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1. Introduction

The study of fixed-point theory constitutes a crucial branch of pure mathematics because of its vast
applications in engineering, computer science, economics, etc. Recently, many interesting fixed-point
results have been established (see, for example, [1,2]). In 2011, Azam et al. [3] introduced the notion
of complex-valued metric spaces (CVMSs) for complex numbers (where i*> = —1) and studied some
fixed-point results. Many researchers have focused their attention on generalized metric space and
CVMS and established different types of fixed-point results (see, for example, [4—10]). Later, in 2021,
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Oztiirk et al. [11] introduced the notion of elliptic valued metric spaces (EVMSs) for the set of all
elliptic numbers. Basically, complex-valued metric space is a particular type of cone metric space
which was introduced in [12]. But, fixed-point results involving rational and product terms were not
introduced in the setting of cone metric spaces since this space is based on Banach space, which is not
a division ring. Due to this reason, it is important to study fixed-point results in the context of cone
metric space (or EVMS) involving rational and product terms. On the other hand, the notion of b-metric
spaces were presented by Bakhtin [13] and later explained by Czerwik [14] for our known structure.
For this paper, our intention is to introduce the notion of elliptic-valued b-metric spaces (b-EVMSs)
by combining the ideas of EVMS and b-metric space. Now, we give a brief background about integral
equations. In the literature on integral equations, there are two types of famous integral equations that
are available depending on the limits of the integration, i.e., Fredholm integral equations (here, the
limits are constant) and Volterra integral equations (here, at least one of the limits is a variable). Based
on the form of the unknown function, the above-mentioned types of integral equations are either linear
or nonlinear. Both the Fredholm and Volterra integral equations are divided into three categories, first
kind, second kind, and third kind. A particular type of nonlinear Fredholm integral equations of the
second kind is given by

d
u(t) = o(t) + f O, r,u(t), u(r))dr, telc,d],

where o, ® are given functions and u(¢) is an unknown function. The above integral equation has
two special subclasses, i.e., Hammerstein integral equations and Urysohn integral equations. In the
application section, we will discuss the solution of an Urysohn integral equation by using our new
findings. Next, we move to the preliminary section, where we mention some relevant definitions and
important results, which will be required for the proof of our main results.

2. Preliminaries with known results

Let E, be the collection of all elliptic numbers given by
Ep,={n=m+im:mmeR,i’=p<0),

where 7; is the real part and 7, is the imaginary part of the elliptic number 7, + in,. For the definitions

of the summation of two elliptic numbers, multiplication of an elliptic-valued number by a scalar,

multiplication of two elliptic numbers, and conjugate and norm of an elliptic number, we refer the

reader to [11]. From now, we write 6 to denote the zero element of the elliptic number system. The
ni-up

inverse of an elliptic number n = i, + in,(# 6) is given by 77! = o We now define a partial
1 2

ordering “ < ” on E,, as follows:
n < & iff Re(n) < Re(¢) and Im(n) < Im(é).
Therefore, if < &, then the following relations hold:
i. Re(n) < Re(¢é) and Im(n7) < Im(€);

ii. Re(n) < Re(¢) and Im(n) = Im(€);
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iii. Re(n) = Re(¢) and Im(n) < Im(¢);
iv. Re(n) = Re(¢) and Im(n) = Im(¢).

The partial ordering “ < defined on E, satisfies the following properties:
Py If0 s 5§ then [ nl<ll & l;

Py: fnséandé 5, thenn 3¢
Py:nséoen-£30,
Py:0<snpand 0 5 & = 0 3 né;
Ps: n<séwitht e RY = mp 5 7€
Next, we introduce the definition of a b-EVMS as follows.

Definition 2.1. Let Q be a non-empty set and s € [1,00). A function o : QX Q — E, is called a
b-EVMS on Q if the following assertions hold:

A1. 0 3 0(y,6), Vy,0 € Q;

Ar.0(y,0) =0y =296

Az. 0(y,6) = 0(6,7), Yy,6 €

Ay. 0(y,9) 3 s(o(y, k) + 0(k,0)), Yy, k,0 € Q.

Here, we call the pair (€2, 0) a b-EVMS.

Example 2.1. Let Q = E,. Define a mapping o : E, XE, — E, by

o, m) = & — & + il - G,
where 7, = & + iy and n, = &, +il,. Then, (E,,0) is a b-EVMS.

Example 2.2. Let Q = E,, where E, denotes the collection of all elliptic numbers with the same
argument V ,. Define a mapping o : B, XE, — E, by

n(p — 1)]

8p T
where V), is the argument of 77, and i, with p < 0 and p € R. Then, (E,, 0) is a b-EVMS.

All of the topological structures for the b-EVMS (€2, 0), like the p-interior point, o-limit point, o-
closed, po-convergence, o-Cauchy sequence and o-complete are of similar types as those for an EVMS
(see [11]). Due to the length of the paper, we are not providing the details here. Like Lemmas 3.1 and
3.2 of [11], one can establish the same type of results in the setting of a b-EVMS. Let (€2, 0) be a b-
EVMS. Then, (€, o) is called p-continuous if the corresponding elliptic-valued b-metric o from Q x Q
to E, is continuous, i.e., if {u,}, {v,} are two sequences in Q with u, — u* and v, — V" as n — oo, then

o, m) =llm —m | e, V, € [O,
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o(u,,v,) = o(u*,v*) as n — oo. Clearly, if (€, 0) is o-continuous, then every convergent sequence has
a unique limit. Now, we write L and L° to denote the following subsets of E,:

L={(neE,:nx0={n=E+il€B,:£2>0, >0},

and
L°={neE,:n>0={n=E+il €E,: ¢ >0;( > 0}.

