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1. Introduction

Let R be an associative ring. Throughout the paper we will denote by R*, the set of all invertible
elements of R. For x,y € R, we set
Xoy=xy+yx.

A map f: R — R is said to be additive if

Jx+y) = f(x) + f()

for all x,y € R.
In 1999, Essannouni and Kaidi [1] obtained the following result, which generalized a well-known
result due to Hua [2].

Theorem 1.1. [I, Theorem A] Let D be a division ring with D # F,, the field of two elements. Let
R = M, (D) be the ring of nXn matrices withn > 2. Let f: R — R be a bijective additive map satisfying
the identity

fh = f7!

for every x € R*. Then, f is either an automorphism or an antiautomorphism.
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In 2005, Chebotar et al. [3] proved that a bijective additive map f on a division ring D that satisfies

FEHfx) = FOTDFO)

for all x,y € D* must have the form
Fx) = f(De(x),

where ¢ is an automorphism or antiautomorphism, and f(1) is a central element of D. In 2006, Lin
and Wong [4] generalized this result to matrix rings.

In 2018, Catalano [5] initiated the study of maps preserving products of division rings. More
precisely, she proved the following result.

Theorem 1.2. [5, Theorem 5] Let D be a division ring with characteristic different from 2. Let Z be
the center of R. With m,k € D*, let f: D — D be a bijective additive map satisfying the identity

fOf) =m

for every x,y € D* such that xy = k. Then,

) = f(De(x)

for all x € D, where ¢: D — D is either an automorphism or an antiautomorphism. Moreover, we
have the following:

(1) If ¢ is an automorphism, then f(1) € Z.
(2) If ¢ is an antiautomorphism, then f(1) = f(k)™'m and f(k) € Z.

In 2019, Catalano et al. [6] initiated the study of maps preserving products of matrices. More
precisely, they proved the following result.

Theorem 1.3. [6, Theorem 1] Let D be a division ring with characteristic different from 2. Let
R = M, (D) be the ring of n X n matrices with n > 2, and let Z be the center of R. With m,k € R*, let f:
R — R be a bijective additive map satisfying the identity

fOf) =m

for every x,y € R* such that xy = k. Then,

() = f(De(x)

for all x € R, where ¢: R — R is either an automorphism or an antiautomorphism. Moreover, we have
the following:

(1) If ¢ is an automorphism, then f(1) € Z.
(2) If ¢ is an antiautomorphism, then f(1) = f(k)™'m and f(k) € Z.

The study of maps preserving products of matrices is an active topic. For recent results on maps
preserving products of matrices, we refer the reader to [7-11].
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We point out that the proof of Theorem 1.3 is wrong. Indeed, they used the following identity due
to Hua:

a—aba=@'+® ' -a)™H7, (1.1)
where a,b,b™! —a € R*. By takinga = 1 and b = x € R* in (1.1), they obtained that
e(x) = ()
for all x € R*, where
f=rMe.

By using Theorem 1.1 they got that ¢ is an automorphism or an antiautomorphism. However, the
condition of x™! — 1 € R* (equivalently, 1 — x € R*) should be added in the use of (1.1). Thus, they
cannot obtain that

() = o)
for all x € R*, where f = f(1)g. In fact, they can obtain that
() = o)

for all x € R* with 1 — x € R*, which cannot use Theorem 1.1 to get that ¢ is an automorphism or an
antiautomorphism.
In the present paper we shall give the following result:

Theorem 1.4. Let D be a division ring such that either char(D) # 2,3 or D is not a field and char(D) #
2. Let R = M, (D) be the ring of n X n matrices with n > 2, and let Z be the center of R. With m,k € R*,
let f,g: R — R be bijective additive maps satisfying the identity
Jgly) =m
for every x,y € R* such that xy = k. Then,
S = f(De(x) and g(x) = p(xk")g(k)

for all x € R, where ¢: R — R is either an automorphism or an antiautomorphism. Moreover, we have
the following:

(1) If ¢ is an automorphism, then g(x) = ¢(x)g(1) for all x € R.
(2) If ¢ is an antiautomorphism, then g(x) = f(k)™' f(x)g(k) for all x € R.

As a consequence of Theorem 1.4 we shall give the following result, which gives a correct version
of Theorem 1.3.

