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Keywords: Nernst-Planck-Poisson-Navier-Stokes; energy estimates; fractional diffusion; iterative
solution sequence; global classical solution
Mathematics Subject Classification: 35A01, 35A09, 35Q92, 76D05

1. Introduction

1.1. The drift-diffusion system

In order to describe the charge transport in the semiconductor device, Roosbroeck [21] first
proposed the drift-diffusion (DD) system. We briefly review some known results on the DD system.
As early as the last century, Mock [14] considered the following system:

n,—An=-V-nVg), t>0,xeQ,
vi—Av=V-(Vg), t>0,xe€Q,
Ap=n-v, t>0,x€Q,

(l’l, v)|t=0 = (I’l(), VO), DS Qa

(1.1)

on the bounded domain Q € RY(N > 1) with the Neumann boundary condition used to describe
charge transport in semiconductor devices. Here, n and v represent the densities of electrons and holes.
¢ stands for the electrostatic potential. Fang and Ito [5] proved the global existence of weak solutions to
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system (1.1) with the Neumann boundary condition. Afterwards, Jiingel [10] obtained the asymptotic
behavior of the global solution under the Neumann boundary condition. The global existence of the
solution for the Cauchy problem of system (1.1) was studied by Kurokiba and Ogawa [13]. Then,
Kamashima and Kobayashi [12] deduced the optimal dacay estimate by the weighted energy method
and obtained an asymptotic result as t — oo.

Then, some scientists have focused on the dopant anomalous diffusion in a semiconductor.
The anomalous diffusion is shown as the result of two competing phenomena: dopant trapping
on the defects and enhanced diffusivity at the edges of the defect-rich region [3]. The classical
Laplace operator cannot describe this anomalous diffusion phenomenon. Scholars have found that
the fractional Laplace operator can well describe the process involving anomalous diffusion. Owaga
and Yamamoto [16] investigated the fractional DD system

n; + (—A)al’l = _V : (nv¢)9 t> 0, X € Q,
A =n-—v, t>0,x€Q,

(”l, V)ltzo = (nO’ VO)’ BAlS Q,

(1.2)

fora =p € (%, 1). They proved the global existence and asymptotic behavior of the mild solution in
Q = R" for N > 2. Here, the fractional Laplace operator is defined by

(AY£ (&) = 1EPUf (&),

where f denotes the Fourier transform of the function f. Then Granero-Belinchén [7] considered a
fractional DD system with different diffusion orders @ # S € (0, 1), and obtained the global existence
of the classical solution to system (1.2) and several decay estimates for the Lebesgue and Sobolev
norms in Q = RY for N = 1,2, 3.

1.2. The Nernst-Planck-Poisson-Navier-Stokes system

A similar phenomenon occurs for the ions in a solution. The Nernst-Planck-Poisson(NPP) system
was originally conceived to describe the motion of ions in a solution in the context of electrochemistry.
It should be emphasized that, although both the DD system and the NPP system share a common
structure, their physical meanings are different. Ions in the NPP system are charged particles, electrons
and holes in the DD system enjoy a duality between quantum waves and particles. In order to reveal
the interaction between the movement of the macroscopic fluid and the transport of the microscopic
charge, Rubinstein [17] proposed the classical Nernst-Planck-Poisson-Navier-Stokes(NPPNS) system

n+u-Vn—An=-V.-(nVe¢), t>0,xeQ,

vi+u-Vv—Av =V .OWVe), t>0,x€Q,

Ap=n-—v, t>0,xeQ, (13)
u,+u-Vu—Au+ VP = ApVep, t>0,x€Q,

V-u=0, t>0,x€Q,

(n, v, wli=0 = (1o, vo, o), X €Q,
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to show the electrokinetic effects consisting of the interplay between charges and the flow field.
Here n and v represent the densities of negatively and positively charged particles, u represents the
velocity field of the fluid, and P denotes the pressure function. System (1.3) describes an isothermal,
incompressible, viscous Newtonian fluid of uniform and homogeneous composition of a high number
of positively and negatively charged particles ranging from colloidal to nanosize. It is further assumed
to be a dilute fluid so that the electromagnetic forces can be neglected. Readers can refer to [1] and the
references therein for more discussion on the physical background of the system (1.3).

In the past few decades, a number of scientists have developed great interest in and conducted
indepth research on the NPPNS system (1.3). Based on Kato’s semigroup framework, Jerome [8]
established the local existence and uniqueness of strong solutions to system (1.3) in R¥(N > 2). Jerome
and Sacco [9] obtained the global existence of weak solutions under the mixed Dirichlet boundary
condition. By using the energy inequalities and Schauder’s fixed point theorem, Schmuck [18] obtained
the global existence of weak solutions to system (1.3) in a bounded domain Q € RY(N = 2 or 3) with
the Neumann boundary condition. Deng, Zhao and Cui [23,24] obtained the global well-posedness
of system (1.3) with small initial data in negative-order Besov space and critical Lebesgue spaces in
RN(N > 2). Zhao, Zhang, and Liu [25] showed the global well-posedness of system (1.3) in the critical
Besov space with a large vertical velocity component in R?. Fan, Li, and Nakamura [4] also proved
some regularity criteria for the strong solutions to the Cauchy problem of system (1.3) in R?. Zhang
and Yin [22] proved the global existence of the classical solution to the Cauchy problem of system (1.3)
in R? and established the L? decay estimates by using the Fourier splitting method. Recently, Gong,
Wang, and Zhang [6] proved the existence of suitable weak solutions to system (1.3) in R?. Based on
the spectral analysis and the energy method, Tong and Tan [19] obtained the lower bound and upper
bound decay rates of the solution to a generalized NPPNS system in R

As for the classical chemotaxis-Navier-Stokes system proposed by Tuval et al. [20], Chae, Kang
and Lee [2] established the global existence of smooth solutions in R¥(N = 2 or 3). Afterwards, Zhu,
Liu and Zhou [26] considered the fractional chemotaxis-Navier-Stokes system in R* and established
the global existence and uniqueness of classical solution with small initial data. Research shows
that macroscopic diffusion has been used to describe the random walk of particles; however, Levy’s
flights can effectively describe the anomalous diffusion phenomenon. Instead of the classical Laplace
operator, the fractional Laplace operator can well describe this anomalous diffusion phenomenon.
Considering the anomalous diffusion phenomenon of the ions in the solution, we couple the NPPNS
system with the fractional Laplace operator and consider the following fractional NPPNS system:

n+u-Vn+ (=Ayn=-V-(nVe), t>0,xeR,

vi+u-Vv+ (=A)’v=V.-(WVg), t>0,xeR3,

Ap=n-—v, t>0,xeR3, (1.4)
u,+u-Vu—Au+ VP = ApVe, t>0,xeR3,

V-u=0, t>0,x R,

(n, v, Wli=0 = (10, vo, Uo), x e RS,

where s € (0,1). The aim of this paper is to obtain the global existence of a classical solution to
system (1.4) under the condition of small initial data. Firstly, we obtain a priori estimates of the
solution to system (1.4) through the energy method. Then we construct a solution sequence by iterative
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methods and prove the local existence of the solution sequence of the iterative system (3.25). It should
be emphasized that different from [26], firstly, the physical background is different. The chemotaxis-
Navier-Stokes system was proposed to study the interaction between cells and fluids. However,
the NPPNS system was originally conceived to reveal the interaction between the movement of the
macroscopic fluid and the transport of the microscopic charge. Secondly, due in the difference of
the external force in the Navier-Stokes equation, the iterative solution sequence of the approximate
problem is different from [26] in the process of proving the existence of solutions to system (1.4).
Besides, we also prove that the solution sequence of (3.25) is a Cauchy sequence. Thus, according
to the convergence of the solution sequence, we can obtain the local existence and uniqueness of the
classical solution to the system (1.4). Finally, we prove the global existence of the classical solution
to system (1.4) by combining the priori estimates with the local existence. Furthermore, since the
global existence of the classical solution for the three-dimensional Navier-Stokes equation is still open,
compared with the condition of large initial data in [22], we study the global existence and uniqueness
of the classical solution to system (1.4) under the condition of small initial data in R?>.
The main theorem of this paper states as follows:

