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1. Introduction and preliminaries

In the social sciences, engineering, health, environmental science, and economics, mathematical
modeling of uncertainty is essential for finding solutions to challenging issues. Although they have
limitations, other theories like probability theory, fuzzy set theory [1], and rough set theory [2] might
be helpful in handling ambiguity and uncertainty. The absence of parametrization tools is one of these
mathematical methodology’s main drawbacks.

The soft set theory was created in 1999 by Molodtsov [3] in response to criticisms of the
previously described uncertainty management strategies. It was suggested to use soft sets, or
parametrized universe possibilities. Set modeling uncertainty was introduced in [4] and refined in [5].
This standardized structure also has a lot of practical uses. Set interpretation has been successfully
applied for modeling uncertainty in a range of real-world scenarios by several studies (e.g., [6—12]).
These practical uses have shown the framework’s ability to solve problems and have further
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substantiated its usefulness and efficacy. Several researchers have examined and explored the key
concepts and tenets of soft set theory [12—-14].

In order to create a soft topology for a certain set of parameters, Shabir and Naz [15] created one
over a family of soft sets. Their work encouraged more research in this field by demonstrating the
similarities between concepts in soft topology and classical topology. Many contributions have been
made to the study of topological concepts in soft contexts since the beginning of soft topology, such
as [16-28].

Mappings on soft sets were investigated by Majumdar and Samanta [29], along with their uses in
medical diagnosis. The notion of soft mapping with characteristics was first presented by Kharal and
Ahmed [30], who also suggested soft continuity for soft mappings [31].

The notion of soft continuity and its many characterizations are extensively explored in the literature
reviews that were provided in numerous publications, such as [32—40]. This mathematical notion,
which describes the smooth transition of a function between its values at adjacent places, is examined
in these works in all of its complexity.

Soft continuity has been the subject of extensive research in soft topology and other areas of
mathematics. Many disciplines, including soft topological models, data modeling, engineering,
science, economics, and business, make extensive use of soft continuity. This field has drawn the
attention of scientists. This motivated us to write this paper.

In this paper, we continue the study of “soft strong 6-continuity” and define and investigate “soft
almost strong 6-continuity” which is a generalization of soft strong 6-continuity. We give
characterizations and examine soft composition concerning these two concepts. Furthermore, we
derive several soft mapping theorems. We provide several links between these two ideas and their
related concepts through examples. Lastly, we look at the symmetry between them and their
topological counterparts.

This article is organized as follows: In Section 2, we continue the study of soft strongly #-continuous
functions. In particular, we investigate the correspondence between them and their analog concept in
general topology. Also, we show that this type of soft function is strictly stronger than soft d-continuity.
Moreover, we provide two new characterizations of them. Furthermore, we provide several results on
soft preservation, composition, and products related to soft strong 6-continuity. Besides these, we
give several suitable conditions under which a certain kind of soft continuous function is soft strongly
f-continuous. In Section 3, we define “soft almost strongly #-continuous functions”. We present
many characterizations of them, and we investigate the correspondence between them and their analog
concept in general topology. Also, we show that this class of soft functions lies strictly between the
classes of soft strongly #-continuous functions and soft d-continuous functions. Moreover, we provide
several results on soft preservation and composition related to almost soft strong #-continuity. In
addition to these, we give several suitable conditions under which a certain kind of soft continuous
function is soft almost strongly #-continuous.

Let L be an initial universe and A be a set of parameters. A soft set over L relative to A is a function
K : A — P(L), where P(L) is the power set of L. The collection of soft sets over L relative to A is
denoted by S (L,A). Let H € S (L,A). If H(a) = 0 for each a € A, then H is called the null soft set
over L relative to A and denoted by 0. If H (a) = L for all a € A, then H is called the absolute soft
set over L relative to A and denoted by 1,. If there exist b € A and y € L such that H (b) = {y} and
H (a) = 0 for all a € A — {b}, then H is called a soft point over L relative to A and denoted by b,. The
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collection of all soft points over L relative to A is denoted by P (L, A). If for some b € A and X C L,
H (b) = X and H (a) = 0 for all a € A—{b}, then H will be denoted by by. If forsome X C L, H (a) = X
for all a € A, then H will be denoted by Cx. If H € S (L, A) and a, € P (L, A), then a, is said to belong
to H (notation: a,€H) if x € H (a). Soft topological spaces were defined in [15] as follows: A triplet
(L, p,A), where pC S (L, A), is called a soft topological space if 05, 15 € @, and p is closed under finite
soft intersections and arbitrary soft unions.

Throughout this paper, we follow the notions and terminologies as they appear in [41, 42].

Let (L, p,A) and (L, @) be a soft topological space and a topological space, respectively. Let H €
S(L,A)and W C L. Cl,(H), Int,(H), Bd,(H), Cl,(W), Int,(W), and 9 will denote the soft closure
of H, the soft interior of H, the soft boundary of H, the closure of W, and the interior of W, and the
family of all soft closed sets in (L, p, A), respectively.

We will now go over some of the notions that will be used in the remainder of this work.
Definition 1.1. [43] Let (L, @) be a topological space, and let V C L. Then V is called a 6-open set
in (L, @) if for every x € V, there exists U € « such that x € U € Cl,(U) € V. The collection of all
#-open sets in (L, @) is denoted by .

It is well-known that ay is a topology, @y C @, and @y # @ in general.

Definition 1.2. A function g : (L,a) — (M, y) is called 8-continuous (6-C) [44], (resp., strongly
#-continuous (S-6-C) [45], almost strongly #-continuous (A-S-6-C) [46]) if for every x € L and every
U € y such that g (x) € U, we find V € a such that x € V and g(Cl, (V)) € CL, (U) (resp. g(Cl, (V)) C
U, g(Cly (V) € Int, (CL(U))

Definition 1.3. Let (L, ¢, A) be a soft topological space, and let K € § (L, A). Then K is said to be a

(a) [47] Soft §-open set in (L, p, A) if for every a,€K, we find H € g such that a,eHCC IW(H)EK )
py will denote the collection of all soft -open sets in (L, , A).