Theorem 1.5. Let D be a division ring such that either char(D) # 2,3 or D is not a field and char(D) #
2. Let R = M, (D) be the ring of n X n matrices with n > 2, and let Z be the center of R. With m,k € R*,
let f: R — R be a bijective additive map satisfying the identity

Ff) =m
for every x,y € R* such that xy = k. Then,

Jx) = f(De(x)

for all x € R, where ¢: R — R is either an automorphism or an antiautomorphism. Moreover, we have
the following:
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(1) If ¢ is an automorphism, then f(1) € Z.
(2) If ¢ is an antiautomorphism, then f(1) = f(k)"'m and f(k) € Z.

We organize the paper as follows: In Section 2 we shall give the proof of Theorem 1.4. In Section 3
we shall give the proof of Theorem 1.5.

We remark that the method in the proof of Theorem 3 is different from that in the proof of
Theorem 2. We believe that the method will play a certain role in the study of maps preserving
products of matrices.

2. Preliminaries

Throughout this section, let D be a division ring and let R = M,(D) with n > 1. By Z we denote
the center of D. We identify Z with the center of R canonically. For A € R, we denote by |A| the
determinant of A.

We begin with the following technical result, which will be used in the proof of our main result.

Lemma 2.1. Let D be a division ring with char(D) # 2,3. Let R = M,(D) withn > 1. For any a,3 € D
and 1 <1i, jk,l <n, we set
T = ae;; + Pey.

We claim that either there exists y € {1, 2,3} such that
y+T,y+T+1€eR"
or there exist y,,y, € R* such that
YitLyi+Tyi+ T+ Lyi=vavi—v2+ Lyi=n+T.yi -y +T+1 R

foralli=1,2.

Proof. We prove the result by way of the following several cases:
Case 1. Suppose that i = j = k = [. We set

B 3, ifa+p=-1,-2;
v 1, otherwise.

Itisclearthaty + T,y + 1+ T € R*.
Case 2. Suppose thati = j, k = [, and i # k. We set

B 3, ifa,p=-1,-2;
r= 1, otherwise.

Itisclearthaty + T,y + 1 + T € R*.
Case 3. Suppose that i = jand k # [. We set

B 3, ifa=-1,-2;
r= 1, otherwise.
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Itisclearthaty + T,y + 1+ T € R*.
Case 4. Suppose that i # jand k = [. We set

3, iff=-1,-2;
’y:

1, otherwise.

Itisclearthaty + T,y + 1 + T € R*.
Case 5. Suppose that i # j, k # [, and (i, j) # (I, k). It is easy to check that

ly +T| ="

forally e D. Wesety = 1.
It is clear that
y+T,y+T+1€eR".

Case 6. Suppose that i # j, k # [, and (i, j) = (I, k). We may assume that i < j. The case of i > j
can be discussed analogously. It is easy to check that

n

Z ae; + T

s=1

= Ay Oy =y G Qi G A Gy

foralla; € D,i =1,---,n. Suppose first that o8 # 1,4. We set y = 1. It follows that

v+ T=1 +ael-j+ﬁeﬁ;
’)/+T+ 1 = 2+aeij+ﬁeji-
This implies that
y+T|=1-a #0

and
l+T+1]=2"-2"2aB8=2"%4-ap) 0.

This implies that
y+T,y+T+1€eR".

Suppose next that B8 = 1 or 4. We first discuss the case of @8 = 1. We set y = 2. It follows that
’y+ T = 2+aeij+ﬁeji;
’)/+T+ 1= 3+ae,~j+,36ﬁ.
This implies that
y+T|=2"-2"2aB=2""%x3#0

and
y+T+1]=3"=3"2a8=3"2x2%%0.

We get that
y+T,y+T+1€eR"
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We now assume that @8 = 4. We set

Y1 = Z ess+26jj;

1<s<n
S#E]

V) = Z 3es +ejj.

1<s<n
S#E]

It is clear that y;,y, € R*. Note that

vi+1= Z 2es + 3ejj;

1<s<n
S#jJ

Y2 + 1= Z 4ess+2ejj.

1<s<n
S#j

It is clear that
yi+1L,y,+1€R".

Note that

Yi—72= Z (=2)ess + ejj;
I1<s<n
S#j

D (=De + 2¢;

1<s<n
S#J

Yi—y2+1

It is clear that
Y1 —vuyi—v2+1€R".
Note that

Y1 +7T = Z ess+2ejj+aeij+ﬂeji;
1<s<n
S#J

Y1 +T+1= Z 2ess+3ejj+ael~j+ﬁeﬁ;
1<s<n
SE]
’}/2+T: Z 3ess+ejj+a/el~j+ﬁeﬁ;
1<s<n
SEJ
’)/2+T+ 1= Z 4ess+2ejj+aeij+ﬁeﬁ;
1<s<n
S#E]
Yi—v+T= Z (=2)ess + e + e + Beji;
1<s<n
S#J
’)/1—’)/2+T+1: Z(—l)ess+2ejj+ae,-j+,8€j,-.

