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1. Introduction

The concept of pseudospectra was introduced by J. M. Varah, H. Landau, L. N. Trefethen and
E. B. Davies. Due in particular to L. N. Trefethen, who advanced this approach for matrices and
operators. This notion appears in a number of intriguing mathematical physics issues. Likewise, many
mathematicians contributed to this field (see, for instance, [8, 11, 13]).

The pseudospectrum σε(T ) of a closed, densely defined linear operator T , for ε > 0, is determined
by the following formula:

σε(T ) := σ(T ) ∪
{
λ ∈ C such that ‖(λ − T )−1‖ >

1
ε

}
,

where σ(T ) represents the spectrum of T .
In [8], EB. Davies has defined an equivalent definition of the pseudospectrum of a closed densely

linear operator T , by
σε(T ) =

⋃
‖D‖<ε

σ(T + D).
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In this paper, we are interested in giving various results on the essential pseudospectra of bounded
linear operators on Banach spaces. The essential pseudospectra of block operator matrices have been
studied over many years and by numerous authors (see, for example, [3, 5]). Our work focuses on
Wolf and Schechter’s essential pseudospectra. Theorem 3.1 introduces a characterization of the Wolf
and Schechter essential pseudospectra by means of Fredholm perturbation. In Theorem 3.2, we give
a relation between the essential pseudospectrum and the essential spectrum of Wolf (respectively,
Schechter). Theorem 3.3 provides conditions for which the Wolf (respectively, Schechter) essential
pseudospectrum of two different bounded linear operators coincides. Furthermore, we give some new
characterizations of the Wolf and Schechter essential pseudospectra of 3 × 3 block operator matrices
by investigating a new decomposition of the upper triangular block operator matrices in Theorems 3.4
and 3.5 with application of the Fredholm perturbation concept.

The structure of this paper is as follows. In Section 2, we recall some elementary results that are
fundamental for our purpose. The main results are presented in Section 3.

2. Preliminaries

In this section, we collect some important definitions, notations, and preliminary results that will
be needed in the sequel. Throughout this paper, X will denote a Banach space, and L(X) (respectively,
K(X)), the set of all bounded linear (respectively, compact) operators on X. For T ∈ L(X), we
designate by N(T ) and R(T ) the null space and the range of T , respectively. The nullity, α(T ), of
T is defined as the dimension of N(T ), and the deficiency, β(T ), of T is defined as the codimension of
R(T ) in X. The number i(T ) = α(T ) − β(T ) is called the index of T .

The sets of upper semi-Fredholm and lower semi-Fredholm operators on X are respectively defined
by

Φ+(X) := {T ∈ L(X) : α(T ) < ∞ and R(T ) is closed },

Φ−(X) := {T ∈ L(X) : β(T ) < ∞}.

The set of Fredholm operators on X is given by

Φ(X) := Φ+(X) ∩ Φ−(X).

An operator F ∈ L(X) is called a Fredholm perturbation if T + F ∈ Φ(X) whenever T ∈ Φ(X). Denote
by F (X) the set of Fredholm perturbations; we refer to [18] for more details about these notions.

The following lemma gives the stability of the Fredholm operator under Fredholm perturbation.

Lemma 2.1. [14, Lemma 2.1] Let T, F ∈ L(X). If T ∈ Φ(X) and F ∈ F (X), then T + F ∈ Φ(X) and
i(T + F) = i(T ).

Now, let us recall the notion of the pseudo-Fredholm operator.

Definition 2.1. Let ε > 0 and T ∈ L(X).

(1) An operator T is called pseudo-Fredholm if T + D is a Fredholm operator for all D ∈ L(X) such
that ‖D‖ < ε.

(2) An operator T is called an upper (respectively, lower) pseudo semi-Fredholm if T + D is an upper
(respectively, lower) semi-Fredholm operator for all D ∈ L(X) such that ‖D‖ < ε.
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Denote by Φε(X),Φε
+(X) and Φε

−(X) the sets of pseudo-Fredholm operators, the upper and lower
pseudo semi-Fredholm operators, respectively.

