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1. Introduction

The desire to obtain more general results and valid solutions to many issues in topology, such as
compactification, proximity space, and closure space problems, has led mathematicians to introduce
some new structures. Some of these structures are grills [16], ideals [24], filters [25], and nets [28].
These classical structures are undoubtedly some of the most important objects of topology. A filter
is a related idea in topology that allows for a general definition of convergence in general topological
spaces. That is, filters are used to define convergence like the role of sequences in a metric space.
They unify the notion of a limit across various arbitrary topological spaces. The concept of net is a
generalization of the concept of sequence. Thanks to this concept, we obtain new characterizations of
some concepts such as compactness in general topology. Kuratowski defined and studied the concept
of ideal from filters [25]. Also, this notion has been studied by many topologists in different directions
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in [26,27]. The notion of ideal comes across as the dual structure of filter. Also, the other classical
structure of general topology in the literature is the notion of grill. It was introduced by Choquet [16]
in 1947 and studied by many authors. Hosny [18] introduced and discussed two operators in the
space (X,7°,G). Also, the author obtained a new topology T‘; which is finer than 75 and 75. Nasef
and Azzam [30] defined and studied two operators via grill. They obtained characterization and basic
properties of these operators. Also, they generalized a grill topological space via 7° topology induced
from these operators. Roy et al. [32-35] studied 74 topology and it is shown that some interesting
properties and behaviours of this topology 75 are encountered if G belongs to a particular class of
grills, introduced here and termed as the principal grills. Certain separation axioms and some well-
known covering properties are investigated in that article. Thron [38] presented a new approach to
proximity structures based on the recognition that many of the entities important in the theory are
grills.

Recently, Pawlak introduced the concept of rough set in [31]. This concept has various applications
in the literature, being very important in terms of this angle. One of them is topology, particularly
ideals. Many mathematicians have studied the concept of rough sets via topology and ideals. Tareq
et al. [7-12] have studied the concept of rough set introduced by Pawlak in terms of different
angles. Giiler et al. [17] generalized the notations of rough sets based on the topological space.
Furthermore, they produce various topologies by using the concept of ideal, C;-neighborhoods and
P j-neighborhoods. Hosny et al. [19-23] have also studied the concept of rough set introduced by
Pawlak in terms of different angles. Mustafa et al. [29] used the system of containment neighborhoods
to present new rough set models generated by topology and ideals. In addition, they discussed their
fundamental characterizations and reveal the relationships among them. Tantawy et al. [37] generalized
the rough set model by defining new approximation operators in more general setting of a complete
atomic Boolean lattice by using an ideal.

Recently, Acharjee et al. [1] introduced a new classical structure called primal . They define the
notion of primal topological space by utilizing two new operators and investigate many fundamental
properties of this new structure and these two operators. Moreover, the notion of primal is the dual
structure of grill. Furthermore, some new studies have been developed regarding primal topological
spaces since the introduction of primal; for more details, see [2—6, 15]. Also, two new versions of
primal topology have been given in the frameworks of soft setting and fuzzy setting; for more details,
see [13, 14].

2. Preliminaries

Throughout this paper, (X,7) and (¥,0) (briefly, X and Y) represent topological spaces, unless
otherwise stated. We denote the closure and interior of a subset A of a space X by c/(A) and int(A),
respectively. Also, the powerset of a set X will be denoted by 2%, The family of all open neighborhoods
of a point x of X will be denoted by O(X, x).

A subset A of a space X is called regular open [36] if A = int(cl(A)). The complement of a regular
open set is called regular closed [36]. The union of all regular open subsets of X contained in A is
called ¢-interior of A and denoted by 6-in#(A). Dually, the intersection of all regular closed subsets of
X containing A of a space X is called o-closure of A and denoted by 6-cl(A). A subset A of a space X is
called 6-open [39] if A = ¢-int(A). The complement of a §-open set in a space X is called d-closed [39].
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The family of all regular open [36] (resp. regular closed [36], 6-open [39], 5-closed [39]) subsets of a
space X will be denoted by RO(X) (resp. RC(X), 60(X), 6C(X)). The family of all regular open (resp.
regular closed, d-open, d-closed) sets of X containing a point x of X is denoted by RO(X, x) (resp.
RC(X, x), 60(X, x), 6C(X, x)).

Now, we recall the following results concerning é-interior and J-closure of a set A in a topological
space X.