1<s<n
S#E]
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It implies that

i +T|=2—-aB=-2%0;
i+ T +1]=2""x3-2"2a8=2""#0;
lya + T|=3"" = 3"2aB = -3"7% 0,
e+ T +1|=4""x2-4"2ap =4"" #0;
i =2+ Tl = (=2)"" = (=2)"%aB = (=2)"> X (=6) # 0;
=y + T+ 1= (=1)""x2 = (=1)"2aB = (-1)"? x (=6) # 0.

This implies that
Yi+T,yi+T+ 1,y =y, +T,y1—y,+T +1€R*

for i = 1, 2. The proof of the result is complete. O
The following technical result will be used in the proof of our main result.

Lemma 2.2. Let D be a division ring, which is not a field. Suppose that char(D) # 2. Let R = M, (D)
withn > 1. Forany a,f € Dand 1 <1, j,k,l < n, we set T = ae;j + Bey. We claim that either there
exists y € {1, 2,3} such that

vy+T,y+T+1€eR"

or there exist y,y, € R* such that
vi+ Lyi+T,7i+T+1L,y1—yv,71—-v2+ Ly1=y2+T,y1—y2+T+1€R*

fori=1,2.

Proof. In view of Lemma 2.1, we may assume that char(D) = 3. It is clear that D is a central division
algebra over Z. It is well known that the dimension of a finite dimensional central division algebra is a
perfect square (see [12, Corollary 1.37]). This implies that dimz(D) > 4. We now prove the result by
way of the following two cases:
Case 1. Suppose first that @, 3, 1 are linearly independent over Z. We get that there exists y € D
such that y, @, 8, 1 are linearly independent over Z. We now discuss the following six subcases:
Subcase 1.1. Suppose thati = j = k = [. We set

Yi=y and y,=y-a.
It is clear that
Yiovi+ Lyi+(@+pB),yi+(@+pB)+ 1€ D

for i = 1,2. This implies that
Yiovi+ Lyi+T,yi+T+1€R

fori =1, 2. Note that
Yi—Y2= .

It is clear that
Yi—YouYi—va+Lyi—-v+@+pB),yi—-y+(@+p)+1eD"
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This implies that
vi—vovi—-v2+Lyi-v2+T,vi—-y+T+1€R",

as desired.
Subcase 1.2. Suppose thati = j, k = [, and i # k. We set

Yi=y and y, =y —a-p.
It is clear that
vi.vi+ Lyi+ta,yi+a+1,vi+B,y;+B+1¢e D"

fori = 1,2. This implies that
vi.vi+ Lyi+T,y;+T +1€R"

fori = 1,2. Note that
Yi—v2=a+p.

It is clear that

YVi—vuvi—-ntlyi-ntayi-n+ta+tLyi—-n+Byi—-y,+p+1€D.
This implies that
Yi—vuyi—va+Lyi—v2+T,y1—y2+T +1€R,

as desired.
Subcase 1.3. Suppose that i = j and k # [. We set

yi=vy and y,=y —-p.
It is clear that
Yivi+ Lyi+a,yi+a+1¢€D*

for i = 1, 2. This implies that
Yovi+ Lyi+T,vi+T +1€R"

fori = 1,2. Note that
Yi—Y2=p.
It is clear that
Yi—=YuYi—YV2+t Lyi—va+a,y1 -y, +a+1€D".

This implies that
Yi—YuYi—v2+ Lyi—va+T,y1—y+T +1€R",

as desired.
Subcase 1.4. Suppose thati # jand k = /. We set

yi=vy and Yy, =y-a.

