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Abstract: The focal point of this investigation is the exploration of solutions for Caputo-Hadamard
fractional differential equations with boundary conditions, and it follows the initial formulation of
a model that is intended to address practical problems. The research emphasizes resolving the
challenges associated with determining precise solutions across diverse scenarios. The application of
the Burton-Kirk fixed-point theorem and the Kolmogorov compactness criterion in Lp-spaces ensures
the existence of the solution to our problem. Banach’s theory is crucial for the establishment of solution
uniqueness, and it is complemented by utilizing the Hölder inequality in integral analysis. Stability
analyses from the Ulam-Hyers perspective provide key insights into the system’s reliability. We have
included practical examples, tables, and figures, thereby furnishing a comprehensive and multifaceted
examination of the outcomes.
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1. Introduction

Fractional differential equations have attracted much attention and been widely used in engineering,
physics, chemistry, biology, and other fields. For more details, see [1–3]. The theory is a beautiful

https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2024849


17465

mixture of pure and applied analysis. Over the years, the theory of fixed points has been revealed as a
very powerful and important tool in the study of nonlinear phenomena.

In particular, fixed-point techniques have been applied in many areas of mathematics, sciences, and
engineering. Various fixed-point theorems have been utilized to establish sufficient conditions for the
existence and uniqueness of solutions for different types of fractional differential problems; see, for
example, [4–10].

The Caputo-Hadamard fractional differential equations (CHFDEs), with their non-integer order
derivatives, offer a distinctive perspective on modeling complex phenomena. Incorporating boundary
conditions adds depth to the study by constraining solutions, and this is essential for practical
applications and system analysis. There have been investigations into the existence, uniqueness,
and properties of solutions under specific constraints by using diverse techniques like Laplace
transformation and numerical methods. Unveiling new insights into fractional dynamics under
constraints has broad applications in physics, engineering, biology, and finance. The development
of tailored analytical and numerical tools for fractional contexts presents hurdles and opportunities for
solving real-world problems effectively. Ongoing research promises advancements in mathematical
methods, algorithms, and theoretical frameworks, potentially refining existing models and solving
complex problems. Moreover, researchers have made great efforts in the study of the properties of
Caputo-Hadamard fractional derivatives, and they have established the existence of the (CHFDEs)
by applying some fixed-point theorems; see [11–17].

Furthermore, the Lp-integrable solutions for fractional differential equations have been intensively
studied by many mathematicians. For example, the authors of [18] discussed the existence of fractional
boundary-value problems in Lp-spaces. Agrwal et al. [19] derived the existence of Lp-solutions for
differential equations with fractional derivatives under compactness conditions. The investigations of
Lp-integrable solutions can be see in [20–24]. Nowadays, the Ulam-Hyers stability is a crucial topic
in nonlinear differential equation research, as it studies the effective flexibility of solutions along small
perturbations and focuses on how the differential equations behave when the initial state or parameters
are slightly changed. Several articles have been published related to this subject; see [25–31].

Dhaigude and Bhairat [32] discussed the existence and Ulam-type stability of solutions for the
following fractional differential equation:

DW1 S(ζ) =M(ζ,S(ζ),DW1 S(ζ)), ζ ∈ [1, β], β > 1,

S
(k̂)(1) = Sk̂ ∈ R

n, k̂ = 0, 1, ..p − 1,

where p − 1 < W ≤ p and DW denotes the Caputo-Hadamard derivative of orderW.
In [33], utilizing the O’Regan fixed-point theorem and Burton-Kirk fixed-point theorem, Derbazi

and Hammouche presented a new result on the existence and stability for the boundary-value problem
of nonlinear fractional differential equations, as follows:

CDW0+S(ζ) =M(ζ,S(ζ),Dβ
0+S(ζ)), ζ ∈ [0, 1], 2 < W ≤ 3,

S(0) = g1(S), S
′(0) = m1Iδ1

0+S(σ1), 0 < σ1 < 1,
CD

β1
0+S(1) = m2Iδ2

0+S(σ2), 0 < σ2 < 1,

where DW, Dβ, and Dβ1 are the Caputo fractional derivatives such that 0 < β, β1 ≤ 1 and Iδ1
0+ , Iδ2

0+ are
the Riemann-Liouville fractional integral and m1,m2, δ1, δ2 are real constants. In [34], Hu and Wang
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investigated the existence of solutions of the following nonlinear fractional differential equation:

DWS(ζ) =M(ζ,S(ζ),DHS(ζ)), 1 < W ≤ 2, 0 < H < 1,

with the following integral boundary conditions:

S(0) = 0, S(1) =

∫ 1

0
g(s)S(s)ds,

where Dα
t is the Riemann-Liouville fractional derivative,M : [0, 1] × R × R→ R, and g ∈ L1[0, 1].

In [35], Murad and Hadid, by means of the Schauder fixed-point theorem and the Banach
contraction principle, considered the boundary-value problem of the fractional differential equation:

DWS(ζ) =M(ζ,S(ζ),DHS(ζ)), ζ ∈ (0, 1),

S(0) = 0, S(1) = I1
0
U
S(ζ),

whereDW, DH are Riemann-Liouville fractional derivatives, 1 < W ≤ 2, 0 < H ≤ 1, and 0 < U ≤ 1.
The focal point of the originality of this work is that we deal with the existence of Lp-integrable
solutions for CHFDEs by applying the rarely used Burton-Kirk fixed-point theorem under sufficient
conditions with the help of the Kolmogorov compactness criterion and Hölder inequality. The Burton-
Kirk fixed-point theorem, a pivotal result in the field of functional analysis and nonlinear analysis,
is a tool for addressing existence problems in systems of differential equations; see [36–38]. This
theorem combines Krasnoselskii’s fixed-point theorem on the sum of two operators with Schaefer’s
fixed-point theorem. Schaefer’s theorem eliminates a difficult hypothesis in Krasnoselskii’s theorem,
but it requires an a priori bound on solutions. Motivated by the above works, we extended the previous
results obtained in [34, 35] to study the existence, uniqueness, and Ulam stability of solutions for
fractional differential equations of the Caputo-Hadamard type with integral boundary conditions of the
following form:

CHDWS(ζ) =M(ζ,S(ζ),CH DHS(ζ)), ζ ∈ I = [â,T], (1.1)

S(â) = 0, S(T̂) =
1

Γ(U)

∫ T

â

(
ln
T

θ

)U−1S(θ)
θ

dθ, (1.2)

where CHDW, CHDH are Caputo-Hadamard fractional derivatives of orderW ∈ (1, 2], H ∈ (0, 1], ITUâ
is the Caputo-Hadamard fractional integral, U ∈ (0, 1], andM : I × R × R→ R.
To the best of our knowledge, up to now, no work has been reported to drive the (CHFDEs) with the
rarely used Bourten-Kirk fixed-point in Lebesgue space ( Lp). The main contribution is summarized as
follows:
1) (CHFDEs) with integral boundary conditions are formulated.
2) Initially, we establish the uniqueness result by applying the Banach fixed-point theorem together
with the Hölder inequality.
3) The arguments are based on the Bourtin-Kirk fixed-point theorem, in combination with the technique
of measures of noncompactness, to prove the existence of Lp-integrable solutions for Eq (1.1). A
necessary and sufficient condition for a subset of Lebesgue space to be compact is given in what is
often called the Kolmogorov compactness theorem.
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4) Ulam-Hyers stability is also investigated by applying the Hölder inequality for the Lp-integrable
solutions.
5) Appropriate examples with figures and tables are also provided to demonstrate the applicability of
our results.