In this paper, for S ∈ L(X), our concern is mainly the following S -essential spectra of Wolf and
Schechter

σe4,S (A) := {λ ∈ C : (λS − A) < Φ(X)},
σe5,S (A) := {λ ∈ C : (λS − A) < Φ(X) with i(λS − A) = 0}.

For essential pseudospectra, we are concerned with the following sets defined by

σe1,ε(T ) := {λ ∈ C : (λ − T ) < Φε
+(X)},

σe2,ε(T ) := {λ ∈ C : (λ − T ) < Φε
−(X)},

σe4,ε(T ) := {λ ∈ C : (λ − T ) < Φε(X)},
σe5,ε(T ) :=

⋂
K∈K(X)

σε(T + K).

Note that if ε tends to 0 or S = I, we recover the usual definitions of Gustafson, Weidmann,
Wolf, and Schechter essential spectra denoted respectively by σe1(T ), σe2(T ), σe4(T ) and σe5(T ) of a
bounded linear operator T . Recalling that an operator T is a Riesz operator if σe4(T ) = {0}. For more
details, the reader is referred to [11].

In [11], A. Jeribi has established the following results:

Proposition 2.1. Let ε > 0 and T ∈ L(X). The following conditions are equivalent:

(1) λ ∈ σε(T ).

(2) There exists a bounded operator D such that ‖D‖ < ε and λ ∈ σ(T + D).

Proposition 2.2. Let ε > 0 and T ∈ L(X), then λ < σe5,ε(T ) if and only if, for all D ∈ L(X) such that
‖D‖ < ε, (T + D − λ) ∈ Φ(X) and i(T + D − λ) = 0.

3. Main results

The purpose of this section is to present our main results on the Wolf and Schechter essential
pseudospectra of bounded linear operators on a Banach space. In the following theorem, we give a
characterization of the Wolf and Schechter essential pseudospectra.

Theorem 3.1. Let ε > 0,T,D ∈ L(X) with ‖D‖ < ε, then there exists S ∈ L(X) with DS ∈ F (X) such
that

σei,S (TS ) ⊂ σei,ε(T ), i = 4, 5.

Proof. (i) Let λ < σe4,ε(T ), then (λ−T−D) ∈ Φ(X) for all ‖D‖ < ε. By using the Atkinson theorem [2,
Theorem 4.46, p. 161], there exists S ∈ L(X) and K1 ∈ K(X) such that (λ − T − D)S = IX − K1.
Since K1 ∈ K(X), then (IX − K1) ∈ Φ(X) with zero index. So (λI − T − D)S ∈ Φ(X), i.e.,
(λS − TS − DS ) ∈ Φ(X). Using the fact that DS ∈ F (X) and the stability of Fredholm operators
under Fredholm perturbations, we get (λS − TS ) ∈ Φ(X). Hence λ < σe4,S (TS ).

(ii) By the same argument, we get σe5,S (TS ) ⊂ σe5,ε(T ).
�
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The following main theorem aims to generalize the results of [9, Theorem 2.3] by giving a relation
between the Wolf (respectively, Schechter) essential pseudospectrum and the Wolf (respectively,
Schechter) essential spectrum.

Theorem 3.2. Let ε > 0,T,D ∈ L(X) such that ‖D‖ < ε and λ0 ∈ ρ(T + D), then for λ , λ0, we have

λ ∈ σei,ε(T ) if and only if (λ0 − λ)−1 ∈ σei((λ0 − T − D)−1), i = 4, 5.

Proof. For λ ∈ C\{λ0} and all bounded operator D such that ‖D‖ < ε, the operator (λ − T − D) can be
written as follows:

(λ − T − D) = (λ0 − λ)(λ0 − T − D)[(λ0 − λ)−1 − (λ0 − T − D)−1]. (3.1)

(i) For i = 4, suppose that (λ0−λ)−1 < σe4((λ0−T −D)−1), then ((λ0−λ)−1− (λ0−T −D)−1) ∈ Φ(X).
Since (λ0 − T −D) ∈ Φ(X), the use of [18, Theorem 5.7, p. 106] implies that (λ− T −D) ∈ Φ(X),
hence λ < σe4,ε(T ). Now, let λ < σe4,ε(T ), then (λ − T − D) ∈ Φ(X). Since (λ0 − T − D) ∈ Φ(X),
then using Eq (3.1) and [18, Theorem 5.13, p. 110], we get ((λ0 − λ)−1 − (λ0 − T − D)−1) ∈ Φ(X).
Therefore (λ0 − λ)−1 < σe4((λ0 − T − D)−1).

