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Abstract: We are concerned with the existence and concentration of multi-bump solutions for the
nonlinear Kirchhoff equation

- (8261 + 8bf |Vv[? dx) Av+ v =Kx) v, xeR?
R3

with an L?-constraint in the L?-subcritical case o € (0, 2) and the Lz—supercritical case o € (% 2).
Here A4 € R appears as a Lagrange multiplier, € is a small positive parameter and K > 0 possesses
several local maximum points. By employing the variational gluing method and the penalization
technique, we prove the existence of multi-bump solutions that are concentrated at local maximum

points of K for the problem above.
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1. Introduction and main results

1.1. Background and motivation

In this paper, we mainly focus our interest on the existence and concentration of normalized
solutions of the following nonlinear elliptic problem involving a Kirchhoff term:

) 2 200, _ _ 1 3
{ —(sa+8be3 V| dx)Av—K(X)M v=-Av inR, (1.1)

5 = fR3 vidx = mee®, v(x) = 0 as x| = oo,

where a, b, @ are positive real numbers and o € (0,2), 4 is unkown and appears as a Lagrange
multiplier. Equation (1.1) is related to the stationary solutions of

Uy — (a +b f |Vu|2)Au = g(x, 7). (1.2)
R3
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Equation (1.2) was first proposed by Kirchhoff in [13] and regarded as an extension of the classical
D’Alembert’s wave equation, which describes free vibrations of elastic strings. Kirchhoff-type
problems also appear in other fields like biological systems. To better understand the physical
background, we refer the readers to [1,2,4, 14]. From a mathematical point of view, problem (1.1) is
not a pointwise identity because of the appearance of the term ( fR3 IVu>)Au. Due to such a
characteristic, Kirchhoft- type equations constitute nonlocal problems. Compared with the semilinear
states (i.e., setting b = 0 in the above two equations), the nonlocal term creates some additional
mathematical difficulties which make the study of such problems particularly interesting.

In the literature about the following related unconstrained Kirchhoff problems, there have been a lot
of results on the existence and concentration of solutions for small values of &.

- (82a +&b f IVul® dx) Au+ V(x)u = f(u), x € R>. (1.3)
R3

In physics, such solutions are called the semiclassical states for small values of €. In [10], the existence,
multiplicity and concentration behavior of positive solutions to the Kirchhoff problem (1.3) have been
studied by He and Zou, where V(x) is a continuous function and f is a subcritical nonlinear term. For
the critical case, Wang et al., in [28] obtained some multiplicity and concentration results of positive
solutions for the Kirchhoff problem (1.3). And He et al., in [11] obtained the concentration of solutions
in the critical case. Recently, multi-peak solutions were established by Luo et al., in [18] for the
following problem:

- (,s%z + &b f |Vul? dx) Au+ V(xXu = |ufP?u,x € R>. (1.4)
R3

In [15] Li et al., revisited the singular perturbation problem (1.4), where V(x) satisfies some suitable
assumptions. They established the uniqueness and nondegeneracy of positive solutions to the following
limiting Kirchhoff problem:

—(a + bf IVul? dx) Au+u=ulfu xeR>.
R3

By the Lyapunov-Schmidt reduction method and a local Pohozaev identity, single-peak solutions were
obtained for (1.4). In the past decades, other related results have also been widely studied, such as the
existence of ground states, positive solutions, multiple solutions and sign-changing solutions to (1.4).
We refer the reader to [7,9, 10, 16, 29] and the references therein.

In recent years, the problems on normalized solutions have attracted much attention from many
researchers. In [25,26], Stuart considered the problem given by

—Au+ Au = f(u), xeRV,
luf? dx = ¢ (1.5)

RN
in the mass-subcritical case and obtained the existence of normalized solutions by seeking a global
minimizer of the energy functional. In [12], Jeanjean considered the mass supercritical case and studied
the existence of normalized solutions to problem (1.5) by using the mountain pass lemma. For the

Sobolev critical case, Soave in [24] considered normalized ground state solutions of problem (1.5)

AIMS Mathematics Volume 9, Issue 6, 16790-16809.



16792

with f(u) = plul?*u + |u/* ~2u, where 2* = 2N/(N — 2), N > 3 is the Sobolev critical exponent. For

f(u) = g(u) + |ul* ~2u with a mass critical or supercritical state but Sobolev subcritical nonlinearity g,

we refer the reader to [19]. Now, we would like to mention some related results on Kirchhoff problems.