The paper is organized as follows. In Section 2, we recall some definitions and results required for
this study. Section 3 deals with the existence and uniqueness of Lp-integrable solutions for CHFDEs.
In Section 4, we show the stability of this solution by using the Ulam-Hyers with Ulam-Hyers-Rassias
stability. Examples are given to illustrate our main results in Section 5.

2. Preliminaries

Definition 2.1. [2] Let S : [â,T] → R be a continuous function. Then, the Hadamard fractional
integral is defined by

IWâ S(ζ) =
1

Γ(W)

∫ ζ

â

(
ln(

ζ

℘
)
)W−1

S(℘)
℘

d℘,

provided that the integral exists.

Definition 2.2. [2] LetS be a continuous function. Then, the Hadamard fractional derivative is defined
by

DWâ S(ζ) =
1

Γ(ν −W)
(ζ

d
dζ

)ν
∫ ζ

â

(
ln(

ζ

℘
)
)ν−W−1

S(℘)
℘

d℘,

where ν = [W] + 1, [W] denotes the integer part of the real numberW, and Γ is the gamma function.

Definition 2.3. [2] Let S be a continuous function. Then, the Caputo-Hadamard derivative of order
W is defined as follows

DWâ S(ζ) =
1

Γ(ν −W)

∫ ζ

â

(
ln(

ζ

℘
)
)ν−W−1

∆ν
S(℘)

d℘
℘
,

where ν = [W] + 1, ∆ = (ζ d
dζ ), and [W] denotes the integer part of the real numberW.

Lemma 2.4. [2] Let W ∈ R+ and ν = [W] + 1. If S ∈ ACν
W

([â,T],R), then the Caputo-Hadamard
differential equation CHDWa S(ζ) = 0 has a solution

S(ζ) =

ν−1∑
p=0

gp(ln
ζ

â
)p,

and the next formula hold:

IWâ
CHDWâ S(ζ) = S(ζ) +

ν−1∑
p=0

gp(ln
ζ

â
)p,

where gp ∈ R, p = 0, 1, 2, ..., ν − 1.

Definition 2.5. [39] If there exists a real number c f > 0 such that ε̂ > 0, for each solution Ψ̂ ∈

Lp([â,T],R) of the inequality

|CHDWΨ̂(ζ) −M(ζ, Ψ̂(ζ),CH DHΨ̂(ζ))| ≤ ε̂, ζ ∈ [â,T], (2.1)
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there exists a solution S ∈ Lp([â,T],R) of Eq (1.1) with

|Ψ̂(ζ) −S(ζ)| ≤ c f ε̂, ζ ∈ [â,T].

Then, Eq (1.1) is Ulam-Hyers-stable

Definition 2.6. [39] If there exists a real number c f Φ̂ > 0 such that ε̂ > 0, for each solution Ψ̂ ∈

Lp([â,T],R) of the inequality

|CHDWΨ̂(ζ) −M(ζ, Ψ̂(ζ),CH DHΨ̂(ζ))| ≤ ε̂ Φ̂(ζ), ζ ∈ [â,T], (2.2)

there exists a solution S ∈ Lp([â,T],R) of Eq (1.1) with

|Ψ̂(ζ) −S(ζ)| ≤ c f Φ̂ε̂, ζ ∈ [â,T].

Then, Eq (1.1) is Ulam-Hyers-Rassias-stable with respect to Φ̂.

Theorem 2.7. [40] (Kolmogorov compactness criterion)
Let ν̂ ⊆ Lp[â,T], 1 ≤ p < ∞. If
(i) ν̂ is bounded in Lp[â,T] and
(ii) ν̂ is compact (relatively) in Lp[â,T] then ψ̂h → ψ̂ as h→ 0 uniformly with respect to ψ̂ ∈ ν̂, where

ψ̂h(ζ) =
1
h

∫ ζ+h

ζ

ψ̂(θ)dθ.

Theorem 2.8. [41] (Burton-Kirk fixed-point theorem)
Assume that H is a Banach space and that there are two operators F1,F2 : H → H such that F1 is a
contraction and F2 is completely continuous. Then, either

- Ξ = {S ∈ H : γ̂ F2(
S

γ̂
) + γ̂F1(S) = S is unbounded for γ̂ ∈ (0, 1)}, or

- the operator equation S = F1(S) + F2(S) has a solution.
Then, z ∈ H exists such that z = F1z + F2z.

Lemma 2.9. [42] (Bochner integrability)
If ||V̂ || is Lebesgue integrable, then a measurable function V̂ : [â,T] × R→ R is Bochner integrable.

Lemma 2.10. [43] (Hölder’s inequality)
Assume that Q̂ is a measurable space and that a and b satisfy the condition that 1

a
+ 1
b

= 1. 1 ≤ a <
∞, 1 ≤ b < ∞ and (e j) belongs to L(Q̂), which is satisfied if e ∈ La(Q̂) and j ∈ Lb(Q̂).∫

Q̂
|e j| dζ ≤

(∫
Q̂
|e|a dζ

) 1
a
(∫

Q̂
| j|b dζ

) 1
b

.

Lemma 2.11. [44] If 0 < W < 1, then∫ ζ

1
(ln

ζ

θ
)a(W−1) 1

θa
dθ ≤

(ln ζ)a(W−1)+1

a(W − 1) + 1
,

where 1 < a < 1/(1 −W).
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Lemma 2.12. A function S ∈ Lp(I,R) is a unique solution of the boundary-value problem given by
Eqs (1.1) and (1.2) if and only if S satisfies the integral equation

S(ζ) =
1

Γ(W)

∫ ζ

â
(ln

ζ

θ
)W−1M(θ,S(θ),DHS(θ))

dθ
θ

+
f̂(ln ζ

â )
Γ(W)∫ T

â

[
1

Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
− (ln

T

θ
)W−1

]
M(θ,S(θ),DHS(θ))

dθ
θ
.

Proof. Equation (1.1) can be reduced to the corresponding integral equation by using Lemma 2.4:

S(ζ) =
1

Γ(W)

∫ ζ

â
(ln

ζ

θ
)W−1M(θ,S(θ),DHS(θ))

dθ
θ

+ g1(ln
ζ

â
) + g0, (2.3)

for g0, g1 ∈ R and S(â) = 0; we can obtain g0 = 0. Then, we can write Eq (2.3) as

S(ζ) =
1

Γ(W)

∫ ζ

â
(ln

ζ

θ
)W−1M(θ,S(θ),DHS(θ))

dθ
θ

+ g1(ln
ζ

â
),

and it follows from the condition S(T̂) = ITUâ S that

g1 =
f̂

Γ(W)Γ(U)

∫ T

â

∫ θ

â
(ln
T

θ
)U−1(ln

θ

$
)W−1M($,S($),DHS($))

d$
$

dθ
θ

−
f̂

Γ(W)

∫ T

â
(ln
T

θ
)W−1M(θ,S(θ),DHS(θ))

dθ
θ
,

g1 =
f̂

Γ(W)

∫ T

â

[
1

Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
− (ln

T

θ
)W−1

]
M(θ,S(θ),DHS(θ))

dθ
θ
,

where f̂ =
Γ(U)

(ln Tâ )
(
Γ(U) − (ln Tâ )U β(U, 2)

) .