Definition 2.2. Let f : L° — L° be a function. Then,

(i) f is monotonically increasing if for any y,§ € L° withy 56 = f(y) 3 f(9).
(ii) f is said to be po-continuous at y, € L if for any sequence {y,} -, € L with

Yo = Y0 = f(yn) = f(Yo)-

Oztiirk et al. [11] defined the notion of a C-class function in the setting of an EVMS, which is also
valid in a b-EVMS. Motivated by [15, 16], next, we introduce the definition of a revised C#-simulation
function in the context of a b-EVMS.

Definition 2.3. A mapping ¥ : L° X L° — E, has the property C¢ if da C¢ % 0 such that

Ci. F(m.m) > Cr = m > m, or | F(p,m) X Cr =l 1>l m2 |1
Co. F(m,m2) 3 Cr or || F (i, m) |III Cr I, Y,z € L

Definition 2.4. A revised Cy-simulation function is a function A : L X L — E, that satisfies the
following assertions:

A1 Ay, 6) < F(6,y)or || Ay, o) lI<|l F(,y) I, Vy,0 > 6, where ¥ is a C-class function
with the property C;
Ay let {y,}, {6,} be two sequences in LL° such that either statement is true:

Ayg. 0 < limy, Sliminfd, < limsupd, < slim y, < co implies lim sup A(sy,, d,) < Cs,

n—oo n—oo n—00 n— o0

or

Agp. 0 < lim ||y, ||< liminf [| 6, [|< limsup || 6, [[< s lim [ y, ||< co implies

n—00

limsup || A(syy,, 6,) lI<Il C# | .

n—00

Now, we shall give examples.

Example 2.3. Let A : L XL — E, be a function given by A(n1,1n2) = $n2 — 01, where 1,12 € L with
a,b € R*,b > a, and F (1, m2) = m — m with C¢ = (s + 1)(p1 + ip2), where py + ip; € E,. Clearly, 4,
holds. Let us take two sequences {y,},{0,} from IntL such that
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0 < lim y,, < liminf 6, < limsupd, 3

n—oo

or

0 < lim || y, |I< liminf || 8, ||[< limsup || 6, [|< s lim || y, |I< p,

where p =|| p; + ip; ||. Then,

n—oo n—oo

n—oo

lim sup A(sy,, d,)

n—oo

= lim sup [gén — 5]
. a ..

= lim sup 56,, — liminf sy,
a.. .

= b lim sup 6,, — lim inf sy,

< limsup ¢, — liminf sy, 6 5 Cx.

n—oo

Furthermore, it can be easily checked that lim sup || A(sy,, 9,) ||<|| C# |.

n—oo

Example 2.4. Let 1 : L XL — E,, be a function defined by

1-%,  ifm=0,
A1) = e,
(m,m2) {k& ifn, 2 6,

1+771 ’

s lim y, < p1 + ipa,
n—oo

where k is a real number such that k € [0, 1), F(17;,m2) = —&, and C# = 1 + i. Clearly, A; holds. To

1+772

check A,, let us take two sequences {y,}, {0,} from IntL such that

0 <

or

0 < Lim [[y, [|< liminf || 6, ||< limsup || 6, ||< s lim ||, || .

Here, we suppose that lim y,, =
n—-oo

AIMS Mathematics

lim y, < liminf ¢, < limsupd, < s lim vy,,
n—-oo n—oo n—oo n—oo

n—oo

p1 + ip; with p =|| p1 + ip, ||. Then,

lim sup || A(sYy, 6,) ||

n—oo

= limsup || —

n—oo 1 n

On
< limsup || |

n—oo 1 n

<limsup [ || 6, Il (1 + sy,)™" 1]

n—oo

< limsup || 8, || limsup || (1 + sy,)”" |

n—00 n—00

< slim ||y, [[ limsup || (1 + sy,)™" |

n—oo
N .
<® 1+,
sp
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Moreover, it can be easily shown that lim sup,_, ., A(sy,,0,) < Cg.

Example 2.5. Every simulation function is a revised Cg-simulation function with ¥ (ny,1m,) = 11 — 2
and C¢ = 6.

Now, we shall state two important lemmas.
Lemma 2.1. For every sequence {y,} from a b-EVMS (Q, o), the following inequality holds:

k-1

oy, vi) 3 5" ZQ(VJ‘,)’J'H)
j=0

for each n € N and each k € {1,2,3,---,2"!,2").
Our next lemma is as follows.

Lemma 2.2. Every sequence {y,} from a b-EVMS (Q,0) with a constant s such that o(Y,,¥Yn+1) S
ao(¥n-1,vn), Yn € N is a Cauchy sequence where a € [0, 1). Further, the following inequality holds:

n

a
O(Ves Virk) S 0(¥0, Y1),

l-a
where A = Z;il g2 s+
Remark 2.1. The proof of the above two lemmas is similar to the proof given by Miculescu and

Mihail [17] in the setting of a b-metric space.

Remark 2.2. If we have that || (¥, Yns1) IS @ || 0(Yn-1,¥n) |l in place of 0(¥n, Yn1) 3 a0(Yn-1,¥n) in
Lemma 2.2, then {y,} is also a Cauchy sequence.

Next, we shall state some important definitions of a@-admissible mapping.

Definition 2.5. ( [18]) Let J : Q — Q and a : Q X Q — R* be two given mappings. Then, J is said
to be an a-orbital admissible mapping if the following holds:

a(u, Ju) > 1 = a(Ju, T*u) > 1, Yu € Q.