The authors of [29,30] considered the problem in the mass subcritical and mass critical cases:

- ga +b [, Vv dx)Av = v+ f(v) inRY, 1.6)
5 = fRN vidx = ¢2,

with a, b > 0 and p € (2, 2*). The existence and non-existence of normalized solutions are obtained.
In [20], the Kirchhoff problem (1.6) was investigated for f(u) = p|u|?">u + |u|* ~>u and N = 3. With the
aid of a subcritical approximation approach, the existence of normalized ground states can be obtained
for u > 0 large enough. Moreover, the asymptotic behavior of ground state solutions is also considered
as ¢ — oo. As for further results on Sobolev critical Kirchhoff equations and high energy normalized
solutions, we refer the reader to [21,22,32].

In what follows, we turn our attention to normalized multi-bump solutions of the Kirchhoff
problem (1.1). For the related results on Schrodinger equations, we refer the reader to the
references [27,31]. In [31], the following nonlinear Schrodinger equation was studied by Zhang and
Zhang:

—12Av — K(x) 7 v = =2y in RV,
2 2 (L.7)
{ vl; = fRN vedx = moh®, v(x) > 0 as|x| — .

For the case that the parameter 7 goes to 0, the authors of [31] constructed normalized multi-bump
solutions around the local maximum points of K by employing the variational gluing methods of
Séré [23] and Zelati and Rabinowitz [35, 6], as well as the penalization technique [31]. Soon afterward,
Tang et al., in [27] considered normalized solutions to the nonlinear Schrodinger problem

—Au+ Ada(X)u + uu = u*”u, xeRY (1.8)

with an L2-constraint. By taking the limit as A — +oo, they derive the existence of normalized multi-
bump solutions with each bump concentrated around the local minimum set of a(x).

1.2. Main result of this paper

Motivated by [27,31], the present paper is devoted to the existence and concentration behavior of
the multi-bump solutions for the Kirchhoff problem (1.1). In contrast to the nonlinear Schrodinger
problems, the Kirchhoff term brings us some additional difficulties. We intend to obtain the existence
of multi-bump solutions for (1.1).

Before stating our main result, we give the following assumptions:

(A ae@, 2)ifce(0 Handa e (2, 3)ifo e (3, 2).

(K) K € (R?, (0, +00)) N L¥(R?) and there are ¢ > 2 mutually disjoint bounded domains Q; C R?,
i=1,2,---, ¢such that

k; := max K(x) > max K(x).
xeQ; x€0Q;

AIMS Mathematics Volume 9, Issue 6, 16790-16809.



16793

Denote K; = {x € Q;|K(x) = k;}, which is nonempty and compact and set

2 —ao
2-30"

pi=

Now, we state our main result as follows.

Theorem 1.1. Assume that (A) and (K). There is &y > 0 such that for each € € (0, &), it follows
that (1.1) admits a solution (1., v,) € R x H'(R®) with the following properties:

(a) ve admits exactly € local maximum points P; ., i =1, 2, --- , € that satisfy

lim dist(P; .. K;) = 0

b)) u= 55 Ae = po and ||£23%3(§rv5(83~) - le ui(- — PP g = 0as e — 0, where

20

po=mg 7 a w(Ze UR) 7%,

-—02"#20U(\/7)1—12 , 0,

and U € H'(R?) is a positive solution to

(1.9)

-AU+U=|UPU in R3,
U(0) = max,z: U(x), lim,,, U(x)=0

(c) There are constants C, ¢ > 0 that are independent of € such that

vl < Cs_%exp{—cs_ﬁdist(x, Ufzﬂ(i)}.

1.3. The strategy for the proof

The proof of Theorem 1.1 is similar to that in [31]. By virtue of the change of variables techinque,
we have
3-a
u(-) = e v(el).
Equation(1.1) is transformed into the following problem:

—a)

B-a)(o-2) 20(3 .
—(a+g 5 b|VuP)Au — K(&fx) [u*" u = -de % u in R,
ul3 =mgy,  u(x) = as|x| — oo.
3 0

Let
hi= &, u= 82(;(23(1)/1, d= —(3 i il 2).
2 —ao

Then, under the assumption (A) and given 8 > 0 and d > 0, we have the following:

_ d 2 _ 20 = — i 3
{ (a + 1'bIVul)Au — Kol u = —pu in R, (1.10)

lul5 = mo, u(x) =0 as|x| — .
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Define the energy functional

a hb 2 1
E — V 2 _ V 2 _ K 2(T+2.
) 2fR3'”'+ 4(fR3'”') 2“2[]&3 (hx)lu

Then, a solution (uz, u;) of (1.10) can be obtained as a critical point of Ej, that is restrained on

M= {u e H' R |uf} = mp}.