Theorem 2.1. [39] Let X be a topological space and A C X. Then the following equalities hold.

a) 6-int(A) = {x|(AU € RO(X, x))(U C A)} = {x|(AU € O(X, x))(int(cl(U)) C A)},

b) 6-cl(A) = {x|(VU € RO(X, x))(U NA # 0)} = {x|(VU € OX, x))(int(cl(U)) N A # 0)},
¢) 0-cl(A°) = (6-int(A))",

d) 6-int(A°) = (6-cl(A))°.

Definition 2.2. /1] Let X be a nonempty set. A collection P C 2% is called a primal on X if it satisfies
the following conditions:

a)X ¢ P,
byif AePand BC A, then Be P,
c)if ANBeP,thenA ePorBeP.

Corollary 2.3. [1] Let X be a nonempty set. A collection P C 2% is a primal on X if and only if it
satisfies the following conditions:

a) X &P,
b)if B¢ Pand BC A, then A ¢ P,
c)if A¢Pand B¢ P,thenANB ¢ P.

Definition 2.4. []] A topological space (X, ) with a primal P on X is called a primal topological
space and denoted by (X, T, P).

Definition 2.5. [1] Let (X, ,P) be a primal topological space. We consider a map (-)° : 2% — 2%
as A°(X, 7,P) = {x € XIVU € O(X, x))(A° U U € P)} for any subset A of X. We will use A°(X, 1, P)
instead of A° if the topology or the primal needs to be specified.

Definition 2.6. [1] Let (X, 1,P) be a primal topological space. We consider a map cl° : 2% — 2X as
cl’(A) = AU A°®, where A is any subset of X.

Corollary 2.7. [1] Let (X, 1,P) be a primal topological space. Then, the function cl® : 2¥ — 2%
defined by cl°(A) = AU A°, where A is any subset of X, is a Kuratowski’s closure operator.

Definition 2.8. [1] Let (X, 7,P) be a primal topological space. Then, the family ° = {A C X :
cl’(A°) = A¢} is a topology on X induced by topology T and primal P.

3. The operator (-); and its fundamental properties
In this section, we introduce a new operator in primal topological spaces and investigate its
properties. We obtain not only some fundamental properties of this new operator but also give many

counterexamples related to this operator. Now, we have the following definition of the operator (-)5.

AIMS Mathematics Volume 9, Issue 7, 17171-17183.



17174

Definition 3.1. Let (X,7,P) be a primal topological space. We define a map (-)y : 2¥ — 2% as
Ay ={x e X : (YU € ROX,x))(A° U U° € P)} for any subset A of X. We can also use the notation
AN(X, 7, P) instead of A}, to indicate the primal and the topology if necessary.

Remark 3.2. Let (X, 7,P) be a primal topological space and A C X. The inclusions of Ay, C A or
A C A} need not always to be true, as shown by the following examples.

Example 3.3. Let X = {a,b,c}, T = {0,{b},{c},{b,c},{a,c}, X} and P = {0,{b},{c},{b,c}}. For the
subset A = {b,c}, we get Ay, =0 so A ={b,c} £ 0 =A;.

Example 3.4. Let X = {a,b,c}, T = {0, X} and P = {0,{b},{c},{b, c}}. For the subset A = {a}, we get
Ay =XsoAy =X ¢ {a} =A.

Theorem 3.5. Let (X, 7, P) be a primal topological space and A, B C X. Then, the following statements
hold.

a) A° C A3,

b) If A € 6C(X), then A;, C A,
c) 05 =0,

d) A%, € 6C(X),

e) (A3 C A3,

£)IfA C B, then A, C B,

) A3 U B, = (AU B);,

h) (AN B); C A5 N By,

Proof. a) Obvious since every regular open set in topological spaces is open.
b) Let A € 6C(X) and x ¢ A. We will show that x ¢ Aj,.

A€edC(X)=> A € 60(X) = (AA C ROX)) (A = JA)
X¢A= xeA°
= (BeROX,x))(BFUA D (A UA=AUA =X ¢ P)
= (B € ROX, x))(B°UA ¢ P)
= x ¢ A;.
)0 ={xeX: (YU e ROX,x))(U° VD =UUX=XeP)}=0.
d) We will show that A} = 6-cl(Ay). We already have Ay C 6-cl(Ay)...(1).
Conversely, now let x € 6-cl(Ay) and U € RO(X, x).
U € ROX, x)
x € 0-cl(Ay)
= (U € RO(X, y)(y € Ap)
= U°UA € P.
Then, we have x € Ay. Thus, 6-cl(Ay) C Ay ...(2)
(D), (2) = 6-cl(Ay) = Ay = Ay € 6C(X).
e)LetA CX.