Definition 2.6. ( [I18]) Let J : Q — Q and a : Q X Q — R* be two given mappings. Then, J is said
to be a triangular a-orbital admissible mapping if ;J satisfies

() a(u, Ju) > 1 = ao(Ju, T u) > 1,
(@) a(u,v) > 1, and a(v,Jv) > 1 = a(u, Jv) > 1, Yu,v € Q.

Definition 2.7. ( [19]) A sequence {u,} is said to be a-regular if a(u,,u,+1) > 1 and u, — u*(e Q) as
n — oo, then, there exists a subsequence {u,,} of {u,} such that a(u,,,u*) > 1 for every k € N.

Note: In the proof of our main results, we will use Definition 2.7 with an additional condition, i.e.,
u, # Ju',vY k € N, where J is a mapping from  to €, and we still say that it is a a-regularity
condition.

Next, we move to the main section of our paper.
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3. Main results

In this section, first, we introduce the following definition.

Definition 3.1. Ler (QQ,0) be a b-EVMS with J : Q — Q and a : Q X Q — R* be two mappings.
Suppose that, for all u,v € Q with a(u,v) > 1, one has

A(so(Ju, Jv), Ag(u,v))  Cg, (3.1

where 8(1.1) = m ), (0, T, LTI, LTI cIT) i cach term inside

“max” is comparable with respect to the partial order “ < . Then, 7 is said to satisfy the condition of
a generalized a-orbital admissible revised C#-simulation contraction associated with rational terms.

QX Q- R and J : Q — Q be two mappings such that the following assertions hold:

Theorem 1. Let (,0) be a po-complete and o-continuous b-EVMS with a constant s > 1. Let a :

(1) J 1is a triangular @-admissible mapping;

(i) g satisfies the conditions of an a-orbital admissible revised C# simulation contraction;
(iii) there exists a point uy € Q such that a(ugy, Jug) > 1;

either

(ivy) J 1s o-continuous;

or

(ivp) if {u,} is a sequence in €, then it satisfies the a-regularity condition.
Then, J has a fixed point in Q.

Proof. From our assumption (iii), there exists a point uy € Q such that a(uy, Jup) > 1. Clearly, starting
from this initial point, one can construct a sequence {u,} by u,+; = Ju,, Yn € N. For the remainder of
the proof, we will assume that u,,; # u,, Yn € N, i.e., o(u,, u,+1) > 6. Otherwise, we can find a point,
say, u,,, for which we have that u,,,; = u,, = u,, = Ju,,. Clearly, we obtain a fixed point of J and
the proof becomes less interesting. Now, since . is a triangular @-admissible mapping, one can easily
get that a(u,, u,+1) > 1, and, furthermore, a(u,, u,,) > 1, Yn,m € N with m > n. Now, we shall divide
the proof into two cases.

Case-I: Here, we consider that s = 1. Since we have assumed that o(u,,, u,,1) > 6, ¥n € N, we have

Aj(un—l s un)

_ [1 + o1, up)loWn, Uns1) O(n, Un)O(Un, tnr1) O(Up, U )O(Un—-1, Uns1)
= max {Q(ul’l—l7u11)7 Q(l/ln_],un), }

1+ 0(up—1, tn) B o (7P T 7% B ol (/MR Py 7

= maX{Q(un—la Uy), Q(una Upi1)).

Now, it can be easily checked that A 4(u,_1,u,) > 6, ¥n € N. Since 7 is an e-orbital admissible revised
Cg simulation contraction, i.e., we have

/l(g(un’ un+1)’ Aj(un—la un)) z C7'_'

AIMS Mathematics Volume 9, Issue 7, 17184—-17204.
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Since o(uy, uy+1) > 6 and Ag(u,-1,u,)) > 6, Yn € N, i.e., by using property 4;, we have

C‘T 3 /I(Q(un, un+l)’ Aj(un—la un)) < 7:(Ah‘f(l'tn—l, un)» Q(un’ un+l))
= C‘f_ < T(Aj(un—la un)a Q(una Mn+1))~
Now, by C;, we get that o(u,, y+1) < Ag(u,—1,u,). Clearly, we arrive at a contradiction if we

consider max{o(u,_1, u,), o(U, u,+1)} = o(uy, u,.1). Thus, we have that o(u,, u,,1) < o(u,—1,u,), Yn €
N with

Cr 3 AUy, tp+1), 0(ttn-1, Uy)). (3.2)

Consequently, the sequence {o(u,-1,u,)} 1s monotonically decreasing and bounded below by 6.

Hence, there exists n € L such that lim o(u,-1,u,) = n > 6. We consider n € L°. Utilizing the
property A,, with y,, = o(u,, u,,) and 3:0; o(u,_y,u,), we have

lim sup A(Q(I/tn, Un+1 )7 Q(un—l ’ un)) < CTa

n—oo

which contradicts (3.2). Thus, our assumption, i.e., that n € L°, is wrong. Hence, n = 6, i.e.,

lim o(uy,, u,.1) = 6. 3.3)
Our next intention is to show that {u,} is bounded, i.e., {|| o(up,u,) || : m,n € N with m > n} is

bounded. We now show this by using the method of contradiction. Suppose that {u,} is not bounded.
Then, there exists a subsequence {u,,} of {u,} such thatn; = 1; also, forevery / € N, n;,; is the minimum
positive integer such that

Il o(un,,,, uy,) |I> 1, and G
” Q(uq, un;) ”S 1, Vq € N with n<qg<ng — 1. :