(b) [48] Soft regular-open set in (L, , A) if K = Int,(Cl,(K)). Soft complements of soft regular-
open sets in (L, 9, A) are called soft regular-closed sets. The families of all soft regular-open sets in
(L, 9, A) and soft regular-open sets in (L, 9, A) are denoted by RO (p) and RC (), respectively.

(c) [49] Soft §-open set in (L, p, A) if for every a€K, we find H € RO (p) such that a,€HCK.
95 will denote the collection of all soft d-open sets in (L, g, A). It is known that g, and @s are soft
topologies, 9y C 95 C @, Yo #+ Ps In general, and ps # @ in general.

Definition 1.4. A soft topological space (L, ¢, A) is called

(a) [50] Soft Hausdorf if for every ay, by, € P (L, A) such that a, # by, there exist G, H € g such that
a.€G, b,eH, and GNH = O,.

(b) [50] Soft Ty if for every a,, b, € P(L, 9, A) such that a, # by, there exist G € ¢ such that (a,€G
and b,¢G) or (a,¢G and b,€G).

(c) [50] Soft regular if for every a, € P(L,A) and every G € @ such that a,€G, there exists K €
¢ such that a,€KCCl, (K) CG.

(d) [51] Soft Urysohn if for every a,, b, € P (L, A) such that a, # b,, there exist G, H € @ such that
a,€G, byeH, and CI, (G) ﬁClp (H) = 04.

(e) [52] Soft almost regular if for every a, € P(L,A) and every G € RO (p) such that a,€G, there
exists K € o such that a,€KCCI, (K) CG.

(f) [53] Soft semi-regular if for every a, € P(L,A) and every G € ¢ such that a,€G, there exists
K € ¢ such that a,€KCI nt, (Cl, (K)) CG or equivalently if ps = .

(g) [31] Soft compact if for any G Cg such that 1, = UGEQG, there exists a finite subcollection
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G C G such that 1, = Ugeg, G-

Definition 1.5. A soft function f),, : (L,p,A) — (M, N, Q) is called soft almost continuous [54],
(resp., soft #-continuous (soft 6-C) [55], soft d-continuous [56], soft strongly 6-continuous (soft
S-6-C) [57)) if for every a, € P(L,A) and G € N such that f,, (a,) €G, we find H € ¢ such that a,€H
and fpu (H):S:Intx (ClN (G)) (resp., fpu (Clgo (H)) EClN (G), fpu (Int@ (Clp (H))) EI””N (ClN (G))a
fou (Cl, (H)) CG).

Definition 1.6. [31] For any two soft topological spaces (L, p,A) and (M, N, Q), the soft topology on
L x M relative to A x Q having {H X K : H € p and K € N} as a soft base is denoted by pr (p X N).
Definition 1.7. [41] For any topological space (L,a), the soft topology
{HeS (L,A): H(a) € aforevery a € A} on L relative to a will be denoted by 7 (@).

Definition 1.8. [41] For any collection of topological spaces {(L,a,) : a € A}, the soft topology
{HeS (L,A): H(a) € a, for every a € A} is denoted by @,cpr,,.

2. Soft strongly 6-continuity

In this section, we continue the study of soft strongly #-continuous functions. In particular, we
investigate the correspondence between them and their analog concept in general topology. Also, we
show that this type of soft function is strictly stronger than soft J-continuity. Moreover, we provide
two new characterizations of them. Furthermore, we provide several results on soft preservation,
composition, and products related to soft strong #-continuity. Besides these, we give a number of
suitable conditions under which a certain kind of soft continuous function is a soft
strongly 6-continuous.

Theorem 2.1. If f,, : (L, p,A) — (M, R, Q) is soft S-6-C, then p : (L, pp) — (M, N,)) is S-6-C for
all b € A.

Proof. Let f,, : (L,p,A) — (M,R,Q) be soft S-6-C and let b € A. By Proposition 5.2 of [55],
fov ¢+ (Lipg,A) — (M,X,Q) is soft continuous. Thus, by Corollary 5.13 of [41],
p (L, (99),) — (M,N,4) is continuous. Since by Theorem 2.20 of [58], (99)» S (9s)s, then
P (Z,(9p)g) — (Y,N,4)) is continuous. Therefore, p : (L, ;) — (M, N, 1)) is S-6-C.

Theorem 2.2. Let {(L, A,) : a € A} and {(M, ) : b € Q} be two collections of topological spaces. Let
p:L— Mandv : A — Q be functions where v is bijective. Then, f,, : (L,®uerds, A) —
(M, @peaifp, Q) is soft S-0-C if and only if p : (L, 2,) — (M, ¥ y) is S-6-C for all a € A.

Proof. Necessity. Let f,, : (L,®ueada, A) —> (M, @peqifp, ) be soft S-6-C. Let a € A. Then by
Theorem 2.1, p : (L, (®ueads),) — (M, (@begwb)v(a)) is S-6-C. However, by Theorem 3.11 of [41],
(@acada)e = Aa and (Speat¥p) () = Y- Hence, p : (L, ) — (M, ) is S-6-C.

Sufficiency. Let p : (L, ,) — (M, ¥,) be S-6-C for all a € A. Let H € @peqf,. By Theorem 2.21
of [58], we need only to show that ( fp‘vl(H)) (@) € (A,)y for all a € A. Let a € A. Since
P i (L Ao) — (M. ) is S-6-C and H (v()) € Yoy, then (£ (D) (@) = ¢ (H (v (@))) € (Ao)y-
Corollary 2.3. Let p : (L,a) — (M,y) and v : A — Q be two functions where v is bijective. Then,
p:(L,a) — (M,y)is S-6-C if and only if f,, : (L, 7(a),A) — (M, 7(y),Q) is soft S-6-C.

Proof. Foreverya € Aand b € Q, let 1, = a and ¥, = y. Then, 7 (@) = Suead, and 7 (y) = Bpeqy.
By Theorem 2.2, we get the result.