Theorem 1.1. Assume that s € (3,1), (ng, vo, up) € (L' N H™) x (L' N H™) x H™(m > 3), ng, vy > 0. If
there exists a small enough constant gy > 0 such that ||no||g + |[vollas + lluollzs < €o, then system (1.4)
possesses a unique global solution (n, v, ¢, u) satisfying that for all t > 0,

!
2 2 2 2 2 2 2 2
Il + VIl + Nl zgmer + letllzm) + f(ll(?snlle + 10"Vl + 110°ll ez + 10Ul )dT
0
<C(llnollzm + Vol zm + lluollm)
X Ol gm Vo Hm Ollgm)s
where C is a time-independent positive constant.

The rest of this paper is organized as follows: In Section 2, we state some useful lemmas that will
be used throughout the paper. In Section 3, we first give a priori estimates and prove the local existence
of classical solutions to system (1.4) by iterative methods; then, combining the local existence and a
priori estimates, we can obtain the global existence of classical solutions to system (1.4).

2. Preliminary

In this section, we give the following notations: C > 0 is a time-independent constant. We reduce
LY(R?) and H*(R?) to L7 and H°, respectively. Moreover, we use a < b to denote a < Ch. Next, we
will give some useful lemmas.

Lemma 2.1. ( [15]) Assume that 0 < kym < land 1 < p, q,r < oo. It follows that
10" flle < CNO* fll 110 £11%, (2.1)

where 0 € [0, 1], and k, m, [ satisfy
m 1 k1 [ 1
———==(==-=-)1-9 - — ).
37, (3 q)( )+(3 r)

Especially, when p = oo, we require that 0 € (0,1), k <m+ 1, and l > m + 2.
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Lemma 2.2. ( [11]) Assume that 0 < k < oo, then we have

10 Dllr < CULF Nl gllr + 10 fllea lIgllees), (2.2)

Wherep’pZ’p?: 6(1,00), D1, D4 E(l,OO] Wlth%: pll+pL2 = I7L3+ pl4

3. Proof of Theorem 1.1

3.1. A priori estimates

Lemma 3.1. Assume that s € (%, 1), (ng, vo, ug) € (L'NH™X(L'NH™)xH™(m > 3), ng, vy > 0. Suppose
that (n,v, ¢, u) is a solution of (1.4). Then n,v € L' and n,v > 0 hold for any t > 0. Furthermore, there
exists a small enough constant &y such that if ||n||gz + |[Vllgz + ||ullms < &o,

!
2 2 2 2 s o112 112 2 2
(lnllzm + W1z + 1l + llllm) + f(llﬁ‘nlle +10°VIlgm + 10°Bll i + 10ullm)dr
0

2 2 2
<Cillnollgm + Ivollgm + lluollgm)

3.1

holds for any t > 0, where C| is a time-independent constant.

Proof. First, integrating over R? X [0, ¢] for the first and second equation of (1.4), we conclude that
n,v € L'. Then, we briefly prove that » is nonnegative (the situation of v is similar to ). For this, we
introduce the following auxiliary problem:

n+u-Vn+ (=A¥n=-V-m,Ve), t>0,xeR>

Vvi+u-Vv+ (=A)°’v=V.-w,Ve), t>0,xeR?,

Ap=n-v, t>0,xeR3, (3.2)
U+ u-Vu—Au+ VP = ApVg, t>0,xeR3,

V-u=0, t>0,x€R,

(n, v, w)li=0 = (g, vo, o), xeR3.

Here n,=max{n, 0}, n_=max{-n, 0} and n = n, — n_. Multiplying the first equation of (3.2) by n_
and integrating by parts, we have

1d
S|, + 19 n_|2, = f V- (n,Ve)n_dx = 0. (3.3)
2 dt R3

Therefore, ||n_(t)||%2 < ||n_(0)||%2. Since ny is nonnegative, n is nonnegative. Similarly, v is also
nonnegative. We conclude that system (3.2) is equivalent to system (1.4), the nonnegativity of n and v
is proved. Finally, we will prove (3.1).

(i) The estimate of n. Applying 0“(0 < @ < m) to the first equation of (1.4) and multiplying by 9°n,
then integrating over R? by parts, we get

1d
Eallaanlliz + 10" nll7,
=— f 8% (u - Vn)d*ndx — f 8" (VnVe)dndx — f 8" (nAG)3*ndx (3.4)
R3 R3 R3
=:L+5L+L.
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As for the term /;, for @ = 0, recalling that V - u = 0, we get
1
I =— f u-Vin’dx = 0. (3.5)
2 R3

For @ = 1, recalling that V - u = 0, by Lemma 2.1, Holder’s inequality, and Young’s inequality, we

obtain |
I = - f Ou - Vnondx — = f u - V|on*dx
R3 2 ]R3

< Nulsellonl, 5 omll, o

1+2s 3-2s (3.6)
2 2 1
S oullzlinll, Nlo°nll,; 16" nll
< 0ullglinll g3 10° ol o

2 2
< &(||0ullgm + 10°nllgm).

For 2 < @ < m, we have
1 a2 @ @ l 1) a—[ aa
I =—= u-V|0inl"dx — 0u - Vno*ndx — E C, ou-Vo" " 'ndndx
2 R? R? 1<i<a-1 R?

@ @ 1) a—[+1 1%
S0 ullli Vol Nl o+ " Nl 3167 mll a6l

1<i<a-1
a+1 % 2 % a+s
S 0" ullealinll, ;- 11070l 1107 nl| 2 (3.7)

3-25 16 1, 1-6193-s.(1-6 0
£ U0 ul o w00 il 6" mllg )6 ll 2
I<i<a-1

K 6 1-6 1.,111-¢ K 1+6
S 0ullgmllnll 10 ml g + Nleellys il 10 all N0 nll 3

12
2 2
< &o(ll0ullgn + 110°nllm),

_ 2a-20+2s5-1
where 6 = =5=7== € (0, 1).

In a word,
I < eo(ll0ullzm + 110*nl[2.) for 0 < a < m. (3.8)

As for the term I, for @ = 0, by Lemma 2.1 and Holder’s inequality, we have
Izz—f V¢ - Vn - ndx
R3
S IVl 39)
3 H 3 s
< (1Al I0APII ) )N0> " nll 210" 1| 2

1
< & 110°nl3pm.