Now, applying the triangular inequality property of b-EVMS and (3.4), we obtain

L <|l o(utn,,, uy,) |
<IF o(un,ys Unyy-1) + Oy, -1 ) |l
<IF oy, -1 I + 11 @ty —15 1) |l
<Il o(un,ys Uny, 1) Il +1.
Now, by applying (3.3), we obtain that llim I o(uy,,,,uy) ll= 1. Illg Il o(uy,,,u,) |l= 1 implies

—00

that o(u,,,,,u,) — n asl — oo with || n; |[|= 1. Now, since J is an a-orbital admissible revised
C#-simulation contraction, considering that u = u,,,,_; and v = u,,_; in (3.1), we have

C?‘- $ A(Q(unhl ) un;)a Aj(un[+1—1’ um—l))'

Observe that Ag(u,,, -1, u,—1) > 6 since each term of Ag(uy,,-1,u,-1) 1S comparable and there is a
term o(uy,,,—1,Un,,) > 6. Also, o(up,,,u,) = 6 with || o(u,,,,u,) |= 1 (from (3.4)) implies that
o(up,,,, u,) > 6. Thus, by property 4;, we get

C(F s A(Q(um“ ) Mn/)s Aj(unm—l’ un/—l))
< 7:(Aj(un1+l—la un[—l)9 Q(unm s un,))
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= Q(unm ) Mn;) < Aj(un1+1—l ’ Mnl—l ) (35)

Again, we know that 0 < i < 172 = m |I<|| 72 ||. Thus, from (3.5), we have

| 0(ttny, ;> tn) I<Il Ag(ttny,, 15 tn—1) 1| -
Now,

I Ag(ttny, -1 thy-1) |l
[1+o(uy,, un, 1)y, Uy,-1)
L+ o(un,, -1, Up-1)
O,y s Un-1)0(Uns Uny—1) LIl O, s Uny-1)0(Unys Uny, -1) ! }
1+ oy, -1, tn-1) ’ I+ o(utn,,, -1, Un—1)

I,

= maX{ Il oCutp, 15 =) 11 1] @ =15 ) I,

[1+ 1l 0(uny, s 1) 111 11 0ty 1) I
I 1+ 0y, -1y 1) |l
Ul @Gt s tn) 1+ 11 @Gty ttg=1) 11 11 @ty =) 11 Tl @ty s ) 1| + 1| @ty 1) N1 11 @ttty —1) | (3.6)
1+ 0ty =15 1) | ’ I 1+ 0y, -1, tn—1) |l
[1+ 1l 0(uny, s g =) 111 11 0ty 1) |l
1+ 0ty -1 th—1) |

< maX{ Il 0Cuty, 15 1) |+ 11 0Ctns thy=1) 11 1| @t 15ty ) I,

k)

s

S max{ ” Q(un[.*]*l’ul‘l[) || + “ Q(unpun,—l) ||’ ” Q(”n,,,]fl,un,,,]) ”’

Ul 0, > un) 1| + I @ty s 1) 1] 1| ©Cuty s ttn,—1) |l
1+ o, 15 1) ||

Ul 0, s tnyi =) ||+ 11 0, —15 ) 11 + 1| @ty un=1) 11| @Cut s tny 1) II}

11+ oy, 15 1) |l '

b}

Now, we observe that || o(up,,,—1, u,) [I< 1 and || o(up, uy+1) [|[= 0 as n — oo. Further, observe that
o(y,0) 2 0 =] 1+ 0o(y,9) ||> 1. Next, considering the lim sup as [ — oo in (3.6), we obtain

limsup || Ag(uty,,, -1, Un—1) [I< 1. (3.7

[—>00

Again, from (3.5), we have that || o(u,,,,, u,,) lI<|l Ag(uty,, -1, un—1) || implies that
1 <l Ag (s, =15 th=1) I - (3.8)
Consequently, taking the liminf as n — oo in (3.8), we get
1< ligr_lﬂix)nf | Ag(t,,,—1, Un,~1) Il - (3.9
Hence, from (3.7) and (3.9), we have
B | At -1t -1) 1= 1,

which is equivalent to A4 (uy,,,—1, Un—1) — 12 as | — oo with || 17, ||= 1. Now, take vy, = o(up,,,, u,) and
On = Ago(uy,, -1, un—1). Here if ; = n,, then, by applying A,, and (3.5), we get

CT 5 hm Sup A(Q(unh.] ) un,)a Aj(un/+1—1 ’ unl—l)) < C‘7:a

|—00

which is a contradiction. On the other hand, for || ; ||=|| 772 ||, we apply A, and (3.5) to get

| C# |I< limsup || Ao(uy,,,, Un)s Ag(Un,, -1, Un—1)) |I< Cr,

]
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which is a contradiction. Thus, from any case, we can conclude that {u,} is bounded. Our next goal is
to show that {u,} is a Cauchy sequence. Let us consider that M,, = sup{|| o(u,, uy) ||: r,s > n}, n € N.
Since we have already shown that {u,} is a bounded sequence, M, < oo, Yn € N. Now, observe that
{M,} is a positive decreasing sequence; consequently, there exists an M > 0 such that lim M, = M.

n—oo

Let us assume that M > 0. Now, applying the definition of M, for each [ € N, there exist r;,#; € N
such that#;, > r, > [ and

1
M = 7 <l ol uy) IS My (3.10)
Ensuring that [ — oo in (3.10), we get
fim [| 0t ,) lI= M, (3.11)
and
Bim [| 0(ut-1, 1) 1= M. (3.12)

Now, we set u = u,,—; and v = u,,_; in (3.1). Consequently, we have

CT S /1(@(’/[,»], ut])’ Aj(url—b utl—l))’ Where (3'13)

[1 + Q(”n—l > Mr;)]@(”zl—l s ul‘[) Q(urp Mt,—])Q(Mtp Mt;—])
I+ Q(un—l’ utl—l) ' 1+ Q(url—la ut]_l)

Aj(url—h ut]—l) = max{g(url—l’ u[[-l)’ Q(ul’]—la url)7

Q(urp ull—] )Q(u}’]—l s ul[) }
1 +Q(ur1—l’utl—l) .