It is clear that
Yiovi+ Lyi+B,vi+B+1eD”
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fori = 1,2. This implies that
vi.vi+ Lyi+T,y;+T +1€R"

fori = 1,2. Note that y; —y, = a. Itis clear that

Yi—YuYi—va+ Lyi—v2+B, 71—y +B+1€D".
This implies that
Yi—=vuyi—Y2+ Lyi—=va+T,yi—y2+T +1€R",

as desired.
Subcase 1.5. Suppose thati # j, k # [, and (i, j) # ([, k). It is easy to check that

n

Z ae;i + T

s=1

=a;---a,

foralla;e D,i=1,---,n. We set
yi=y and y,=y-a.
This implies that
lvil = v #0;
lyi+ 1l =i+ D" #0;
lyi+T| =y} #0;
lyi+ T+ 1= (y; + 1)" #0;
[y = val = " # 0;
lyi =y + 1] =(a@+ 1)" #0;
lyi=v2+T|=a" #0;
lyi=y2+T+1]=(@+1)"+#0
fori =1, 2. It follows that
YoVi+t+ Lyi+Tyi+T+ Ly, =y, yi =y + Ly =7+ T,y1 =y, + T+ 1 €R”

fori = 1,2, as desired.
Subcase 1.6. Suppose that i # j, k # [, and (i, j) = ([,k). We may assume that i < j. The case of
i > j can be discussed analogously. It is easy to check that

n

Z ae; + T

s=1

= Ay Gy =Gy G Qi G A Ay

foralla;e D,i=1,---,n. We set

Y= )+ Qe+ (y + B+ ey + 2aey;
1<s<n
S#j

Y=y + 2(L’€,’j.
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It is clear that

il =@ +a) " (y +B+2)(y + @)/ #0;
i+1ll=@F+a+ D) y+B)y+a+ 1) #0;
lyal =" # 0;
Iy, + 1] = (y+ 1)" #0.

This implies that
V1,71 + la Y2,Y2 + 1 (S RX,

Since char(D) = 3 we get that

yi+T = Z (y + @egs + (y + B+ 2)ej; + Beji;

1<s<n
S#E]

yi+T+1= Z (y + @+ Degs + (v + Blej; + Beji;

1<s<n
SEJ

Yo+ T =y+Pej;
v2+T+1=vy+1+pej.

It is easy to check that

i +Tl=@+a) 'y+B+Dy+a)' ™ £0;
i+T+1=0+a+ D) ' y+B)y+a+1)"7 £0;
ly+T|=v"#0;
ly»+ T+ 1=+ 1)"#0.

This implies that
vi+T,yvi+T+1€R"
fori = 1, 2. Note that
Y —=Y2= Z aeg, + (ﬁ+ 2)ejj;

1<s<n
s£j

Y=yt 1= (@+ ey +fey;
1<s<n
NS

We get that

i = yal = &' (B+2)a" #0;
bi—v, + 1] =(@+ 1) Bla+ 1) £0.

This implies that
Yi+7y,y1+y2+1€R"
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Note that

Y1 —Y2+ T = Z e + (ﬁ+2)ejj +ae,~j +ﬁeji;
1<s<n
s£j

Y1—7Y2+ T+1= Z (04 + 1)€m +ﬁejj + aej; +ﬁeji-
I<s<n
N

We get that

1=y +Tl=a' (B+2)a" —a B
— zan—l

#0

and

W=y +T+1 =@+ 1)"'Bla+1)"7—(@+ D ala+ 1) 'Bla+ 1)
=(a+ D) 'Bla+ 1) —(a+ 1Y *aB(a+ 1)’
=(a+ 1) (a+1-a)@+1)"/
=(a+ 1) ?Bl@+ 1)
# 0.

This implies that
Yi+y2+T,yi+v,+T+1€R,

as desired.

Case 2. Suppose next that a, 3, 1 are linearly dependent over Z. Note that dim;D > 4. We get that
there exists y| € D such that y| ¢ L(1, a, ), where L(1, a, §) is a subspace of D generalized by 1, a, S.
It is clear that

dimz(L(1, @, B,)) < 3,

where L(1, @,,y;) is a subspace of D generalized by 1, a, 8, y|. We get that there exists y, € D such
that y; ¢ L(1, a,8,v]). We now discuss the following six subcases.
Subcase 2.1. Suppose thati = j = k = [. We sety; =] and y, = ¥}. It is clear that

vi.vi+ Lyi+(@+B),yi+(@+pB)+1€ D"

for i = 1,2. This implies that
vi+T,yi+T+1€R"

fori = 1, 2. Note that

Yi—=vuvi—v2+ Lyi—yv+(@+B),y1 —y2+(@+p)+ 1€ D"

This implies that
Yi—-vori—v2+Lyi—-v+T,yi—v+T+1€eR",

as desired.
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Subcase 2.2. Suppose thati = j, k = [, and i # k. We sety; =] and y, = ¥}. It is clear that

vi.vi+ Lyita,yi+a+1,vi+B,y;+B+ 1€ D"
for i = 1,2. This implies that
vi,vi+ Lyi+T,vi+T +1¢€R"
fori = 1,2. Note that

