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Abstract: In this article, a collocation technique based on quintic trigonometric B-spline (QTB-
spline) functions was presented for homogeneous as well as the nonhomogeneous extended Fisher-
Kolmogorov (F-K) equation. This technique was used for space integration, while the time-derivative
was discretized by the usual finite difference method (FDM). To handle the nonlinear term, the
process of Rubin-Graves (R-G) type linearization was employed. Three examples of the homogeneous
extended F-K equation and one example of the nonhomogeneous extended F-K equation were
considered for the analysis. Stability analysis and numerical convergence were also discussed. It was
found that the discretized system of the extended F-K equation was unconditionally stable, and the
projected technique was second order accurate in space. The consequences were portrayed graphically
to verify the accuracy of the outcomes and performance of the projected technique, and a relative
investigation was accomplished graphically. The figured results were found to be extremely similar to
the existing results.
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1. Introduction

Nonlinear partial differential equations (PDEs) are extremely significant in real-world applications,
which is why they play a significant part in the modeling of natural events. Most real-world problems
can be characterized by nonlinear PDEs. However, analytical methods are unable to resolve some of
these problems. Several numerical methods have been applied to solve these equations.

The Fisher Kolmogorov (F-K) models have been extensively utilized in the study of physical,
material, and biological systems [1]. Some of these applications include, for instance, pattern
formation [2], spatiotemperal chaos [3], traveling waves phenomena [4], liquid crystals domain walls
propagation [5], reaction model for Alzheimer’s disease [6], and tumor growth dynamics [7].

A cubic B-spline differential quadrature technique (DQM) was applied to simulate the fourth-order
extended F-K equation in [8]. Error norms were used to assess the accuracy of the method. DQM and
discretization were used to solve PDEs in [9]. Authors of [10, 11] utilized differential quadrature and
collocation methods based on quintic B-spline (QB) functions, i.e., QBDQM and QBCM, respectively,
to simulate a numerically extended F-K (EFK) model. An analysis was conducted on stability, rate of
convergence, and error norms. A numerical approach using trigonometric cubic B-spline functions was
introduced to solve the time fractional gas dynamics equation was introduced in [12]. The generalized
nonlinear time-fractional Klein-Gordon equation (TFKGE) was solved numerically using extended
cubic B-spline (ECBS) functions in [13].

In [14], a trigonometric quintic B-spline method is employed to solve singularly perturbed boundary
value problems, proving its ease and cost-effectiveness. A recent study used a trigonometric quintic
B-spline method to solve the Korteweg-de Vries (KdV)-Kawahar equation, which has time-dependent
parameters [15]. The numerical results obtained from this method were shown to be both effective
and efficient. The trigonometric cubic and quintic B-splines are utilized to simulate the Burgers
equation [16]. The accuracy of the outcome is evaluated by error norms and compared to the available
approximate solutions. Results showed that the approach is exceptionally effective in resolving coupled
Burgers’ equation (cBE). A messless method (finite pointset) was applied in [17], to numerically solve
the EFK equation. In [18], mesh-free numerical techniques were used based on DQM and radial
basis functions (RBF) to simulate the F-K extended model. In [19], the authors used the Fourier-based
meshless approach to solve a (3+1)-dimensional PDE. In [20], a Gaussian-cubic backward substitution
method was utilized to solve nonlinear and linear problems in two dimensions and three dimensions
with an irregular domain. The method’s computational accuracy was effectively demonstrated.

The authors of [21] adopted element-free Galerkin interpolation to solve EFK numerically. In [22],
the study on stochastic EFK was expanded by employing the numerical technique of Euler-Maruyama.
In [23], He’s variational method was adopted to study the solitons and period wave solution for
EFK. This method simplifies calculation by reducing the order of the equation compared to previous
methods. The authors of [24] proposed an approach to solve the EFK problem utilizing 2nd order
splitting and orthogonal cubic spline collocation. Applying an H'-Galerkin mixed finite element (H1-
GMFE) method to the extended F-K equation via the splitting method, [25] derived optimal order
error estimates. The authors of [26] utilized the Cl-conforming finite element method to estimate
error optimally for two-dimensional EFK equations (semi and wholly discrete). The authors of [27]
analyzed the solution to the EFK equation in terms of its long-term behavior. In [28], the author
presented a Crank-Nicolson finite difference scheme (CNFDS) to solve the EFK problem in two space
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dimensions with Dirichlet boundary conditions. In [29], the stability of the CNFDS in L., discrete
norm for the EFK equation was investigated. The numerial solution to the EFK equation was derived
in [30] using quartic B-spline based DQM (QAB-DQM). A novel meshless local collocation approach
for numerically solving the 3D extended EFK equation was proposed in [31]. To discretize the time
and spatial derivatives of the EFK equation, the second-order Crank-Nicolson scheme and meshless
generalized finite difference method (GFDM) were used. Furthermore, in [32], a hybrid numerical
method was introduced to address 2D nonlinear transient heat conduction concerns with temperature-
dependent conductivity. They used Krylov deferred correction (KDC) for temporal discretization
and GFDM for spatial discretization. In light of the aforementioned study, we propose a quintic
trigonometric B-spline collocation technique to numerically simulate the extended F-K equation, which
1s expressed as:

Uy + Yilr — Uy + 10 —u = f(x,1), x€[a,bl,te[0,T], (1.1)

subject to initial condition (IC)

u(x,0) = ¢(x), (1.2)

and boundary condition (BC)

M(Cl, t) wl(t)a I/l(b, t) = lﬁz(t),
uy(a,t)y = 0, wuy,(b,t)=0. (1.3)

If y =01in (1.1), we obtain the standard F-K equation, and its generalization is given as follows:

U = Uy, + U — 1. (1.4)

When approaching Lifshitz points, [33] phase transitions require the inclusion of the fourth-order
derivative due to the necessity of including higher-order gradient factors in the energy-free functional.
The EFK equation appears at the phase transition Lifshitz point, and the gradient systems evolution
equation is given as follows:

mo:ngwY+§m¥+Fw)w; (1.5)
where F is the double-well potential and is given as follows:

nm:%a—fﬁ (1.6)

If we choose g = 1, then we obtain the EFK equation.

For the structure of this paper: Section 2 includes the preliminaries about the quadratic
trigonometric B-spline (QTB-spline) functions. In Section 3, we present the discretization of the
extended F-K equation. Section 4 shows the stability analysis of the discretized system of the F-K
equation using the von Neumann method. Section 5 shows the simulation of the F-K equation through
numerical examples and compares the accuracy of the results. The conclusions are given in Section 6.
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2. QTB-spline basis functions

The problem domain x € [a, b] is uniformly partitioned into a mesh of length 7 = Ax = bﬁ, using
the knots x; = a+ih,i = 0,1, ..., M, ensuring that a = xo < x; < x; < ... < xy = b. Now, we specify
the QTB-spline functions Qi(x) fori=-2,-1,0, ..., M+ as follows:

0 =7

where p(x;) = sin(

ps('xi—3)a X e [xi—3a xi—Z)a

—p(Xi- )P4(xi—3) - P(Xi)P(xi—z)P3 (xi-3)
—p(xis1)P(xi23)p*(Xiz2)—
P(Xi2)p(Xi3)p? (Xiz2) — p*(xim2)p(xi3), X € [Xi2, Xi-1),

P> (XD’ (xi-3) + P*(xi3) [P(xX)P (X1 )P (Xi-3)p(Xi-2)
+P2(Xi+1)P(Xi—l)]+,0(xi+2) [Pz(xi)P(xi+2)P(Xi—3)P2(xi—2)
+o(xir)P(Xi-3)p(Xi-2)p(Xi-1)]+

P (xi2)p(xi-3)p*(xi-1)

+0(x113)0(Xi:2)P(Xi2)p* (Xiz1) + P (Xim))P*(Xi43), X € [xi-1, X;),

—/?3 (xi+1)P2 (xi3) — P(Xi—3)[/?(xi+2)/?2(xi+1)P(Xi—3),0(xi—2) @2.1)
—Pz (xis2)p(XisDP(Xi-1)] —P3 (xis2)p(xi-3)p(x;) ’
—p(xi3)[P* (Xi)P*(Xi-2)p(Xi43) +

P (X )P (Xis2)P(Xi-2)p(Xi-1)

+0(xi2)P* (Xis2)P(X)] =P (Xi23)[* (Xi1)P(Xis1)

+p(xi1)P(Xi2)p(x:)] =P (xi3)P? (), X € [x, Xis1),

P (xi2)p(xi23) + p(xi3)P” (Xis2)p(Xi2)+
P (xi43)p* (Xis2)p(Xio1)

+P(xi)P(xi+2)P3(xi+3) + P(xi+1)P4(Xi+3), X € [Xis1, Xiz2),
—0°(xXi43), X € [Xir2, Xi13),
0, otherwise,

=) i1=0,1,..,M, and 8 = sin(2.5h)sin(2h)sin(1.5h)sin(h)sin(0.5h).