(ii) The proof is analogous for i = 5.

�

Now, we can state a condition under which the Wolf (respectively, Schechter) essential
pseudospectrum of two different bounded linear operators coincides in the following theorem.

Theorem 3.3. Let ε > 0,T, L ∈ L(X) and for all bounded operators, D with ‖D‖ < ε. If for some
λ0 ∈ ρ(T + D) ∩ ρ(L + D) such that (λ0 − T − D)−1 − (λ0 − L − D)−1 ∈ F (X), then

σei,ε(T ) = σei,ε(L), i = 4, 5.

Proof. (i) Assume that λ < σe4,ε(T ). According to Theorem 3.2, this is equivalent to (λ0 − λ)−1 <

σe4((λ0 − T −D)−1). Since (λ0 − T −D)−1 − (λ0 − L−D)−1 ∈ F (X), it follows from [15, Theorem
2.1] that (λ0 − λ)−1 < σe4((λ0 − L − D)−1). Therefore, by using Theorem 3.2 again, we have
λ < σe4,ε(L). This shows that σe4,ε(T ) = σe4,ε(L).

(ii) In the same way, we get σe5,ε(T ) = σe5,ε(L).
�

Now, we consider the following 3×3 block operator matrices defined on X3 by T =


T11 T12 T13

0 T22 T23

0 0 T33

,
D =


D1 0 0
0 D2 0
0 0 D3

where Ti j,Dk ∈ L(X) and ‖D‖ = max
k=1,2,3

‖Dk‖ < ε, (i.e., ‖Dk‖ < ε, for all k = 1, 2, 3).

In the following main theorem, we characterize the Wolf essential pseudospectrum of the 3 × 3
block operator matrix T .
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Theorem 3.4. Let ε > 0. If for all bounded operator D3 such that ‖D3‖ < ε, (T33 + D3) is a Reisz
operator and T12 ∈ F (X), then

σe4,ε(T )\{0} = [σe4,ε(T11) ∪ σe4,ε(T22)]\{0}.

Proof. Let λ < [σe4,ε(T11) ∪ σe4,ε(T22)]\{0}, then (λ − T11 − D1) ∈ Φ(X) and (λ − T22 − D2) ∈ Φ(X) for
all ‖Dk‖ < ε, k = 1, 2. We have

λ − T − D =


λ − T11 − D1 −T12 −T13

0 λ − T22 − D2 −T23

0 0 λ − T33 − D3

 = A1 × A2 × A3 + B,

where A1 =


I 0 0
0 I 0
0 0 λ − T33 − D3

, A2 =


I 0 −T13

0 I −T23

0 0 I

, A3 =


λ − T11 − D1 0 0

0 λ − T22 − D2 0
0 0 I

 and

B =


0 −T12 0
0 0 0
0 0 0

. Since block operator matrices A1, A2 and A3 are Fredholm, then A1 × A2 × A3

is Fredholm. So, (λ − T − D) ∈ Φ(X) by using the stability of the Fredholm operator by Fredholm
perturbation B. Hence λ < σe4,ε(T )\{0}. For the inverse inclusion, let λ < σe4,ε(T )\{0}. Then

λ − T − D =


λ − T11 − D1 −T12 −T13

0 λ − T22 − D2 −T23

0 0 λ − T33 − D3

 ∈ Φ(X).

By using the stability of the Fredholm operator by Fredholm perturbation −B, we get
λ − T11 − D1 0 −T13

0 λ − T22 − D2 −T23

0 0 λ − T33 − D3

 ∈ Φ(X).