Hence, the solution of the problem defined by Eqs (1.1) and (1.2) is given by

S(ζ) =
1

Γ(W)

∫ ζ

â
(ln

ζ

θ
)W−1M(θ,S(θ),DHS(θ))

dθ
θ

+
f̂(ln ζ

â )
Γ(W)∫ T

â

[
1

Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
− (ln

T

θ
)W−1

]
M(θ,S(θ),DHS(θ))

dθ
θ
.

(2.4)

�

3. Existence and uniqueness results

In this section, we study the existence of a solution for the boundary-value problem given by
Eqs (1.1) and (1.2) under certain conditions and assumptions. For measurable functions denoted by
M : I × R × R→ R, define the space i∗ = {ζ : S ∈ Lp(I,R),CH DHS ∈ Lp(I,R)},
equipped with the norm

‖S‖
p

pi∗
= ‖S‖pp + ||DHS||pp =

∫ T

â
|S(ζ)|p dζ +

∫ T

â
|DHS(ζ)|pdζ, (1 ≤ p < ∞),
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where Lp(I,R) represents the Banach space containing all Lebesgue measurable functions.
Our results are based on the following assumptions:
(O1) ∃ a constant Z > 0 such that

∣∣∣M(ζ,S1,S2)
∣∣∣ ≤ Z (

|S1| + |S2|
)
,

for each ζ ∈ I and for all S1,S2 ∈ R.

(O2) M is continuous and ∃ a constant Q1 > 0 such that

|M(ζ,S1,S2) −M(ζ, S̄1, S̄2)| ≤ Q1

(
|S1 − S̄1| + |S2 − S̄2|

)
,

for each S1,S2, S̄1, S̄2 ∈ R.
To make things easier, we set the notation as follows:

V1 =

( 2p

(Γ(W))p
( p − 1
pW − 1

)p−1 (ln Tâ )pW

pW
+

22p f̂p

(Γ(W))p

[
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

]
T(ln

T

â
)p
)
,

V2 =

( 2p

(Γ(W − H))p
( p − 1
(W − H)p − 1

)p−1 (ln Tâ )(W−H)p

(W − H)p
+

22p f̂p

(Γ(W))p(Γ(2 − H))p[
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

]
T(ln

T

â
)p(1−H)

)
,

V3 =
1

(Γ(W))p
( p − 1
pW − 1

)p−1 (ln Tâ )pW

pW
,

V4 =
1

(Γ(W − H))p
( p − 1
(W − H)p − 1

)p−1 (ln Tâ )(W−H)p

(W − H)p
,

∆1 =
22p f̂p

(Γ(W))p

(
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

)
T(ln

T

â
)p,

∆2 =
22p f̂p

(Γ(W))p(Γ(2 − H))p

(
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ
pW−1

(pW−1
p−1 )p−1

)
T(ln

T

â
)p(1−H).

JJ =

( (ln Tâ )pW

(Γ(W + 1))p
+

(ln Tâ )(W−H)p

(Γ(W − H + 1))p

)
T.

ω = 2(V1 +V2)
1
p Q1.

The first theorem is based on Banach contraction mapping.

Theorem 3.1. LetM : [â,T]×R×R→ R be a continuous function that satisfies the conditions (O1)
and (O2). If ω < 1, then the problem defined by Eqs (1.1) and (1.2) has only one solution.

Proof. First, define the operator F by

(FS)(ζ) =
1

Γ(W)

∫ ζ

â
(ln

ζ

θ
)W−1M(θ,S(θ),DHS(θ))

dθ
θ

+

+
f̂(ln ζ

â )
Γ(W)

∫ T

â

[
1

Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
− (ln

T

θ
)W−1

]
M(θ,S(θ),DHS(θ))

dθ
θ
.
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It is necessary to derive the fixed-point of the operator F on the following set:
YA = {S ∈ Lp(I,R) : ||S||p

pi∗
≤ Ap,A > 0}. For S ∈ YA, we have

|(FS)(ζ)|p ≤
2p

(Γ(W))p

( ∫ ζ

â
(ln

ζ

θ
)W−1|M(θ,S(θ),DHS(θ))|

dθ
θ

)p
+

22pf̂p(ln ζ

â )p

(Γ(W))p (Γ(U))p

( ∫ T

â

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1|M(θ,S(θ),DHS(θ))|

d$
$

dθ
θ

)p
+

22pf̂p(ln ζ

â )p

(Γ(W))p

( ∫ T

â
(ln
T

θ
)W−1|M(θ,S(θ),DHS(θ))|

dθ
θ

)p
.

(3.1)

From Hölder’s inequality and Lemma 2.11, the first term of Eq (3.1) can be simplified as follows:

( ∫ ζ

â
(ln

ζ

θ
)W−1|M(θ,S(θ),DHS(θ))|

dθ
θ

)p
≤

(ln( ζâ )pW−1

(pW−1
p−1 )p−1

∫ ζ

â
|M(θ,S(θ),DHS(θ))|pdθ. (3.2)

Now, by the same technique, the second term can be found as follows( ∫ T

â

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1|M(θ,S(θ),DHS(θ))|

d$
$

dθ
θ

)p
≤ β(W,U)(ln

T

â
)
p(W+U)−1

p

β
p−1
p
(p(W + U) − 1

p − 1
, 1

) ∫ T

â
|M(θ,S(θ),DHS(θ))|pdθ,

(3.3)

where β(W,U) and β
p−1
p
(p(W+U)−1

p−1 , 1
)

are beta functions. Now, the last term of Eq (3.1) needs to be
found, as follows:( ∫ T

â
(ln
T

θ
)W−1|M(θ,S(θ),DHS(θ))|

dθ
θ

)p
≤

(ln Tâ )pW−1

(pW−1
p−1 )p−1

∫ T

â
|M(θ,S(θ),DHS(θ))|pdθ. (3.4)

Thus,
( ∫ T

â
(ln T

θ
)W−1|M(θ,S(θ),DHS(θ))| dθ

θ

)p
,
( ∫ ζ

â
(ln ζ

θ
)W−1|M(θ,S(θ),DHS(θ))| dθ

θ

)p
and( ∫ T

â

∫ T
θ

(ln T
$

)U−1(ln $
θ

)W−1|M(θ,S(θ),DHS(θ))| d$
$

dθ
θ

)p
are Lebesgue-integrable; by Lemma 2.9,

we conclude that (ln T
θ
)W−1M(θ,S(θ),DHS(θ)),

∫ T
θ

(ln T
$

)U−1(ln $
θ

)W−1 d$
$
M(θ,S(θ),DHS(θ))

and (ln ζ

θ
)W−1M(θ,S(θ),DHS(θ)) are Bochner-integrable with respect to θ ∈ [â, ζ] for all ζ ∈ I. From

Eqs (3.2)–(3.4), Eq (3.1) gives∫ T

â
|(FS)(ζ)|pdζ ≤

2p

(Γ(W))p

∫ T

â

(ln ζ

â )pW−1

(pW−1
p−1 )p−1

∫ ζ

â
|M(θ,S(θ),DHS(θ))|pdθdζ

+
22pf̂p

(Γ(W))p

(
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

) ∫ T

â
(ln

ζ

â
)p

∫ T

â
|M(θ,S(θ),DHS(θ))|pdθdζ,
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â
|(FS)(ζ)|pdζ ≤

2p Zp

(Γ(W))p

∫ T

â

(ln ζ

â )pW−1

(pW−1
p−1 )p−1

∫ ζ

â
|S(θ) +DHS(θ)|pdθdζ

+
22p Zp f̂p

(Γ(W))p

[
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

]
∫ T

â
(ln

ζ

â
)p

∫ T

â
|S(θ) +DHS(θ)|pdθdζ.