In the following three examples, we apply Corollary 2.3:
Example 2.4. Let L = Z, « = {0,L,N}, and A = R. Suppose that Int,,(N) # 0. Then, there
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exists x € Int,, (N). So, we find V € a such that x € V C CIl,(V) € N. Thus, V = N and,
hence, Cl, (V) = L C N. Therefore, Int,,(N) = 0. Let p : (L,a) — (L,a) andv : A — A be
the identity functions. Since p~'(N) = N ¢ aj, then p is not S-6-C. Therefore, by Corollary 2.3,
Jov i (L7 (@) ,A) — (L, 7 (@), A) not soft S-6-C.
Example 2.5. Let L = R, @ = {0,R} U {(—00,) : t € R}, and A = Z. Consider the identity functions
p:(L,a) — (L,a)and v : A — A. Then, p is 6-C but not S-6-C. Therefore, by Theorem 3.2 of [58]
and Corollary 2.3, f,, : (L,7 (@) ,A) — (L, 7 (@), A) is soft §-C but not soft S-6-C.
Example 2.6. Let L = R, « be the usual topology on L, and A = N. Consider the identity functions
p:(L,a) — (L,a)and v : A — A. Then, @y = a and, thus, p : (L,a@) — (L, @) is S-6-C. Therefore,
by Corollary 2.3, f,,, : (L, 7 (a),A) — (L, 7 (), A) is soft S-6-C.
Theorem 2.7. Every soft S-6-C function is soft d-continuous.
Proof. Let f,, : (L,p,A) — (M, N, Q) be soft S-6-C. Let H € Ns. Since 8; C N, then H € N. Thus,
fp‘v1 (H) € pg C ps. It follows that f,, : (L, 9, A) — (M, N, Q) is soft 6-continuous.

One cannot reverse Theorem 2.7:
Example 2.8. Let L = R, a be the usual topology on L, y = {0} U{U C L : L — U is countable}, and
A = {a, b}. Consider the identity functions p : (L,a) — (L,y) and v : A — A. Then, p is 6-C but not
S-6-C. Thus, f,, : (L,7(@),A) — (L, 7 (@), A) is soft §-continuous but not soft S-6-C.
Theorem 2.9. Let f,,,, fo : (L, 9, A) — (M, N, Q) be soft S-6-C functions such that (M, N, Q) is soft
Hausdorff, and let H = U{ax D v (ax) = fu (ax)}. Then, H € (py)°.
Proof. Let b;él a— H. Then, f,, (by) # fou (by). Since (M, N, Q) is soft Hausdorff, then there exist
T.S € N such that f,, (by)ET, fou (by)’evS , and TNS = Oq. Since f,,f, are soft S-6-C,
then f,,1 (T), £,/ (S) € pe.
Claim. ;' (T)Nf;,' (S)NH = 04.
Proof of Claim. Assume, however, that in contrast, there exists d, such that f,,, (d,) €T, f,, (d.) €S, and
fov(d) = fou(d;). Then, f,, (dZ)ETﬁS = Oq, which is a contradiction.

Therefore, we have byef, ! (T) n fou (S) € gy and by the above claim, f, ' (T) n Jal (S )Cls— H.
This shows that 1,— H € gy. Hence, H € (po)°.
Theorem 2.10. Let f,, : (L, p, A) — (M, N, Q) be soft S-6-C injective and (M, X, Q) be soft Hausdorft.
Then, (L, 9, A) is soft Urysohn.
Proof Let a,,by € P(L,A) such that a, # b,. Since f,, is injective, then f,, (a,) # f,(by). Since
(M, N, Q) is soft Hausdorff, then there exist 7, S € N such that f,, (a,) €T, f, (by)ES ,and TNS =
Oq. Since f,, is soft S-6-C, then there exist U,V € ¢ such that a,€U, b€V, f,,(CL,(U))CT, and
Finl(Cly (V))CS.

Therefore,  Cl, (UYNCL, (V) Sfyl (fon (Cly (U)) A5 (f (CLy (V) Sl (D) AL (S) -
£(TRS) = £ (0a) = Oa.
Theorem 2.11. Let f,, : (L,p,A) — (M, N, Q) be soft S-6-C and injective. If (M, N, Q) is soft T,
then (L, p, A) is soft Hausdorft.
Proof Let a,,by € P(L,A) such that a, # by. Since f,, is injective, then f,, (a,) # f,u (by). Since

(M., Q) is soft T, then there exists T € N such that (f,, (a,) €T and f,, (b,) €l = T) or (f,, (b)) €T
and f,,, (a,) €lq — T). Without loss of generality, we may assume that f,, (a,) €T and f,, (by) €l -T.
Since f,, is soft S-6-C, then there exists U € ¢ such that a,€U and fon(Cl, (U )CT. Therefore, we
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have a,€U € ¢, be(1n—Cl,(U)) € o, and UN(15-Cl,(U)) = 0x. Hence, (L p,A) is
soft Hausdorff.

Theorem 2.12. If f,,, : (L,p,A) — (M, N, Q) is soft S-6-C and f,,,, : (M,N,Q) — (N, J,II) is
soft continuous, then f(,,0p, )01, 18 soft S-6-C.

Proof. Let f,,,, be soft S-6-C and f,,,, be soft continuous. Let H € J. Since f,,,, is soft continuous,
f,L, (H) € 8. Since f,,,, is soft S-6-C, then, £1, (.1, (H)) = f.!, ..., (H) € 95. This shows that
ﬁPZOPl)(VZOVl) is soft S-6-C.

Corollary 2.13. If f,,, : (L,p,A) — (M,N,Q) and f,,,, : (M,N,Q) — (N, J,1I) are soft S-6-C
functions, then f,,0p,)w0n,) 18 soft S-6-C.

Proof. The proof follows from Proposition 5.3 of [57] and Theorem 2.12. For any two nonempty sets
X and Y, the projection functions g : X XY — X and h : X X Y — Y defined by g (x,y) = x and
h(x,y) =y forall (x,y) € X X Y will be denoted by nx and 7y, respectively.