Since A1 × A2 ∈ Φ(X), then using [18, Theorem 5.13, p. 110], we get

A3 =


λ − T11 − D1 0 0

0 λ − T22 − D2 0
0 0 I

 ∈ Φ(X).

Consequently, (λ − T11 − D1) ∈ Φ(X) and (λ − T22 − D2) ∈ Φ(X) for all ‖Dk‖ < ε, k = 1, 2. Hence
λ < [σe4,ε(T11) ∪ σe4,ε(T22)]\{0}. �

Remark 3.1. If for all bounded operator D1 such that ‖D1‖ < ε, (T11 + D1) is a Reisz operator and
T23 ∈ F (X), then

σe4,ε(T )\{0} = [σe4,ε(T22) ∪ σe4,ε(T33)]\{0}.

Similarly, we can prove this equality by using the decomposition given in [6]

λ − T − D =


λ − T11 − D1 −T12 −T13

0 λ − T22 − D2 −T23

0 0 λ − T33 − D3

 = A1 × A2 × A3 × A4 + B,
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where A1 =


I 0 0
0 λ − T22 − D2 0
0 0 λ − T33 − D3

, A2 =


I −T12 0
0 I 0
0 0 I

, A3 =


I 0 −T13

0 I 0
0 0 I

,
A4 =


λ − T11 − D1 0 0

0 I 0
0 0 I

 and B =


0 0 0
0 0 −T23

0 0 0

.
An immediate consequence of Theorem 3.4 is the following remark concerning the Schechter

essential pseudospectrum of the upper block operator matrix T .

Remark 3.2. Under the same hypotheses as Theorem 3.4, we can easily prove the following inclusion:

σe5,ε(T )\{0} ⊂ [σe5,ε(T11) ∪ σe5,ε(T22)]\{0}.

Remark 3.3. Assume that the hypotheses of Remark 3.1 hold, then

σe5,ε(T )\{0} ⊂ [σe5,ε(T22) ∪ σe5,ε(T33)]\{0}.

Similarly, we can prove this statement by using the same decomposition defined in Remark 3.1.

Finally, we conclude this paper by giving another characterization of the Schechter essential
pseudospectrum of the block operator matrix T .

Theorem 3.5. Let ε > 0 and T be the block operator matrix defined above, then we have

σe1,ε(T11) ∪ σe2,ε(T33) ⊂ σe5,ε(T ) ⊂
3⋃

k=1

σe5,ε(Tkk).

Proof. Let λ < σe5,ε(T ), then (λ − T − D) ∈ Φ(X) with i(λ − T − D) = 0 for all ‖D‖ < ε. So, the block
operator matrix

λ − T − D =


λ − T11 − D1 −T12 −T13

0 λ − T22 − D2 −T23

0 0 λ − T33 − D3

 ∈ Φ(X).

By using [1, Proposition 2.1, p. 1190], we get (λ− T11 −D1) ∈ Φ+(X) and (λ− T22 −D2) ∈ Φ−(X). We

deduce that λ < σe1,ε(T11) ∪ σe2,ε(T22). For the second inclusion, suppose that λ <
3⋃

k=1
σe5,ε(Tkk), then

(λ− Tkk −Dk) ∈ Φ(X) with i(λ− Tkk −Dk) = 0 for all ‖Dk‖ < ε, k = 1, 2, 3. By using [16, Lemma 1.33,
p. 10], the triangular block operator matrix

λ − T11 − D1 −T12 −T13

0 λ − T22 − D2 −T23

0 0 λ − T33 − D3

 ∈ Φ(X)

is Fredholm with a zero index. This means that (λ − T − D) ∈ Φ(X) with i(λ − T − D) = 0 for all
‖D‖ < ε, which implies that λ < σe5,ε(T ). �
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4. Conclusions

In this work, we have introduced some new characterizations of the Wolf and Schechter essential
pseudospectra of 3 × 3 block operator matrices by investigating a new decomposition of the upper
triangular block operator matrices with application of the Fredholm perturbation notion.

Author contributions

S. Smail investigated the results of this paper and prepared the manuscript; C. Belabbaci provided
critical feedback, reviewed, and approved the final version of the manuscript. All authors have read
and approved the final version of the manuscript for publication.