2

The QTB-spline functions {QT_,, QT_4, ..., QT y+1, QT )42} form a basis over the problem domain.
Table 1 displays QTB-spline values and derivatives at knots.

AIMS Mathematics

Table 1. O;(x) and its derivatives at knots.

X Xi2 Xi-1 X Xivl  Xiy2
Ox) m T T3 T2 T
Q;(X) T4 Ts 0 —T5 —T4
O'(x) 1% T T8 T1  Ts
Q"(x) T 10 0 -Ti0 —To

Q;V(x) Tir Tiz T1i3 Tiz Til
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Where
1

T, = ésins(g), T2:(2sin5(g)cos(g)(l6cos2(§)—3))/9,
= 2(1 +48 sl 16 2] 'She = 52'4h he

73 = 2(1 +48cos (5)— cos (5))sm (5)/ , T4 =(=5/2)sin (E)COS(E) ,

Ts = —5sin4(g)cos2(g)(800s2(g)—3)/9, 7'6:(5/4)sin3(g)(50s2(g—1)/6’,

T, = (5/2)sin3(g)cos(g)(—1500s2(g)+3+ l6cos4(g))/9,

g = (—5/2)sin3(§)(16c0s6(§ - 5c0s2(g + 1)/6,

Ty = (—5/8)sin2(g)cos(g)(ZSCosz(g)— 13)/6,

Tio = (—5/4)sm2(g)cosz(g)(sscos“(ﬁ)—35cos2(§)+15)/9,

2
T = (5/16)(12560s4(é) - 114c032(ﬁ) + 13)sin(@)/9,

2 2 2
T, = (—5/8)sin(g)cos(g)(176c0s6(g)—137cos7(g)—6c0s2(g)+15)/9,

T3 = (5/8)(92c0s6(g)— 117cos4(g)+62c0s2(§)— 13)(-1 +4cos2(g))sin(§)/0.

Now, we undertake that the estimation u(x, t) to the function u(x, #) at (x, ¢;) is represented by:

M+2

u(, 1) ~ up(x,0) = ) Cilt)0,(0), (2.2)

i=—2

where, C;(¢;) are unknowns and need to be found using the initial and BCs, as well as the collocation
technique. Each QTB-spline consists of six components, and each component is included in six QTB-
splines. The function uy,(x, t) can be represented as the variation over the component and stated as:

i+2

u(xu 1)) = > O Ce(ry)- (2.3)
k=i-2

1

Using Eq (2.3), u, uy, Uy, Uyry, and Uy, the knots can be expressed as:

ul = 1,CL, + 12CL +13C) + 1oCL +1,CL, (2.4)

()] = —14C, — 75CL +15CL, + 14C),,, (2.5)

()] = 16CL, + 71CL | + 13C) + 7:C) | + 16C,, (2.6)
()] = =19CL, = 110CL | + 710CY,, +79CL,, 2.7)
(Mxxxx){ = —T11C,-j_2 - T12C,-j_1 + T13Cij + 7'12Clj+1 + 711Cis2, (2.8)

where C/ = Ci(t)).
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3. The problem’s discretization

Currently, the time derivative of the problem (1.1) is discretized by the usual FDM, while 8-weighted

scheme is used for spatial derivatives as follows:

JHL_ i

4y | (O + (1= O] | = [000]™ + (1 = O)uen)]] + 0]
+(1 = )Y — ™ — (1 - Oy = f/.

u

The Rubin-Graves [34] approach linearizes the term u® as follows:
j+1 j+1 j+1 Jj+1 J j+1 i
= (u; ) = u; (2u - u ul.)
1 j+l +1
= 2u{(u{+ u{+ ) — (u{)ZufJr

= 3)?ul"! - 2(u))’.