(3.5)

By using integration by parts, Eq (3.5) becomes

≤ 2p
( 2pZp

(Γ(W))p
( p − 1
pW − 1

)p−1 (ln Tâ )pW

pW
+

22p Zpf̂p

(Γ(W))p

[
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

]
T(ln

T

â
)p
) ( ∫ T

â
|S(θ)|pdθ +

∫ T

â
|DHS(θ)|pdθ

)
dζ,

≤ 2p
( 2p

(Γ(W))p
( p − 1
pW − 1

)p−1 (ln Tâ )pW

pW
+

22p f̂p

(Γ(W))p

[
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

]
T(ln

T

â
)p
)
Z
p||S||

p

pi∗
.

||FS||pp ≤ 2pV1Z
p
A
p, (3.6)

and ∫ T

θ

|DH(FS)(ζ)|pdζ ≤
2p

(Γ(W − H))p

∫ T

â

( ∫ ζ

â
(ln

ζ

θ
)W−H−1|M(θ,S(θ),DHS(θ))|

dθ
θ

)p
dζ

+ 2p
(

f̂

Γ(W)Γ(2 − H)

)p ∫ T

â
(ln

ζ

â
)p(1−H)

( ∫ T

â

[ ∫ T

θ

(ln T
$

)U−1

(Γ(U))
(ln

$

θ
)W−1 d$

$

+ (ln
T

θ
)W−1

]
|M(θ,S(θ),DHS(θ))|

dθ
θ

)p
dζ.

By (O1) and the Hölder inequality, we can find that

||DHFS||pp ≤ 2p
( 2p

(Γ(W − H))p
( p − 1
(W − H)p − 1

)p−1 (ln Tâ )(W−H)p

(W − H)p
+

22p f̂p

(Γ(W))p(Γ(2 − H))p[
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

]
T(ln

T

â
)p(1−H)

)
Z
p||S||

p

pi∗
,

||DHFS||pp ≤ 2pV2Z
p
A
p. (3.7)

Combining Eq (3.6) with Eq (3.7), we get

||FS||
p

pi∗
= ||FS||pp + ||DHFS||pp,

||FS||pi∗ ≤ 2
(
V1 +V2

) 1
pZ A,
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which implies that FYA ⊆ YA. Hence, F(S)(ζ) is Lebesgue-integrable and F maps YA into itself.
Now, to show that F is a contraction mapping, considering that S1,S2 ∈ L

p(I,R), we obtain

∫ T

â
|(FS1)(ζ) − (FS2)(ζ)|pdζ ≤

2p

(Γ(W))p

∫ T

â

( ∫ ζ

â
(ln

ζ

θ
)W−1

|M(θ,S1(θ),DHS1(θ)) −M(θ,S2(θ),DHS2(θ))|
dθ
θ

)p
dζ +

∫ T

â

2pf̂p(ln ζ

â )p

(Γ(W))p

( ∫ T

â

[ 1
Γ(U)

∫ T

θ

(ln
T

$
)U−1

(ln
$

θ
)W−1 d$

$
+ (ln

T

θ
)W−1

]
|M(θ,S1(θ),DHS1(θ)) −M(θ,S2(θ),DHS2(θ))|

dθ
θ

)p
dζ.

Some computations give

≤
2pQp1

(Γ(W))p
( p − 1
pW − 1

)p−1
∫ T

â
(ln

ζ

â
)pW−1

∫ ζ

â

(
|S1(θ) −S2(θ)| + |DHS1(θ) −DHS2(θ)|

)p
dθdζ

+
22p Q

p

1 f̂
p

(Γ(W))p

[
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+ (ln

T

â
)pW−1( p − 1

pW − 1
)p−1

]
∫ T

â
(ln

ζ

â
)p

∫ T

â

(
|S1(θ) −S2(θ)| + |DHS1(θ) −DHS2(θ)|

)p
dθdζ,

≤ Q
p

1

( 2p

(Γ(W))p
( p − 1
pW − 1

)p−1 (ln Tâ )pW

pW
+

22p f̂p

(Γ(W))p

[
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

]
T(ln

T

â
)p
) ∫ T

â

(
|S1(θ) −S2(θ)| + |DHS1(θ) −DHS2(θ)|

)p
dθ,

||FS1 − FS2||
p
p ≤ 2p

( 2p

(Γ(W))p
( p − 1
pW − 1

)p−1 (ln Tâ )pW

pW
+

22p f̂p

(Γ(W))p

[
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p

β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

]
T(ln

T

â
)p
)
Q
p

1 ||S1 −S2||
p

pi∗
,

||FS1 − FS2||
p
p ≤ 2p V1 Q

p

1 ||S1 −S2||
p

pi∗
. (3.8)

Using similar techniques, we obtain

∫ T

â
|DH(FS1)(ζ) −DH(FS2)(ζ)|pdζ ≤

2p

(Γ(W − H))p

∫ T

â

( ∫ ζ

â
(ln

ζ

θ
)W−H−1

|M(θ,S1(θ),DHS1(θ)) −M(θ,S2(θ),DHS2(θ))|
dθ
θ

)p
dζ +

22pf̂p

(Γ(W))p(Γ(2 − H))p

∫ T

â
(ln

ζ

â
)p(1−H)

( ∫ T

â

[ ∫ T

θ

(ln T
$

)U−1

Γ(U)
(ln

$

θ
)W−1 d$

$
+ (ln

T

θ
)W−1

]
|M(θ,S1(θ),DHS1(θ)) −M(θ,S2(θ),DHS2(θ))|

dθ
θ

)p
dζ.
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Then,

||DHFS1 −D
H
FS2||

p
p ≤ Q

p

1

[ 2p

(Γ(W − H))p
( p − 1
(W − H)p − 1

)p−1 (ln Tâ )(W−H)p

(W − H)p

+
22p f̂p

(Γ(W))p(Γ(2 − H))p

(
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

)
T(ln

T

â
)p(1−H)

]
∫ T

â

(
|S1(θ) −S2(θ)| + |DHS1(θ) −DHS2(θ)|

)p
dθ,

||DHFS1 −D
H
FS2||

p
p ≤ 2p Qp1 V2 ||S1 −S2||

p

pi∗
. (3.9)

Combining Eqs (3.8) and (3.9), we get

||FS1 − FS2||pi∗ ≤ 2 Q1
(
V1 +V2

) 1
p ||S1 −S2||pi∗ ,

||FS1 − FS2||pi∗ ≤ ω ||S1 −S2||pi∗ .

If ω < 1, then the Banach theorem guarantees that there is only one fixed-point which is a solution of
the problem defined by Eqs (1.1) and (1.2). �

The following outcome is the Burton-Kirk theorem.

Theorem 3.2. Suppose that (O1) and (O2) hold. Then, the problem defined by Eqs (1.1) and (1.2) has
at least one solution.

Proof. Let F : i∗ → i∗; we define the operators as follows

(F1S)(ζ) =

∫ ζ

â

(ln ζ

θ
)W−1

Γ(W)
M(θ,S(θ),DHS(θ))

dθ
θ

(F2S)(ζ) =
f̂(ln ζ

â )
Γ(W)

∫ T

â

[
1

Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
− (ln

T

θ
)W−1

]
M(θ,S(θ),DHS(θ))

dθ
θ
.