Yi—-vuri—vetlyi—-mtayi—-ntatlLyi—-m+Byi—y+p+1e€
This implies that
Yi—YuYi—v2+Lyi—va+T,y1—y+T +1€R",
as desired.
Subcase 2.3. Suppose that i = jand k # [. We sety; =y and y, = ). Itis clear that
viovi+ Lyita,yi+a+1e€D*
for i = 1,2. This implies that
Yovi+ Lyi+T,vi+T +1€R"
fori = 1, 2. Note that

Yi—=YuYi—YVa+t Lyi—va+a,y1 -y, +a+1eD"

This implies that
Yi—-v2+T,yi—=y2+T+1€R",

as desired.
Subcase 2.4. Suppose that i # jand k = [. We sety; =y and y, = ). It is clear that

Yivi+ Lyi+B,vi+B+1¢€ D"

fori = 1,2. This implies that
Yovi+ Lyi+T,vi+T +1€R"

fori = 1, 2. Note that
Yi=YuYi—V2+tLyi=va+Bvi—v2+B+1€D"

This implies that
Yi—vovi—-v2+Lyi-va+T,vi—-y+T+1€R",

as desired.
Subcase 2.5. Suppose thati # j, k # [ and (i, j) # (k). We sety; = ¥, and y, = v}
check that
Zaieii+T =a;---ay,
s=1
AIMS Mathematics Volume 9, Issue 7,

D*.

. Itis easy to
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foralla; e D,i=1,---,n. Itis clear that

Yio¥i+ L,y1 =y, y1 —ya+ 1 € D

fori =1,2. We get that
Yio¥i+ Lyt =y, y1—y2+ 1 € D*

fori = 1,2. Note that
lyi+ Tl =v!#0;
lyi+T +1]=(y; + 1)" #0;
lyi=v2+ Tl =(y1 —y2)" #0;
=y +T+1=(1—y2+1)"#0
fori =1, 2. It follows that

Yi+T,yi+T+ 1,y —y,+ T,y —y,+T +1€R"

fori = 1,2, as desired.
Subcase 2.6. Suppose thati # j, k # [, and (i, j) = (I, k). We may assume that i < j. The case of
i > j can be discussed analogously. It is easy to check that

n

Z ae;; + T

s=1

=dpcc Gy — Ay G QA A1 Bdje Ay

foralla; € D,i=1,---,n. Suppose first that a8 € Z. We set

V1= ) 0+ Dew + ey +2ae;
1<s<n
SE]

— ’ ’
V) = E Yiess + vaeji + 2ae;.
1<s<n
S#E]

It is clear that

il = &) + DY) + 1) #0;
i+ 1= +2 04+ DO, +2) 7 #0;
byal = ) V) # 0
2+ 1=+ D74+ Dy + 1) #0.

This implies that
YY1+ Ly + 1R

AIMS Mathematics Volume 9, Issue 7, 17039-17062.
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Since char(D) = 3 we get that

Yi +T = E (7,1 + l)ess +’y,1€jj +ﬁeji;
1<s<n
SE]

Y+T+1= ) O +ew+ 0 + Deyj +Besi
1<s<n
S#j

2 ’ ’ .
72+T = 71ess+’y2€jj+:89ija
1<s<n
S#]

Yo+ T+1= ) 0+ Dew+ )+ Deyj + ey
1<s<n
S#j

It is easy to check that

i+ TI= 01+ DY+ 1) £0;
i+ T+ 1 =0 +2 0+ DOy +2)7 £0;
2+ Tl = )Y 0" #0;
by + T+ 11 = + D7 (o + Dy + 1) % 0.

This implies that
vi+T,yi+T+1€R"

fori = 1, 2. Note that

Y1—Y2= Z () + (7,1 - ‘ya)ejj;
1<s<n
S#]

Yi—72t 1= Z zess + (7/1 _')’é + 1)ejj'
1<s<n
S#j

We get that

lyi =val =y — v, #0;
yi—y2+11=2""(y, =y, + 1) £ 0.

This implies that
Y1 —VY2.Y1— Y2 +1 ERX.
Note that
yi—y,+T = Z es + (y] — vh)ejj + ae;; + Peji;
1<s<n
S#j
Y1 —’)/2+T+ 1= Z 2€SS+(’)//1 —’)/3 + 1)ejj+aeij+,8eﬁ.