3\j+1
)]

Taking 6 = % and using it in the above Eqs (3.1) and (3.2), we get
vAt )/At A

; ; ; t At ;
+1 +1 i+1
l/ti - u,] + (uxxxx)! (uxxxx) ( xx)] - _(uxx)l! +

2 ! 2
3At i, ; 1 At At
2= W2 - Aty +5 — Al - —ult — —ul = Arf
2 l 1 14 2 2
Simplifying the above equation and manipulating terms, we have

qut( )

RIAV At At ;
(U =) = ™ = S +

yAt

1 ; At At ;
=1+ 5Ar(u{)2 + ?)u{ + i(uxx){ — T(thxxx){ +f.

Let
3At At ; 1 At
l+ —@W)>—=—=A’, and 1+ At(u’) +— =B
2 2 v 2
Then, the above equation becomes
P At ; At i At ;
A{u{-H - ?(uxx),ﬁ—l yz ( xxxx)J+l Bljulj + E(thx),]

At TN
_%(uxxxx)l{ + f;'j-

Now, using approximated u, u,,, and u,,,, via the QTB-spline collocation technique, we get

At . At At ;
TIA,! - ?T(g + %At‘l’ll Cl]_+21 ( 2A - ?7-7 + TIZE)/) Cij_+11

VAV ; At At
+|13A] - 5T + 113%/At Cf” ( A’ -3 + T — 5 y) C{:]I

A i, A A\
+(1Al - 376+T11%N ¢l :( B + Qe Ty )C’!‘2

3.1

(3.2)

(3.3)

(3.4)

(3.5)
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At At ; At At ;
(TzBJ + Eaid Tu?y) C{_Jrll (TgBj + 578~ 713?)/) Cl.]+l

At At At Ar
(TzBJ + ST Ty )Cl]:ll (TIB] " preT Ty )Cl]++21 f]'

We suppose that A’ = T1AJ — —7'6 + 7Az‘T“, B = TQAJ — —T7 + ZArt,
Dj = T3AJ Tg + Al’T13, Ej = T]B] + T6 — —AITH,

Fl] —TzBJ+ T7——AIT12, and GJ —T3B] g—EAtTB.

Then, the above equation becomes

j+1 j+1 j+1 j+1 j+1
A]J +B]J +DJ] +BJJ +AJJ E]J +F]J
i7i-2 i i1 i l+1 i t+2 i7i-2 i i- 1

jS]+Fl] l]+1+El] f+2+fl.j, i=2,3,.,.M-2, j=0,1,..,N.

The discretization of the BCs is as follows:

u(a,t) =y, (t) = TICJ + T2C] + T3C] + TzC] + T1C] 1

u(b, t) = Yo(t) = 1,CL,_, + 12:C},_| + 1:C), + 12C, + T1C)y oy = W,

U(a,1) = 0 = 76C7, + 1:C7, + 15C) + 7,0 + 76C) = 0,
and
Uy (b,t) =0 = TGCM .+ T7CM L+ TgCJ + 7'7CM+1 + T6CM+2 0.

Solving Egs (3.8)—(3.11), we have

. TAp T
CJ — TCJ CJ + = ]’
Tm T,

-1
m

. T,
q
¢/, =Ly -c)- 2,
Tm Tm
. . 2 e
i _ _ .  _PAj L6
Cyuin = —Cya—=Cut =¥
T T
q cl _ Ty
CJ _CJ _ —l//
M+2 — Tm M 7, 20

where 75, = T)T¢ — 7177, T) = T3T¢ — T1 T, and 7, = 7377 — T2 7s.
For i = 0, using Eqgs (3.12) and (3.13) in (3.7) and manipulating terms, we get

o Ton: i\ R R N
q 14 +1 q 14 7 +1
HA - LB+ DI e = (LE - 2F + G|+ LAy -
~ 770 7 0 0 0 7 0 7 0 0 0 N

m

m m m m

(3.6)

(3.7

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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I8 gyt - —EJW + Pl + fI. j=0.1,2,.N. (3.16)

Fori = 1, using Eq (3.12) in (3.7), we get
( ”Af - Bf) C)t + (-A] + D]) i + B]CJ' + AjCy"
T A s . . . . e N Te ~i i
- (_éE{ + F{) C)+ (—E{ + G{) Cl+ Pic) + E{c) - aA{w{“
To pj,j . 2 .
+aE{lﬁ{ +f, j=0,1,2,..,N. (3.17)

Fori = M -1, using Eq (3.13) in (3.7), we get

A/ Jj+l 2y Jj+l _AJ »Y Jj+1 __P i hi Jjtl
Ay Cus By Cyn t ( Ay DM—I) Cyuor t ( ‘ Ayt BM—I)CM
m

