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Abstract: This paper is concerned with the attraction-repulsion chemotaxis system (1.1) define on
a bounded domain Q ¢ R¥(N > 1) with no-flux boundary conditions. The source function f in this
system is a smooth function f that satisfies f(u) < a—bu" for u > 0. It is proven that n > 1 is sufficient
to ensure the boundedness of the solution when r < ;((]]\\],:12)) is in the balance case ya = &y, which
improve the relevant results presented in papers such as Li and Xiang (2016), Xu and Zheng (2018),

Xie and Zheng (2021), and Tang, Zheng and Li (2023).
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1. Introduction

In this paper, we study the attraction-repulsion system with a logistic source

u = Au—xV -l +u)'Vv) + V- @+ 1)7'Vw) + f(u), xeQ,t>0,

0=Av-pBv+au, xeQ,t>0,

(;:Av;—évg+7u, xeQ, >0, (1.1)
u 1% %

—_—=— = — = Q

il ity w 0, x€ o, t>0,

I/l(_x, 0) = MO(-X)’ X € Q,

where Q ¢ R¥(N > 1) is a bounded domain with smooth boundary, and parameters y, &, @, 3,7, 0,7 >
0. The logistic source f(s) is smooth on [0, co) and fulfills f(s) < a—bs", s > 0 witha >0, b > 0 and
n>1.

In the model (1.1), u,v and w denote the cell density, the chemoattractant concentration and the
chemorepellent concentration, respectively. The logistic function f(u#) models proliferation and death
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of cells. Positive parameters y and & represent the chemotactic coefficients, which measure the strength
of the attraction and repulsion, respectively. The mortality rates of v and w are denoted by S and 9,
respectively; and parameters « and y are the growth rates of the chemicals. The behavior of the
solutions would be determined by the interaction between diffusion, attraction, repulsion and logistic
sources. When r = 1 and f(u) = 0, it was proven that system (1.1) admits a global bounded solution
if n = 1 or repulsion prevails over attraction in the sense that ya < &y [7]. Yu et al. proved in [15]
that when n = 2 with ya > &y (attraction prevails over repulsion), there exists initial data such that a
blow-up of solutions occurs. A source of logistic type f(u) is included in (1.1) to prevent unlimited
growth of the cell density, and the global boundedness of solutions to the model was established in
the repulsion domination case ya < &y with n > 1 [3,6] and the attraction domination case ya > &y
with n > 2 (or n = 2, b properly large) [3]. Under more interesting balance situations ya = &y (i.e.,
attraction-repulsion balance), for r = 1, Li and Xiang [3] proved that there exists a global bounded
classical solution if > @ and N > 2. Then Xu and Zheng [14] further proved that the
boundedness of the solutions to the model (1.1) can be obtained for > 2. Xie and Zheng [12]
improved the result to > % Recently, Tang, Zheng and Li [6] considered the model (1.1) with
general r > 0 and obtained boundedness of the solution to the model (1.1) if n > max{r + %, 1}.
More relevant results for an attraction-repulsion chemotaxis system can be found in [1-8,10-15] and
the references therein.

It can be seen from the existing research results that the behavior of solutions depends on the effects
of logistic sources (i.e., the exponent 7 ) on the model (1.1) under the balance situation ya = £y (i.e.,
attraction-repulsion balance). A natural question is to determine the optimal restriction of the exponent
n, which guarantees the global boundedness of the solution. The main objective of this short paper is
to do some further study and give an optimal condition on the logistic source for small r in the balance
case ya = &y. Our main results are stated as follows:

Theorem 1.1. Let Q Cc RVN(N > 1) be a bounded domain with a smooth boundary. Suppose that the
nonnegative initial data uy(x) € C(Q). If ya = éy,n > 1l and r < ;((1]\\/[:12))’ then the solution of the
model (1.1) is globally bounded in the sense that ||u||.. < C, where C is a positive constant independent

of t.

Remark 1.1. For the model (1.1) with r = 1 in RV(N = 1,2,3), Theorem 1.1 implies that n > 1 is
an optimal condition on the logistic source in the balance case ya = &y and our results remove the
restriction onnin [3,6,12,14] for N = 1,2, 3.