Theorem 2.14. Let (L,p,A), (M,N,Q), and (N, J,1I) be three soft topological spaces, and let
fov i (Lo, A) — (M X N, pr(8 x 3),Q xII) be a soft function. Then, f,,, is soft S-6-C if and only if
fipommwore) * (Ly 9, A) — (M, R, Q) and [ ony)vomy) © (L, 9, A) — (N, J,11) are soft S-6-C.

Proof. Necessity. Let f,, be soft S-6-C. Since fiz, o) : (M X N, pr(8 x J),Q xI1) — (N, J,11I) and
fonan @ (MXN,pr(8x3),QxII) — (N,3,II) are always soft continuous, then by
Theorem 2.12, fipon,)worq) a0 f(pory)wory) are soft S-6-C.

Sufficiency. We will apply Proposition 5.5 of [57]. Consider the soft sub-base
(Hx1p:HeNX} U {lgxK:KeJ} of (MXN,pr(Nx3J),QxTII). Since  fipory)wory) and
Jipory)wory) are soft S-6-C, then for any H € N and K € 3, f,., (H x 1y1) = f(;inM)(mm) (H) € g, and
fp‘olv (Iag X K) = f(;im)(voﬂn) (K) € pg. Therefore, f,, is soft S-6-C.

For any function g : X — Y, the function 4 : X — X X Y defined by h(x) = (x, g (x)) will be
denoted by g*.
Theorem 2.15. Let f,, : (L,p,A) — (MK,Q) be a soft function. Then,
forvt 2 (L, 9, A) — (L X M, pr(pxN), A X Q) is soft S-6-C if and only if f,, is soft S-6-C and (L, p, A)
is soft regular.
Proof. Necessity. Let f#+ be soft S-6-C. Then, by Theorem 2.14,
Jov = f(p#o,rN)(V#oﬂn) : (L, p,A) — (N, 3,10) is soft S-6-C. To show that (L, ¢, A) is soft regular, it is
sufficient to see that p C ¢y. Let K € ¢. Since f,#,+ is soft S-6-C, then K X 1o € pr(pxK), and, thus,
iy (K x 1) = K € gy,
Sufficiency. Let f,, be soft S-6-C and (L, p,A) be soft regular. Since f,, is soft S-6-C, then by
Proposition 5.3 of [57], f,, is soft continuous. Thus, f,+ is soft continuous. Since (L, p, A) is soft
regular, then gy = @. Therefore, by Proposition 5.2 of [57], f# is soft S-6-C.
Lemma 2.16. Let (L, p,A) and (M, N, Q) be two soft topological spaces. Then for any 7" € S (L, A)
and S € S (M, Q), T xS € (pr(pxN)),if andonly if T € 9y and S € N,.
Proof. Necessity. Let T X S € (pr(pxN)),. Let a,€T and byES. Then, (a, b),., €T X S € (pr(pxN)),.
Thus, there exists G € pr(pxN) such that (a, ), ’EVGPC:CZ,,,(WN) (G)CT x S. Choose U € ¢ and
V € N such that (a,b),, €U x VCG.  Since U X VCGCCl,yoxx) (G)CT X S, then
Cl, (U) X Clg (V) = Clyypxx) (U X V) CClyyoxw) (G) CT x S. Therefore, we have a,€UCCI, (U)CT
and b,€VCClIy (V) CS. Hence, T € gy and S € N,.
Sufficiency. Let T € pg and S € Ny. Let (a,b),,) €T X S. Then, a,€T € g, and byeS € N,. So, there
exist U € p and V € N such that ax’éUEClp(U) CT and byEVEClN(V) CS. Therefore, we have

AIMS Mathematics Volume 9, Issue 6, 16687-16703.



16693

U XV € pr(px8) and (a,b),,, €U x VCCl, (U) X Clx (V) = Clyyoxs) (U X V)CT x S. This shows
that 7 X S € (pr(pxN)),.

Theorem 2.17. Let f,,, : (L,p,A) — (M,N,Q) and f,,,, : (N, 3, 1) — (O, R, D) be two soft
functions. Let p* : LXN — M X O and v' : A XII — Q X © be the functions defined by
pr(xy) = (p1(x), p2(y))  and  v'(a,D) = (vi(a), va(b)). Then,
forve 1 (LX N, pr(px3),AxII) — (M x O, pr (8xR),Q x D) is soft S-6-C if and only if f,,,, and
Spov, are soft S-6-C.

Proof. Necessity. Let f,~ be soft S-6-C. Let H € N and K € R. Then, H X K € pr(8xR). Thus,
fow HXK) = fol (H) x f;,(K) € (pr(px3)),. So, by Lemma 2.16, f, (H) € ¢y and

fp‘2 1V2 (K) € Jy. This shows thatp;‘;v] and f,,,, are soft S-6-C. o

Sufficiency. Let f,,,, and f,,,, be soft S-6-C. We will apply Proposition 5.5 of [57]. Consider the soft
base (and, hence, soft sub-base) {H X K : H e Nand K € R} of (M x O, pr(NxR),Qx ®). Let
H e Nand K € R. Then, f, (H) € ps and f,, (K) € Jy. Since f.. (Hx K) = f, (H) X f,}, (K),
then by Lemma 2.16, fq‘*i* (H % K) € (pr (9x3)),. Therefore, f,-- is soft S-6-C.

Theorem 2.18. Let f,, : (L, p,A) — (M, R, Q) be soft continuous such that (M, N, Q) is soft regular.
Then f,, is soft S-6-C.

Proof. Let f,, be soft continuous such that (M, KX, Q) is soft regular. Let a, € P(L,A) and let H € N8

such that f,, (a,)€H. Since (M,N,Q) is soft regular, then there exists K € N such that

fov(a)EKCCly (K) CH. Since f,, is soft continuous, then f,!(K) € ¢ and
Cly (f! (K)) Sf! (Cly (K)). Therefore, ~we have a&f,/(K) € o and
For (Clo (£ (K))) S (fn! (Clis (K))) ECly (K) TH. This shows that f,, is soft S-6-C.

For a given soft function f,, : S (L,A) — S (M,Q), the soft set

U{(a,v(a))(x’p(x)) :a€Aand x € L} is called the soft graph of f,, and is denoted by G( fpv). So,
(a, b)) €G (f,v) if and only if £,,(a,) = by if and only if p(x) = y and v (@) = b.