(rJ J [ j fJ A J P g £ J
EM—ICM—3 + FM—ch—Z + (_EM—IGM—l) CM—I + (_TTEM—l + FM—I) CM
m

- 640y —%Eﬁl_1$£+ﬁj, j=12,..N. (3.18)

For i = M, using Eq (3.13) and (3.14) in (3.7), we get

EJ _ FJ + G] C] _ _BJ J+1 AJ J+1
Ton n 7, M2 T

g[/2 - —E’ W + fM, j=0,1,...,N. (3.19)
At the time ¢/, j = 0,1, ..., N, and Eqs (3.16), (3.17), (3.7), (3.18), and (3.19) form a linear system of

(M + 1) x (M + 1) order. We must establish the initial vectors (Cg, cy,...CY_,.CY ) from the IC to

solve the system with the M + 1 equation and M + 3 unknowns. To remove the C0 and CIOW +1» We use
the IC u(x,0) = ¢(x) and its first and second derivatives at boundaries as follows:

u(x,0) = ¢(x) = 71C, + 12CY | + 13CY + 1,C, + 1,CY., = P(xy), (3.20)

u(a,0) = ¢ (a) = —14,C) — 75C°, + 75CY + 74,C) = ¢.(a), (3.21)

u(b,0) = ¢ (b) = —14CY,_, — 5CY,_, +75CY,, | + 14CY,., = ¢.(b), (3.22)

uxx(a’ O) = ¢xx(a) = T6C(_)2 + T7C91 + T8C8 + T7C? + T6Cg = ¢xx(a), (323)

U (b,0) = ¢, (b) = T(,C?M_z + T7C 4t 75CY, + 7'7CMJrl + T6CM+2 (D). (3.24)
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Solving Egs (3.20)—(3.24), we get

TyTg 2T4T6

=280 By c° - — (r6¢x<a) + T4rl(@)), (3.25)
N4 N4
2 1
€, = 2800+ 00+ B (15¢,(a) + Ts$n(@)) (3.26)
T4 T4 T4 T4
2T4T 4T
CYy= 000, + By 4+ B R . (rﬁasx(b) + 7uD)), (3.27)
2TsT TsT 1
CYr = B+ 200+ BB+ — (126.(b) — 15 (D)) (3.28)
N4 T4
where 75T + 7477 = 13 and T5Tg — T4T7 = 4.
For i = 0, using (3.25) and (3.26) in (3.20), we get
(Tlﬂ'FTzﬂ-FT?,)C (2 1—+T2@+T2)C(1)+(2T2ﬂ+
T4 T4 T4 T4 T4
3 0 T T2
T— + Tl) C, = up(xo) + — (t7c(a) + 5 (@) + — (Tedr(a) + T4¢x(a)) . (3.29)
N4 n Na
For i = 1, using (3.25) in (3.20), we get
(7’1ﬂ + 7'2) Cy+ (71@ + T3) Y+ (27’1ﬂ + Tz) CY+1,CY
T4 T4 T4
T
= uo(x) + n—l (T6$x(@) + Tadhur(@)) . (3.30)
4

Fori = M — 1, using (3.27) in (3.20), we get

TyT,
71Cg4_3 + (27’1—4 6 + T2) Cg4 5t (Tln + T3) Cﬁ/[ 1t
T4 T4

(TI AELL Tz) CYy = up(xnr-1) = — (rebu(b) — Tada(b) - (3.31)
N4 T4

For i = M, using (3.27) and (3.29) in (3.20), we get

(TIU_ 2T2_ +T1)C?VI—2+(271_+72@ +T2)Cg/1—1 +(T1ﬂ+
T4 T4 T4 14 T4
T277_ + T3) Cy = up(xpy) — 77_ (T7 (D) — T5y,(b)) — 77_ (T60+(D) — T4¢.1(D)) . (3.32)
4 4 .