For a = 1, it follows that

1
L= ——f A¢ - dn - dndx
2 R3

2
S IAGH o liomll . (3.10)
< 1032 Agll 116 22,

< &oll*nll.
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For 2 < @ < m, we deduce

1

L= —f Agb-a"n-aandx—f 0'V¢ - Vnd*ndx
2 R3 R3

- Z c! f 'V - VO™ 'ndndx
R3

1<i<a-1

a_ 112
< llAgll 2 110 nllL

o+ 10Vl 167,

O 10Vl 16 0l s

3-2s
I<l<a—1

1

5_ _1 5_
<1027 Al 210772l + 10°V el 21102~ nll 2110 nll 2
3_ 0 1-0192-s/1-6 0
+ E (1027 Al 1107 Agll 271102 nll 2 110" Al N0 *nll 2

1<i<a-1
X 2 s 112 1-6 6 K
< &0(10°nllgm + 10°VIzm) + £0ll0 Al S 107 nl| L1107 a2
2 2
< &(10°nllgm + 10°VIlgm) + €0(l0°nllgm + 10° V| )10 Al

< &0l + 110 VIlzgn),

_ 2a=2+2s5-1
where § = =5==== € (0, 1).

In a word,

1
L 5 (&) + £0)(10*nll3m + 10°VI3) for 0 < @ < m.

As for the term I3, for @ = 0, by Lemma 2.1 and Hoélder’s inequality, we get

13:2f V¢ - Vn - ndx
R3

S IVOlllVall slinll s

< (IIA¢IIZ||3(A¢)|Izz)||6%_snlluIIG‘Ynlle

1
< g 10°nl3m.

For 1 < @ < m, we obtain that

3 3
2s-1 2-s

1oz @ (02
I 5 (6%l G 2 +16° Al o lInll 2 )19l
1 5 1 5 1
< 107 3 nl2 1932 Agllzz + 11073 Al 103 > nll 2 lIo™ il
< (10 Lz 1AL + 110 Al |6

12 )
< o109 nllgm + 110°VIIgm).

In a word,
1
I 5 () + &) (10°nll3m + 10°V|[F) for 0 < @ < m.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

Inserting (3.8), (3.12), and (3.15) into (3.4) and summing up with respect to a from 0 to m, we

obtain

2dt

ld o 2 2 5 2 2

(3.16)
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(i) The estimate of v. The estimate of v is similar to the estimate of n. We get

1d 1
EE||v||1%,m + 103 < Ceolloullzyn + C(e] + £0)10°nllzm + 10°VII3m)- (3.17)

(iii) The estimate of u. Applying (0 < @ < m) to the fourth equation of (1.4) and multiplying by
0u, then integrating over R? by parts, we get

%%Ilé‘“ulliz + 10 w2,
o f T Vuy Sudx+ f 0"(APV9) - O udx (3.18)
=: I4Hj— Is. :
For 1, by Lemma 2.2, Holder’s inequality, and Young’s inequality, we have

1
Ly < (10%ullslIVull 5+ Null 1107 ull2)110% ull s

3
2
3 1
1 I 142,13 1 1 1
< (0" ull Ml N0 ull, + 1102 ull 21107 ull 2)1107  ull 2 (3.19)

< £ol10ullm.

As for the term I, for @ = 0, we get

Is = f A -V - udx = 0. (3.20)

R

For 1 < a < m, it follows that
Is < (10° Al 21Vl + 110°Vllsll Al 3)N10ullzs
3 2
< 18 Al 1AGII IOABN 107 ull 2

2 (3.21)
S 10°Allrnl|AQII, 10l
2
< &3 (10°nl3pm + 10 V[Fm + 110ullFm).
In a word, .
Is < &5 (10°nll3m + 110°VIlzm + 10ullm) for 0 < a < m. (3.22)

Therefore, inserting (3.19) and (3.22) into (3.18) and summing up with respect to @ from 0 to m,
we get

1 d 2 2
EEnuni,m +[10ullzn < Ced(10°nll7m + 10*VI3m) + Cley + &0)ll0ullzym. (3.23)

Eventually, combining (3.16) and (3.17) with (3.23), we obtain
d
d—t(unu%{m + VI3 + Nl 2n) + CUO 120 + 10°VIZm + (10ull7m) < O. (3.24)

Then, integrating (3.24) from O to ¢ and according to the fifth equation of (1.4) immediately
implies (3.1). |
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3.2. The local existence and uniqueness of the solution
Next, we will study the local existence and uniqueness of the solution to system (1.4). We construct
the solution sequence (n/, v/, ¢/, u’) 5o by iteratively solving the Cauchy problem:
O/t +u/ - Vit + (=A)*n/t = -V - /Ve)), t>0,x € R,
OV +u - VL 4 (=AW = VL (W), t>0,x€eR3,

A@/ =nl —vi, t>0,x€R?, (3.25)
At +ul - V! — Autt + VPR = AgiV @, t>0,xeR?,
V-utl =0, t>0,x R,

where (n/*1, v/t ¢/t w ) Zo=(ng, vo, G, u) for j > 0 and Agy = ny — vo. It should be emphasized
that the iterative sequence is different from [26] due to the difference in the external force in the Navier-
Stokes equation. We first set (n°,v°, u%) = (0,0,0). Then we solve (3.25) with the initial data to get
(n',v!, @', u"), respectively. Similarly, we can define (n/,1/, ¢/, u/) iteratively.

Lemma 3.2. Assume that s € (%, 1), (ng, vo, o) € (L' N H™) x (L' "N H™)x H™(m > 3), ng, vy > 0. Then,
there exists a constant Ty > 0 such that system (1.4) possesses a unique classical solution (n,v, ¢, u)
satisfying

(n,v, ¢, u) € L0, Ty; H™ x H™ x H™? x H™),

(3°n, 0°v,8°¢, Ou) € L*(0, Ty; H™ x H™ x H™? x H™).
Proof. In order to prove the conclusion, we divide the proof into several steps.
Step 1. (Uniform boundedness)

(i) The estimate of n/*'. Applying 9*(0 < a < m) to the first equation of (3.25), multiplying by §n/*!
and integrating over R? by parts, we get

ld i+1112 j+1112
Ezllé‘“rﬂ+ 7> + 10 n I

=— f 9*(u’ - V™o n/tdx — f A*(Vn/* 'V )0 n'/*dx
R3 R3

(3.26)
- f A" AgHO n M dx
R3
=:1+Jr+ /5.
First, we deal with the term J;. For a = 0, recalling that V - u/ = 0, we get
1 . .
J=—= f w - Vi Pdx = 0. (3.27)
2 R3

For a = 1, recalling that V - #/ = 0, by Lemma 2.1, Holder’s inequality, and Young’s inequality, we
have

. . . 1 . .
Jy = — f auf-VnJ“amf“dx—E f w - V|on ! Pdx
R3

R3

j j+1 j+1
< 0wl 3 10n 2o s
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5_ . . . . .
S 0275w || 2 lon | 110 n | 2
< ! gl | g 107 2 g (3.28)
< &l n N + Cll |2l |

For 2 < @ < m, recalling that V - #/ = 0 and employing Lemma 2.1, Holder’s inequality, and
Young’s inequality, we obtain

Ji = —f A¢’ - 0°nt - 9%t dx — af Vog' - Vot 3%ni  dx
2 R3 R3

- Z c! f Vo'g - Vot 9%t dx
R3

2k
j @ j+1 @ j+1
S AN 110 n N2 10 | e
I 4] a—I+1_ j+1 . j+1
+ Z 16"V 210" n | 21 e, (3.29)
2