Definition 2.19. Let f,, : (L,p,A) — (M,N, Q). Then, G ( fpv) is said to be #-closed with respect to
(L x M, pr(pxR), A x Q) if for each (a, b)) €laxa — G (f,). there exist T € I and S € N such that
a€T, byeS , and (Cl, (T) X Clx (5)) NG (f,0) = Oaxa

Definition 2.20. Let (L, p, A) be a soft topological space, and K € S (L, A). Then, K is said to be a soft
H-set if for every A C ¢ such that KCU,c4A, there exists a finite subcollection A; C A such that
KCUjen,Cly (A).

Theorem 2.21. Let f,, : (L,p,A) — (M, R, Q) be a soft function such that G (f,,) is ¢-closed with
respect to (L X M, pr(pxN), A x Q). If (M, N, Q) is soft semi-regular and every soft regular-closed set
in (M, R, Q) is a soft H-set, then f,,, is soft S-6-C.

Proof. Let a, € P(L,A) and let G € N such that f,, (a,) €G. Since (M, R, Q) is soft semi-regular, there
exists K € RO (X) such that f,, (a,)€KCG. For each b€lg — K, (a, b)(xy Elaxa — G ( fpv) and by
assumption, we find T (by) € ¢ and S (by) € N such that q,€T (by), byeS (by), and
(ClLy (T (By)) x Clx (S (by))) NG () = Oaxa or that f,, (CL, (T (b,))) ACIs (S (by)) = 0Oq. Since
lo— K € RO(N) and 1 — KEUbyaQ_KS (by), then by assumption, there exists a finite subset F' C
P (M, Q) such that d.€lq — K for every d; € F and lq — KCUuerClx (S (by)). Let N = AgerT (by)-
Then, we have a,€N € ¢ and
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This shows that f,,, is soft S-6-C.

Definition 2.22. Let f,, : (L,p,A) — (M,N, Q). Then, G ( fpv) is said to be #-closed with respect to
(L, p, A) if for each (a,b),,) €laxa = G ( fpv), there exist T € J and S € N such that a,€T, b,€S, and
(Cly (T) X S)AG (fr) = Oaxar

Definition 2.23. A soft topological space (L, g, A) is said to be soft rim-compact if (L, p, A) has a soft
base K such that Bd,, (K) is soft compact for every K € K.

Theorem 2.24. Let f,, : (L,p,A) — (M,N,Q) be a soft 6-C function such that (M, N, Q) is soft
rim-compact and G ( fpv) is f-closed with respect to (L, 9, A). Then, f,, is soft S-6-C.

Proof. Let a, € P(L,A) and let G € N such that f,, (ay) €G. Since (M, X, Q) is soft rim-compact, there
exists K € N such that f,,(a,)€KCG and Bd,(K) is soft compact. For each b,€Bd, (K),
(a,b)xy) Elaxa — G ( fpv) and by assumption, we find T (by) € pand S (by) € N such that a,€T (by),
byes (by). and (Cl, (T (by)) X S (by)) NG (f,0) = Oaxq or that £, (Cly (T (by)))AS (by) = 0Oq. Since
Bd, (K) is soft compact and Bd,, (K) EGb_vgBdw(K)s (by), then by assumption, there exists a finite subset
F C P(M, Q) such that dZEde (K) for every d. € F and Bd,, (K) EGdZGFS (by). Since f,, is soft 6-C,
there exists N € g such that a,€N and f,, (Cl, (N)) CCls (K). Let R = NN (ﬁdZEFT (by)). Then, we
have a,N € ¢ and Cl,, (R) = Cl, (NA (AT (b)) ECLy (N) A (A.crCly (T (by))). Thus,

fon (CL,(R) N (10 = K) Jon (Cly (R)) NBd, (K)

GdzeF (fpv (Clgo (R)) HS (by))
e (1 €17 )5 1)

= 0q.

Therefore, f,, (Cl, (R)) CKCG. This shows that fpv is soft S-6-C.
Theorem 2.25. Let f,, : (L, p,A) — (M, N, Q) be a soft function such that (M, N, Q) is soft compact
and G ( fpv) is f-closed with respect to (L, 9, A). Then, f,, is soft S-6-C.
Proof. Let a, € P(L,A) and let G € N such that f,, (a,)€G. For each be€lg — G,
(a,b)ry) Elaxa — G ( fpv) and by assumption, we find T (by) € Jand S (by) € N such that a,€T (by),
byes (by). and (Cl, (T (by)) X S (by)) NG (f,0) = Oaxq or that £, (Cly (T (by)))AS (by) = 0q. Since
M,RX,Q) is soft compact and 1o — G € N then 1o — G is soft compact. Since
1o — GEG;,},EB%(K)S (by), then there exists a finite subset F C P (M, Q) such that d.€1 — G for every

d. € F and 1g — GZUgcrS (by). Now, we have f,, (Ru.crCly (T (6,))) A (UserS (b)) = 0. Let
N = ﬁdZeFT (by). Then, we have a,EN € ¢ and fov (CL, (N)) CG. This shows that Spv 18 soft S-6-C.
Theorem 2.26. If f,, : (L,p,A) — (M,N,Q) is soft S-6-C and (M, N, Q) is soft Hausdorff, then
G ( fpv) is 6-closed with respect to (L, p, A).

NN 1l
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Proof. Let (a, b)) Elaxa - G ( fpv). Then, f,, (a,) # b,. Since (M, N, Q) is soft Hausdorff, then there
exist 7, S € N such that f,, (a,) €T, b,€S, and TNS = Oq. Since f,, is soft S--C, then there exists
N € ¢ such that a,€N and f,, (Cl, (N)) CT. Therefore, fov (ClL, (N)) NS = 0q and, hence,
(Cl,(N) x S) NG ( fpv) = Oaxq. This shows that G ( fpv) is O-closed with respect to (L, p, A).

