , 0, or (α̃, β̃)(p) = 0 and
(c1, c2)(p) , 0, then (xλ[k]u, xλ[k]v)(p) , 0 by the Eqs (6.3) and (6.4). It follows that the components
of νλ[k] are linearly dependent by xλ[k]u(u, v) · νλ[k](u, v) = 0 and xλ[k]v(u, v) · νλ[k](u, v) = 0 for all
(u, v) ∈ (R2, p). By Theorem 3.10, xλ[k] is a generalised framed base surface around p. □
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Proposition 6.4. Let (x, ν1, ν2) : (R2, 0) → R3 × ∆ be a generalised framed surface germ, which is
given by the form of Theorem 4.1. Suppose that fu(0) = fv(0) = gu(0) = gv(0) = 0. Then (xλ, νλ1, ν

λ
2) :

(R2, 0)→ R3 × ∆ is also a generalised framed surface germ, where

νλ1 =

(
fu − λguv,−1 − λ( fugv − fvgu)u, 0

)√
(1 + λ( fugv − fvgu)u)2 + ( fu − λguv)2

,

νλ2 =

( (gu + λ fuv)
1 + λ( fugv − fvgu)u

,
( fu − λguv)(gu + λ fuv)
(1 + λ( fugv − fvgu)u)2 ,−

( fu − λguv)2

(1 + λ( fugv − fvgu)u)2 − 1
)

√
1 +

( fu − λguv)2

(1 + λ( fugv − fvgu)u)2

√
1 +

( fu − λguv)2

(1 + λ( fugv − fvgu)u)2 +
(gu + λ fuv)2

(1 + λ( fugv − fvgu)u)2

with

αλ =
1√(

1 + λ( fugv − fvgu)u
)2((1 + λ( fugv − fvgu)u)2 + ( fu − λguv)2)(

− λ( fugv − fvgu)v(gu + λ fuv)(1 + λ( fugv − fvgu)u) − ( fv − λgvv)(gu + λ fuv)( fu − λguv)
+ (gv + λ fvv)((1 + λ( fugv − fvgu)u)2 + ( fu − λguv)2),

βλ =

√
(1 + λ( fugv − fvgu)u)2 + ( fu − λguv)2 + (gu + λ fuv)2√

(1 + λ( fugv − fvgu)u)2 + ( fu − λguv)2(
− ( fv − λgvv)(1 + λ( fugv − fvgu)u) + λ( fu − λguv)( fugv − fvgu)v

)
.

Proof. Since xλ =
(
u + λ( fugv − fvgu), f − λgv, g + λ fv

)
, we have

xλu =
(
1 + λ( fugv − fvgu)u, fu − λguv, gu + λ fuv

)
,

xλv =
(
λ( fugv − fvgu)v, fv − λgvv, gv + λ fvv

)
.

Then

νλ =
(
( fu − λguv)(gv + λ fvv) − (gu + λ fuv)( fv − λgvv),
λ( fugv − fvgu)v(gu + λ fuv) − (1 + λ( fugv − fvgu)u)(gv + λ fvv),
(1 + λ( fugv − fvgu)u)( fv − λgvv) − λ( fugv − fvgu)v( fu − λguv)

)
.

Since fu(0) = fv(0) = gu(0) = gv(0) = 0, we have xλu(0) = (1,−λguv(0), λ fuv(0)). It follows that
the components of νλ are linearly dependent by xλu(u, v) · νλ(u, v) = 0 for all (u, v) ∈ (R2, 0). By
Theorem 3.10, xλ is a generalised framed base surface germ. □

Corollary 6.5. Let (x, ν1, ν2) : (R2, 0)→ R3 × ∆ be a generalised framed surface germ, which is given
by the form of Theorem 4.1. Suppose that the set of regular points of xλ is dense in U. Under the same
assumptions in Proposition 6.4, we have the following:

(1) If gvv(0) , 0, then xλ is a framed base surface germ.
(2) If gvv(0) = 0 and fvv(0) , 0, then xλ is a framed base surface germ.
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Proof. By Proposition 6.4, we have

αλ(0) =
1√

1 + λ2guv(0)2

(
−λ(1 + λ2guv(0)2) fvv(0) − λ3guv(0) fuv(0)gvv(0)

)
,

βλ(0) =

√
1 + λ2 fuv(0)2 + λ2guv(0)2√

1 + λ2guv(0)2
λgvv(0).