1<s<n
S#j
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Since af € Z, we get that
=v+TI=Y-v-aB#0
and
=y +T+1]=2""(y, =y, + 1) = 2"%ap
=2"2Q2y, = 2y, + 2 - ap)
# 0.
This implies that
Yi+y2+T,yi+v,+T+1€R,

as desired.
Suppose next that o ¢ Z. We set

Y= 0+ Dey + afe; + 2aei;
1<s<n
S#j

Yy = Z Yiess + ej; + 2ae;.
It is clear that
il = &)+ DY eBly) + 1) 2 0
i+ 1= (] + 27 (@B + Dy +2)" #0;
byal = ()" #0;
lya + 11 = 20y, + 1) # 0.
This implies that
YY1+ Ly y, + 1 €RS
Since char(D) = 3 we get that
N+T = > O+ e +aBej; + feji

1<s<n
s£j

yi+T+1= Z (¥1 + ey + (af + Dej; + Beji;

1<s<n
S#J

Y2+ T = Z y,less +ej; +ﬁeij;
1<s<n
s£j

vo+T+1= Z () + Deys + 2e;; + Be;;.

1<s<n
S#EJ

It is easy to check that
i+ T =G4+ D aBlyy + 1) #0;
i+ T +1 =) +2) @B+ Dy +2) #0;
2+ Tl =) £0;
o+ T+ 1] =2y, + )" £0.
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This implies that
vi+T,yi+T+1€R"

fori = 1,2. Note that

YI =72 = § €55 T (Qﬁ— 1)ejj;
1<s<n
s£j

Y1 — 72+ 1= Z Zess+0z,8€jj.
1<s<n
S#J

Since aff ¢ Z we get that

lyi =yl =aB—1#0;
i =y, + 1] =2""aB £ 0.

This implies that
Yi—v,Yi—v2+1ER

Note that
Y1 —7Y2+ T = Z e, + (aﬁ — 1)ejj + aej; +ﬁ€ﬁ;

1<s<n
SE]

vi—-v+T+1= Z 2eg + afej + ae;; + Peji.
1<s<n
S#J

Since af ¢ Z, we get that
-v+Tl=af-1-af=-1#0

and
i —y2+T + 1] =2""aB - 2"2aB =2"%aB 0.

This implies that
Vi-v2+T.yi—-y2+T+1€R,

as desired. The proof of the result is complete. O
3. The proof of Theorem 1.4

The following result will be used in the proof of our main result, which is of some independent
interests.

Proposition 3.1. Let D be a division ring such that either char(D) # 2,3 or D is not a field and
char(D) # 2. Let R = M,(D), where n > 1. Let ¢: R — R be a bijective additive map such that
¢(1)=1and

p(x%) = p(x)*

for all x € R* with x + 1 € R*. Then, ¢ is either an automorphism or an antiautomorphism.
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Proof. We first claim that ¢ is a Jordan automorphism by way of the following three steps:

Step 1. We claim that
e((ae;; + Bew)’) = p(ae;; + Pew)’

forall 1 <1, j,k,l <nanda,B € D. In particular, we have
90((6‘(61‘,;)2) = (P(Oéeij)2

forall 1 <i,j<nand a € D. We set
T = ae;; + Pey.

In view of both Lemmas 2.1 and 2.2 we note that either there exists y € {1, 2, 3} such that
y+T,y+T+1€R"
or there exist y;,y, € R* such that
YitLyi+Tyi+ T+ Lyi—vavi—-n+lyi-n+Tyi-n+T+1€R
for all i = 1,2. Suppose first that there exists y € {1, 2, 3} such that
y+T,y+T+1€eR"

By our hypothesis we have
e((y + T)") = p(y + T)%.
Note that
¢(y) =y and ¢(yT) = yp(T).
Expanding the last relation we get

Y2+ 2y0(T) + o(T?) = y* + 2yp(T) + o(T ),

which implies that ¢(T?) = ¢(T)?, as desired.
Suppose next that there exist yy, ¥, € R* such that

Vit Lyi+T,yi+T+1L,y1—y,7v1—-v2+Ly1=y2+T,y1 =y +T+1€R*

for all i = 1,2. By our hypothesis we have that

e(y)) = (1)
(1 + T)*) = p(y1 + T).

Expanding (3.4) we get
() + ¢ o T) + o(T?) = o(n)* + @(y1) 0 @(T) + @(T)’.
Using (3.3) we get from (3.5) that

@(y1 o T) + @(T?) = @(y1) o o(T) + p(T)*.