Theorem 2.27. Let (M, R, Q) be soft Hausdorft and soft compact. Then, f,, : (L, 9,A) — (M, N, Q)
is soft S-6-C if and only if G ( f,,v) is 6-closed with respect to (L, 9, A).

Proof. The proof follows from Theorems 2.25 and 2.26.

Theorem 2.28. Let f,, : (L,p,A) — (M, N, Q) be a soft strongly 6-C function. If K € § (L, A) such
that K is a soft H-set, then f,,,(K) is soft compact.

Proof. Let A C N such that fpV(K)EUAeﬂA. For each d,€K, there is A(d,) € A such that
Sov (d,)€A(d,). Since fpv 18 soft S-6-C, then there exists N (d,) such that f,,(Cl, (N (d,))CA (d,).
Since K is a soft H-set and KEGngKN (d,), then there exists a finite subset F C P (L, A) such that
de€K for every d, € F  and  KCUucrCl, (N (d). Thus,

fpv(K)Efpv (GdZeFClp (N (dx))) = GdzeFfpv (Clgp (N (dx))) EGdzeFfpv (A (dx)) Consequently, fpv(K) is
soft compact.

3. Soft almost strongly 6-continuity

In this section, we define ‘“soft almost strongly 6-continuous functions”. We present many
characterizations of them, and we investigate the correspondence between them and their analog
concept in general topology. Also, we show that this class of soft functions lies strictly between the
classes of soft strongly #-continuous functions and soft d-continuous functions. Moreover, we provide
several results on soft preservation and composition related to almost soft strong 6-continuity. In
addition to these, we give several suitable conditions under which a certain kind of soft continuous
function is soft almost strongly #-continuous.

Definition 3.1. A soft function f,, : (L, p,A) — (M, N, Q) is called soft almost strongly #-continuous
(soft A-S-6-C) if for a, € P(L,A) and each H € N such that f,, (a,) € H, we find K € o such that
a.€K and f,,(Cl, (K))CInty (Clx (H)).

Theorem 3.2. The following are equivalent for the soft function f,, : (L, p,A) — (M, N, Q):

(@) fpy 1s soft A-S-6-C.

(b) For every H € RO(N), f,,,/(H) € py.

(c) For every G € RC (N), f,/(G) € (pq)°.

(d) For each a, € P(L,A) and each H € RO (N) such that f,, (a,) €H, we find K € g such that a,€K
and f,,(Cl, (K))CH.

(e) For every N € N5, f,(N) € py.

(f) For every C € (Ry)", £,,/(C) € (pq)“.

(g) Forevery T € S (L, A), f,(CLy (T)ECly, (f(T)).

(h) For every N € § (M, Q), Cl,, (fp‘vl(N)) Efp_vl(Clxé (N)).

Proof. (a) — (b): Let H € RO (N) and let a,€f,(H). Then, f,,(a,)€H. So by (a), there exists K € o
such that a,€K and f,,(Cl, (K))CInty (Cls (H)) = H. Thus, a,€KCCl, (K) Cf,(H). This shows that
Jo (H) € .

(b) — (c): Let G € RC (N). Then, 1 — G € RO (N). So, by (b), fp_v](lg -G) =1, - fp‘vl(G) € 9.
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Hence, f,(G) € (py)°.

(c) — (d): Leta, € P(L,A) and let H € RO (¥) such that f,,, (a,)€H. Then, 1o — H € RC (N). So,
by (), fo (1o = H) = 15 = f;)(H) € (po)°. Thus, f;,!(H) € py. Since a.f,(H) € gy, there exists
K € g such that a,EKCCl, (K) Cf;,|(H). Hence, f,,(CL, (K))Cf, (f5 (H))CH.

(d) — (e): Let N € N; and let a.ef,/(N). Since f,,(a,)EN € Ny, there exists H € RO(X)
such that f,, (a,) EHCN. So, by (d), there exists K € ¢ such that a,€K and f,,(Cl, (K))CH. Thus,
a,€KCCl, (K) Cf,,)(H)CN. This shows that f,,'(N) € @y

(e) — (f): Let C € (Ny)". Then, 1 — C € 5. So, by (e), f,,/(1a — C) = 1o — f,,(C) € py. Hence,
[ (C) € (po)°.

(f) — (2): Let T € S (L, A). Then, Clx, (f,(T)) € (R5). So, by (f), £ (Cls, (£,(T))) € ()"
Since TC £, (Clx, (fu(T))). Clo,(T)C £ (Cls, (f(T))) and, hence, £,,(Cly,(T)ECly, (fu(T)).

(2) — (h): Let N € S (M, Q). Then, by (f), f,(Cly,(f;, (N)CCly, ( Fnf) (N))) CCly, (N). Thus,
Cly, (£ ) S50 (for(Cloy (£ (N)) EfH(Cly, (N)).

(h) — (a): Leta, € P(L,A) and let H € N such that f,, (a,) € H. Let C = 1 — Intxy (Clx (H)).
Then, C € RC (R) € (Ry)°. By (h), CL,, (£, ()£, (Cly, (C)) = f,/(C). Thus, £;,(C) € (p,)°. Since
a,€f, (Ints (Clx (H))) € 9y, there exists K € o such that a,€KCCI, (K)C £, (Intx (Clx (H))). Hence,
For(Cly (K)E foo (£ (Inty (Cls (H)))) Slnts (Cly (H)). This shows that f,, is soft A-S-6-C.

Theorem 3.3. For a soft function f,,, : (L, p, A) — (M, R, Q), the following are equivalent:

@) fpv: (Lyp, A) — (M, R, Q) is soft A-S-6-C.

(b) fov : (L, 99, A) — (M, N, Q) is soft almost continuous.

(©) fov i (L, 9o, A) — (M, R, Q) is soft continuous.

Proof. (a) — (b): Let H € RO(XN). Then, by (a) and Theorem 3.2 (b), fp‘vl(H) € @g. Thus,
by Theorem 3.8 (b) of [54], f, : (L, pg, A) — (M, N, Q) is soft almost continuous.