It can be easily checked that o(u,,, u,) > 6 and A4 (4,1, u,-1) > 6. Therefore, we get

A(o(uy, uy), Ag(Up—1, uy—1)) 3 F (Ag(Uy -1, ty—1), 0(Uy,, uy,)),

or
|| /l(Q(ur]’ Ml])’ Aj(url—l’ ull—l)) || S || T(Aj(ur]—la un—l)’ Q(urp ul‘[)) || .

Hence, from any situation, we have

|| Q(u}’nul‘l) ||<|| Aj(ur[—bul[—]) || .
Now,

|1+ o(uy—1,uy) Il 0Cuy—1, u) |l
1+ o(uy, -1, uy-1) |l
Il oGty 1) MMl ©Cutyys 1) 11 11 @ty 1) MMl @Cutr—1, 4y, II}
N1 +oG-1u-) I 7 11+ 01, uy) |

Aj(ur]—la utl—l) = maX{ || Q(url—17 utl—l) ||’ || Q(url—b url) ||,

b

1+ 11 oCuty -1, un) Ml 0Quty—1, 1) |l
1+ o(uy—1, uy-1) |l
oGy, w1 | + 1 0Cuy—1, uy—1) 1) I 0Cuy—1, ) |l
1+ oQur—1, uy-1) |l
(I oty ) | + 11 0Cuys uy—1) DAL QC@tr—15 1) | + [ 0Cy—1, ) II)}
1+ o(uy—1, uy-1) |l '

< max { || @Guty-1, 1) I, Il a1, 1) Il

b

b
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Keeping in mind that || o(u, -1, u,-1) lI<Il 1 + o(u,-1,u,-1) |l, and using (3.3), (3.11), and (3.12), we
have that llim Il Ag(uty—1, us-1) ll= M. Now, llim Il o(uy,uy) ll= M = o(u,,,u,) = n; as | — oo with
I m |l= M, and 1152 | Ag(r-1,uy-1) 1= M = Ag(y-1,u,-1) — np with || 2 ||= M. If 1 = ny, then
we apply A, with y; = o(u,,, u,) and 6; = Ag(u,—1, u,—1) to show

lim sup A(o(uy,, uy,), Ag(uy—1, u,-1)) < Cr,

>0

which contradicts (3.13). Otherwise, we have that || n; ||=|| 7, ||. In this case, we apply Ay, with the
same y; and, ¢; and, consequently, we have

| Cg 1< limsup || A(o(uy,, uy), Ag(ir—1, uy-)) [I<Il C I,

[—o0

which is a contradiction. Thus, our assumption that M > 0 is not correct, i.e., M = 0. Hence, {u,} is a
Cauchy sequence.
Case -1II: In this case, we assume that s > 1. Here, (3.2) takes the following form:

C7'- N /l(SQ(Mn, un+1)’ Q(un—la un))

From this, one can easily derive that o(u,, #,+1) %Q(un_l ,U,), Yn € N. Now, by applying Lemma 2.2,
we conclude that {u,} is a Cauchy sequence. Since (€2, o) is o-complete, there exists a u™ € Q such that
u, — u* as n — oo. Suppose that J is o-continuous. So, we have

Ju = 9J(imu,) = im Ju, = im u,,; = u*.
n—0oo n—-oo n—0oo

Next, we suppose that o(u*, Ju*) > 6 and there exists a subsequence {u,} of {u,} such that
(U, u*) > 1 and u,, # u*, VI € N. Now, setting u = u,;_;,v = u* in (3.1), we obtain

Cr 3 As0(tty, Tu"), Ag (-1, u)).
One can easily check that o(u,,, Ju*) > 6 and A4 (u,,-1,u”) > 6. Hence, we have
A(s0(tty, T*), Agr (-1, U")) 3 F (Ag (U1, 1), s0(thy, T ), oOF

Il AsoCutnys Tu™), AgQuty—1, ) I < 1 F (A (-1, u”), 50, Tu)) 1| -
Consequently, from any situation, we get
Il soCtn, Tu) I < I Ag(uy—1,u) |l

| 1 ) (3.14)
=l o(u,,, Ju") || < S | Ag(ey—1,u”) || -

Now,

o, Ju") 5 slo”, uy,) + o(uy, Ju")]

(3.15)
=llow, Ju) I < s 0@, u) Il + Il @Gatn, Tu) I |
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Taking the limit as [ — oo in (3.15), we get
Il o(®, Ju) ||

s

< lim [ oGty Ju) I - (3.16)
Again,

| Ag(up—1,u") ||
I T+ 0(un,—1, un) llll 0™, Tu*) ||
Il 1+ o(uy,—1,u*) | ’ (3.17)
Il oCuty ) Il (™, Tu) || || @ty ™) Il (T W, 1) II}
1+ oG-, u) |l I 1+ o(up-1,u*) | '

Taking the limit as [ — oo in (3.17), we have
lim || Ag(Up1, ) I < o™, Ju) |l . (3.18)
Combining (3.14), (3.16), and (3.18), we obtain

= maX{ ” Q(un[—la Lt*) ”s ” Q(unl—la um) ”’

Hm [} sy, Ju') 1= 1m || Ag (-1, 1) 1=l 0@, Tu) 1T

By using (Ay,), or (dy) with y; = so(u,, Ju*), and 6; = Ag(u,1,u") as before, one can easily show
that

Cy < limsup A(so(uy,, Ju™), Ag(up-1,u")) < Csg

>0
or [|Cx |l < |l limsup A(so(uy, Tu*), Ag(up-1,u")) || < || Cs |,
[—00
which is a contradiction. Thus, we have that o(u*, Ju*) = 0 = u* = Ju". m]

Theorem 2. In addition to the hypotheses of Theorem 1, we further assume that a(uj,u;) > 1 for all
u: € Fix(J), wherei = 1,2. Then, J has a unique fixed point.