} = (dB € RO(X))(x € B C A°)

}:>UmA;;;e(/):(ayeX)(yeUmA;):(ayeX)(yeU)(yeA;)

@ 4o B pove — o
ACX = A, €6C(X) = (A C Ay
f) Let A C Band x € Ay,. We will show that x € B;.
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x € Ay = (YU € RO(X, x))(U° U A° € P) }
ACB= B°CA"

= (YU € RO(X, x))(U°U B CU“UA° €P) e e .

P is a primal on X } = (YU € RO(X, x))(U° U B € P) = x € By.
g) LetA,BC X.

ALBCX=>ACAUB= A; C(AUB);

AL BCX=>BCAUB= B; C(AUB);

Conversely, let x ¢ A U B,

x¢ Ay UB, = (x ¢ AR)(x € By) = (AU, V € ROX, x))(U° U A° ¢ P)(V° U B ¢ P) }

W:=UnV

}=>A;UB;Q(AUB);...(1)

= (W € RO(X, x))(W° U A° ¢ P)(W° U B ¢ P)
= (W e ROX, x)(WUAUB) =(WUA)N (WU B°) ¢ P)
= x ¢ (AU B);.
Then, we have (AU B);, C Ay UBj...(2)
(1),(2) > (AU B); = Ay U B;.
h) This follows from (f). |

Remark 3.6. The equality in Theorem 4.1 (h) need not to be true, as seen in the following example.

Example 3.7. Let X = {a,b,c}, T = {0,{a},{c}, {a, c}, X} and P = {0,{a}, {b}, {c}, {a, b}, {a, c}}. Now, if
A = {b} and B = {c}, then, we have Ay N By = {b} N {b,c} = {b} # 0 = 0y = (AN B);.

Theorem 3.8. Let (X, 7,P) be a primal topological space and A,B C X. If A € 60(X), then AN By C
(AN B)y;.

Proof. Let A € 60(X) and x € A N By,
X€ANB, = (xeA)xe By = (xe A)(VU € ROX, x))(U° U B € P)
A€ dO0X) = (AACROX) (A=A = AV € ROX))(V C A) }
= VYU €e ROX, x))(UNV e ROX,x))(U" UANB=(UNAUB C(UNV)UB e€P)
= (VYU € ROX, x))(U°U(ANB) €P)
= x € (AN B);. O

Theorem 3.9. Let (X,7,P) be a primal topological space. Then, the following statements are
equivalent:

a) Xy =X,

b) RC(X)\ {X} C P;

c) A C Aj, for all regular open subsets A of X.

Proof. (a) = (b) : Let X, = X.

X=X = (VxeX)(xeXy)
= (MxeX)(VU € ROX,x)(U°UX=U°‘eP)
= (YVeRCX)\{XHVeP)
= RCX)\{X}CP.

(b) = (a) : Let x € X and U € RO(X, x).
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UeROX,x)=U ERC(X)\{).(} S UUX=UUhD=U* €eP.
Hypothesis
Then, we have x € X;. Thus, X C X; € X and so X = X.
(b) = (c¢) : Let A € RO(X).

AcROX) S ANX cAnxy =5 | o4 cae
RCX\(X}cP=X;=X -
(c) = (b) : Let A € RC(X) \ {X].

A €RCX)\ (X} = A" € RO \ {0) } = A C (A), = (Vx € A)(x € (A)3)
C (A% ),

Hypothesis
= (Vx € AU € ROX, X))(U° U (A = U U A € P)
ACUUA }:>Ae7>.
So, we have RC(X) \ {X} C P. O

Theorem 3.10. Let (X, ,P) be a primal topological space and A C X. If Ay, # 0, then, A° € P.

Proof. Let Ay # 0.
Az # 0= (Ax e X)(x € Ay) = (VYU € ROX, x))(A° C U U A € P)
% is a primal on X

} = A€ P. i
Corollary 3.11. Let (X, 7,P) be a primal topological space and A C X. If A° ¢ P, then A}, = 0.
Theorem 3.12. Let (X, 7, P) be a primal topological space and A, B C X. Then, Ay \ By, = (A\ B); \ By,
Proof. LetA,B C X.

A,

o
N
e
U

A=(A\B)U(AN B)

Ay =[(A\B)UANB);

As=(A\B),U(ANB);, C(A\ B),UB,

A\ B, C(A\ B

AS\ B, C(A\ B\ B;...(1)

A\BCA

(A\ B); C A;

(A\ B); \ B, C A3\ B;...(2)

(1),(2) = A3\ B, = (A\ B);, \ BS. O

A,BCX

A A

Theorem 3.13. Let (X, 7,P) be a primal topological space and A, B C X. If B ¢ P, then (AU B)y =
Ag = (A\ B);.