2. Preliminaries

In this section, we first show the local well-posedness and then give two necessary estimates and
the Gagliardo-Nirenberg inequality that will be used in the proof of Theorem 1.1.

Lemma 2.1. ([14], Lemma 2.1) Suppose that Q@ c RN(N > 1) is a bounded domain with smooth

boundary. Then, for any nonnegative uy € C (Q), there exist nonnegative functions u,v,w € Co(Q x
[0, T)ax)) N Cz’l(ﬁ X (0, Tpax)) with T,y € (0, 00] classically solving (1.1) in Q X (0, T,,,.). Moreover,
if Tppax < 00, then

li;n e, Dll () = 00.

max
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Lemma 2.2. ([8], Lemma 2.2) Let (u,v,w) be a solution to the model (1.1). Then ||w||.1 = %”M”Ll and
forany k > 0, 6 > 1, there is ¢y = co(k, 0) > 0 such that

fw(’SKfu9+co forall t>0. 2.1
Q Q

The next lemma directly results from an integration of the first equation in the model (1.1).
Lemma 2.3. The solution of (1.1) satisfies fQ u(-,t) < C forallt > 0 with C > 0.

Lemma 2.4. ([12], Lemma 2.1) Let Q C RY be a bounded domain with a smooth boundary. Suppose
p € (0,9) and p € WH(Q) (N LU(Q). Then there exists a positive constant Cgy depending on Q, p and
q such that

18l < Can(IVelly | 18llna) + I¢llr@),
where k € (0, 1) satisfying

_
I ==
N1 =
+ [~ 1=
<=

3. Proof of Theorem 1.1

Proof. Testing the first equation of (1.1) by u”~!(p > 1) and integrating by part over Q, we have that
there exists C; > 0 such that

1d 4p-1 )
pdtfuu e fgwm
<x(p- 1)fu1’-1(1 +u)"'Vu- Vv
Q
—f(p—1)‘fu”_1(1+u)’_]Vu-Vw+a‘fup_1 —bfu’””‘l
Q Q Q
S—)((p—l)f[f sp_l(1+s)’_lds]Av
Q 0
+§(p—1)fU sP7N 1+ 5) ds Aw+afu1’-1—bfup+"—l
Q 0 Q Q
S()(a—fy)(p—l)f[f sP7N (1 + s) " lds
+6§(p—1)ff s+ 5) 1ds]w+afupl bful’“H
Q
< C;if_(}{?_—ll) f( prl 1)w+afup 1 fup+r] 1

When r < <, for any € > 0, by Young’s inequality,
f P+ Cy f wl 4+ Cs
Q

0 -1
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with C,,C3 > 0. By (2.1) with x = 2c == ,we have

6&(p -1
% f W+ hw<e f 't + Cy (3.2)
- Q Q

with C4, > 0. By the Gagliardo-Nirenberg inequality and Lemma 2.3, we discover that there exist

Cs, Ce > 0 such that
2(p+r)
+r __
fM =lull 4.,
Q L 7 ()

2(])+r) 2(p+r) ( _ 1) 2(1’*’)
< Cs|IVu? |l b, 7|| C5||u2||

L2 (Q)

2( p+r)

< CollVu?|| 7 " + Ce

L2(Q)

for all # > O, where
Np Np

2 2(p+n)
1-Y4 2

ky = € (0,1).

We know from r < £ that @ - k; < 2. Consequently

fMW<QWuM@ G (3.3)
Q

for all t > 0 with C; > 0. We use Young’s inequality such that

afup_l Sbfu”+’7_l+C8 and fupSefup+’+C9 (3.4)
Q Q Q Q

with Cg, Cy > 0. Finally, letting € = Z(P 1)

1d
__ful’+fu”§C10 forall t >0
pdt Jo Q

with Cyo > 0, thus, by an ODE comparison argument, we have that fQ u? < C(p).

and combining (3.1)-(3.4), we can obtain

When ]%, <r< 1?/((]1\\[/:12)) we divide the first term on the right side of (3.1) into two terms by Young’s
inequality

C 6 _ 1 Np+ Np+
;f(f - ) f(upﬂ’—l + I)W < /11(6) f Wl\l(l—7')2+2 + € f uTz + Cll (35)
— Q Q Q

for all + > 0 with A,(¢) > 0, where the positive constant € is to be determined later. For the term
Np+2 . . N(p+r-1) . . .