Proof. Since a(uj,u3) > 1, we have
A(so(Juy, Juy), Ag(ui, u3)) x Cr.

Since uj # u;, o(uj,us) > 6 and, hence, o(Juj, Ju;) and Ag(uj, u;) > 6. By using A; and C, one can
easily show that
| so(uy, wx)) Il < |l Ag(uy, us)) |l - (3.19)
Now,
| Ag(uy, ux) I
I+ oCuy, Jup) il o(uy, Tuy) |l
1+ o(uy, u3) |l
Il o(Tuy, u3) MMl oy, ws) 1| 1l (T uy, uy) |l o( Ty, uy) II}
II'1+o(uy, u3) |l ’ ']+ o(uy, u3) |l
=[l ouy, u3) || -
Clearly, from (3.20), we arrive at a contradiction since we have assumed that o(uj,u;) > 6, ie., ||
o(uj, u3) ||> 0. Thus, we obtain that u] = u;. O

= max { || o(uj, u5) II, || o(uy, uy) |,

b

(3.20)
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Next, we shall state and prove a result as a corollary of our main result.

Corollary 3.1. Let (Q,0) be a o-complete and o-continuous b-EVMS with the constant s > 1. Let
a:QxQ - R and J : Q — Q be two mappings. Suppose that there exists an m € N for which the
following assertions hold:

(1) g™ is a triangular @-admissible mapping;

(i) g™ satisfies the conditions of an @-orbital admissible revised C# simulation contraction;
(ii7) there exists a point uy € Q such that a(uy, J"uy) > 1;

either

(ivy) g™ is o-continuous;

or

(ivp) if {u,} 1s a sequence in €, then it satisfies the a-regularity condition.

Then, g™ has a fixed point (say, ¥}) in Q. Furthermore, ¢ is also a fixed point of 7, provided that
a(?,J9) > 1.

Proof. Clearly, by using Theorem 1, we can obtain a fixed point of J”. Let ¢ € Q be the fixed point
of 9™ with a(9, J9) > 1. We assume that J¢ # 9. Since ¥ is a fixed point of J", " = . Now,
for a(¥?, ) = 1, we have

Ao I, T T D), Agn(9,99)) 2 Cg,
where

Agn(3, T)
1 ﬂ, mﬂ 19, m ﬂ
= max {o(?, J9), 09, T ’”19%[ Ll ig()z]aggﬂ) - )’

oJ", INoI"T 3, I oJ"9, T (T TV, 19)}
1 +0(8,99) ’ 1+ 0(8,J9) '

Observe that o(J"3, " T 3) = 0o(¥, J) > 6. By using A, and Cy, one can show that

I so(T" T "IN < Il Agn(F, TN . (3.21)
Clearly, || Agn (3, I3 ||=I| 0(F, T || . Thus, from (3.21), we have
slo@, IO lI= s 1T, T" T lI<ll o, TI) I,
which is a contradiction since we have assumed that ¢ # J 9. Therefore, we have that ¢ = 9. O

Example 3.1. Let Q = B, be the set of all elliptic-valued numbers with i* = =2. Define a mapping
0:QxQ — Qby
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otm.m) =l & =& 1P +illh =& 1P,

where gy = & + il and g, = & + il Leta : QX Q — R by a(n, ) = 1, ¥ ny,m € Q. Clearly,
(Q, o) 1s a p-continuous and p-complete b-EVMS with s = 2. Let us define a mapping J : Q — Q by

0, ifé, ek,
T =gerin={ T HELEE

3, ifées, (ek;

3i, ifé¢es, fek.

where Z, E denote the sets of all rational and irrational numbers, respectively. Take u = \L@ andv =1
in (3.1), and we calculate the following:

1
oJ—7=J1) =03,0) =

\/—
1
ol—., 1) = ——) Q(— 3)=B-—)*~6.516,
2 V5O \;
(1 +o5 TR TD  (+eGe M0 (+G-p
1+Q(%@,1) - 1+(1—\/L5)2 B 1.,.(1_%)2 ~oeh
Q(\T%, Do(1,91) o3y 4
1+Q(%,1) _1+(1—\/L§)2_1+(1_\/L§)2’
Q(ﬂ'%, 1)9(3'1,%) o(3, I)Q(O,%) 4
Clearly, 9(n) = 0, V. m € N\ {1}. Then, it can be easﬂy checked that, for u = \/Lg and v = 1, the

inequality
so(Ju, Jv) 3 hAg(u,v)
is not satisfied, whereas the following holds:
so(J"u, J"v) S hAgn(u,v), Y u,v € Q,
where
m>1, Am,m) =hnpy —ny withO < h <1, F(ny,m2) =n1 —1n,, and Cy = 6.
Observe that the function J is not Q continuous To verify this, take y, = (2 - \/1—27’) +i2+ \/1—271) and
vo = 2+ 2i. Then, (y, — yo) = F \F Clearly,

1 2

3
Il 0¥ Y0) 1=l (v = Y0) |I= 5t =\, 0asn — oo,

i.e., ¥, — Yo, but J(v,) +» J(yo). Furthermore, one can check that J™ is a p-continuous function for
m > 1. Here, all conditions of Corollary 3.1 are satisfied and 6 is a fixed point of 7.