Step 1: The operator F1 is continuous.∫ T

â
|(F1Sj)(ζ) − (F1S)(ζ)|pdζ ≤

1
(Γ(W))p

∫ T

â

( ∫ ζ

â
(ln

ζ

θ
)W−1

|M(θ,Sj(θ),DHSj(θ)) −M(θ,S(θ),DHS(θ))|
dθ
θ

)p
dζ.

(3.10)

It follows from the Hölder inequality and the integration by parts that Eq (3.10) becomes

≤
1

(Γ(W))p
( p − 1
pW − 1

)p−1 (ln Tâ )pW

pW
||M(θ,Sj(θ),DHSj(θ)) −M(θ,S(θ),DHS(θ))||pp,

||(F1Sj) − (F1S)||pp ≤ V3 ||M(θ,Sj(θ),DHSj(θ)) −M(θ,S(θ),DHS(θ))||pp,
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for all ζ ∈ I. In a similar manner, we obtain∫ T

â
|DH(F1Sj)(ζ) −DH(F1S)(ζ)|pdζ ≤

1
(Γ(W − H))p

∫ T

â

( ∫ ζ

â
(ln

ζ

θ
)W−H−1

|M(θ,Sj(θ),DHSj(θ)) −M(θ,S(θ),DHS(θ))|
dθ
θ

)p
dζ,

||DH(F1Sj) −DH(F1S)||pp ≤ V4 ||M(θ,Sj(θ),DHSj(θ)) −M(θ,S(θ),DHS(θ))||pp.

Then,

||(F1Sj) − (F1S)||pi∗ ≤
(
V3 +V4

) 1
p ||M(θ,Sj(θ),DHSj(θ)) −M(θ,S(θ),DHS(θ))||p.

According to the Lebesgue dominated convergence theorem, sinceM is of Caratheodory type, we have
that ||(F1Sj) − (F1S)||pi∗ → 0 as j→ ∞.
Step 2: Consider the set ℵΥ = {S ∈ Lp(I,R) : ||S||p

pi∗
≤ Υp,Υ > 0}.

For S ∈ ℵΥ and ζ ∈ I, we will prove that F1(ℵΥ) is bounded and equicontinuous, and that

||(F1S)||pp ≤
2p

(Γ(W))p
( p − 1
pW − 1

)p−1 (ln Tâ )pW

pW
Z
p
A
p,

||(F1S)||pp ≤ 2pV3Z
p
A
p.

In a like manner,
||DH(F1S)||pp ≤ 2pV4Z

p
A
p.

Then,
||(F1S)||pi∗ ≤ 2

(
V3 +V4

) 1
p Z A.

Hence, F1(ℵΥ) is bounded.
Now, Theorem 2.7-(Kolmogorov compactness criterion) will be applied to prove that F1 is completely
continuous. Assume that a bounded subset of ℵΥ is δ̂. Hence, F1(δ̂) is bounded in Lp(I,R) and
condition (i) of Theorem 2.7 is satisfied. Next, we will demonstrate that, uniformly with regard to
ζ ∈ δ̂, (F1S)h → (F1S) in Lp(I,R) as h→ 0. We estimate the following:

||(F1S)h − (F1S)||pp =

∫ T

â

∣∣∣(F1S)h(ζ) − (F1S)(ζ)
∣∣∣pdζ,

≤

∫ T

â

∣∣∣1
h

∫ ζ+h

ζ

(F1S)(θ)dθ − (F1S)(ζ)
∣∣∣pdζ,

≤

∫ T

â

1
h

∫ ζ+h

ζ

∣∣∣IWM(θ,S(θ),DHS(θ)) − IWM(ζ,S(ζ),DHS(ζ))
∣∣∣pdθdζ.

Similar, the following is obtained:

||DH(F1S)h −DH(F1S)||pp =

∫ T

â

∣∣∣DH(F1S)h(ζ) −DH(F1S)(ζ)
∣∣∣pdζ,

≤

∫ T

â

1
h

∫ ζ+h

ζ

∣∣∣IW−HM(θ,S(θ),DHS(θ)) − IW−HM(ζ,S(ζ),DHS(ζ))
∣∣∣pdθdζ.
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SinceM ∈ Lp(I,R), we get that IWM, IW−HM ∈ Lp(I,R), as well as that

1
h

∫ ζ+h

ζ

∣∣∣IWM(θ,S(θ),DHS(θ)) − IWM(ζ,S(ζ),DHS(ζ))
∣∣∣pdθ → 0,

and
1
h

∫ ζ+h

ζ

∣∣∣IW−HM(θ,S(θ),DHS(θ)) − IW−HM(ζ,S(ζ),DHS(ζ))
∣∣∣pdθ → 0.

Hence, ||(F1S)h − (F1S)||pi∗ → 0.

(F1S)h → (F1S), uniformly as h→ 0.

Then, we conclude that F1(δ̂) is relatively compact, i.e., F1 is a compact, by using Theorem 2.7.
Step 3: F2 is contractive. For all S,Sc ∈ L

p(I,R), we have∫ T

â
|(F2S)(ζ) − (F2Sc)(ζ)|pdζ ≤

f̂p

(Γ(W))p

∫ T

â
(ln

ζ

â
)p
( ∫ T

â

[ 1
Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$

+ (ln
T

θ
)W−1

]
|M(θ,S(θ),DHS(θ)) −M(θ,Sc(θ),DHSc(θ))|

dθ
θ

)p
dζ,

||F2S − F2Sc||
p
p ≤

22p f̂p

(Γ(W))p

(
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

)
T(ln

T

â
)p Qp1 ||S −Sc||

p

pi∗
.

||F2S − F2Sc||
p
p ≤ ∆1 Q

p

1 ||S −Sc||
p

pi∗
, (3.11)

and∫ T

â
|DH(F2S)(ζ) −DH(F2Sc)(ζ)|pdζ ≤

f̂p

(Γ(W))p(Γ(2 − H))p

∫ T

â
(ln

ζ

â
)p(1−H)

( ∫ T

â

[ 1
Γ(U)

∫ T

θ

(ln
T

$
)U−1

(ln
$

θ
)W−1 d$

$
+ (ln

T

θ
)W−1

]
|M(θ,S(θ),DHS(θ)) −M(θ,Sc(θ),DHSc(θ))|

dθ
θ

)p
dζ,

||DHF2S −D
H
F2Sc||

p
p ≤

22p f̂p

(Γ(W))p(Γ(2 − H))p

(
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

)
T(ln

T

â
)p(1−H)||S −Sc||

p

pi∗
,

||DHF2S −D
H
F2Sc||

p
p ≤ ∆2 Q

p

1 ||S −Sc||
p

pi∗
. (3.12)

Combining Eqs (3.11) and (3.12), the following is obtained:

||F2S − F2Sc||pi∗ ≤
(
∆1 + ∆2

) 1
p Q1 ||S −Sc||pi∗ .
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Step 4: Let Ξ = {S ∈ Lp(I) : γ̂ F2(
S

γ̂
)+ γ̂F1(S) = S, γ̂ ∈ (0, 1)}. For all S ∈ Ξ, there exists γ̂ ∈ (0, 1)

such that

(FS)(ζ) = γ̂
[ 1

Γ(W)

∫ ζ

â
(ln

ζ

θ
)W−1M(θ,S(θ),DHS(θ))

dθ
θ

+
f̂(ln ζ

â )
Γ(W)

∫ T

â

(
1

Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
− (ln

T

θ
)W−1

)
M(θ,

S

γ̂
(θ),DH

S

γ̂
(θ))

dθ
θ

]
,

||FS||pp ≤ 2p
( 2p

(Γ(W))p
( p − 1
pW − 1

)p−1 (ln Tâ )pW

pW
+

22p f̂p

(Γ(W))p

[
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

]
T(ln

T

â
)p
)
Z
p||S||

p

pi∗
.