If gvv(0) , 0, then βλ(0) , 0. It follows that αλ and βλ are linearly dependent around 0. Also, if
gvv(0) = 0 and fvv(0) , 0, then αλ(0) , 0. It follows that αλ and βλ are linearly dependent around 0.
By Theorem 3.11 (2), xλ is a framed base surface germ. □

We define the other type of parallel surfaces of the generalised framed surface (x, ν1, ν2).

Definition 6.6. We say that xλ[θ] : U → R3, xλ[θ] = x + λ(cos θν1 + sin θν2) is a θ-parallel surface of
the generalised framed surface (x, ν1, ν2), where λ is a non-zero constant and θ is a constant.

Remark 6.7. Let (x, ν1, ν2) : U → R3 × ∆ be a generalised framed surface with basic invariants
(G,F1,F2). If a1 = a2 = 0 (respectively, b1 = b2 = 0), then (x, ν1, ν2) (respectively, (x, ν2, ν1)) is a
framed surface by Proposition 3.9. That is n = ν1 (respectively, n = ν2). It follows that xλ[0] = xλ =
x + λn (respectively, xλ[π/2] = xλ = x + λn).

Since xλ[θ] = x + λ(cos θν1 + sin θν2), we have

xλ[θ]u =
(
a1 − λe1 sin θ

)
ν1 +

(
b1 + λe1 cos θ

)
ν2 +

(
c1 + λ f1 cos θ + λg1 sin θ

)
ν3,

xλ[θ]v =
(
a2 − λe2 sin θ

)
ν1 +

(
b2 + λe2 cos θ

)
ν2 +

(
c2 + λ f2 cos θ + λg2 sin θ

)
ν3.

It follows that

νλ[θ] =
(
α + λ((e1c2 − e2c1) cos θ + (b1 f2 − b2 f1) cos θ + (b1g2 − b2g1) sin θ)

+ λ2((e1 f2 − e2 f1) cos2 θ + (e1g2 − e2g1) cos θ sin θ)
)
ν1(

β + λ(( f1a2 − f2a1) cos θ + (g1a2 − g2a1) sin θ + (e1c2 − e2c1) sin θ)

+ λ2((e1 f2 − e2 f1) sin θ cos θ + (e1g2 − e2g1) sin2 θ)
)
ν2

+ λ
(
(a1e2 − a2e1) cos θ + (b1e2 − b2e1) sin θ

)
ν3.

By Theorem 3.10, xλ[θ] is a generalised framed base surface at least locally if and only if the
components of νλ[θ] are linearly dependent.

Proposition 6.8. Let (x, ν1, ν2) : (R2, 0) → R3 × ∆ be a generalised framed surface germ, which is
given by the form of Theorem 4.1. Suppose that fu(0) = fv(0) = gu(0) = gv(0) = 0. Then we have the
following:

(1) If fuu(0) cos θ + guu(0) sin θ = 0, then xλ[θ] is a generalised framed base surface germ.
(2) If fuv(0) cos θ + guv(0) sin θ , 0, then xλ[θ] is a generalised framed base surface germ.

Proof. Since xλ[θ] = x + λ(cos θν1 + sin θν2), we have
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xλ[θ]u = −λ
fuugu sin θ

(1 + f 2
u )

√
1 + f 2

u + g2
u

ν1 + λ
fuugu cos θ

(1 + f 2
u )

√
1 + f 2

u + g2
u

ν2

+

(√
1 + f 2

u + g2
u + λ

fuu cos θ√
1 + f 2

u

√
1 + f 2

u + g2
u

+ λ
(− fu fuugu + (1 + f 2

u )guu) sin θ√
1 + f 2

u (1 + f 2
u + g2

u)

)
ν3,

xλ[θ]v =

(
−

fv√
1 + f 2

u

− λ
fuvgu sin θ

(1 + f 2
u )

√
1 + f 2

u + g2
u

)
ν1

+

( fu fvgu − (1 + f 2
u )gv√

1 + f 2
u

√
1 + f 2

u + g2
u

+ λ
fuvgu cos θ

(1 + f 2
u )

√
1 + f 2

u + g2
u

)
ν2

+

( fu fv + gugv√
1 + f 2

u + g2
u

+ λ
fuv cos θ√

1 + f 2
u

√
1 + f 2

u + g2
u

+ λ
(− fu fuvgu + (1 + f 2

u )guv) sin θ√
1 + f 2

u (1 + f 2
u + g2

u)

)
ν3.