S 1037 APl 11070 I 107l 2

. 5 . .
+ ) NV llo™ " a9 n
2l
“ o .
< 107 a7 e | A

s_j+112 112 112 i+1112
< elld*n’ gm + CUIR llgm + IV |5l [l
In a word,
Ji < el n 3 + CUIn | + VN3 + 1l 7)lln | for 0 < a < m. (3.30)

As for J, for @ = 0, by Lemma 2.1, Holder’s inequality, and Young’s inequality, we get

1 S .
J = Ef A¢] ot
R3

AN
< IAG il 1, 1 s,

' 3-s, j+1 j+1
A/ 2010%7° n" 21672

' j+1 j+1
AWl Wz 167

s +1p2 112 12 +1)12
< ello*n”* Mg + CAIn g + IV W)l 1 -

(3.31)

< |
< |

For @ = 1, by Lemma 2.1, Holder’s inequality, and Young’s inequality, we have

Jp = f Vn/tt . Ve - 9?n/tldx
R3

j+1 j 2 j+1
<107 o IVl lloPn/ ™| s

T S . (3.32)
1 3 1 2+5 1
< 5 10373 IAGIIE, 10AG %, 167 07 .-

o . .
S 100" lgmlln™ Mg | AG |

< |02, + CUn |2 + V12l .
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For 2 < @ < m, by Lemma 2.1, Holder’s inequality, and Young’s inequality, we obtain

1 . . . . . )
Jr == f A@’ - 00 - 0% dx — a f Vog' - Vo lnitt . 3%/ dx
2 R3 R3

-y c f Vo'gl - VO Init - o dx
R3

2<i<a

< IAGI 3 167 2107 s+ > N0 lallo " /) 10 | s (3.33)

2k
< 1027 A/ 211007 | 21107 n | 2 + Z 10"V || 2110 2750/ | 21107 n | 12
2<i<a
S8 | gl g | ABY 1
< &l n N + U | + VIl .

In a word,
Jy < el n 2, + CUn 2 + IV NEoln 2 for 0 < a < m. (3.34)

For J3, by Lemmas 2.1 and 2.2, Holder’s inequality and Young’s inequality, we get

j+1 i j+1 j j+1
J3 S (10°n N2 lAG Nl 3 + 111 s 107 A@1l)NN0n ™| s

L3-2s
. 3 . 3_ . . .
< (10 n | 211027 Ag] 2 + 110275 0| 2110 AGZ (| 2NN S n 1| 12
S I | AG 1|0 1+ [ o

< & n i + CUR | + IV 2N 2.

(3.35)

Therefore, by inserting (3.30), (3.34), and (3.35) into (3.26) and summing up with respect to @
from O to m, we get

d. i 172 2 2 2 +1)2
EHI’NJr [z + 1100 5 < CUIR |5 + V][5 + N[5l {7 (3.36)

(ii) The estimate of v/*'. The estimate of v/*! is similar to the estimate of n/*!; we get

d j+112 j+112 112 (112 112 j+112
a,—tllvf+ Wz + 10"V zgm < CAlR g+ 1 g + 1 W) 1 o (3.37)

(iii) The estimate of u/*'. Applying 9*(0 < @ < m) to the fourth equation of (3.25), multiplying by
0“w/*! and integrating over R? by parts, we get

1d , ,
EE||6<1M]+1”i2 + ||aa/+1u]-+—1”i2
=- f O - Vi) - 9" e + f O*(AGV) - 9w dx (3.38)
R3 R3
=:J4+ Js.

First, we deal with the term J4. For @ = 0, recalling that V - u =0, we get

1 . .
Jy=—= f w - Vw1 dx = 0. (3.39)
2 R3
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For 1 < @ < m, by Lemma 2.2, Holder’s inequality, and Young’s inequality, we have

J4 — f aa/—l(uj . Vl/lj+l) . aa+luj+ldx
R3

-1..j j+1 j j+1 1, ,j+1
< (10° w21l 0w s + = 110" )10 u’* I 2 (3.40)
g 1720 1 el [P 7 [

< &llou 2, + Cll? |2l 2,0

In a word,
Jy < ellou 3 + Cllu |3l |1, for 0 < a < m. (3.41)

As for Js, for a = 0, recalling that V - #/ = 0, we have
Js = f ut Vel - A¢/dx = 0. (3.42)
R3

For 1 < @ < m, by Lemma 2.2, Holder’s inequality, and Young’s inequality, we obtain

JS — _f a(y—l(A¢]V¢]) . 8af+1uj+1dx
R3
S " ANV Nl + IAG 110" V@ o0 I 2

. . 1 1 I . . il i (3.43)
< (167 A1 2 1A 12,1087 112, + 1102 Al 2110% " Al 2)110 ™+ 2
< A [ l10u* || g
< o5 + CUIR [ + V137
In a word,
Js < ellou 3, + Cn |2 + V|50)? for 0 < a < m. (3.44)

Thus, inserting (3.41) and (3.44) into (3.38) and summing up with respect to a from 0 to m, we get

d j+1112 i+1112 112 j+1112 112 2 \2
EIIM’+ [z + 100" g < Cllae Wgpnllet” pm + CUln g + 107l )” (3.45)

Next, we show that there exists a constant M > 0 such that for any j, the following inequality holds
in a small time interval [0, 7] (T'; will be specified later):

T

+1)2 +1)12 +1)12 s L2 s 2 +1)12
sup (12 lzm + [V [m + [l |zm) + 10°n g + 10V g + 10w | g)dt < M. (3.46)
0<I<T 0

Here M satisfies M > 4(llnoll7 + Vol + llutoll3,.)-
We prove (3.46) by mathematical induction. Suppose (3.46) holds for j < i — 1. Combining (3.36),
(3.37) and (3.45) to obtain

d . . ‘ : : . :
E(Iln’“llﬁm IV A et ) + U g+ 10V g+ 100 )

N2 {1,,i+1)2 12 12 12 i+1)12 i+1)12 12 2 \2
<Clfut 1™ Mg + CAlm gpn + IV W + et Wz YA g + 1V M) + CAl g + 11V 1)
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|12 2 |12 i+1)12 i+1)12 i+1)12 N2 in2 2
<C(In g + IV W + N W) A M+ 1V Mg+ 1™ M) + Cln g + 1V )

<SCM(Iu™ |z + 110 W+ 107 [7) + CM2.

We choose T such that CMT, < j and ¢“M™ < 2. Then, according to Gronwall’s inequality,
we have (3.46). Thus, we get (n/*', v/, ¢/*1 u/*)y € L®(0,T;; H" x H"™ x H"? x H™) and
O*n/*1, 0Vt 05Tt Out!y € L2(0, Ty; H™ x H™ x H™? x H™) for T; > 0.