(b) — (c): Let G € Ns. Then, there exists H C RO (N) such that G = UpeyeH. By (a) and
Theorem 3.8 (b) of [54], f;,/(H) € gy for all H € H. Thus, f; (G) = f;! (OnerH) = Unenfyl (H) €
9. This shows that f,, : ( L, ps, A) —> (M, R4, Q) is soft continuous.

(c) — (a): The proof follows from Theorem 3.2 (e).

Theorem 3.4. Let {(L, A,) : a € A} and {(M, ¥;,) : b € Q} be two collections of topological spaces. Let
p:L— Mandv : A — Q be functions where v is bijective. Then, f,, : (L, ®ueads, A) —
(M, ®peaipp, Q) is soft A-S-0-C if and only if p : (L, A,) — (M, ) is A-S-6-C for all a € A.

Proof. Necessity. Let f,, 1 (L, @ueada, N) — (M, @iy, Q) be soft A-S-6-C. Let a € A. Let
U € RO (¥yq). Then, by Theorem 14 of [59], (v(a))y € RO (®pe¥¥p). So, by Theorem 3.2 (b),
£ (v (@)y) € @ueads)s. By Theorem 2.21 of [58], (£, (v (@)y)) (@) = p™ (U) € (A)y. Thus, by
Theorem 3.1 (b) of [46], p : (L, A,) — (M, ) is A-S-6-C.

Sufficiency. Let p : (L,A,) — (M, ) be A-S-6-C for all @ € A. Let H € RO (®peqV). By
Theorem 2.21 of [58], we need only to show that ( fp‘v1 (H )) (a) € (1,)g forall a € A. Leta € A. Since
H € RO (®peq¥s), by Theorem 14 of [59], H(v(a)) € RO (V). Since p : (L, ) — (M, {yy) is
A-8-6-C and H (v (a)) € RO (). by Theorem 3.1 (b) of [46], (f,,(H)) (a) = p™" (H (v (a))) € (A)s.
Corollary 3.5. Let p : (L,a) — (M,y) and v : A — Q be two functions where v is bijective. Then,
p:(L,a) — (M,y)is A-S-6-Cif and only if f,,, : (L, 7 (@) ,A) — (M, 7 (y), Q) is soft A-S-6-C.
Proof. For everya € Aand b € Q, let A, = @ and ¢, = y. Then, 7 (@) = @uead, and T (y) = Bpeats.
By Theorem 3.4, we get the result.
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Theorem 3.6. Every soft S-6-C is soft A-S-6-C.

Proof. Let f,, : (L,p,A) — (M, R, Q) be soft S-0-C. Let G € RO(p) C . Then, by Theorem 5.2
of [57], fp‘v] (G) € gg. Therefore, by Theorem 3.2 (b), f,, is soft A-S-6-C.

The example below shows that the inverse of Theorem 3.6 is not always true in general.

Example 3.7. Let L = {1,2,3,4,, M = 1{5,6,7,8}, a = {0,L{3},{1,2},{1,2,3}},
v = {0,M,{5},{7},{5,6},{5,7},{5,6,7},{5,7,8}}, and A = Q. Define p : (L,a) — (M,v) and
viA— Abyp(1)=p(2)=6,p(3)=p@) =5,v(a) =b,and v (b) = a. Then, f,, is soft A-S-6-C,
but it is not soft S-6-C.

Theorem 3.8. Every soft A-S-6-C is soft 9-continuous.

Proof. Let f,, : (L,p,A) — (M, N, Q) be soft A-S-6-C. Let G € RO (p). Then, by Theorem 3.2 (b),
fp‘v1 (G) € 8y € Ns. Therefore, by Theorem 6.2 (7) of [49], f,, is soft §-continuous.

The example below shows that the inverse of Theorem 3.8 is not always true in general.
Example 3.9. Let L, o, A, and v : A — A be as in Example 3.7. Let M = {5,6,7} and y =
{0, M, {5},{6},{5,6}}. Define p : (L,a) — (M,y) by p(1) = p(2) =6, p(3) = p(4) = 7. Then, f,, is
soft 6-continuous, but it is not soft A-S-6-C.
Theorem 3.10. Every soft 5-continuous is soft 6-C.
Proof. The proof follows directly from Theorems 7 and 8 of [19].

The following corollary follows from Theorems 3.8 and 3.10.
Corollary 3.11. Every soft A-S-6-C is soft 6-C.