Proof. LetA,B C X.
ABCX Theorem 3.12 A° \ B (A \ B)O \ B
> = = = S o
K gorollary 3.11 K K = AR = (A \ B)R v (1)
B¢P = B,=0
ABCX S AUBE = AL UB
T R B RIS (AUB),=A45...(2)

Corollary 3.11
B¢P = By=0
(),2)=> (AU B), = A, = (A\ B);. i
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4. The operator cl}, and 7, topology

In this section, we define and investigate a new operator using the operator (-), and investigate its
properties. The operator defined in this section turns out to be a Kuratowski closure operator whereas
the operator (-) is not. Using this operator, we obtain a new topology, denoted by 7, which is finer
than 7. Also, we get a base for this new topology.

Definition 4.1. Ler (X, 7,P) be a primal topological space. We define the operator cly, = 2¥ — 2% by
cl(A) = AU A for all A € 2%,

Theorem 4.2. Let (X, 7, P) be a primal topological space and A, B C X. Then, the following statements
hold:

a) cly(0) = 0,

b) cli(X) = X,

c) A C cl°(A) C cliy(A),

d) If A C B, then cl3(A) C cli(B),
e) cl5(A U B) = cly(A) U cly(B),
1) cly(clz(A)) = cly(A).

Proof. a) Since 0 = 0, we have clz(0) = 0 U 0}, = 0.
b) Since X C X, we have clp(X) = X U X, = X,
¢) Since cl(A) = A U Ay, we have A C cl(A). Also, since A° C Ay, we have cl°(A) C cly(A).
d)Let A C B,

ACB= A, C By = AUA; C BUBj = cly(A) C cly(B).

e)LetA,BCX,

cl5(A U B) (AUB)U(AUB);
(AU B) U (A3 U BY)
(AUA) U(BUBY)

clzx(A) U cly(B).
f) Let A C X. It is obvious from (c) that cl3(A) C cli(cli(A)) ... (1)

Cli(cle(A)) = cli(A) U (cly(A)) = cli(A) U (AU Ap)g = cly(A) U A U (AR); R
ACX = A5 €6C(X) = (A3 C A,
= cl(cl3(A)) C clo(A) U AG U AS = cli(A)... (2)

(1), (2) = cli(cly(A)) = cli(A), O

Corollary 4.3. Let (X,1,P) be a primal topological space. Then, the operator cly, : 2* — 2% defined
by clx(A) = AU Ay, where A is any subset of X, is a Kuratowski closure operator.

Definition 4.4. Let (X, 7,P) be a primal topological space. Then, the family T, = {A C X : clz(A°) =
A} is a topology on X induced by topology T and primal . We can also use the notation Ty, instead
of T to indicate the primal if necessary.
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Theorem 4.5. Let (X, 7,P) be a primal topological space. Then, the following statements hold:
a) 15 C Ty, where 7 is the family of all 6-open sets in a topological space (X, 7).
b) T, C7°.

Proof. a) Let A € 5. We will show that A € 73,

Aets = A€0C(X) = (A)R CA = AU (A%, = AC

CI(A%) = A° U (A, } = A =AT= A e

D) Let A € 7. We will show that A € 7°,

Aet, = cyA) = A
= AU, = A
Theorem 4.1 X X
= (Ac)o C (AC); C A€
= (A UA® = A°
= cl’(A°) = A
= Aet’. O

Corollary 4.6. From Theorem 4.5, we have the following diagram of implications:

T°-0pen
/

TR-open T-0pen

Ts-open

Remark 4.7. The converses of the implications given in the above diagram need not to be true, as
shown by the following examples. Also, the notions of Ty-open and t-open are independent of each
other.

Example 4.8. Let X = {a,b,c} with the topology v = {0,X,{a,b},{b,c},{b}} and let P =
{0,{a}, {b},{a, b}}. Simple calculations show that T5 = {0, X}, T, = {0, X, {c},{a, c}, {b, c}}, and T° = 2X.

1) The set {c

{c} is Tj-open but not 7s5-open.
2) The set {a

{

{

is 7°-open but not 7y-open.
3) The set {c
4) The set {b

18 Tx-open but not T-open.

is T-open but not 73-open.