By adopting similar deformation arguments in [5, 6,23, 31], we show that the Lagrange multiplier uy
satisfies

¢
pn=po+on(l),  wn= > u(-—qip) +op(1) in H'(RY),
i=1
where g; 5 satisfies the condition that dist(%g; 5, K;) - Oash — 0,i=1,2, ---, (.

This paper is organized as follows: In Section 2, we study the existence and variational structure
of solutions to the limit equation of Eq (1.1). In Section 3, we introduce the penalized function which
satisfies the Palais-Smale condition. In Section 4, we prove the existence of a critical point of the
penalized function in the subcritical and supercritical cases. In Section 5, we show that the critical
point is a solution to the original problem through the application of a decay estimate.

Notation : In this paper, we make use of the following notations:

o ul, := (|, lul")7, where u € L’(R®), p € [1, co);

o llull := ([, IVul® + [u)?, where u € H'(R®);

e b* = max {0, +b} for b € R;

e B(x, p) denotes an open ball centered at x € R? with radius p > 0;
e For a domain D c R3, we denote %D = {x e Rihix e D};

e Unless stated otherwise, ¢ and C are general constants.

2. The limit system

Let my, 6y, 0,, --- , 6, be a series of positive numbers. We consider the following system:
—alv; — 6; |vi[?7 v; = —uv; in R3,
¢ 2
i=1 [vil5 = mo, 2.1

Vi(x) > 0, lim|x|_>oo v,-(x) = O’ 1= 1’ 2’ e L.

Next, we refer the reader to [31] to show Lemmas 2.1-2.3 as follows.

Lemma 2.1. For o € (O, %) U (%, 2), system (2.1) has a unique solution (u, vy, va, -+, v¢) € R X
H' (R up to translations of each v;, i =1, 2, --- , £, where
20 30 d _1 b 20 _L M
p=miTa TRy 6,7 UR) TR, vix) =6, ¥ pr U= x), (2.2)
a
i=1

and U € H'(R?) is the unique positive radial solution to (1.9).
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By using (2.2), we can obtain the mass distribution for each v;, i = 1,2, ---, € in the limit
system (2.1), as follows:
_1
mOGi v
|Vi|§ = . 1
i-10; 7
and foreachi =1, 2, ---, ¢, v; is the ground state of

a 91' o
Iy, (u) = 3 Vul3 - S 3043

on
M; := fu e H' @) luly = ni).

Lemma 2.2. Zle Iy.(v;) is continuous and strictly decreasing with respecttomgand 6;, i = 1, 2, --- , ¢,
where v; is determined as in Lemma 2.1.

We next characterize the energy level of Y.°_, I, (v;). Let
s = (Sl’ 82, 5, S[) € (0’ +OO)[

and for each s; > 0, the minimizing problem

. 39,0' o
bs,- = inf {Ie,-(v)| |V|§ = S,'z, |VV|§ = m M%J%}

is achieved foreachi =1, 2, ---, ¢ given some radial function wj,. In particular, v; = wy for s? = |vil,.
Moreover, if o € (O, %), then

by, = inf {I,(v)v € H'(R?), vf} = 57

and if o € (2, 2), then
by, = inf {supl,,,(ﬁv(t-))w e H'®RY), v} = s,?}.
>0

Set
¢
sit= {S: (s1, 82, -+, 5¢) € (0, Vmo)qzsiz =mg,i=1,2,--+, f},
P

and define E(s) := 3, Ip,(w,,) for s € S¢1.

Lemma 2.3. Denote s° = (s{, 53, -+, 5%) = (Wil Ivaly, -+, Ively). For each s € S\ {s°), the
following statements hold:

(a) If o € (0, 2), then Zle Iy, (vi) = E(s°) > E(s);

(b) If o € (3, 2), then ¥, Iy (vi) = E(s°) < E(s).
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3. Existence of constrained localized Palais-Smale sequences

In this section, we adopt the penalization argument and the deformation approach in [31] to obtain
a constrained localized Palais-Smale sequence. Denote (g, #;) as the solution of the limit system (2.1)
withmyg =1and 0, = k;,i=1,2,---, €, where (k,-)f:1 denotes positive numbers given by (K). Next,
we set by 1= Zle I;(u;), where

a kl‘ o
Ii(u) = Li,(u) = > IVul5 - S 5753 -

Then, we will find a positive solution (uy, uy) to the following system:

—(a + b |Vul))Au — K(hix) [u* u = —pu  in R, a1
ul; =1, u(x) -0 as |x| — oo, '
satisfying
¢
pn = po+on(1), () = ) wix = gip) +op(1) in H'(R?)
i=1
with hq:',h — q; € 7([
Set M:={u e H'(R¥||ul, = 1} and fori = 1,2, -+, Land T > 0, define
()" := {x € R(dist(x, K)) < 7} Q.
Define the following equation for each p € (0, % min <i<e Ul 1208, 0y)):
¢
Z(p) = {u = > uix = gon) + v € Mifigin € () vl < p} :
i=1
For u € H'(R?), consider the penalized energy functional I : H'(R*) — R is given by
Ii(u) := En(u) + Gy(u),
where
2
Gn(u) = (h_l f xn()(Vul® + u?)dx - 1) ;
R3 +
and
Y {O X ¢ R3 \ Ule%Q[,
h =
1 xeR3\ UfZI%Q,-.
We also denote .
Jw = 5 lul3  foru e H'(R?).
Note that if u; € M with |juz||* < h s a critical point of I;| 5, then it solves (3.1) for some

H'(RN\U_ 1)
. Denote the tangent space of M at u € M by

T.M = {v € Hl(R3)|f uy = o}.
R3

AIMS Mathematics Volume 9, Issue 6, 16790-16809.
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Lemma 3.1. For any L € R, there exists iy > 0 such that for any fixed h € (0, hip), if a sequence
{1} € Z(p) such that

It 1) S Lyl =0, (3.2)
as n — oo, then u, 5, has a strong convergent subsequence in H'(R>).

Proof. Setu, ; = Zleui(x — Zn.i.n) + Van With hiz,, ;5 € ()" and

Vo n | < p. It follows from u, 5 € Z(p)

that {|u,, » | <p+ Zle ||lui]|, which is bounded. Then, by
1 w2 a > Kb 4
Ity 1) + 5—— fR KO [ = 2 [Vl + == [Vl + Gatn ),
we have that Gy,(u,, ) < In(u, ) + ZJT - K(hx) (u, 5 22 < Cy for some C; > O that is independent of
h and n. From the assumption (3.2), for some y, 5 € R, we deduce that
L (1) + fn 5 () >0 inH™', asn— co. (3.3)
We have
:un,h = I);(un,h)un,h + 0(1)
2
<a f Vatn | + 2 ( f Vit 2) - f K |7 + Gyt 1)t 1
R? R3 R?
2 4 20+2 1
< C(||tnal|” + etmonl|” + ol + Gt 1) + Gratn 1))
<Cy,

where C; > 0 is independent of 7 and n. Then up to a subsequence, u, 5 — ps in R and u, , — uy =
N uix = zip) + vy in H'(R?) with 2, ;5 — 2.5 € 2(H)T and v, 5 — vp.
Next, for any ¢ € H'(R?), note that im I} (u,, 1) + fhn 5J’ (un, 1) = 0, (15, uy) satisfies

af VuVo + 1% IVuhlzf Vutha—f K(x) [un*” une
R3 R3 R3 R3

(3.4)
+ f Mnltpp + O f3)(h(VuhV90 +upp) = 0,
R R

where Q; = 477! lim,_,e Gh(un,h)% > 0. Then, we claim that 7, and yu; are two positive constants
such that u; > y; for each € (0, iiy). Otherwise, we assume that yu;, — u < 0Oas’% — OQuptoa
subsequence. Because u; is bounded in H'(R?), we can assume that u(- + z;.5) — u. Note that

We can obtain that u # 0 if p > 0 is small. Then set ¢ = ¥(x — z;.) in (3.4) for each ¥ € C8°(R3) and
take the limit i — 0, that is

lim [a f Vup Vi (x — z1,5) + 1b f IV uy? f Vi Vi(x — 21 1)
n—0 R3 R3 R3

- f K (1) [unl®” unp(x = z1.5) + f Haupr(x = 21.3)
R3 R3

+ th Xu(Vup Vg (x — z1.5) + upp(x — Zl,h))] = 0.
R3

AIMS Mathematics Volume 9, Issue 6, 16790-16809.



16798

Using the boundedness of u; and d > 0, we have
hdbf |Vuh|2f VupVip(x — z1.5) = o(1).
R3 R3
We see that u is a nontrivial solution to —aAu + uu = ko [ul*” u in H'(R?) for some ko

impossible by Lemma 2.1.
Setting ¢ = u, 5 — uy in (3.4), we have

a f VurV (i, 5 — up) + i f Va2 f VurV 5 — )
R3 R3 R3

- f K(7x) |unl™ (5 — z) + f tt (it 1y — Up)
R3 R3

+ th Xi(VunV(uy n — up) + up(un,n — upn)) = 0.
R3

Then it follows from (3.3) that

(L, 1) + o W, 1)s U — Un) = (1) ||thn, s = Mh” .