Next, we propose a new type of contraction involving orbital admissible mapping and rational terms
in the setting of a b-EVMS, and it was inspired by the famous Caristi-type contraction (see [20]).
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Definition 3.2. Let J be a mapping from Q to Q on a b-EVMS (Q, o). Suppose that X is a mapping
Sfrom Q to R* with X(Ju) < X(u) forall u € Q. Also, suppose that « : Q X Q — R* is a mapping
such that a(u,v) > 1 with o(u, Ju) > 6 implies that

o(Ju,Jv) 3 (Xu) = X(Ju)Ag(u,v), (3.22)
where A4 (u,v) is defined in (3.1). Then,  is said to be an a-orbital admissible revised Caristi-type
contraction involving rational terms.

Theorem 3. Let (Q,0) be a o-complete and o-continuous b-EVMS with the constant s > 1. Let
a:QxQ - R and J : Q — Q be two mappings such that the following assertions hold:

(i) J is a triangular @-admissible mapping;

(ii) J satisfies the conditions of an a-orbital admissible revised Caristi-type contraction involving rational terms;
(iii) there exists a point uy € Q such that a(ugy, Jug) > 1;

either

(ivy) J is o-continuous;

or

(ivp) if {u,} is a sequence in €, then it satisfies the a-regularity condition.

Then, J has a fixed point in Q.

Proof. From our assumption (iii), there exists a point uy, € Q such that a(uy, Juy) > 1. Clearly,
starting from this initial point, one can construct a sequence {u,} by using u,,; = Ju,, ¥n € N. For
the remainder of the proof, we will assume that u,,; # u,, ¥n € N, i.e., o(u,, u,,1) > 6. Otherwise, we
can find a point, say, u,,, for which we have that u,, ,; = u,, = u,, = Ju,,. Clearly, we obtain a fixed
point of J and the proof becomes less interesting. Now, since J is a triangular @-admissible mapping,
one can easily get that a(u,, u,.1) > 1, and, furthermore, a(u,, u,) > 1, Yn,m € N with m > n. Since
a(Up—1,u,) > 1, 0(up—1, 1) = o(u,—1,u,) > 6, and J satisfies condition (ii), we have

Q(jun—lajun) < (X(un—l) - X(jun—l))Aj(un—l’ un)-

Taking the norm on both sides of the above inequality, we obtain

lo(Tup-1,Tun) || < | (X(tp-1) = X(Tp-1)) ll Ag @1, 1) || -
Since X(Ju) < X(u), we have

| o(Ttn-1,Tu) | < (X(up-1) = X(Tttr-1)) || Ag (-1, ) |, (3.23)
where
| Ag (-1, un) |
| 1+ o(un-1,u,) llll 0, Uns1) |l
1+ o(up-1, up) I
| 0utn, un) Il 0ty i) || I 0Ctn, 1) Il O(Wtn—1, Ups1) II}
1 +o(r,u) Il T+ on-1,u) |l

= max{|| o(u,—1, un) |l | 0y, tps1) [}

= max { || @Ctu1, 1) Il | @Gt 1) |l

9
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Thus, from (3.23), we have

I o, tp) I < (X(uty-1) = X(ut)) max{l] 0(un-1, un) I, | 0, 1) 11} (3.24)

Suppose that max{|| o(u,-1, u,) |l | ©(un, tns1) I} =l ©(Un-1, u,) || . Then, from (3.24), we have

I o, tp) I < (K (uty-1) = X(u)) || 01, un) |l

Il 0Cutn, 1) |l

= 0< < (K(up-1) — X(uy)) (3.25)
Il 0utp-1, 1) |l

= X(u,) < X(u,—1).

Thus, {X(u,)};”, is monotonically decreasing and bounded below by 0. Let X(u,) — ¢*. Now, from
(3.25), we have

Y Il o(us, trs1) | r
oGt | N v )~ xa
oGy, u) | <;( (1) = X(uy)

= X(ug) — X(u,) = X(up) — c* as r — oo,

which shows that 3, gty < co. Consequently, || 0(uy ) | < @ [l @i, u) Il V1 > 1o €

N, where w € [0, 1). Then, if we consider max{|| o(u,-1, u,) Il || ©(tn, uns1) I} =l 0(tn, ttns1) |, then,
from (3.23), we have

I o, up) I < (X (uty-1) = X(u)) 1| 0, 1) |l
=1 < X(uy-1) — X(un).

Similarly, we can show that {X(u,)} is a monotonically decreasing sequence, and, if we consider the
limit as n — oo in the above inequality, then we get that 1 < 0, which is a contradiction. Thus, we

must have
Il o(us, uie) | < w || 0(ui—1, uy) ||, Yt € N, where w € [0, 1).