Use of AI tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Acknowledgments

We are grateful to the anonymous referees for their careful reading of the manuscript.

Conflict of interest

No potential conflict of interest was reported by the authors.

References

1. B. Abdelmoumen, S. Yengui, Perturbation theory, M-essential spectra of operator matrices,
Filomat, 34 (2020), 1187–1196. https://doi.org/10.2298/FIL2004187A

2. Y. A. Abramovich, C. D. Aliprantis, An invitation to operator theory, Providence: Am. Math. Soc.,
2002. https://doi.org/10.1090/gsm/050

3. A. Ammar, B. Boukettaya, A. Jeribi, A note on essential pseudospectra and application, Linear
Multilinear A., 64 (2016), 1474–1483. https://doi.org/10.1080/03081087.2015.1091436

4. A. Ammar, A. Jeribi, A characterization of the essential pseudospectra on a Banach space, Arab. J.
Math., 2 (2013), 139–145. https://doi.org/10.1007/s40065-012-0065-7

5. Q. Bai, J. Huang, A. Chen, Essential, Weyl and Browder spectra of unbounded
upper triangular operator matrices, Linear Multilinear A., 64 (2016), 1583–1594.
https://doi.org/10.1080/03081087.2015.1111290

6. C. Belabbaci, New characterizations of the Jeribi essential spectrum, Int. J. Anal. Appl., 21 (2023),
109–109. https://doi.org/10.28924/2291-8639-21-2023-109

7. C. Belabbaci, The S-Jeribi essential spectrum, Ukrainian Math. J., 73 (2021), 359–366.
https://doi.org/10.1007/s11253-021-01929-8

AIMS Mathematics Volume 9, Issue 7, 17146–17153.

http://dx.doi.org/https://doi.org/10.2298/FIL2004187A
http://dx.doi.org/https://doi.org/10.1090/gsm/050
http://dx.doi.org/https://doi.org/10.1080/03081087.2015.1091436
http://dx.doi.org/https://doi.org/10.1007/s40065-012-0065-7
http://dx.doi.org/https://doi.org/10.1080/03081087.2015.1111290
http://dx.doi.org/https://doi.org/10.28924/2291-8639-21-2023-109
http://dx.doi.org/https://doi.org/10.1007/s11253-021-01929-8


17153

8. E. B. Davies, Spectral theory and differential operators, Cambridge: Cambridge University Press,
1995. https://doi.org/10.1017/CBO9780511623721

9. D. E. Edmunds, W. D. Evans, Spectral theory and differential operators, New York: Oxford
University Press, 2018. https://doi.org/10.1093/oso/9780198812050.002.0005

10. A. Jeribi, A characterization of the Schechter essential spectrum on Banach spaces and
applications, J. Math. Anal. Appl., 271 (2002), 343–358. https://doi.org/10.1016/S0022-
247X(02)00115-4

11. A. Jeribi, Linear operators and their essential pseudospectra, Canada: Apple Academic Press,
2018. https://doi.org/10.1201/9781351046275

12. A. Jeribi, Some remarks on the Schechter essential spectrum and applications to transport
equations, J. Math. Anal. Appl., 275 (2002), 222–237. https://doi.org/10.1016/S0022-
247X(02)00323-2

13. A. Jeribi, Spectral theory and applications of linear operators and block operator matrices, New
York: Springer-Verlag, 2015. https://doi.org/10.1007/978-3-319-17566-9

14. A. Jeribi, N. Moalla, A characterization of some subsets of schechter’s essential spectrum
and application to singular transport equation, Math. Anal. Appl., 358 (2009), 434–444.
https://doi.org/10.1016/j.jmaa.2009.04.053

15. A. Jeribi, N. Moalla, S. Yengui, S-essential spectra and application to an example of transport
operators, Math. Method. Appl. Sci., 37 (2014), 2341–2353. https://doi.org/10.1002/mma.1564

16. N. Karapetiants, S. Samko, Equations with involutive operators, United states: Birkhäuser Boston,
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