That is,

Vit 5V (U, 5 — up) + hdbf Vit ’ f Vit 1V (5 — up)
R3 R3

K(hix)

3

Unn

a
20
- Un, (U s — Up) + | o, ik, 5 (U, 5 — Up)
R R3

+ O f3 Xu(Vu, 51V 5 — up) + ty, 5(Un, 5 — Un))
R

= 0(1) |[un,5 — us| -

We can show that for n large enough,

f |Vt f Vit 1V Wt = ) — f Vi f ViVt~ 5)
R3 R3 R3 R3
:f |Vun,h2f Vunth(un,h—uh)—f IVMn,hzf VuyV(uypn — up)
R3 R3 R3 R3
+f |Vun,h2f Vuhv(un,h_uh)_f |Vuh|2f VurV (5 — )
R3 R3 R3 R3
:f |Vun’;,2f |Vl/ln’h—Vl/th|2
R3 R?
2
+( f Vit 5| - f Vusl) f VupV (= un)
R3 R3 R?

>0,(1),

> 0, which is

(3.5)

(3.6)

(3.7)

where using the fact that u,, ; — u; in H L(R?), it follows fR3 VupV(u, n — up) — 0. Thus from (3.5)-

(3.7), we have

2 2
af |V Q= up)| +,Uhf ltn, n — Un
R3 R3
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2042 2
- f% K (1) |ty = ] “+ 0 f}/\/h [|V(un,h = up)|” + ity — Mh|2]
R’ R3

+ijﬁw%ﬁzj‘wwﬁ—vwfzou)
R3 R3

Noting also that fR3 K(hx) 2o

tnn — | < Cllity, — usl?"*? and

t ¢
Mt = uall = 11 > i = 2 i) + V= D - = 2i) = val
i=1 i=1
¢
< > M = zain) = G =zl + vl + vl
i=1

< 2p+0,(1),

the following inequality holds:

2 2 2
Clttn, 1 — uall* < af |V, — up)| +,Uhf 5 — U
R3 R3

2042
< Cllt, = unll™™= + o(1),

where C* is a positive constant since a > 0 and y;, > 0. Making p smaller if necessary given Cllu,, » —
up|*> < C*/2, it follows that u,, , — uy, in H'(R?). This completes the proof of Lemma 3.1. ]

Proposition 3.2. For some p > 0 small and by letting {h,} C R, {u,} C R and {u,} C Z(p) satisfy that

h, — 0%, limsuply, (u,) < by, (3.8)
177, ) + " )|, = O, (3.9)

asn — oo. Then, u, — uo holds, lim,_, I, (u,) = by and for some z,, ; € R,i=1,2,---, ¢ we have

— 0 and dist(f,z, ;, K;) — 0.

¢
U, — I/l,‘(' - Zn,i)
i=1
Proof. The proof is similar to that in [31]. For the sake of completeness, we shall give the details.
Step 1. We claim that i, — > 0.

As {u,} € Z(p), we can write that u, = Zleui(x—zn,i) +v, withz, ; € %(7(1-)7 and [|v,|| < p. It follows
from u, € Z(p) and the boundedness of I, (u,,) that ||u,|| and Gy, (u,) are bounded. Besides, by (3.9) and
J'(u,)u, = 1, we know that u, is bounded. Then up to a subsequence, we can assume that y,, — [1 in R
and u, (- + z,,)) = w; € H'(RY). For p < 5 min<i<¢ llull 2,0y, We have

lim inf [, (- + 200|250y = Mill2cs,0 = > 0.
Notice that for any R > 0, we can obtain that ||u; — wi|l;2(5,0) < p- Hence,

lluill, = p < [willa < lluilla + p- (3.10)

AIMS Mathematics Volume 9, Issue 6, 16790-16809.
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Then, if p is small enough, we know that w; # 0. Next, testing (3.9) with ¢(x—z, ;) foreach ¢ € C8°(R3),

we deduce that

hﬁbf |Vun(x + Zn,i)|2f Vu,(x + Zn,i)VQO = o(1).
R3 R3

Thus, w; is a solution to —aAw; + fow; = k; [wi?” w; in H'(R?) with lim K (nz.:) — ki € [k, k], where

k = min, ;e o K(x) > 0 and k = max ;< k;. Then, combining the Pohozaev identity with

20+2

2, T2 g
alwily + plwily = kilwilyy15 »

it follows that there exists a positive contant .
Step 2. u, — Xi_, wi(- — z,,)) = 01in L***(R?) and dist(f1,z,,;, K;) — 0.