Theorem 4.9. Let (X, 7,P) be a primal topological space and A C X. Then, the following statements
hold:

a) A € 1y if and only if for all x in A, there exists a regular open set U containing x such that
U‘UA¢P.
b)if A ¢ P, then, A € 5,

AIMS Mathematics Volume 9, Issue 7, 17171-17183.
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Proof. a)LetA C X,

Aet, © clyA9)=A°
AU (A% = A°

(A);, C A°

A C ((A)R)

(Vx € A)(x & (A)p)

(Vx € A)AU € RO(X, ))(U° U (A = U U A ¢ P).

10002

b) Let A ¢ P and x € A. We will make use of (a),

(U:=X)(xeA) = (UeROX,x)(A=UUA)
A¢P
Thus, we have A € 7, from (a). |

}:UCUAséP.

Remark 4.10. The converse of Theorem 4.9(b) need not to be true, as shown by the following example.

Example 4.11. Let X = {a, b, c} with the topology T = {0, X, {a}, {b},{a, b}} and P = {0, {a}, {b}, {a, b}}.
Simple calculations show that T5, = 2X. It is obvious that the set {b} belongs to both t5, and P.

Theorem 4.12. Let (X, 7, P) be a primal topological space. Then, the following statements hold:

a) if P = 0, then 74, = 2%,
b) if P = 2%\ {X}, then 75 = 75

Proof. a) We have 5, € 2¥ ... (1). Now, let A € 2¥. We need to show that A € 75,
CI3(A°) = A U (A
P=0= (A =0
So, we have 2¥ C 75...(2)
(D,2)=> 1, = 2X.
b) We have 75 C 7 by Theorem 4.5. Let us now show 7, C 75. Let A € 73.

Aery, B (vx e AU e ROX, DU UAEP) |
P = 2¥\ (X}
= (Vx € AYAU € ROX, \))(U° UA = X)
= (Vx € A)AU € ROX, x))(U N A° = 0)
= (Vx € A)(x ¢ 6-cl(A°) = (-int(A))")
= (Vx € A)(x € 6-int(A))
= A = 5-int(A)
= A €1y m|

} = clp(A°) = A° > A ey,

Remark 4.13. The converses of (a) and (b) in Theorem 4.12 need not to be true, as shown by the
following examples.

Example 4.14. Let X = {a, b, c} with the topology T = {0, X, {a}, {b},{a, b}} and P = {0, {a}, {b}, {a, b}}.
Simple calculations show that T3, = 2%, but P # 0.

Example 4.15. Let X = {a, b, c} with the topology T = {0, X, {a}, (b}, {a, b}} and P = 2%X \ {X, {a, b}}.
Simple calculations show that T = 175 = T3, but P # 2%\ {X]).
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Theorem 4.16. Let (X, 71,P) be a primal topological space. Then, the family 8 = {T N P|(T €
ROX))(P & P)} is a base for the topology Ty on X.

Proof. Let B € 8B,
BeB = AT € ROX)AP ¢ P)(B=T N P) | Theorem4.9 . ~
RO(X) C 15 C T} } = (ILPetp)(B=TNP)
= B ey,

Thus, we have 8 C 7;. Now, let A € 75 and x € A. We need to find B € B such that x € B C A.
Theorem 4.9

xeAer, = QAU eROX,x)(U°UA¢P) = (Be B)(x € BCA).
B:=Un (U UA) -

Hence, 8 is a base for the topology 75 on X. O
Theorem 4.17. Let (X, 7,P) and (X, 7, Q) be two primal topological spaces. If P C Q, then T;}(Q) C
T;(P).
Proof. LetA € T;(Q),

A €Ty = (VxeA)AU € ROX, ))(U VA ¢ Q) }

PcQ
= (Vx € A)AU € ROX, x))(U°UA ¢ P)
=A¢€ T;(p). |

5. Conclusions and future work

In this article, we defined two new operators, denoted by ()3 and cly(-), via the notion of primal and
investigated their properties. The second one turns out to be a Kuratowski closure operator, whereas
the first is not. Hence, we obtained a new topology 7, which is finer than 75. On the other hand,
we have shown that the notions of 73-open and 7-open are independent. Moreover, we constructed a
basis for this new topology 75 and proved several fundamental results. Furthermore, we proved some
relationships between this new topology and the other topologies that existed in the literature and we
also gave several examples. We hope that this paper will stimulate further research on primals and
rough sets as ideals.

In future work, we will study rough approximations based on different topologies via primals. Also,
we will generate new topologies from other types of neighborhoods and primals.
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