With the same arguments, we have

DH(FS)(ζ) = γ̂
[ 1
Γ(W − H)

∫ ζ

â
(ln

ζ

θ
)W−H−1M(θ,S(θ),DHS(θ))

dθ
θ

+
f̂

Γ(W)Γ(2 − H)
(ln

ζ

â
)(1−H)

∫ T

â

( ∫ T

θ

(ln T
$

)U−1

Γ(U)
(ln

$

θ
)W−1 d$

$
− (ln

T

θ
)W−1

)
M(θ,

S

γ̂
(θ),DH

S

γ̂
(θ))

dθ
θ

]
,

||DHFS||pp ≤ 2p
( 2p

(Γ(W − H))p
( p − 1
(W − H)p − 1

)p−1 (ln Tâ )(W−H)p

(W − H)p
+

22p f̂p

(Γ(W))p(Γ(2 − H))p[
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

]
T(ln

T

â
)p(1−H)

)
Z
p||S||

p

pi∗
.

Then,
||S||pi∗ ≤ 2(V1 +V2)

1
p Z ||S||pi∗ .

Hence, the set Ξ is bounded, and, by Theorem 3.2, the problem defined by Eqs (1.1) and (1.2) has a
solution. �

4. Stability results

In this section, we establish the Ulam-Hyers and Ulam-Hyers-Rassias stability of the problem
defined by Eqs (1.1) and (1.2); we set the following condition.
(O3) Φ̂ ∈ Lp(I,R) is an increasing function and ∃ λ̂Φ̂, Ω̂Φ̂ > 0 such that, for any ζ ∈ I, we have

1
Γ(W)

∫ ζ

â
(ln

ζ

θ
)W−1Φ̂(θ)

dθ
θ
≤ λ̂Φ̂Φ̂(ζ),

1
Γ(W − H)

∫ ζ

â
(ln

ζ

θ
)W−H−1Φ̂(θ)

dθ
θ
≤ Ω̂Φ̂Φ̂(ζ).

Theorem 4.1. LetM be a continuous function and (O2) hold with

22p
Q
p

1(V1 +V2) < 1.

Then, the problem defined by Eqs (1.1) and (1.2) is Ulam-Hyers-stable.
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Proof. For ε̂ > 0, Ψ̂ is a solution that satisfies the following inequality:

|CHDWΨ̂(ζ) −M(ζ, Ψ̂(ζ),CH DHΨ̂(ζ))|p ≤ ε̂p. (4.1)

There exists a solution S ∈ Lp(I,R) of the boundary-value problem defined by Eqs (1.1) and (1.2).
Then, S(ζ) is given by Eq (2.4); from Eq (4.1), and for each ζ ∈ I, we have

|S(ζ) −
1

Γ(W)

∫ ζ

â
(ln

ζ

θ
)W−1M(θ,S(θ),DHS(θ))

dθ
θ
−
f̂(ln ζ

â )
Γ(W)

∫ T

â

[ 1
Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$

− (ln
T

θ
)W−1

]
M(θ,S(θ),DHS(θ))

dθ
θ
|p ≤

( ε̂(ln ζ

â )W

Γ(W + 1)

)p
,

(4.2)
and

|DHS(ζ) −
1

Γ(W − H)

∫ ζ

â
(ln

ζ

θ
)W−H−1M(θ,S(θ),DHS(θ))

dθ
θ
−

f̂

Γ(W)Γ(2 − H)
(ln

ζ

â
)1−H

∫ T

â

[
1

Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
− (ln

T

θ
)W−1

]
M(θ,S(θ),DHS(θ))

dθ
θ
|p ≤

( ε̂(ln ζ

â )W−H

Γ(W − H + 1)

)p
.

(4.3)
For each ζ ∈ I, we have

|Ψ̂(ζ) −S(ζ)|p ≤ |Ψ̂(ζ) −
1

Γ(W)

∫ ζ

â
(ln

ζ

θ
)W−1M(θ,S(θ),DHS(θ))

dθ
θ
−
f̂(ln ζ

â )
Γ(W)∫ T

â

[
1

Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
− (ln

T

θ
)W−1

]
M(θ,S(θ),DHS(θ))

dθ
θ
|p.

Then, from Eq (4.2), we conclude that∫ T

â
|Ψ̂(ζ) −S(ζ)|pdζ ≤ 2p

∫ T

â

ε̂p(ln ζ

â )pW

(Γ(W + 1))p
dζ + 22p

∫ T

â

( ∫ ζ

â

(ln ζ

θ
)W−1

Γ(W)

|M(θ, Ψ̂(θ),DHΨ̂(θ)) −M(θ,S(θ),DHS(θ))|
dθ
θ

)p
dζ

+ 22p( f̂
Γ(W)

)p ∫ T

â
(ln

ζ

â
)p
( ∫ T

â

[ 1
Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
+ (ln

T

θ
)W−1

]
|M(θ, Ψ̂(θ),DHΨ̂(θ)) −M(θ,S(θ),DHS(θ))|

dθ
θ

)p
dζ.

By (O2) and the Hölder inequality, it follows that

||Ψ̂ −S||pp ≤ 2p
ε̂p (ln Tâ )pW T
(Γ(W + 1))p

+ 2p
[ 22p

(Γ(W))p
( p − 1
pW − 1

)p−1 (ln Tâ )pW

pW
T +

23p f̂p

(Γ(W))p(
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

)
T(ln

T

â
)p
]
Q
p

1 ||Ψ̂ −S||
p

pi∗
.

Hence,

||Ψ̂ −S||pp ≤ 2p
ε̂p (ln Tâ )pW T
(Γ(W + 1))p

+ 22p
Q
p

1V1||Ψ̂ −S||
p

pi∗
. (4.4)
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Now, from Eq (4.3), we have∫ T

â
|DHΨ̂(ζ) −DHS(ζ)|pdζ ≤ 2p

∫ T

â

ε̂p(ln ζ

â )p(W−H)

(Γ(W − H + 1))p
dζ + 22p

∫ T

â

( ∫ ζ

â

(ln ζ

θ
)W−H−1

Γ(W − H)

|M(θ, Ψ̂(θ),DHΨ̂(θ)) −M(θ,S(θ),DHS(θ))|
dθ
θ

)p
dζ

+ 22p( f̂

Γ(W)Γ(2 − H)
)p ∫ T

â
(ln

ζ

â
)(1−H)p

( ∫ T

â

[ 1
Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
+ (ln

T

θ
)W−1

]
|M(θ, Ψ̂(θ),DHΨ̂(θ)) −M(θ,S(θ),DHS(θ))|

dθ
θ

)p
dζ,

and

||DHΨ̂ −DHS||pp ≤ 2p
ε̂p (ln Tâ )(W−H)p T

(Γ(W − H + 1))p
+ 2p

[ 22p

(Γ(W − H))p
( p − 1
(W − H)p − 1

)p−1 (ln Tâ )(W−H)p

(W − H)p
T

+
23p f̂p

(Γ(W))p(Γ(2 − H))p

(
β(W,U)
(Γ(U))p

(ln
T

â
)
p(W+U)−1

p β
p−1
p
(p(W + U) − 1

p − 1
, 1

)
+

(ln Tâ )pW−1

(pW−1
p−1 )p−1

)
T(ln

T

â
)p(1−H)

]
Q
p

1 ||Ψ̂ −S||
p

pi∗
.

||DHΨ̂ −DHS||pp ≤ 2p
ε̂p (ln Tâ )(W−H)p T

(Γ(W − H + 1))p
+ 22p

Q
p

1V2||Ψ̂ −S||
p

pi∗
. (4.5)

Combining Eq (4.4) with Eq (4.5), we have

||Ψ̂ −S||
p

pi∗
≤ 2p

( (ln Tâ )pW

(Γ(W + 1))p
+

(ln Tâ )(W−H)p

(Γ(W − H + 1))p

)
T ε̂p + 22p

Q
p

1
(
V1 +V2

)
||Ψ̂ −S||

p

pi∗
.