We show that
¢

Ba =ty = > Wil = 2,) = 0in L7HRY).
i=1

Otherwise, by Lions’ lemma [17], there exists a sequence of points {z,} C R? such that

2

¢
lim sup {lu, — > wi- = 2,.,) > 0.
e i=1 [2(B)(20))
Noting that |z, — z,;| = 0i=1, 2, ---, {, we have

n—oo

lim sup f lun(- + z)* > 0.
B1(0)

(3.11)

By (3.8), Gy, (u,) < C holds for some C > O that is independent of #. Then, we have that
dist (hnz,,, Uf:IQ,-) — 0. Up to a subsequence, we assume that ¥,(x + z,) — vy # 0in H'(R?) and

K(h,z,) — ko € [k, k], where ko = k(yo), yo € U Q;. Let D := {x e R3x; > —M}. For some i, if

dist(,z,.00;)
o,

lim

n—oo

= M < oo, we get that 71,2, — zo as n — oo, where zy € 0€;,. Next, without loss of

generality we can assume that vy € Hé (D). Testing (3.9) with ¢(- — z,) for any ¢ € C7°(D), we have

lim|a f Vu,Vo(x — z,) + i%b f Vat, | f Vi, Vo(x — 2,)
- f K ()l tp(x — 2,) + f Haltnp(X = 2,)
R3 R3
+ O, f X0, (Vi Vpx = ) + o (x = 2,))| = 0.
R

Then by applylng ”u””H'(Rﬂhiu':;]Qi) < Chn and

Wb [ VP f ViVl 2) = o),
R3 R3

AIMS Mathematics Volume 9, Issue 6, 16790-16809.
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we can obtain that v, is a solution of —aAu + ,&u = ko |u[* u in Hé(D), which is impossible since this

equation does not have a nontrivial solution on the half space according to [8].  Thus
lim dist(%,z,, 0€;,) = +o0 and z,, € hinQiO. Now we test (3.9) with ¢(- — z,) for any ¢ € Cg"(R3) to get

—alvy + /vao = ko [vol*” vo,

where [1 > (0, and |v0|§ > C, for some C; > 0 that is independent of p.
If we have chosen p small enough, then by the Brézis-Lieb lemma,

2 2
Un(- + Zu,1) = Vo(- + Zu,1)|, + Vol + o(1)

¢

2 2

> > il + Ivol3
i=1

1 = lim |u,[5 = lim
n—o0 n—oo

¢ ¢
2 2 2
> > uih —2p ) il + 6o + C
i=1 i=1
> 1,
which is a contradiction.

Step 3. |ju, — XL, wiC- — z,,)|| = 0 and lim, o I, (t,) = bo.
Testing (3.9) with u, — Zfﬂ wi(- = 2,.;), given

4
hzbf |Vun|2f V”nv(un - Z W,’(X - Zn,i)) = 0(1)’
R? R® =1

we can get that

14 14
a1V 3 = > 1Vwil) + el = > will) < 0,(1).

i=1 i=1

Next, we have

t ¢
alV ity = > Wi = 20 D + il = > wil- = 2, ) = 0a(1),
i=1 i=1

ie.,u, — X0, wi- — z,,) — 0in H'(R?).
On the other hand, by Lemma 2.2, we obviously get that lim 7, (u,) = by. O

4. Existence of critical points

In this section, let p be fixed in Proposition 3.2. We present the result as follows.

Proposition 4.1. There exists hy > 0 such that for h € (0, hy), In|pm has a critical point u, € Z(p).
Moreover, limy,_,o [(u;) = by and the Lagrange multiplier uy, € R satisfies

%i_f)fol/lh = o, Iy(upy + psd"(up) = 0. 4.1)
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Remark 4.2. By Proposition 3.2, it is easy to verify that (4.1) holds if uy, is a critical point of Iy| s such
that lim sup;,_, 1, < by.

The proof of Proposition 4.1 can be obtained as in [31] by considering the following contradiction:
{h,} with i, — O such that for some sequence b;,, — by, I; admits no critical points in
{u e Z(o)\I;, (u) < by, }. For brevity, we denote i = #i,,. Then from Lemma 3.1 and Proposition 3.2,
there respectively exist kp > 0 and v > 0 independent of 7 and v; > 0 such that

7305 @] = vis for u € Z(o) 0 [ho = 260 < Iy < byl

11305l 5, = s for u € (Z(o) \ Z(p/4) N [bo — 260 < Iy < by,

(4.2)

where
(b1 < Il = {u € H'®)Iby < Liw)},

s < bl = {u € H'R)|I(w) < bo},

[bi < Iy < byl = {u € H'®)\by < Liw) < by,

for any by, b, € R.
Thanks to (4.2), one can get the following deformation lemma.