Step 2. (Convergence)
The estimate in this part is similar to that in the previous part. Since both (n/,v/, ¢/, u’) and
(/1 vt @it uith) satisfy (3.25), we get the following equations:

Ot =)y +u -V —nl) + W — w7 - Vnl + (=2 /! — )

= V(Y = Vinl) — Vi(Vg) — Vi) — Agi(ni*' — nl) — ni(A¢) — AG/), t>0,x € RY,
O, = vy + ul - VO =)+ (W — ) - VW (=) (0 =)

= VI (Vv — Vol) + VoI (Vg — Vi) + Ap/(v*! — v) + vi(Ad — A¢)), 1> 0,x € R?,

Ap/ — A¢T™' = () — n/™") — (v =i, t>0,x eR3,

O™ —wy +uw - VWt — ) + (W — uYVu — A — w) + VP - VP

= V¢/(AP) — A¢'™) + Ag/"1(V/ — V'), t>0,x€R,

V- —-uw)=0, t>0,xeR.
(3.47)

(i) The estimate of n/*' — n/. Applying 9°(0 < a < m — 1) to the first equation of (3.47), multiplying
by 8*(n/*! — n/), and integrating over R? by parts, we get

1d . . . .
EEH@“(W“ — )7 + 1077 = n)I2,

=— f 8’ - V(I = nh)) - 8° (! — nl)dx
R3
— | (W = wHVRI) - 37/t — n')dx
R3

-~ f (V! (Vn/*! — Vnl))) - 0°(n/™! — n/)dx
R3

(3.48)
- f A*(Vn/ (V¢! = V' 1)) - 0%+ — n/)dx
R3
— | %Ay —nh)) - (™! — n')dx
R3
- f (! (A — Ap'™Y)) - 89/t — n')dx
R3
=:Ri+Ry+R3+Rs+ Rs + Rg.
First, we deal with R;. For @ = 0, recalling that V - u/ =0, we have
1 j j+1 12
R, = -3 w - Vp/™ —n/|°dx = 0. (3.49)
R3
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For @ = 1, by Lemma 2.1, Holder’s inequality, and Young’s inequality, we get

R =- f ou’ -Vt —nly. o't — nydx - = f w - V(! — n/)Pdx
R3 2 R3
S Now|l s 1100 =m0 =)l o
L5 L3=2s (3 50)
5 . . . . . .
S N0> =W || 2110 = )| l10" (= )l 2
S N llgmlin”™ " = 0|l 10° (07 = ) s
j+1 12 112 j j—112
< ello* (™ = n))llgus + Cll gl — w0
For 2 < @ <m -1, by Lemma 2.1, Holder’s inequality, and Young’s inequality, we obtain
R, = ——f w - V|0t — nh)Pdx - a/f o' -V (! — ) - (/! — nf)dx
2 R3 R3
->.c f 8wl - VOl = niy - 0° (! — nf)dx
2<I<a R3
< 110w/l 210" (0 = m)ll 0" (" = n)| s
i a—l+1,/ j+1 _ j ar jtl ]
+ MWl 0 = )l 118 = )| e (3.51)
2<Ika
5 . . . . .
SN2~ W |10 (7 = n)lI 21107 = )| 2
. 5 . . . .
SN L2 A T G /PR A G P8
2<il<a
S N/ g1 = || g 109 (07 = 1) g
j+1 12 12 i+ 112
< elld* (™ = n))llgns + Cll gt = 11l
In a word,
Ry < &llo* (™' = n))I}, + Cllmlin™" = n/I2, for0 <@ <m— 1. (3.52)
For R,, by Lemmas 2.1 and 2.2, Holder’s inequality, and Young’s inequality, we get
Ry < (107 = w DlllVall 5 + Nl = w2 10 n/ )10 (0 = )| s,
. . 5 . 3 . . . . .
< (0@ = w DI N0> w2 + 1027 = w210 w0 (! = n))ll 2 (3.53)

S | gmllee? = w™ || [|0° (07 = 1| g

j+1 NIY 12 ' i—1,12
< elld* (" = )l + Clin gl = w1l

Then we deal with the term R;. For @ = 0, by Lemma 2.1, Holder’s inequality, and Young’s
inequality, we have

1 . . . . .
R; = —f A¢’ - (" = ny - (0! — nl)dx
2 R3
J JHlL_ JHL_ i
< [1A¢7 | 2lln nl slin nll s

. . . : , 3.54
AG 21107 (7! = n) 2l (7! = )2 B>

. o o
A ggnlln”™" = 1|1 16° (07 = ) g

s¢ i+l (12 12 112 j+1 112
S ello* (™ = n))llyns + CAIR g + 1V )l = 0/l

< |
< |
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For @ = 1, by Lemma 2.1, Holder’s inequality, and Young’s inequality, we obtain

Ry = f V('™ = nl) - V¢l - 82 (0’ — nf)dx
R3

S 10! =)l s IV ll=ll0* (" = n))l| s

3+2s 3-2s

. . 2us . e 1 1 . . (3.55)
S I = nl| 3 1830 = n)N| 3 IAG ILIBAS|1L110°4 (0! = n))Ip2
S O° ™" = n) gl = 1|l [| A
<elld @™t = n)3 e + CUR N + IV IElIR™ = 2112,
For2 < @ <m -1, by Lemma 2.1, Holder’s inequality, and Young’s inequality, we get
1 . . . . .
Rs = = f A - (™t = n)* (' - nl)dx
2 R3
—a f A(Ve) - VO (/' —nl) - 0%/ — nf)dx
R3
->.c f Ve - VO (T = nly - (! = nh)dx
2<<a R?
S NAG N 31107 =m0 (0 = )| s
g L3-2s
Iy 4/ a—I+1 . j+1 j g j+1 j (356)
+ Z 10V llp2110" (™ = 0| 3110 (""" = n))Il o
2<I<a
S 103 AP 2110 (7! = m))| 21107 (7 = n)|.2
+ ) NVl = el (7 = )l
2<I<a
S 1AW lin”™ " = 0/l 10° (07 = n))|ggmes
< ello* (! = n)3es + U + VIR = 1117,
In a word,
Ry < '™ — n)IE, s + CAIn | + IV IF)lin?*! = 0|17, for 0 < @ <m — 1. (3.57)
As for R4, for @ = 0, we obtain
Ry = f n - [(AY = AT - (W =) + (V¢! = V™) - V(' — n)))dx
R3
S /)l 2 11A¢7 = AgHIplln™ = nlll o+ Inl31V9 = V| slIV ("™ = n))ll.2
. . . . . . . . . . 3.58
< 1045 nlAlIAG — A A0 = nlz + 104l lAG — Ag AV = ile )
S Il llAG” = AGT™ | pmtl|0 (7" = )| s
< el =), + Clind Il = 0/, + IV = v, ).
For 1 < @ < m — 1, it follows that
Ry < (10| 2IVg = VoIl s + VANl 2 118°(V¢) = Vo DIl olld" (0! = n)ll o
< (1021102 (ApY — AT DIz + 10 20| 210 (AY — AT |28 5! = )2 (3.59)

. . | T
S I/ llgmllAg” — Ag™ Nlgn-110° (" = 0l gyn-1

st N 12 112 ' i—1)12 j i—1)12
< ello* (™ = n)llynr + Cll gl — 0/l + IV = v ).
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In a word,

Ry < el /™! = n))IF, + Cld I3 X (ln/ = /M2, + IV = v/, ) forO< e <m—1. (3.60)
For Rs, by Lemmas 2.1 and 2.2, Holder’s inequality, and Young’s inequality, we have

Rs < (10°Ag |l lln™ = || 3 + 110 (0" = )l IAG N, IO (™! = )] s

L3-2s

< (10°AF 21103~ = )l + 118 (! = )20 A0 (0 = )2

. : , . . (3.61)
S AW 0" = n/ || 10° (0 = 1) g
< elld* (" = )7 + CUR |l + 1Vl = I,
For Rg, by Lemmas 2.1 and 2.2, Holder’s inequality, and Young’s inequality, we obtain
R < (10012 1A@7 — Al + 167 (A — AGF DIzl IO (0! = )| s
S (0103 (MY = gDz + 107 (8¢ = AG DI l0* il (™! =Dl 5 o

S I llmllAG = A i ll6° (07 = ) g

0+l N 112 j -1)12 ‘ i—1)12
< ello* ™ = n))llys + Cll gl = n/ 7 + IV = v ).