It follows that

xλ[θ]u(0) = (1 + λ fuu(0) cos θ + λguu(0) sin θ)ν3(0),
xλ[θ]v(0) = λ( fuv(0) cos θ + guv(0) sin θ)ν3(0).

If fuu(0) cos θ + guu(0) sin θ = 0 or fuv(0) cos θ + guv(0) sin θ , 0, then 0 is a corank one singular point
of xλ[θ]. By Proposition 3.14 and Theorem 4.1, xλ[θ] is a generalised framed base surface germ. □

We consider special cases where ν2 or ν1 is a constant. If ν2 (respectively, ν1) is a constant, then we
denote xλ1 = xλ[0] = x + λν1 (respectively, xλ2 = xλ[π/2] = x + λν2).

Proposition 6.9. Let (x, ν1, ν2) : U → R3 × ∆ be a generalised framed surface with ν = αν1 + βν2 and
basic invariants (G,F1,F2).

(1) If ν2 is a constant, then (xλ1, ν1, ν2) is also a generalised framed surface with α̃λ = α + λ(b1 f2 −

b2 f1), β̃λ = β + λ(a2 f1 − a1 f2) and the basic invariants(̃
aλ1 b̃λ1 c̃λ1
ãλ2 b̃λ2 c̃λ2

)
=

(
a1 b1 c1 + λ f1

a2 b2 c2 + λ f2

)
,

(̃
eλ1 f̃ λ1 g̃λ1
ẽλ2 f̃ λ2 g̃λ2

)
=

(
0 f1 0
0 f2 0

)
.

(2) If ν1 is a constant, then (xλ2, ν1, ν2) is also a generalised framed surface with α̃λ = α + λ(b1g2 −

b2g1), β̃λ = β + λ(a2g1 − a1g2) and the basic invariants(̃
aλ1 b̃λ1 c̃λ1
ãλ2 b̃λ2 c̃λ2

)
=

(
a1 b1 c1 + λg1

a2 b2 c2 + λg2

)
,

(̃
eλ1 f̃ λ1 g̃λ1
ẽλ2 f̃ λ2 g̃λ2

)
=

(
0 0 g1

0 0 g2

)
.

Proof. (1) Since ν2 is a constant and xλ1 = x + λν1, we have

xλ1u = a1ν1 + b1ν2 + (c1 + λ f1)ν3, xλ1v = a2ν1 + b2ν2 + (c2 + λ f2)ν3.

By a direct calculation, we have

ν̃λ = xλ1u × xλ1v = (α + λ(b1 f2 − b2 f1))ν1 + (β + λ(a2 f1 − a1 f2))ν2.
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It follows that (xλ1, ν1, ν2) is also a generalised framed surface with α̃λ = α + λ(b1 f2 − b2 f1), β̃λ =
β + λ(a2 f1 − a1 f2). By a direct calculation, we have the basic invariants.

(2) Since ν1 is a constant and xλ2 = x + λν2, we have

xλ2u = a1ν1 + b1ν2 + (c1 + λg1)ν3, xλ2v = a2ν1 + b2ν2 + (c2 + λg2)ν3.

By a direct calculation, we have

ν̃λ = xλ2u × xλ2v = (α + λ(b1g2 − b2g1))ν1 + (β + λ(a2g1 − a1g2))ν2.

It follows that (xλ2, ν1, ν2) is also a generalised framed surface with α̃λ = α + λ(b1g2 − b2g1), β̃λ =
β + λ(a2g1 − a1g2). By a direct calculation, we have the basic invariants. □

We give a relation between parallel surfaces xλ and θ-parallel surfaces xλ[θ].

Proposition 6.10. Let (x, ν1, ν2) : U → R3 × ∆ be a generalised framed surface, and ν = αν1 + βν2.
(1) If xλ = xλ[θ], then x is a regular surface.
(2) Suppose that the set of regular points of x is dense in U and α = ℓα̃, β = ℓβ̃. If xλ = xλ[θ], where

xλ = x + λ̃ν, then x is a framed base surface at least locally.

Proof. (1) By assumption, α = cos θ and β = sin θ. Since (α, β) , (0, 0), x is a regular surface and
hence a framed base surface.

(2) By assumption, α̃ = cos θ and β̃ = sin θ. Then α and β are linearly dependent. By Theorem 3.11
(2), x is a framed base surface at least locally. □

By Proposition 6.10 (2), if ℓ(u0, v0) = 0 , then (u0, v0) is a singular point of x. The relation between
two parallel surfaces xλ and xλ[θ] measures not only regular surfaces, but also framed base surfaces.