Lemma 4.3. Let v, and v be given as in (4.2). For any k € (0, min {K(), ‘1’—;}) , there exists hi, > 0 such
that for h € (0, k) there is a deformation n : M — M that satisfied the following conditions:

(@) n(u) = uifu e M\ (Z(p) N [bo — 2« < I)).
(b) Liin(w) < () if u e M.
(c) n(u) € Z(p) N Iy < bo — k] if u € Z(p/4) N [I} < by] .

To give the proof of Lemma 4.3, we borrow some ideas from [5,6,31] in the L?-subcritical case and
L?-supercritical case.

4.1. L*-subcritical case o € (O, %)

For every ¢ > 0, we denote
Ss = {s € Si_1||s— s0| < 5},

where s° = (luila, -+, lueh). Fix g; € K; and g5 = %qi fori =1, 2,---, ¢ and define the (£ — 1)-
dimensional initial path by

4
&(5) = By ) wy(- = gin),
i=1

where By := |Zf:1 2 G q,;;-,)|;l. Note that we can fix 6 > 0 small enough such that
&(s) € Z(p/4) for s € S5

and
B; — 1 as i — 0 uniformly in S 5.

Define
by = rggxlh(fh(s».
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Lemma 4.4. lim;_,o b, = by and fix any k € (0, min {Ko, %}) such that

sgg[h(gh(s)) < by — 2k, 4.3)

where S 5 := {s eS| |s - s0| = (5}.

Proof. Since
2
hdb(f |V§h|2) -0 as h—0,
R3

one can deduce that

¢
Li(&n(s)) — Z Ii(wy,) as i — 0 uniformly for s € S;.
P

By Lemma 2.3(a), we have
sup Ih(fh(s)) < b() - 2k.

seBS(;
O
Proof of Proposition 4.1 in the L*-subcritical case. By Lemma 4.3 and (4.3), we have
n(&n(s)) = &n(s) for s € 4S5, (4.4)
1y(n(&n(s))) < by — k and n(&x(s)) € Z(p) for s € S 4.5)
Define
(< K
Pip = ( f |u|2) (Z f |u|2) , foru e M.
7 i1 i
Similar to the case in [31], there exists s' € S5 such that ¥; ,(n(&x(s"))) = s¥ = |u;],. Denote
Up,p = n(fh(sl)), Uin = Yi,nlo, 1s (4.6)
where v, € Cg"(%(Q}), [0, 1]) is a cut-off function such that y;;, = 1 on %Qi and |V)/i,h < Ch for

eachi =1,2,---, ¢ and some C > 0; Q;. is an open neighborhood of Q;. By (4.5), we have that
Gr(up.;) < C for some C > 0 that is independent of 7, which implies that

||u0’h||H1(]R3\U4’:1%Q;) < Ch. 4.7)
Then
|uis], = luily + 0a(1) (4.8)
and
Ii(u;) < Ii(ui ) + ox(1). 4.9)

Hence from (4.5)-(4.9), we have

¢ ¢
bo — k = Ij(ug,) > Z Ii(ui ) + op(1) 2 Z Ii(u;) + 05(1) = by + op(1),
i=1 i=1
which is a contradiction. This completes the proof. O
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4.2. L?-supercritical case o € (%, 2)

Fix ¢; € K; and denote ¢, = %qz'; we set
¢
{n(s) = By, Z t7Puiti(- — qip) for t = (11, ta, =+ , 1) € (0, +00)",
P

_ -1
where By, := |Zf:1t[3/2ui(ti(' - 6]i,h))|2 .
Define
by := max _ Li({x(D)).

te[1-6, 1+6]¢

Note that we can fix 6 > 0 small enough such that

(1) € Z(p/4) fort € [1 =6, 1 + 6],
and B; — 1 holds. Note also that

L(w) > (P ui(tr)) for t; € [1 =8, 1+ 8]\ {1}.
Since
2
hdb(f |Vg,,|2) —0 as h—0,
R3

and

l
L&) — Z L(tui(t;)) as i — 0 uniformly for ¢ € [1 - &, 1 + 5",

i=1

one can get the result as in [31].