(o8]

Applying Remark 2.2, one can show that {«,};° is a Cauchy sequence. Since (£, o) is o-complete,
there exists a u* € Q such that u, — u* as t — oco. Suppose that J is po-continuous. So,

Ju' = J(’}Lrgo Up) = ,}Lr?oj”" = ,}Lrgo Upp1 = U

Otherwise, suppose that (iv;) holds and o(u*, Ju*) > 6. Consequently, we obtain a subsequence {u,,}
of {u,} such that a(u,,, u*) > 1. Also, o(u,,, Ju,,) > 6. Now,

o™, Ju")
3 slo”, uy 1) + O(ttn 41, T "))
= slo(”, tn1) + (T tty;, T )]
3 50" i) + (X () — X(te1))Ag (U, 1),

(3.26)
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where

A g (U, U")
(1 + 0(uty,, thy1)0(u*, Tu)]
1 + o(uy,, u*)

Q(Mn/+1 s ut o™, Ju”) Q(un/+1 , u*)Q(um’ ju*)}
L+ o(up,u) 7 1+ oy, u*) '

= max {Q(ul’l]’ u*)’ Q(um’ un[+1)’

b

Clearly, the right-hand side of (3.26) tends to 6 since o(u*, u,+1) — 6 and X(u,) — c¢* as [ — oco. Thus,
we have that o(u*, Ju*) =0 = u* = Ju". O

4. Application

In this section, we apply our theoretical result to find a solution of a Urysohn integral equation. Let
Q =C([c,d],R"), ¢ >0,and o : Q X Q — E, be a mapping defined by

o(u,v) = rél[az}] | u(r) —v(r) ||Z0 J1 +p26iarctanp’
re|c,

where u,v € Q, p > 0, and i* = p < 0. Clearly, (Q, 0) is a o-complete and p-continuous b-EVMS with
s = 2. Consider the following nonlinear Urysohn integral equation:

d
u(t) = o(r) + f O, r,u(r))dr, “4.1)

where t € [¢,d], u,0c € Q,and ® : [¢c,d]? xR" > R". LetJ : Q — Qbea mapping defined by

Ju@) = o) + f Q(t, r,u(r))dr. 4.2)

It is clear that u* is a solution of (4.1) if and only if it is a fixed point of the operator J. Here, ® is a
mapping such that Ju € Q.

Theorem 4. Suppose that the following conditions hold:
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A|. The mapping @ is a continuous function;

A;. There exists a function u : R" X R" — R such that, for each § € [¢,d] and u, v € Q, the following statements hold:
Asq. u(u(8), Ju(6)) > 0 implies that u(Ju(5), T*u(5)) = 0,

Agp. u(m(6), v(0)) = 0 and u(v(6), Jv(0)) = 0 implies that u(u(5), Jv(9)) > 0,

Ay, there exists a point ug € Q for all 6 € [c, d] p(up(6), o(6) + fd (0, r, up(r))dr) = 0;

&

As. Suppose for u, v € Q with p(u(6), v(6)) > 0 and 6, p € [c,d], that we have the following:
21| Ju®) - Jv(s) I3, \/szeiamnp

< hmax { || u(6) — v(6) ||zO A +pzeiarctanp, | () — Fu(s) ”zo [1 +pzeiarctanp

[1+ 1| u() = Fu®) I, A1+ p2e! @] || v(8) = Tv(S) 1% /1 + p2elarctanr
1+ o(u, v) ’
| Ju(8) = v(6) 1INl Tv(8) = v(6) Iz, (1 + p*)eX ™™ || Ju(8) = v(6) Il Tv(6) = u(d) I3, (1 + p*)e*ers
1 +o(u,v) ’ 1+ o, v)

}

Then, J has a fixed point, i.e., the Urysohn integral equation (4.1) has a solution in Q.

Proof. Let us define a mapping « : Q X Q — R* by

1, if u(u(9),v(0)) = 0, Vo € [c,d];
a(u,v) =
b, otherwise,

where u,v € Q and b € (0,1). Clearly, a(u, Ju) > 1 = uu(d), Ju@)) > 0 = u(Jud), T u(d)) >
0= a(Ju,J%u) > 1. Also, a(u,v) > 1 = uu(s),v(d)) > 0 and a(v, Jv) > 1 = u(v(5), Iv(5)) > 0.
By (Ap), u(u(5), v(9)) = 0 and pu(v(6), Jv(d)) = 0 gives u(u(d), Jv(9)) > 0 = a(u, Jv) > 1. Since the
mapping ® and o are both continuous, 7 is also continuous, i.e., J is o-continuous. One can easily
check that

o(u,v) =|| u(d) — v(8) |12, 1 + p2e’®eas,
o(Tu, Iv) =|| Tu(d) — Jv(©6) I V1 + pe!™ne,
o, Tu) =|| u(d) — Ju(@d) |2, 1 + pre' @,
oV, Iv) = v(8) = Tv(©S) I, 1 + pre'®cans,
o(Tu,v) =|l Ju(d) — v(S) |2, 1 + pre'®c@,
o(v, Tu) =|| v(6) = Tu(@) |5, V1 + p2e'cans.
Hence, from As, for u(u(5), v(6)) > 0, i.e., a(u,v) > 1, we have
20(Tu, Jv)

[1 + o, Jwlov,Iv) o(v,Jwev,Jv) ov,Juou,Jv)

< hmax { max {o(u, v), o(u, T u), T+ ote) T oty 1+oy)

I

Now, taking A(n,,1,) = hip, — 1y and F (71,12) =1 — 172 with 0 < 2 < 1 and C# = 6, we can apply
Theorem 1 to guarantee the existence of a fixed point of the operator . Thus, (4.1) has a solution. O
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5. Conclusions

In this paper, we have introduced the notion of b-EVMSs and studied some fixed-point results
involving rational and product terms. We have given examples to support our findings. We have given
an application to a Urysohn integral equation.

6. Open problems

1) In the first line of Theorem 1, we have assumed that (£, 0) is o-continuous to ensure that the limit
of a convergent sequence is unique. Our open problem is identifying whether one can remove or
replace (by any other suitable condition) the “o-continuity” condition of (€2, 0) from Theorem 1.

2) Since b-EVMS is newly introduced, one can study different types of fixed-point results involving
rational and product terms, such as those for the interpolative contraction (see [21]).
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