Therefore, inserting (3.52), (3.53), (3.57), and (3.60)—(3.62) into (3.48) and summing up with
respect to @ from 0 to m — 1, we have

d . . ; .
[T | S 17 (ZZA ) [

dt
' 1112 j i~1112 ' 1112 j+1 112
SC(lln? = 0/~ e + IV = V7 ey + 1 = 0/l + 0 = A7)0,

(3.63)

(ii) The estimate of v/*! — /. The estimate of v/*! — v/ is similar to the estimate of n/*! — n/. We get

d. i e TN
al—t”VJJr =Vl +10° G =)l

' -2 BT ' -2 j+1 2
<C(In = n "y + 1V = v e + Ml = 0™ s + IV = V00

(3.64)

(iii) The estimate of u/*' —u/. Applying 0%(0 < a < m—1) to the fourth equation of (3.47), multiplying
by 8*(uw/*! — u’) and integrating over R? by parts, we get

1d . . . ,
Eallf)a(u’“ — w7, + 107V @™ = W)},

=— f W - V'™ —uh)) - 0wt — uw)dx
R3
- f (! — w Vi) - 0* (! — w)dx
R (3.65)
+ f (V' (AY — Ag'™Y)) - 3% ('™ — w)dx
R3
+ f A" (AP (V! — V'™ 1)) - 0%/ — w/)dx
R3
=:R;+ Rg + Ry + Ry.
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First, we deal with the term R;. For @ = 0, recalling that V - #/ = 0, we have
R; = ——f w - Viu —u/Pdx = 0.
R3
For 1 <a <m -1, by Lemma 2.2, Holder’s inequality, and Young’s inequality, we get
R, = f "'l - V@ = w)) - 0" (Wt — ul)dx
R3

< (e =N @ = w2 + 10 w2V @™ = w0 @/ = w2
S Nl = /|| 110G = )| g
< el = ) + Clw |Gl = w|I7,,..

In a word,

Ry < elld@’™ — u)Il,. + Cll/ Gl = w|l7,. for0 <@ <m—1.

For Rg, by Lemmas 2.1 and 2.2, Holder’s inequality, and Young’s inequality, we obtain
Rg < (107 = w2 Vel + 107 /|| 2l = ™| )10 (@' = )|
< 1007 = w03l + 110 a0 @ = HlllIo™ ! = )l
< Mt? = s g N N O = )|
j+1 iII2 W2 Wl — =112
< eld@™ = w2y + Cllillmlle? — w1171
We next deal with the term Ry. For @ = 0, we have
Ry < IV llsllAG” = Aglpallu™" = /s
3 2
3 .2 , - - ,
S AN I0AG NI, 11A = Ag Iz llo@w”™ — u))ll 2
2
.2 , - - .
S A NI5llAG — A llgn-1l0™ = w)ll -1
R i 1R i -2
< ello™ —u)llr + ClIAY |l (I = 0l + 11V =7 00

For 1 < a < m — 1, it follows that

Ro== [ 0008 - 207 " - e
R3
< 1077V sllAgT — Ag |5 + IV ][0 (A¢ — AgT DI (@™ = )2
< (107" A@/|| 2107 (AP — AT )12
+ A 1L110A¢ (11,1107 (A¢" — A" D110 W = w12
S AP gl A — Ap | gt |0@™! = )| gos

R 2 (1] =12 iR
< ello@’™ = u)ll s + CllA gl = 0/ |l + 1V =V ).

In a word,

Ry < &lld@’™! = ul)l[3ues + CUAP |1 + 1Y |I77)

X I/ =R + IV =R ) for O < o <m - 1.

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)
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As for R, for @ = 0, we have

Ry = - f Ve (A = AgT - (W — w)dx
R3
S IVe sl AG — A [lpallu”* " = s
< IG5, 10AG 115 1A¢ — A 12106 — W
< IG5 IAG = AGT g 10" = 1Y

4
j+1 i\ I12 i~1)(5 ' i—1)12 j i-1)12
< ello@’™ = uDllgns + ClAG N lin’ =0 (s + IV =V ).

For 1 < @ < m -1, we obtain

Ry = - f (AT (Vg = V') - 0 Wt - uydx
R3

< (10°7 A |21V — V|

+1AG 1 5110%7 (Ve — Vol DI oNlo™ @' — w2

. . . 1 . . 1

< (10°7 A¢ Izl Ag — AgIZ,110(A¢ — AT,

+1102 AT I 116° (AP — AT DI Wt = w2
S WA NanllAG = A7 [l 110 = )] gy
< elld@™ = uH|P,. + CUn ™ + IV

X (||nj - nj_lllilmfl + ||vj - Vj_l”i]nrl)'

In a word,
ji+1 N j-1y12 i-1y12 -1y
Rio < lld@”™ — u)ls + CUIR 7 g + 1V g + (1AS"1170)

j i—1112 j j—1112
X (I = 0" Mgy + 1V =V ).

(3.73)

(3.74)

(3.75)

Thus, inserting (3.68), (3.69), (3.72), and (3.75) into (3.65) and summing up with respect to a

from 0 tom — 1, we get

d j+1 12 j+1 i\[12
Elluf+ — Wl + 110 = w7

<C(In! = s + IV =V R+l = w7

j+1 112
Hm-1 + ||u]+ - uj”[.[mfl)'

Combining (3.63), (3.64), and (3.76), we obtain

d i in2 j+1 2 j+1 in2
d—t(llnj+ = 1 + IV =V + ™ =l

j+1 i\12 j+1 i\112 j+1 i\12
+(10°(n" = )l + 10° 07 = VD)l + 10" = w0
j i—1,12 j i—1)12 j i—1,12
<C(||n] - n] || m—1 + ||VJ - VJ ||H’”’1 + ||u] - l/[] ”Hm—l

j+1 12 j+1 12 j+1 112
+In =l + IV =V T = W),

where C depends on the H" x H™ x H™ x H™ x H™ norm of (n/,n/=!,v/,v/=! u/).

(3.76)

(3.77)
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Through Gronwall’s inequality, we obtain
j+1 2 j+1 2 j+1 2
sup (In/*" =m0 + IV =Vl + ™ = dll7,m)
0<1<T

CT j i—1112 j i—1112 j i—1112
<CTye™' sup (I =/~ g + IV = v/ o + 1 = w7 ).
0<t<Ty

(3.78)

Therefore, we conclude that (n/, v/, ¢/, u’) is a Cauchy sequence in the Banach space C(0, T; H" ' x
H" ' x H™! x H™ ) for small T, > 0. So, we can take the limit to get (n,v, ¢, u), which is the
solution of system (1.4) and satisfies (n, v, ¢, u) € L*(0, T; H" x H™ x H™? x H™), (8°n, 6*v, 8°¢, 0u) €
120, T; H™ x H™ x H™? x H™).