Lemma 4.5. limy_o by = by and fix any « € (0, min {ko, %) such that

sup  Ii(4n(2)) < bo — 2.
ted[1-6, 1+61¢

Proof of Proposition 4.1 in the L*-supercritical case. By Lemma 4.3 and (4.10),
n((0) = L) if t € 8[1 -5, 1 + 6],
Li((Z(1))) < bo — k and (Z(1)) € Z(p) for t € [1 =6, 1+ 6],

- —
3 30k; 3

(D,' — V 2 i 20+2 , f .

" (Lﬁ ul) (—(2+2a)af;9,.|”| ) orue M

I3

Define

Similar to the case in [31], there exists t' € [1 — &, 1 + 6] such that

D; w((())) =1, i=1,2, -+, L.

(4.10)

(4.11)

(4.12)

(4.13)
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We denote

¢
_ _ _ _ 2
o := n(Cn(t"),  lip = Yinilon (Z |)’i,huo,h|2)

i=1

=

Similar to (4.7) and (4.8), we have
||ﬁ0’h||H‘(R3\U4:]%Q,-) = on(1) (4.14)

and

¢
_ 2
D binftos], = 1+ on(1), (4.15)
i=1
From (4.13)—(4.15), we have

1

1
_ p\=w [ 30k . po+2)7 _
lin = (lvui,h|2) (m |, h|2(r+2) = @, 5(itoz) + on(1) = 1 + 0x(1).

A direct calculation shows that

3
ol P | -1
(‘t | huz h(tz i )' s t&%uf,h(t[,h')‘z) € S+
and )
3ok 2042
¥ (ha)| = o i,
2

Hence by the definition of b,,, we have

{ {
My =b< 1 Qmawﬂ—Zumwmm)
i=1 i=1

Similarly, one can get a contradiction. O
5. Completion of the proof

Let u;, be the critical point of the modified function /; given in Proposition 4.1.
Completion of proof of Theorem 1.1.

Proof. We show that there exists ¢ > 0 independent of 7 such that

SO

||uh||H1(R3\U[ ”}1(7()‘r) S e

(5.1)

We adopt some arguments from [3,31]. Set [2h‘l‘rJ —1:=ny Forn=1,2,---,n, we take ¢, €
C'(R3, [0, 1]) such that
du(x) =0, ifxe R*\E,
$u(x) =1, if x € Ey1,
IV, (%) < 2, xeR3,
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where E, := {x e R¥|dist(x, UL, 1(K)?) > n— 1}. Then by Proposition 3.2,

¢
}li_f)%”MhHHl(El) < %1_{%2 lletill g1 2\ 8y 0)) = O- (5.2)
i=1

Note that foreachn =1, 2, --- , ny,
e 1

=13, (K" C ¢, (1).

1
suppxs = R* \ UlegQi cR*\U

Since <1;'»,(Mh) + upJ’ (up), ¢,,uh> = 0, we have

a f VupV(g,up) + 1'b f V| f VunV(g,uy)
R3 R3 R3

—f K(hx) |uh|20—+2¢n+f,uhu%¢n
R R

= — 417" Gp(up)? f Xi(VupV(gauz) + ) (5.3)
R3

= — 417" Gplup)? f (VupV(gp,un) + uzd,)
RI\U. 1,

i=1h
= — 417 Gup)? f (Vi + uz) < 0.
R3\Uf:| %Qi
Therefore, by (5.3) and the Sobolev embedding,

Ho

: 2
min {a, > }IluhllHl(EM)

< . Gn(@|Vuyl® + pnuez)
R

< f K(hx) [us"** ¢, — a f upVup Ve, — h'b f |V f VupV(nity)
R3 R3 R3 R3

20+2 2 2 d 2
< Cllunl252 ) + allunlly g, = allually s, — 700 f 0 f TALCRTS
R3 R3
20

2 2
< @+ Cllunllp,, + onO) lnly s, — @+ 0 (D) el -

where ~7ib [, [Vus* [, VurV(@uttn) < on(Dllunlly ) = ltallys ;) as i — 0. By (5.2), we have

Hl(En) Hl(En+l

2 -1 2
”Mh”H](E,Hl) < 9}‘, ||uh”H1(En) ’

where
a +min{a, 4} + 0,(1) o
6 = —>1+min{1, —} as h — 0.
a+ ox(1) 2a
Nothing that n;, > 7 for small values of 7, one can take some 6y > 1 and obtain
il <Ml < 6" Ny < €
Unllpn oyt Loy = el g, ) = O il gy = €0

It follows that for small values of 7, G4 (u;) = 0. So u; is a solution to the original problem (3.1) for
small values of 7. i
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