3.1)

(3.2)

(3.3)
(3.4)

(3.5)

(3.6)
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By our hypothesis we have that

e(73) = e(¥2)%
@((y2 + T)*) = p(y2 + T).

Expanding (3.8) we get
©(y2) + @(y2 0 T) + @(T?) = @(y2)* + ¢(y2) 0 @(T) + (T)*.
Using (3.7) we get from (3.9) that
@(y2 0 T) + @(T?) = ¢(y2) 0 p(T) + ¢(T)*.

By our hypothesis we have that

e((y1 = y2)") = e((y1 — v2)%
e((y1 = y2+T)) = p(y1 —y2 + T)".

Expanding (3.12) we get

e((y1 =y +e((y1 —y2) o T) + 9(T?) = p(y1 = v2)* + ¢(y1 — y2) 0 (T) + p(T)*.

Using (3.11) we get from (3.13) that

e((y1 =) o T) + @(T?) = @(y1 = y2) o p(T) + (T,
Subtracting (3.6) from (3.10) we get

(Y1 =v2)oT) =¢(y1 —y2) o @(T).
It follows from both (3.14) and (3.15) that

o(T?) = (T,

as desired.
Step 2. We claim that
p(ae;j o Bey) = p(ae;;) o p(Be;;)
foralla,fe Dand 1 <1, j,k,I < n.
On one hand, we get from (3.2) that

o((ae;; + Ben)) = p((ae;))* + ae;j o ey + (Bew)?)
= 90((Cl’€ij)2) + @(ae;j o Bey) + ‘P((ﬂekl)z)
= p(ae;;)” + p(ae;; o Bew) + p(Bew)*.
On the other hand, we get from (3.1) that
e((ae;; + Bew)?) = plae;j + Bew)
= (p(ae;j) + ‘p(ﬁekl))z
= p(ae;)” + g(ae;;) o p(Bew) + p(Bew)’.

(3.7)
(3.8)

(3.9)

(3.10)

(3.11)
(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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Combining (3.17) with (3.18) we get

p(ae;; o Bey) = p(ae;;) o p(Be;;)

foralla,fe Dand 1 <1, j,k,[ < n, as desired.
Step 3. We claim that ¢(x?) = ¢(x)? for all x € R.

For any
X = Z a/,-je,-jeR,

1<i,j<n

we get from both (3.2) and (3.16) that

2
(P(Xz) =@ ( Z a'ijeij) ]

1<i,j<n

2
=@ E (aijeij)” + Z @;je€ij © ey

1<i,j<n 1<i, jk,I<n
(@ )<&0)

2
Z e((ajjeij)”) + Z e(a;je;; o ayey)
1<i,j<n 1<i,jk,I<n
(@, )<(k,D)

2
Z p(a;jei;)” + Z o(ajjeij) o player)
1<i,j<n 1<i, j,k,I<n
(@, /)< (kD)

2
[ Z ‘P(a/ijeij))

1<i,j<n

5]

1<i,j<n

= p(x)°.

In view of Step 3, we get that ¢ is a Jordan automorphism. Since char(D) # 2, we get from [13,
Theorem 1] that ¢ is an automorphism or antiautomorphism. This proves the result. O

The following simple result will be used in the proof of our main result:

Lemma 3.1. Let D be a division ring such that either char(D) # 2,3 or D is not a field and char(D) +
2. Let R = M, (D), where n > 1. Let f: R — R be an additive map such that f(x) = 0 for all x € R*
withx+1 € R*. Then f = 0.

Proof. Forany @ € D and 1 < i, j < n, In view of both Lemmas 2.1 and 2.2 we get that there exists
v € R* such that

y+1€eR",
Y + @e;; € R,
Y +ae;+1eR"
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By our hypothesis we have
fy)=0 and f(y+ae;)=0.
Since f is additive, we get that f(ae;;) = 0. For any
X = Z a;je;j € R,
1<i,j<n
we get that f(x) = 0, as desired.

We are in a position to give the proof of our main result.
Proof of Theorem 1.4. For x € R* with x + 1 € R*, we note that
Gl =G+ D H T =x(x+ 1),
We set
y=x(x+1).
Since
Yok = &,
we have that
Mgk = m.
It follows that
m = f(y)g('k)

= fOx(x+ D)g((x7! = (x+ 1)k
= (f() + f) (k) = g((x + D7)

= fOD)g ) = fD)g((x + D)7R) + f0)g(x k) = fog((x + D7'k).