Step 3. (Uniqueness)

In order to show the uniqueness of the solution, we assume that there are two solutions
(ny(x, 1), vi(x, 1), ¢1(x, 1), u1(x,1)) and (ny(x, 1), vo(x, 1), do(x, 1), ur(x,t)) of (1.4) with the same initial
data in the time interval [0, 7], where T is any time before the maximal time of existence. Then
(n(x, 1) = na(x, 0), vi(x, 1) — va(x, 1), p1(x, 1) — da(x, 1), uy(x, t) — us(x, t)) satisfies

0i(ny —mp) +uy - V(ny —np) + (ug — u) - Vnp + (=A)’(ny — ny)
==V ((n —m)Ve¢1) = V- (Vo1 — Vdo)np), t>0,xeR’,
O,(vi —v2) +up - V(v —va) + (g — ) - Vv + (=A)*(v) — v2) t>0,x€R3,
=V ((vi =v2)Ve1) + V- (Vé1 — Vo)»a), t>0,xeR’, (3.79)
A(p1 — ¢2) = (m1 — n2) — (vi — ), t>0,xeR’,
Oi(uy —up) + uy - V(uy — up) + (g — u) - Vuy — A(uy — up) + V(P — Py)
= (Ad1 — AP)V1 + Agr (Vo — Vo), t>0,xeR?,
V-(u —u) =0, t>0,xeR’.

Multiplying n; — n, to both sides of the first equation of (3.79), then integrating over R* by parts,
by Holder’s inequality, we have

1d
57 m - mll2, +110° () — m)II7,

2
Slionall s llur = wollzlin = mall s+ [1AG el = nall;

Vil 5 IV = Valleling = ol e

3-2s
+lmall, 3 1Agy = Adall2ling = nall s (3.80)
5. 2
SN0 noll2lluy — uall 2110 (ny — no)ll2 + [|AG |l llny — nall;»
1+25 3-2s
L2 ik
+Inall S 107nall, S [1AG1 = Adallr2110°(ny — n)llp2
i
+ 102 noll2|Ag1 — Adll 21107 (g — no)ll

s 2 2 2 2
<elld*(m1 — m)ll, + Clllny — nallp + v = vallps + llur = woll2).

Therefore,

d 2 2 2 2 2
E”nl — |l +110°(n — m)ll;> < Cllny — mally, + [lvi = wallps + lluy — wall}>). (3.81)
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Similarly,

d 2 2 2 2 2
d_t”Vl —nll5, +10°(v1 =)l < Cllny — nall, + (v = vallyz + lluy — uall72). (3.82)

Multiplying u; — u; to both sides of the fourth equation of (3.79), then integrating over R* by parts,
by Holder’s inequality, we have

1d
Ed_tllul — wll7, + 18Cu; — w7

SHVusllpslluy — uall2lluy — uallzs + 1AG1 — Aol 2|V il slluy — uallzs
V61 = IallisllAall llr = sl

<10 wllpalley = sl 0 — w2 (3.83)
+11A¢1 — AdollizIAG I 19AG 13, 10Ge: — )l
+ 1@ = AgollizlIAGalL 19AG 1%, 10Ge: — )l

<&llo(u; - ”Z)Hiz + C(llny - 7’l2||iz + v = V2||iz + [luy — ”2||i2)-

Therefore,

d 2 2 2 2 2
i = el + 110G = u)ll, < Cllny = mall, + llve = vallzz + lluy = walli2)- (3.84)

Summing (3.81), (3.82), and (3.84), we have

d_t(”nl - ”2||iz + v = V2||iz + [Juy — M2||iz)
+(10°0n — )l + 1100y = VoI + IV Gy — u)]2) (3:85)
<C(llny — n2||iz + vy = V2||iz + [luy — M2||iz)-
Since (n1(x, 1) — na(x, 1), vi(x, 1) — va(x, 1), u1(x, 1) — ur(x, 1))|=0 = (0,0, 0), according to Gronwall’s
inequality, for 0 <t < T7,

(nl(-x’ t) - nZ(-x’ t)’ Vi (-x’ t) - VZ(-x’ t)’ M](.x, t) - MQ(.X, t)) = (Oa 07 0)
Therefore, the uniqueness of local classical solutions is proved. m|

3.3. The global existence of the solution

First, we prove that the solution of (3.25) satisfies the following lemma under the condition of small
initial data.

Lemma 3.3. Assume that s € (%, 1), (no, vo, up) € (L' N H?) x (L' N H?) x H?, ny, vy > 0. If there is a
small constant g1 > 0 such that ||ny||gz + |[Vollgz + lluollzz < &1, then there exist small constants g, > 0
and T, > 0 such that the solution of (3.25) satisfies

sup (Inllgs + VNl + 1 lls) < &2, j 2 0. (3.80)
0<t<T,
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Proof. We will prove the conclusion by induction. The assumption (n°,v°,u%) = (0,0,0) implies
that (3.86) holds for j = 0. Assuming that (3.86) is true for any j > 0, we will prove that the conclusion
is also true for j + 1.

(i) The estimate of n/*'. Applying %(0 < @ < 3) to the first equation of (3.25), multiplying by 8%n/*!
and integrating over R? by parts, we get

1d ; .

Ezllé‘“nj“lliz + (16 02,

:_f aw(uj.vnjﬂ)aanjﬂdx_f aa(vnj+lv¢j)aanj+ldx_f aa(nj+1A¢j)aanj+ldx (3.87)
R3 R? R3

=:01+ 0>+ 0s.

First, we deal with the term Q. For @ = 0, noting that V - u/ = 0, we get
0 = ——f w - V|n*'Pdx = 0. (3.88)
R3

For a = 1, recalling that V - #/ = 0, by Lemma 2.1, Holder’s inequality, and Young’s inequality, we
have

0, = —f ou’ - V't on/t ' dx — —f w - Vo' Pdx
R3 2 R3

S 0wl g on™ M| o 00|
L2s L3-2s L3-2s

. 1+4s . S5-4s . (389)
3 1 112
S WS 187wl 3 1107 n 1

. i
S Nllgsll0°n s

+1)12 2 +1)12
< ellon s + Cllwlls110° " M5

For 2 < a < 3, recalling that V-u/ = 0, by Lemma 2.1, Holder’s inequality, and Young’s inequality,
it follows that

1 . . . . .
0, = ——f w - V|0 Pdx - a/f ou’ - Vo n/tt . 9t dx
2 R3 R3

- Z C(llf Oul - Vorint . 5o/ dx
R3

2<I<a

<Nl 310 P+ D N8 wllalion ™ ] s 10 ] s
L2s L3-2s Ls L3-2s
2<i<a (3.90)
e 11837118 1A+ i+ 1|12
< /il 2 18P, 110
[ j j+1110 s j+11-6 i+1
SN 22 PR e P 7 Tl [
2<I<a

. -
S Nl lllo*n” Nl

2 2 )
< ello’n s + Cllwlls110' " M5,

where 6 = 223 ¢ (0, 1).
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In a word,
01 < llo*n’ |17 + CllwI12,110°n |7, for 0 < e < 3. (3.91)

As for Oy, for @ = 0, by Lemma 2.1, Holder’s inequality, and Young’s inequality, we obtain

j j+1 J+l
0> S V@Il IVl 3 i | s

S IIAWIIZ|I5A¢jllizllc9%‘snj”IILzllasnj”lle (3.92)