Example 6.11 (Cross cap). Let (x, ν1, ν2) : (R2, 0)→ R3 × ∆,

x(u, v) = (u, v2, uv), ν1(u, v) = (0,−1, 0), ν2(u, v) =
1

√
1 + v2

(v, 0,−1).

Then (x, ν1, ν2) is a generalised framed surface germ with α(u, v) = u, β(u, v) = −2v
√

1 + v2, see
Example 4.2.

We consider the parallel surfaces of (x, ν1, ν2). Let (xλ, νλ1, ν
λ
2) : (R2, 0)→ R3 × ∆ be

xλ(u, v) = (u − 2λv2, v2 − λu, uv + 2λv),

νλ1(u, v) =
(−λ,−1, 0)
√

1 + λ2
, νλ2(u, v) =

(v,−λv,−1 − λ2)√
(1 + λ2)(1 + v2 + λ2)

.

Then (xλ, νλ1, ν
λ
2) is a generalised framed surface germ with

αλ(u, v) =
6λv2 + (1 + λ2)(u + 2λ)

√
1 + λ2

, βλ(u, v) =
2(2λ2 − 1)v

√
1 + v2 + λ2

√
1 + λ2

.

In fact, (xλ, n, s) : (R2, 0)→ R3 × ∆ is a framed surface germ, where

n =
αλνλ1 + β

λνλ2√
αλ2
+ βλ2

, s =
−βλνλ1 + α

λνλ2√
αλ2
+ βλ2

.
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The curvature of (xλ, n, s) is given by

JFλ(u, v) =

√
(6λv2 + (u + 2λ)(λ2 + 1))2 + 4(2λ2 − 1)2v2(1 + v2 + λ2)

√
1 + λ2

,

KFλ(u, v) = −
4(2λ2 − 1)2(1 + λ2)

3
2 v2

((6λv2 + (u + 2λ)(λ2 + 1))2 + 4(2λ2 − 1)2v2(1 + v2 + λ2))
3
2

,

HFλ(u, v) = −
2(2λ2 − 1)

(
(1 + λ2)((1 + λ2)(u + 2λ) + 2v2(u − λ)) + (−4λ + u)

√
1 + λ2v2)

(6λv2 + (u + 2λ)(λ2 + 1))2 + 4(2λ2 − 1)2v2(1 + v2 + λ2)
.

Moreover, xλ is a regular surface germ, since JFλ(0) =
√

4λ2(1 + λ2) , 0.
Next, we consider θ-parallel surface of (x, ν1, ν2). Since ν1 is a constant, we consider

xλ2(u, v) = x(u, v) + λν2(u, v) =
(
u + λ

v
√

1 + v2
, v2, uv − λ

1
√

1 + v2

)
.

By a direct calculation, we have

ν̃λ(u, v) = uν1(u, v) − 2v
√

1 + v2ν2(u, v).

It follows that (xλ2, ν1, ν2) : (R2, 0)→ R3 × ∆ is a generalised framed surface germ with

α̃λ(u, v) = u, β̃λ(u, v) = −2v
√

1 + v2

and the basic invariants

(̃
aλ1(u, v) b̃λ1(u, v) c̃λ1(u, v)
ãλ2(u, v) b̃λ2(u, v) c̃λ2(u, v)

)
=


0 0

√
1 + 4u2v2 + λ

2v
1 + 4u2v2

−2v
−(u2 ± 3v2)
√

1 + 4u2v2

2uv(u2 ± 3v2)
√

1 + 4u2v2
+ λ

2u
1 + 4u2v2

 ,
(̃
eλ1(u, v) f̃ λ1 (u, v) g̃λ1(u, v)
ẽλ2(u, v) f̃ λ2 (u, v) g̃λ2(u, v)

)
=

0 0
2v

1 + 4u2v2

0 0
2u

1 + 4u2v2

 .
Moreover, we can see that the functions α̃λ and β̃λ are not linearly dependent. By Theorem 3.11 (1), xλ2
is not a framed base surface germ.