Equations (3.25), (3.26), (3.20), (3.27), and (3.29) form a system (M + 1) X (M + 1) order at the time °.
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4. Analysis of stability

This section goes into stability analysis for the discretized system of the extended F-K equation via
the von Neumann method [35]. According to the Duhamels’ principle [36], the stability analysis of
an inhomogeneous problem follows promptly from the homogeneous one. Thus, it seems necessary to
examine the stability of the discretized system for the extended F-K equation with the force function
f = 0. Taking 6 = 1 and linearizing the nonlinear term > by taking > = &% as a locally constant, the
Eq (3.1) can be written as

w™ —ul + y%(uma{ + At - %t(um{“
—%(um){fcf_l [#J At = 0. 4.1)
The above equation can be written as
Aul"! = A{(uxx){“ = y%(uxxm{“ = Bu] = A{(uxx){ + y%(uxxx»{, (4.2)

where

1]%%_1—A d |1 ]%%_I—B
+—— =4 an -—|=5

Now, using approximated values of u, u,,, and u,,,, by the QTB-spline collocation technique in
Eq (4.2), we get
% ~J+1 s ~vj+1 s v j+1 v+l o~ j+1
A C{—Jr2 +B C{—+1 +D Ci]+ +'B C{:l f"A Ci]:l -
E'C!,+F'C_, +G'C!+F'C,, +E'C] (4.3)

i+1°

where

- At - At
A" = TIA — —Tg + ZAITH, B = A — —T7 + ’)_/Atle,

2 2 2 2
_ At Ay
D" = 13A - ?7-7 + %AITB, E*=1B- ?Té + %Alﬁl,
_ At A
F'=7B- >+ %Atm, and, G =738 - 15+ %A”B-

We suppose one Fourier mode from the full solution Cl.j = 6/¢"” is used as trial solutions at x;, where

¥ = &h. The h is the element size, & is the mode number, and k = V—1. Inverting this solution in
Eq (4.3), we have

(2A*cos(2€h) + 2B*cos(eh) + D*) 6! = (2E*cos(2eh) + 2F*cos(eh) + G*) &'. 4.4)
Simplifying and manipulating some terms, we have
4E*cos*(eh) + 2F*cos* (L) — (2E* + 2F* = G)
 4A*cos*(eh) + 2B*cos (L) — (2A* + 2B* - D)’

4.5)
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where,

. (1+R At .
A =( 7 )71+?()’7'11—T6),B =(
+

. (1+R2 At .
D" = > T3+—(7713—T8),E =

3- 2 At
F*:( 2 )Tz——(')/le_T7) G (

)T2+ — (Y112 —77),

)Tl - —(7711 —T6),

)T3——()’Tl3 - 7).

Inverting values of coefficients, we observe that E* < A*, F* < B*, G* < D", and, so, |9] < 1

Therefore, the extended F-K equation discretized system is unconditionally stable.
5. Computational results

Example 1. Consider extended F-K Eq (1.1) in x € [—4, 4] with the IC as
u(x,0) = —sinnx, x¢€[-4,4],
and the BCs as
u(-4,0)=0, u,(-4,H=0, u@,)=0, u.4,1=0

Figures 1(a)—(c) illustrate the computations for 4 = 0.1, Ar = 0.001 at = 0, 0.05, 0.1, 0.15, and 2.0 for
v = 0.0001 and y = 0.001, respectively. The figures indicate that solutions are identical for y = 0.0001
and y = 0.001, whereas solutions for y = 0.1 rapidly decrease toward 0, confirming the extended F-K
equation’s stabilizing property. The solutions that are acquired efficiently reproduce the satisfactory
qualitative properties of the extended F-K equation. Figures 2(a)—(c) depict the three-dimensional
visualization of numerical solutions for different values of y (y = 0.0001, y = 0.001, and y = 0.1)
att = 0.2, with &~ = 0.1 and At = 0.001. It can be noted from these figures that the outcome of
solutions is nearly identical for very small values of y. However, the deterioration of solutions to
zero is very immediate in the case of y = 0.1, which proves the stabilizing nature of the extended
F-K equation. Table 2 presents a comparison between the current approach and existing methods in
terms of L, and L. error norms. The comparison is made with a value of Ar = 0.001, y = 0.1,
and r = 0.2. At M = 20, our technique surpasses quartic B-spline differential quadrature method
(QAB-DQM) [30], QBCM [11], and modified cubic B-spline based differential quadrature method
(MCB-DQM) [8] in terms of outcomes. Furthermore, our study shows that our results exhibit greater
performance compared to the findings in QBDQM [10] in terms of L, error norms. Therefore, we are
able to conclude that the approach yields better results compared to certain methods described in the
literature for a small grid size.
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Table 2. The error norms L, and L, for Example 1 with y = 0.1 and Az = 0.001 at# = 0.2.