Hence,
||Ψ̂ −S||pi∗ ≤ c f ε̂,

where

c f =
2 JJ

1
p(

1 − 22pQ
p

1(V1 +V2)
) 1
p

.

Then, the problem is Ulam-Hyers-stable. �

Theorem 4.2. LetM be a continuous function and (O2) and (O3) hold. Then, the problem defined by
Eqs (1.1) and (1.2) is Ulam-Hyers-Rassias-stable.

Proof. Let Ψ̂ ∈ Lp(I,R) be a solution of Eq (2.2) and there exist a solution S ∈ Lp(I,R) of Eq (1.1).
Then, we have

S(ζ) =
1

Γ(W)

∫ ζ

â
(ln

ζ

θ
)W−1M(θ,S(θ),DHS(θ))

dθ
θ

+
f̂(ln ζ

â )
Γ(W)∫ T

â

[
1

Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
− (ln

T

θ
)W−1

]
M(θ,S(θ),DHS(θ))

dθ
θ
.
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From Eq (2.2), for each ζ ∈ I, we get

|S(ζ) −
1

Γ(W)

∫ ζ

â
(ln

ζ

θ
)W−1M(θ,S(θ),DHS(θ))

dθ
θ
−
f̂(ln ζ

â )
Γ(W)

∫ T

â

[ 1
Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$

− (ln
T

θ
)W−1

]
M(θ,S(θ),DHS(θ))

dθ
θ
|p ≤

(
ε̂

Γ(W)

∫ ζ

â
(ln

ζ

θ
)W−1Φ̂(θ)

dθ
θ

)p
≤

(
ε̂ λ̂Φ̂Φ̂(ζ)

)p
,

(4.6)
and

|DHS(ζ) −
1

Γ(W − H)

∫ ζ

â
(ln

ζ

θ
)W−H−1M(θ,S(θ),DHS(θ))

dθ
θ
−

f̂

Γ(W)Γ(2 − H)
(ln

ζ

â
)1−H∫ T

â

[
1

Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
− (ln

T

θ
)W−1

]
M(θ,S(θ),DHS(θ))

dθ
θ
|p

≤

(
ε̂

Γ(W − H)

∫ ζ

â
(ln

ζ

θ
)W−H−1Φ̂(θ)

dθ
θ

)p
≤

(
ε̂ Ω̂Φ̂Φ̂(ζ)

)p
.

(4.7)

On the other hand, for each ζ ∈ I, from Eq (4.6), the below is found:∫ T

â
|Ψ̂(ζ) −S(ζ)|pdζ ≤ 2p ε̂p

∫ T

â

(
λ̂Φ̂Φ̂(ζ)

)p
dζ + 22p

∫ T

â

( ∫ ζ

â

(ln ζ

θ
)W−1

Γ(W)

|M(θ, Ψ̂(θ),DHΨ̂(θ)) −M(θ,S(θ),DHS(θ))|
dθ
θ

)p
dζ + 22p( f̂

Γ(W)
)p ∫ T

â
(ln

ζ

â
)p
( ∫ T

â

[ 1
Γ(U)∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
+ (ln

T

θ
)W−1

]
|M(θ, Ψ̂(θ),DHΨ̂(θ)) −M(θ,S(θ),DHS(θ))|

dθ
θ

)p
dζ.

(4.8)

Thus, by condition (O2) and the Hölder inequality, Eq (4.8) becomes

||Ψ̂ −S||pp ≤ 2p ε̂p(Φ̂(T))p T||Φ̂||pp V3 + 22p
Q
p

1V1||Ψ̂ −S||
p

pi∗
. (4.9)

Now, from Eq (4.7), one has∫ T

â
|DHΨ̂(ζ) −DHS(ζ)|pdζ ≤ 2pε̂p

∫ T

â

(
Ω̂Φ̂Φ̂(ζ)

)p
dζ + 22p

∫ T

â

( ∫ ζ

â

(ln ζ

θ
)W−H−1

Γ(W − H)

|M(θ, Ψ̂(θ),DHΨ̂(θ)) −M(θ,S(θ),DHS(θ))|
dθ
θ

)p
dζ

+ 22p( f̂

Γ(W)Γ(2 − H)
)p ∫ T

â
(ln

ζ

â
)(1−H)p

( ∫ T

â

[ 1
Γ(U)

∫ T

θ

(ln
T

$
)U−1(ln

$

θ
)W−1 d$

$
+ (ln

T

θ
)W−1

]
|M(θ, Ψ̂(θ),DHΨ̂(θ)) −M(θ,S(θ),DHS(θ))|

dθ
θ

)p
dζ.

Similarly, we have

||DHΨ̂ −DHS||pp ≤ 2pε̂p(Φ̂(T))p T ||Φ̂||pp V4 + 22p
Q
p

1V2||Ψ̂ −S||
p

pi∗
. (4.10)

Combining Eq (4.9) with Eq (4.10), we have

||Ψ̂ −S||
p

pi∗
≤ 2p

(
V3 +V4

)
ε̂p(Φ̂(T))p||Φ̂||pp T + 22p

Q
p

1
(
V1 +V2

)
||Ψ̂ −S||

p

pi∗
.
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Hence,
||Ψ̂ −S||pi∗ ≤ c f ε̂ Φ̂(T)||Φ̂||p ,

where c f =
2
(
V3+V4

) 1
p
T

1
p(

1−22pQ
p

1(V1+V2)
) 1
p

.

Then, the problem defined by Eqs (1.1) and (1.2) is Ulam-Hyers-Rassias-stable. �

5. Examples

In this section, we present two examples to illustrate the utility of our main results.

Example 5.1. Consider the following Bagley-Torvik equation:{
CHD2G + θ CHDHG = −1 − eζ−1, ζ ∈ [1, 2],

G(1) = 0, G(2) = 2
1IUG.

(5.1)

Here, â = 1, T = 2, θ = 1/25, W = 2, H = 0.4 and U = 0.7. Also, let p = 2, by the condition (O2),
we have that Q1 = 0.04. Then, from Theorem 3.1,

V1 = 17.38072643, V2 = 17.46632688, =⇒ ω = 2 Q1
(
V1 +V2

) 1
p = 0.4722511421 < 1.

This indicates that the solution to the problem defined by Eq (5.1) is unique.

Example 5.2. Consider the following boundary-value problem:

DWG(ζ) =
ln(ζ)
12

+
e−ζ

15(3 + ln(ζ))
(G +DHG), ζ ∈ I, ζ ∈ [1, e],

G(1) = 0, G(e) = e
1IUG.