1
i3 j+1112
< AN e

For @ = 1, by Lemma 2.1, Holder’s inequality, and Young’s inequality, we have

Q>

——f A@’ - on't - an/tldx
2 R3

Jj Jj+12
1AG71], o llon™ 1

A

3

=5

) . 3.93
< 1032 A 2110 20|12, 5:93)

j s j+112
S 1A 11l n” |l

i+1712 112 112 i+1112
< llo*n” Nlps + CIn s + IV IE)N0° R s

For 2 < @ < 3, it follows that

1 ; ; ; : : ;
Q=3 f A/ - 00/ - 00T dx - « f Ve - Vo Int - 8/ dx

R3 R3

- > f 3V - VO nt . 9 it dx
2<i<a R?
S ||A¢f||LTs_l||«9“nf“lliz%
[ j a—l+1 _j+1 a_ j+1

+2; 10V N0 "l 110 ] s, (3.94)

S_ i —L
S 02 A@ I 1072 7,

[ j j+1(6 j+1(1-6 j+1
+ > 10Vl 1 10 1l 2
2<i<a
j j+1112
< IAG i l10°07* 1
< sllo*nit12 Clln’ 112 TEENIP U
< &ll0'n s + CAMIG, + VIO n I,

where 6 = 223 € (0, 1).
In a word,

O, < &lldn™ 7 + CUI |5 + VI + A1) N0 I for 0 < @ < 3. (3.95)

We next deal with the term Q3. For @ = 0, by Lemma 2.1, Holder’s inequality, and Young’s
inequality, we obtain
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03 = 2[ Vo' - Vit nitdx
R3

S IV 3 e s (3.96)

i N3 1as-s, i+l s j+l
S AN I0AG N1 3,102 n I 2110 n ™ I 2

.1 .
< IAGIE 0 |-
For 1 < a < 3, we obtain

T-s LT1+2s
. 1 . . L .
< (107 n 1102 ANl + 107 A (|2 110 2 I IO™ —n | 2 (3.97)

j j j+1112
< (Il + V1)l n s

s < (10", o, A2 + 116" A/l 2l

a_ j+1
L e

In a word,

Q3 < C(Inlls + VNl + 1A N NI n I for 0 < @ < 3. (3.98)

o
Thus, inserting (3.91), (3.95), and (3.98) into (3.87) and summing up with respect to @ from O to 3,
we have

d . .
—|lnZ s + CllO 2
dt 1 # (3.99)

1
2 ind 2 2 ' ' s i+l 2
SCUlW/llys + 1A 1155 + 10l + IV s + Nl + I )10 R s
(ii) The estimate of v/*!. The estimate of v/*! is similar to the estimate of n/*!; we have

d j 2 j 2
— W2 + Cllov
dt " 7 (3.100)
1
in2 ins in2 in2 j j i+1112
SClle s + A1 + Il + Vs + /s + IV )0 (s

(iii) The estimate of u/*!. Applying (0 < @ < 3) to the fourth equation of (3.25), multiplying by
0%uw/*! and integrating over R? by parts, we obtain

ld . ,
Eallt?“uf“lliz + 1107w
— _f aa(uj . Vl/tj+1) . 6auj+1dx+f 6"(A¢jV¢j) . a(zuj+1dx (3101)
R3 R3
=104+ QOs.

We first deal with Q4. For @ = 0, recalling that V - #/ = 0, we have

1 . .
O, = _Ef w - VuPdx = 0. (3.102)
R3
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For 1 < @ < 3, by Lemma 2.1, Holder’s inequality, and Young’s inequality, we have

Q4 — f aa/—l(uj . Vuj+1) . 6a+luj+ldx
R3

=17 j+1 j j+1 1 j+1
< (10° 7wl 110w s + N/l 10% ™ Ml o)10 0 I 2

‘ . ‘ ‘ . 3.103
< (10 200 s + 10420 e ™ i G109
< N 0w 1175
< ellow 17 + Cll |17, 11007 12,5
In a word,
J+12 J112 j+12
Q4 < &l |2, + Cliu’|2 10w, for 0 < a < 3. (3.104)
As for Qs, for @ = 0, noting that V - u/ = 0, we get
Qs = f wt Vel A¢/dx = 0. (3.105)
R3
For 1 < @ < 3, by Lemma 2.2, Holder’s inequality, and Young’s inequality, we obtain
Qs = — f " 1A'V - 0wt dx
R3
< (1077 AWl 2NV + A 121107 Ve [lo)110 0 |2
o 1 T (3.106)
< (167" A1 1AY 112, 1087112, + 1107 A || 2110 Al 2110w |2
S A (173100 s
< o3 + CUIR [ + V157
In a word,
0s < llou |75 + CUIn| 3 + IV |[7)° for 0 < @ < 3. (3.107)

Thus, inserting (3.104) and (3.107) into (3.101) and summing up with respect to @ from O to 3, we
have

d j+112 j+112 (112 j+112 112 i3 \2
EIIM’+ s + 10wl < Cll 110w s + CAlnlls + 1 1m)™ (3.108)

Summing (3.99), (3.100), and (3.108), we obtain
d ) . . . . .
- j+1y2 + Jj+112 + J+12 + C 65‘ J+12 + 63 J+12 + a J+12
dt(lln ”1H3 [lv ||H'3 |17 ||H3)' (10°n '||H3 10"V s + 10w’ |I) (3.100)
<C(& + &5 + &)1 |7 + 10V |17 + 10w’ |[7,) + Ces.

Integrating (3.109) from O to ¢, we conclude that for any ¢ € [0, T5],
!
+12 +112 +112 +112 12 j+12
(s + I s + ™ ls) + Cfo(llasnf+ s + 110"V Iz + 10w |7 dr
1 ! . . .
<&l + C(&) + &) + &) f 10° 0 M2 + 1012 + 0w |I7,5)dT + C&3Ts.
0

Taking properly &1, &, T, such that (|[n/*'|[7, + W17 + |lu/*'17,) + C fot(llasnjﬂlli,z + 117 +
||Ou/*! ||12LI3)dT < &, we can conclude that (3.86) holds for any j > 0. O

AIMS Mathematics Volume 9, Issue 7, 17359-17385.



17383

Next, we prove the main theorem.

Proof of Theorem 1.1. Let T*=min{T,,T,}, where T, and 7T, are given in Lemmas 3.2 and 3.3.
According to Lemmas 3.2 and 3.3, we obtain that if ||ng||z + [[vollms + lluollzs < &1, then

sup (I[nllgs + Vs + llullgs) < &s. (3.110)

O<e<T™

Next, we prove T* = oo by contradiction. Let M;=min{ey, &, &,}. Assume that ||ng||z + |[vollgs +

[l < %, where C is given in Lemma 3.1. We define 7" := sup{t : Osup(||n||H3 + Vil + el <
<<t
M)} as the lifespan of solutions to (1.4). Because

M,
< M] < &1,

QNI+ G,

recalling Lemma 3.2, we find that 7 > 0. If T is finite, according to the definition of 7', we obtain that

lInolls + IIvolles + lluolls <

sup ([[nllgs + Vil + [lullgs) = M.

0<s<T

Besides, by Lemma 3.1, we know that

Ml VCI Ml
sup (|7l + |Vlgs + ullas) < VCi(|nollgs + |vollgs + lugllgs) € —— < —,
O<s£T(” g + [Vl + llullgs) < NVCilnollgs + Ivollgs + Huollg3) Viic |2

which is a contradiction to sup (||n||z3 + |[Vlzs + ||ullz3) = My. Thus, ||n||g + |VIlgs + |lullgs < &, for any
0<s<T
t > 0. Thus, the global existence and uniqueness of classical solutions to (1.4) have been obtained. O
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