Example 6.12 (Hk singular point). Let (x, ν1, ν2) : (R2, 0)→ R3 × ∆ be

x(u, v) = (u, uv + v3k−1, v3), ν1(u, v) =
(−v, 1, 0)
√

1 + v2
, ν2(u, v) = (0, 0, 1),

where k is a natural number with k ≥ 2. Note that 0 is a Hk singular point of x (cf. [14]). Then (x, ν1, ν2)
is a generalised framed surface germ with

α(u, v) = − 3v2
√

1 + v2, β(u, v) = u + (3k − 1)v3k−2
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and the basic invariants(
a1(u, v) b1(u, v) c1(u, v)
a2(u, v) b2(u, v) c2(u, v)

)
=


0 0

√
1 + v2

u + (3k − 1)v3k−2

√
1 + v2

3v2 v(u + (3k − 1)v3k−2)
√

1 + v2

 ,(
e1(u, v) f1(u, v) g1(u, v)
e2(u, v) f2(u, v) g2(u, v)

)
=

0 0 0

0 −
1

1 + v2 0

 .
We consider the parallel surface of (x, ν1, ν2). Let (xλ, νλ1, ν

λ
2) : (R2, 0)→ R3 × ∆ be

xλ(u, v) =
(
u + 3λv3, uv + v3k−1 − 3λv2, v3 + λ(u + (3k − 1)v3k−2)

)
,

νλ1(u, v) =
(v,−1, 0)
√

1 + v2
, νλ2(u, v) =

(λ, λv,−(1 + v2))
√

1 + v2
√

1 + λ2 + v2
.

Note that 0 is a corank one singular point of xλ. Then (xλ, νλ1, ν
λ
2) is a generalised framed surface germ

with

αλ(u, v) =
−λuv − 3(λ2 − 1)v2 + 3v4 + λ(3k − 1)(3k − 2)v3k−3 + λ(3k − 1)(3k − 3)v3k−1

√
1 + v2

,

βλ(u, v) =

√
1 + v2 + λ2

√
1 + v2

(−u + 6λv + 9λv3 − (3k − 1)v3k−2)

and the basic invariants

a1
λ(u, v) = 0, b1

λ(u, v) = 0, c1
λ(u, v) =

√
1 + λ2 + v2,

a2
λ(u, v) =

−u + 6λv + 9λv3 − (3k − 1)v3k−2

√
1 + v2

,

b2
λ(u, v) =

λuv + 3(λ2 − 1)v2 − 3v4 − λ(3k − 1)(3k − 2)v3k−3 − λ(3k − 1)(3k − 3)v3k−1

√
1 + v2

√
1 + λ2 + v2

,

c2
λ(u, v) =

uv + 6λv2 + λ2(3k − 1)(3k − 2)v3k−3 + (3k − 1)v3k−1

√
1 + λ2 + v2

,

e1
λ(u, v) = 0, f1

λ(u, v) = 0, g1
λ(u, v) = 0,

e2
λ(u, v) =

λ

(1 + v2)
√

1 + λ2 + v2
, f2

λ(u, v) =
1

1 + v2 , g2
λ(u, v) =

−λv
√

1 + v2(1 + λ2 + v2)
.

Moreover, we can see that the functions αλ and βλ are not linearly dependent. By Theorem 3.11 (1), xλ

is not a framed base surface germ.
Next, we consider θ-parallel surface of (x, ν1, ν2). Since ν2 is a constant, we consider

xλ1(u, v) = x(u, v) + λν1(u, v) =
(
u −

λv
√

1 + v2
, uv + v3k−1 +

λ
√

1 + v2
, v3

)
.

By a direct calculation, we have

ν̃λ(u, v) = −3v2
√

1 + v2ν1(u, v) + (u + (3k − 1)v3k−2)ν2(u, v).
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It follows that (xλ1, ν1, ν2) : (R2, 0)→ R3 × ∆ is a generalised framed surface germ with

α̃λ(u, v) = −3v2
√

1 + v2, β̃λ(u, v) = u + (3k − 1)v3k−2

and the basic invariants

(̃
aλ1(u, v) b̃λ1(u, v) c̃λ1(u, v)
ãλ2(u, v) b̃λ2(u, v) c̃λ2(u, v)

)
=


0 0

√
1 + v2

u + (3k − 1)v3k−2

√
1 + v2

3v2 v(u + (3k − 1)v3k−2)
√

1 + v2
−
λ

1 + v2

 ,(̃
eλ1(u, v) f̃ λ1 (u, v) g̃λ1(u, v)
ẽλ2(u, v) f̃ λ2 (u, v) g̃λ2(u, v)

)
=

0 0 0

0 −
1

1 + v2 0

 .
Moreover, we can see that the functions α̃λ and β̃λ are not linearly dependent. By Theorem 3.11 (1), xλ1
is not a framed base surface germ.
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