Methods Error norms M =20 M =40 M =80
Profected method =2 6.401e-03  1.9524e-02 5.839e-04
rojected method 2796¢-03 6.449¢-03  2.574e-04
L, 1.62¢-02  891e-03  2.92¢-03
QAB-DQM [30] Lo, 1.31e-02  7.94e-03 2.76e-03
L, 2.135¢-02 2.216e-03  3.123e-04
QBDQM [10] Lo, 1.155e-03 1.224e-03  1.531e-04
L, 1.116e-02 2.815e-03  5.657e-04
QBCM [11] Lo, 5.510e-03 1.339e-03  2.834e-04
L, 1.888e-02 2.300e-03  2.400e-04
MCB-DQM [8] Lo, 1.184e-02 2.220e-03  2.300e-04
1 [a) ,fo\ Y g 1 I,«‘o Q) ,0” § IX)

u(z, t)
u(x,t)

(©
Figure 1. Simulation of Example 1 with (a) y = 0.0001, (b) ¥ = 0.001, and (c) y = 0.1 for 2 = 0.1 and
At = 0.001 at various t.
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(©)
Figure 2. 3D plots of u(x, t) for Example 1 with (a) y = 0.0001, (b) ¥ = 0.001 , and (c) ¥ = 0.1 for 2 = 0.1
and At = 0.001 atr = 0.2.

Example 2. Consider the extended F-K Eq (1.1) in x € [—4, 4] with the IC as
u(x,0) = 107 exp(-2?), xe[-4.4],
and the BCs as
u(-4,0 =1, u,(-4,0H=0, u@n=1, wu.,@41) =0.

Figure 3 illustrates the computations for 4 = 0.1, Ar = 0.001 at ¢ = 0.25, 1, 1.75, 2.5, 3.5, and 4.5 for
v = 0.0001. This figure shows that solutions decay and reach a stable state approaching the value 1 as
time increases, which is the instant replicate of the adequate qualitative performance of the extended
F-K equation. Figure 4 illustrates the 3D view of the computations with y = 0.0001, 2 = 0.025, and
At = 0.0001 for ¢ € [0.25,5]. It is also obvious from this figure that solutions start to decay and reach
a stable state, approaching the value 1 as time increases. Table 3 presents the L, and L, error norms,
in addition to the R, for the parameters y = 0.0001 and Ar = 0.0001 at ¢t = 1 and t = 4.5. The
table shows a decrease in error norms as the mesh size increases. Additionally, it is noted that error
norms are at their minimum at time t=4.5, indicating that the extended F-K equation is in a stable state.
Furthermore, the accuracy of the projected procedure in space variables is second order.
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Table 3. The error norms L, and L, for Example 2, convergence rate with y = 0.0001,
At =0.0001 att =1 and t = 4.5.

tr=1 t=4.5
M L, R, L, R. L, R, L., R,
20 2.909e-02 - 9.708e-03 - 1.265e-03 - 4.039e-04 -

40 9.250e-03 1.65 2.192e-03 2.15 3.437e-04 1.88 7.981e-05 2.34
80 2.587e-03 1.84 4.354e-04 233 9.182e-05 1.90 1.520e-05 2.39

u(x,t)

-4 -3 -2 -1 0 1 2 3 4
T

Figure 3. Plots for Example 2 with y = 0.0001, & = 0.1, and Az = 0.001 at different ¢.

Figure 4. 3D plots of u(x,f) for Example 2 with y = 0.0001 for 4 = 0.025, and At = 0.0001, where
t €[0.25,5].
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Example 3. Consider the extended F-K Eq (1.1) in x € [—4, 4] with the IC as
u(x,0) = =107 exp(—2?), x€[-4,4],
and the BCs
u(=4,1)=-1, u,(-4,0H=0, u4,0)=-1, wu,41=0.

Figure 5 illustrates the computations for 4 = 0.1, Ar = 0.001 at ¢ = 0.25, 1, 1.75, 2.5, 3.5, and 4.5 for
v = 0.0001. Figure 6 depicts the 3D view of the numerical solutions with v = 0.0001, At = 0.0001,
and & = 0.025 for ¢ € [0.25, 5]. It is obvious from these figures that solutions start decaying and reach a
stable state approaching the value -1 as time increases, which is the instant replication of the adequate
qualitative performance of the extended F-K equation.