Note that
fg(x'k) = m.
It follows from (3.19) that
0= fOD)g(x k) — F()g((x + 1)7'h) = f(0g((x + D7'k).

For any z € R*, we note that z(z~'k) = k. This implies that

f@e k) =m

and so
gk = f(2) 'm.
We get from (3.20) that

0= fOA ) m = OO f(x+ D)7 'm = fQf(x+ 1)7'm.

(3.19)

(3.20)

(3.21)
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Multiplying (3.21) by m~! f(x + 1) on the right hand side, we get

0= fOA) ) flx+1) = () = fx)
= fOO) ) () + FOA )™ F(1) = f(x) = f(x)
= fOO) + FOOfT D) = fOP) = f(x)
= fOOf)T D) = f(0),
which implies that
SO = f )7 f(x) (3.22)

for all x € R* with x + 1 € R*. It follows from (3.22) that

ST = FA)T D)7 f(x) (3.23)

for all x € R* with x + 1 € R*. We define

e(x) = f(1)7' f(x)

for all x € R. Then,
) = f(De(x)
for all x € R. It is clear that ¢(1) = 1. The additivity of f immediately yields the additivity of ¢. It
follows from (3.23) that
p(x%) = p(x)*
for all x € R* with x + 1 € R*. In view of Proposition 3.1, we can conclude that ¢ is an automorphism

or antiautomorphism.
For any x € R*, since

(kx Hx =k

we get that
flkx™Dg(x) = m.

This implies that

g(x) = flkx™)'m
= (f(Dp(kx™))'m
= (x™ )~ F)T f(Dg (k)
= p(kx™) " g(k)
= p(xk™")g(k)

for all x € R*. In view of Lemma 3.1, we get that
g(x) = p(xk")g(k) (3.24)
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for all x € R. Suppose first that ¢ is an automorphism. We get from (3.24) that

g(x) = p(xk™")g(k)
= p(x)p(k "gk)
= @(x)p(k) ' g(k)
= e()(f()" fk) " gk)
= () (k)" f(1)g(k)
= p(x)f(k)"'m
= @(x) (k)" f(k)g(1)
= p(x)g(1)

for all x € R. In particular, if f = g, we have that

J(De(x) = @(x) f(1)

for all x € R. This implies that f(1) € Z. Suppose next that ¢ is an antiautomorphism. We get
from (3.24) that

g(x) = p(xk~")g(k)
= (k™ (x)g(k)
= (k)" p(x)g(k)
= (F(D) f) ™ FQ) f(x)gk)
= ()~ f(0)g(k)

for all x € R. In particular, if f = g, we get that
) = fl~ f(0)f k)

for all x € R. This implies that
JUf(x) = fx)f(k)

for all x € R. Since f is a bijective map we obtain that f(k) € Z. Note that f(k)f(1) = m, and so
f(1) = f(k)"'m. The proof of the result is complete. O

4. The proof of Theorem 1.5

As a consequence of Theorem 1.4 we give the proof of Theorem 1.5 as follows:

Proof of Theorem 1.5. In view of Theorem 1.4, we have that

J) = f(De(x)

for all x € R, where ¢: R — R is either an automorphism or an antiautomorphism. Moreover, we have
the following:

(1) If ¢ is an automorphism, then f(x) = ¢(x)f(1) for all x € R.
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(2) If ¢ is an antiautomorphism, then f(x) = f(k)~! f(x)f (k) for all x € R.

Suppose first that ¢ is an automorphism. Since

S(x) = @) f(1)
for all x € R, we get that
FMe(x) = f(x) = p(x)f(1)

for all x € R. Since ¢ is an automorphism, we get that f(1) € Z, as desired.
Suppose next that ¢ is an antiautomorphism. Since

f(x) = fi~" f(x) f(k)
for all x € R, we get that
SR f(x) = f(x)f(k)

for all x € R. Recall that f is a bijective map. We get from the last relation that f(k) € Z. Since k1 = k,
we have that

J)f(1) = m.
This implies that
fQ) = fym,
as desired. The proof of the result is complete. O

5. Conclusions

We give a complete description of maps preserving products of matrices over a division D such that
either char(D) # 2,3 or D is not a field and char(D) # 2, which gives a correct version of Theorem 1.3.
The future study of this field is to give a complete description of maps preserving products of matrices
over a division D with char(D) # 2.
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