A1(€) fg WRIA in (3.5), testing wNm2 on both sides of the third equation of the model (1.1) and

using integrating by parts, we can derive

AN(p +r - D[N =r)+2]
[Np + 2]

Np+2 N(p+r-1)
||VW2 N(l r)+2 || 2@ +0 WwNI-N2 = 0% uw NaI=n+2 (36)
Q Q
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for all # > 0. Then we divide the right side of (3.6) into two terms by the Young inequality again

N(p+r-1) Np+2 Np+r-1) | Np+2
0% uwNI=2 < g u N + /12(62) W NI-n+2 N(p-D+2 (37)
Q Q Q

for all r > O with A,(e) > 0, where e, < Af(i]l). For the second term on the right side of (3.7), we utilize

the Gagliardo-Nirenberg inequality to see that

N(p+r=1) _Np+2
/12(62) WN(I N+2 N(p-1)+2

Np+2 2]\’[‘2(1”}3—12)
= /12(62)”W2[N“7”+2J ” 2}’;(p+r—])
L N(p-D+2 (Q) (3 8)
2N(p+r—1) 2N(p+r-1) :
Np+2 No—D k2 Np+2 (1-k2)
< C12 (”VWz[N(“)*Z] HLA;YQI))+2 ”W IN(—P+2] ” Nz(pN<11)+»2>+2]
L Np+2 (Q)
2N(p+r-1)
P N(p-D+2
'|'||W2N(1 r)+2 “ 2pN(1+;)+2] )
L Np+2 (Q)
for all £ > 0 with Cy, > 0, where
NINp+2] _ [N(p-1)+2]
_ 2[N(l—r)+2] 2(p+r-1)
k, = | _x NNp2) € (O, 1).
t AN—+2]
Then we can choose p sufficiently large such that
N2(p+r—1)(Np+2)
2N(p+r—1) k_[MwMMMFMM_N<2

2
_ N , _NINp+2]
Np-1D+2 -3+ 2[N(1-r)+2]

since r < 1) - Qybstituting it into (3.8) and applying Lemmas 2.2 and 2.3, the Young inequality
N(N+2) g pplying g
yields
Niptrl) _Nps2 AN(p+r— D[N —r) + 2] Npe2
(&) f Wi M5 < ot 2T IVwTtEsm |2, +Cis (3.9)
for all £ > 0 with Cy3 > 0. Combining (3.9) with (3.6) and (3.7), we obtain
5 f WA < € f WA+ Cy (3.10)
Q Q

for all + > 0 with Cy4 > 0. Then, combining (3.1) with (3.5) and (3.10) implies

1d 4(p-1 P
__fup+(p_2)f|vuz|2
pdt Jo 4 Q

(3.11)
Np+2 [7—1 p+n_1
< 2¢€ unv +a | u—-b | u + Cis
Q Q Q
with Cy5 > 0 since &, < ﬁ Through the Gagliardo-Nirenberg inequality, we discover that
NL 2[Np+2]
u - ||u || 2[Np+2
Q LM (@
» 2[1\1/\574-2] 2[1\1’\]])-#2] (=k3) 2[N(p+2j (312)
< CigllVa2 |l 5 6, lu || ’ + Cgllu?]| " 2(9)
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for all £ > 0 with Cy¢ > 0, where

Np _ _NNp

2~ 2[Npt2] Np
ky = = €0, 1),
BT R

then, by Lemma 2.3 and (3.12), we can choose €; small enough such that

wa  4p-1)
26 f W < pp2 IVuE |2, ) + Ci (3.13)
Q

with Cy7 > 0. Finally, we substitute (3.13) into (3.11) to conclude that

1d
——fu”ﬁafu”‘l—bfup+"_l+clg foralls >0
pdt Jo Q Q

with Cig > 0, thus, by an ODE comparison argument, we have that fg u? < C(p).
Next, using the standard Moser-type iteration in [9], we easily have Cy9 > 0 such that

|z~ < Cio9 forall £ > 0.

The proof of Theorem 1.1 is completed. O
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