0 “A::::;::::::::m:iﬁiw:;::::::‘
0.2 eaaa 1
—+—1=0.25
——t=1.00
-0.4 ——t=1.75 i
= ——e—-1=250
) ——t =350
S ~—¢--1>450
0.6 ...ouo...". ]
%,
-0.8 1 1

Figure 5. Plots for Example 3 with y = 0.0001, & = 0.1, and Az = 0.001 at different ¢.

Figure 6. 3D plots of u(x,f) for Example 3 with y = 0.0001 for 4~ = 0.025, and At = 0.0001, where
t €[0.25,5].
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Example 4. Lastly, we look at the nonhomogenous extended F-K equation
U+ Yihexxx — U + f) = g(x, 1), x€[0,1], r€[0,1],
with
u(x,t) = e 'sin(2rx),
and BCs
w0,) =0, u(0,)=0, wu(l,1)=0, wu.(l,n=0,

where f(u) = u® — u and g(x, 1) = e~'sin(Qrx)(e * sin*(2nx) + 4> + 167* - 2).

Table 4 shows L, and L, error norms as well as numerical convergence R, for y = 1, At = 0.01 at
t =0.5and r = 1. The table clearly indicates that error norms are negligible and decrease as mesh sizes
expand. Additionally, the proposed method converges to a space variable of the second order. Figure 7
depicts exact and computation u(x, t) for y = 1, and Ar = 0.001 for & = 0.025 with r = 0.1, 0.3, 0.5,
and 0.7, while Figure 8 depicts 3D plots of exact and computation u(x,?) with y = 1, Ar = 0.0005
for h = 0.05 and ¢ € [0.02], and & = 0.025 and ¢ € [0, 1], respectively. These figures show excellent
agreement between extact and computation solutions. The absolute error norms are also publicized in
Figure 8, which are approximately in 107>.

Table 4. The error norms L, and L., for Example 4, convergence rate with y = 1, Ar = 0.01
atr=05andr=1.

v =05 t=1
L, R, L. R. L, R. L. R,
20 8.675¢-02 —  2.664e-02 - 1.428¢-01 —  4.414e-02 -

25 5.057e-02 242 1.425e-02 2.80 8.270e-02 245 2.312e-02 2.90
40 1.930e-02 2.01 5.192e-03 2.15 2.708e-02 2.37 6.551e-03 2.68

¢ Exactatt=0.1
Approx. at t = 0.1
* Exact at t =0.3
Approx. at t = 0.3
m  Exactatt =0.5
Approx. at t = 0.5
e Exactatt=0.7
Approx. at t = 0.7

(0}

u(x,t)

-0.5

_1 1 1 1 1
0 0.2 0.4 0.6 0.8 1

X

Figure 7. A comparison of the exact and numerical values of u(x, 7) for Example 4 with y = 1, h = 0.025,
and Ar = 0.001 for 1=0.1, 0.3, 0.5, 0.7.
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X
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i {
e S

Absolute error

0.02

-
X
iy
]

w

Exact u(z,t)
Approx. u(z,t)
Absolute error

(b)
Figure 8. 3D plots of exact and numerical u(x, f) together with abs. norms for y = 1 and At = 0.0005 with
(@) h =0.05 and 7 € [0,0.02], (b) ~ = 0.025 and ¢t € [0, 1] for Example 4.

6. Conclusions

A collocation technique based on QTB-spline functions is reported for homogeneous as well as
nonhomogeneous extended F-K equations. The nonlinear term is handled by the Rubin-Graves (R-G)
type linearization process. To validate results and check efficiency, three examples of homogeneous
and one example of nonhomogeneous extended F-K equations are considered. The projected method
has been found to yield improved results in comparison to the methods described in [8, 10, 11, 30].
The performance of the projected technique and a relative investigation are accomplished graphically.
Figures 1 and 2 portray that the nature of solutions is nearly similar for y = 0.0001 and y = 0.001 while,
for v = 0.1, solutions decompose rapidly to 0, ensuring the stability of the extended F-K equation.
Figures 3 and 5 portray that solutions decay and attain a stable state approaching the values 1 and -1,
respectively, as time increases, which is the instant replicate of the adequate qualitative performance
of the extended F-K equation. Figure 8 shows excellent agreement between exact and numerical
solutions, with absolute error norms of approximately 1073. We show that the projected technique
is unconditionally stable for the discretized extended F-K equations. Additionally, the technique is
determined to be accurate to a second order in space. The numerical analysis proves the projected
technique is straightforward and yields very accurate results.
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