(5.2)

Here, â = 1, T = e, W = 1.7, H = 0.3, and U = 0.6. By the Lipschitz condition, we have that
Q1 = 0.00817509. Now, to check the obtained results for the Banach contraction mapping and Ulam-
Hyers and Ulam-Hyers-Rassias stability, we examine the following cases:
Case I: Let p = 2; by a direct calculation and by Theorem 3.1, one can obtain that

V1 = 3.24027038e + 02, V2 = 1.77652891e + 02, =⇒ ω = 2 Q1
(
V1 +V2

) 1
p = 0.36621519 < 1.

We get that the problem defined by Eq (5.2) has a unique solution.
At this moment, to examine the stability, let S = 1; we show that Eq (2.1) hold. Indeed,

|D1.7G(ζ) −
ln(ζ)
12

−
e−ζ

15(3 + ln(ζ))
(G +D0.3G)| = 0.08443313 ≤ ε̂.

From Theorem 4.1, we have

||Ψ̂ −S||pi∗ ≤
2 JJ

1
p(

1 − 2pQp1(V1 +V2)
) 1
p

ε̂ = 0.42244099,

which shows that the problem defined by Eq (5.2) is Ulam-Hyers-stable.
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Next, let Φ̂(ζ) = ζ − 1.8; by applying Theorem 4.2, we have

||Φ̂||p =
(T − 1.8)p+1 − (â − 1.8)p+1

p + 1
, and cuΦ̂(T)||Φ̂||p = 1.43585898.

Hence, the problem defined by Eq (5.2) is Ulam-Hyers-Rassias-stable with

||Ψ̂ −S||pi∗ ≤ cu ε̂ Φ̂(T)||Φ̂||p = 0.12123407.

Case II: Let p = 3, ε̂ = 0.08443313, and Φ̂(ζ) = ζ − 1.8; we have that ω = 0.24914024 < 1.
Then, the boundary-value problem defined by Eq (5.2) has a unique solution.
Now, according Theorems 4.1 and 4.2, the Ulam-Hyers and Ulam-Hyers-Rassias stability for the
boundary-value problem defined by Eq (5.2) are respectively given as follows

||Ψ̂ −S||pi∗ ≤ 0.22796162, and ||Ψ̂ −S||pi∗ ≤ cu ε̂ Φ̂(T)||Φ̂||p = 0.01175782.

Case III: Let p = 4. From Theorem 3.1, we start by computing the following:
2 Q1

(
V1 +V2

) 1
p = 0.209580118 < 1. Hence, the boundary-value problem defined by Eq (5.2) has a

unique solution. Also, it has Ulam-Hyers and Ulam-Hyers-Rassias stable with

||Ψ̂ −S||pi∗ ≤ 0.19198746, and ||Ψ̂ −S||pi∗ ≤ cu ε̂ Φ̂(T)||Φ̂||p = 0.02696865.

6. Discussion

To show the efficiency of the Banach contraction principle and that the problem has a unique
solution, we will evaluate the value of ω for some different fractional orders, i.e., 1 < W ≤ 2 and
0 < H ≤ 1. Table 1 presents the value of ω when p = 2 and ζ ∈ [1, e] for some specific orders, such
as when W = 1.2, H = 0.2, 0.8, when W = 1.5, H = 0.2, 0.5, 0.8, and when W = 1.8, H = 0.2, 0.5.
Furthermore, the behavior of ω at some selected points is illustrated in Figure 1.

Figure 2 shows that the problem has a unique solution at p = 3 when 1 < W < 2, H = 0.5, and
when W = 1.5, 0 < H ≤ 1. In addition, for p = 4 and 1 < W < 2, H = 0.8 or W = 1.2, 0 < H ≤ 1,
ω has been plotted in Figure 3 and is presented in Table 2. To illustrate the sufficiency of our results to
find the solution and its uniqueness, we chose p = 15 as shown in Figure 4.
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Figure 1. Results of ω on ζ = [1, e] with p = 2 for Example 5.2 when a) 1 < W < 2 and
H = 0.3; b)W = 1.7 and 0 < H ≤ 1.
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Figure 2. Results of ω on ζ = [1, e] with p = 3 for Example 5.2 when a) 1 < W < 2,
H = 0.5; b)W = 1.5, 0 < H ≤ 1.
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Figure 3. Results of ω with p = 4 for Example 5.2 when a) 1 < W < 2, H = 0.8; b)W = 1.2,
0 < H ≤ 1.
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Figure 4. Results of ω with p = 15 for Example 5.2 when a) W = 1.2, 0 < H ≤ 1; b)
1 < W < 2, H = 0.8.
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Table 1. Values of ω when p = 2 and 1 < W < 2, 0 < H ≤ 1 for Example 5.2.

ω < 1 ω < 1 ω < 1 ω < 1 ω < 1 ω < 1 ω < 1
W = 1.2, W = 1.2, W = 1.5, W = 1.5, W = 1.5, W = 1.8, W = 1.8,

ζ H = 0.2 H = 0.8 H = 0.2 H = 0.5 H = 0.8 H = 0.2 H = 0.8
1.0000 0.0003 0.1393 0.0000 0.0001 0.0038 0.0000 0.0001
1.2455 0.0607 0.0913 0.0401 0.0438 0.0532 0.0258 0.0304
1.4909 0.1105 0.1314 0.0818 0.0868 0.0925 0.0581 0.0630
1.7364 0.1664 0.1816 0.1313 0.1376 0.1401 0.0990 0.1037
1.9819 0.2306 0.2417 0.1900 0.1976 0.1972 0.1493 0.1537
2.2273 0.3048 0.3129 0.2594 0.2684 0.2652 0.2102 0.2143
2.4728 0.3909 0.3967 0.3415 0.3520 0.3461 0.2837 0.2874
2.7183 0.4917 0.4956 0.4386 0.4508 0.4423 0.3719 0.3752

Table 2. Values of ω when p = 3, 4 and 1 < W < 2, 0 < H < 1 for Example 5.2.

p = 3 p = 3 p = 3 p = 4 p = 4 p = 4
ω < 1 ω < 1 ω < 1 ω < 1 ω < 1 ω < 1
W = 1.2, W = 1.5, W = 1.8, W = 1.2, W = 1.5, W = 1.8,

ζ H = 0.8 H = 0.5 H = 0.2 H = 0.8 H = 0.5 H = 0.2
1.0000 0.0203 0.0001 0.0001 0.0078 0.0003 0.0003
1.2455 0.0656 0.0390 0.0299 0.0575 0.0425 0.0353
1.4909 0.0964 0.0713 0.0554 0.0853 0.0706 0.0589
1.7364 0.1315 0.1068 0.0843 0.1149 0.1001 0.0837
1.9819 0.1716 0.1471 0.1178 0.1475 0.1326 0.1112
2.2273 0.2177 0.1932 0.1571 0.1842 0.1692 0.1424
2.4728 0.2708 0.2464 0.2034 0.2260 0.2110 0.1785
2.7183 0.3323 0.3082 0.2581 0.2741 0.2592 0.2209

7. Conclusions

In this paper, we examined the Lp-integrable solutions of nonlinear CHFDEs with integral
boundary conditions. We applied the Burton-Kirk fixed-point theorem and Banach contraction
principle with the Kolmogorov compactness criterion and Hölder’s inequality technique to demonstrate
the main results. In addition, the Ulam-Hyers and Ulam-Hyers-Rassias stability of the problem defined
by Eqs (1.1) and (1.2) have been studied. Finally, examples have been provided to demonstrate the
validity of our conclusions. In future works, one can extend the given fractional boundary-value
problem to more fractional derivatives, such as the Hilfer and Caputo-Fabrizio fractional derivatives.
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