The example below shows that the inverse of Theorem 3.10 is not always true in general.
Example 3.12. Let L = {1,2,3}, M = {5,6,7,8}, a = {0,L{1},{3},{1,2},{1,3}},
v = {0,L,{1},{3},{1,3}}, and A = R. Consider the identity functions p : (L,a) — (L,7y) and
v: A — A. Then, f,, is soft 6-C, but it is not soft 5-continuous.
Theorem 3.13. Let f,, : (L, p,A) — (M, R, Q) be soft continuous such that (L, p, A) is soft regular.
Then, f,, 1s soft S-6-C.
Proof. Let f,, be soft continuous such that (M, N, Q) is soft regular. Let a, € P(L,A) and let H € N
such that f,, (a,)€H. Since fpv 18 soft continuous, there exists K € N such that a,€K and Sov (K) CH.
Since (M, N, Q) is soft regular, there exists G € ¢ such that a,€GCClyx (G)CK. Thus, we have
a,€G € ¢ and f,, (G) c v (Clx (G)) CH. Therefore, fpv 1s soft S-6-C.
Theorem 3.14. Let f,, : (L, 9, A) — (M, N, Q) be soft 5-continuous such that (L, p, A) is soft almost
regular. Then, f,, is soft A-S-6-C.
Proof. Let f,, be soft 6-continuous such that (M, X, Q) is soft almost regular. Let a, € P(L, A) and let
H € RO(RN) such that f,, (a,)€H. Since Jpv 18 soft 6-continuous, by Theorem 6.2 (2) of [49], there
exists K € RO (N) such that a,€K and Sov (K) CH. Since (M,N,Q) is soft almost regular, by
Theorem 3.4 (2) of [52], there exists G € RO (p) C ¢ such that a,€GCClyx (G)CK. Thus, we have
a.€G € ¢ and f,,, (Cly (G)) Cf,, (K) CH. Therefore, by Theorem 3.2 (d), f,, is soft A-S-6-C.
Theorem 3.15. Let f,, : (L, p,A) — (M, R, Q) be soft §-C such that (M, KX, Q) is soft almost regular.
Then, f,, is soft A-S-6-C.
Proof. Let f,, be soft 6-C such that (M, KX, Q) is soft almost regular. To show that f,, is soft A-S-6-C,
we will apply Theorem 3.2 (d). Let a, € P(L,A) and let H € RO (N) such that f,, (a,)€H. Since
(M, N, Q) is soft almost regular, there exists K € RO (X) such that f,, (a,)€KCCls (K)CH. Since
fpv 18 soft 6-C, there exists G € g such that a,€G and o (CL,(G)) CClx (K)CH. This shows that Sfov 18
soft A-S-6-C.
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The following result follows from Theorems 3.10 and 3.15:
Corollary 3.16. Let f,, : (L, p,A) — (M,N,Q) be soft 6-continuous such that (M, N, Q) is soft
almost regular. Then, f,, is soft A-S-6-C.
Theorem 3.17. Let f,, : (L,p,A) — (M,R,Q) be soft A-S-6-C such that (M,N,Q) is soft
semi-regular. Then, f,, is soft S-6-C.
Proof. Let f,, be soft A-S-6-C such that (M, N, Q) is soft semi-regular. Let H € K. Since (M, N, Q) is
soft semi-regular, 8; = K. So, H € Ns. Since f,, be soft A-S-6-C, by Theorem 3.2 (b), fp‘v1 (H) € gq.
Therefore, by Proposition 5.2 of [57], f,, 1s soft S-6-C.
Corollary 3.18. Let f,, : (L,p,A) — (M, R, Q) be soft A-S-6-C such that (M, N, Q) is soft regular.
Then, f,,, is soft S-6-C.
Theorem 3.19. If f,,, : (L,p,A) — (M, R, Q) is soft S-6-C and f,,,,, : (M,N,Q) — (N, J,II) is
soft almost continuous, then f(,,0p, )00 18 sOft A-S-6-C.
Proof. Let f,,,, be soft S-6-C and f,,,,, be soft almost continuous. Let H € RO (J). Since f,,,, is soft
almost continuous, by Theorem 3.8 (b) of [54], 1. ' (H) e N. Since fpin 1s soft S-6-C,

2V2

Fob (ks (D) = £2) vy (D) € 9. This shows that fipep, e, is soft A-S-6-C.
Theorem 3.20. If f,,, : (L,p,A) — (M, N, Q) is soft A-S-6-C and f,,,, : (M,N,Q) — (N, I3, 1I) is
soft 6-continuous, then f(,,op,)wov)) 18 sOft A-S-6-C.

Proof. Let f,,,, be soft A-S-6-C and f,,,, be soft 5-continuous. Let H € RO (3). Since f,,,, is soft
d-continuous, by Theorem 6.2 (7) of [49], f;! (H) € Ns. Since Sfoon 18 soft A-S-6-C, by

p2v2
Theorem 3.2 (e), 5.1, (fohy (D)) = £\, son) (D) € 9. This Shows that fipep,yer,) is s0ft A-S-6-C.
The following result follows from Theorems 3.8 and 3.20:
Corollary 3.21. The soft composition of two soft A-S-8-C functions is soft A-S-6-C.
Theorem 3.22. Let f,, : (L,p,A) — (M,N,Q) be soft A-S-6-C injective and (M, N, Q) be soft
Hausdorff. Then, (L, p, A) is soft Urysohn.

Proof. Let ay, b, € P(L,A) such that a, # b,. Since f,, is injective, then f,, (a,) # f,(by). Since
(M, R, Q) is soft Hausdorff, then there exist 7, S € N such that f,, (a,) €T, f,, (by) €S, and TNS = 0Oq.
It is not difficult to check that Ints (Clx (T)) NInts (Clx (S)) = 0q. Since fov i (Lo, A) — (M,R, Q)
is soft A-S-6-C, there exist H,K € ¢ such that a,€U, b€V, f,, (Cl,(U))CIntx(Clx(T)), and
fow (Cly (V) Clnts (Cly (S)). Therefore,
Cly (UYACL, (VY St (o (Cly (U)) A ft (f (Cly (V) St Ut (Cl (T) D! (It (Clis () =
fp‘v1 (Il’ll}; (Clx (T)) Nintg (Clx (S ))) = fp‘v1 (0Oq) = 04. This shows that (L, ¢, A) is soft Urysohn.
Definition 3.23. A soft topological space (L,¢,A) is called soft weakly Hausdorff if for each
a, € P(L,A), a, = N{G : G € RC(p) and a,EG}.

Theorem 3.24. Let f,, : (L,p,A) — (M,N,Q) be soft A-S-6-C injective and (M, N, Q) be soft
weakly Hausdorff. Then, (L, p, A) is soft Hausdorff.

Proof. Let a,,by, € P(L,A) such that a, # b,. Since f,, is injective, then f,, (a,) # fp (by). Since
(M,N,Q) is soft weakly Hausdorfl, then there exist 7 € RC(X) such that f,, (by) €T and
Iov (ay)€lg — T € RO(N). Since fpv soft A-S-6-C, by Theorem 3.2 (d), there exists K € @ such that
a,.€K and Jo(ClL, (K))Clg — T. So, we have b),Efl;l (T)Clq - Cl, (K). This shows that (L, p,A) is
soft Hausdorff.
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4. Conclusions

Uncertainty is a part of many of the things we deal with every day. Soft set theory and its related
concepts are among the important ideas developed to deal with uncertainty. Soft topology is among the
frameworks to emerge from soft set theory. This work addresses the concept of soft continuity, which
is one of the most important concepts in soft topology.

In this paper, we investigate the correspondence between soft strongly #-continuous functions and
their analog concept in general topology (Theorems 2.1, 2.2, and Corollary 2.3). Also, we show that
soft strong 6-continuity is strictly stronger than soft 6-continuity (Theorem 2.7 and Example 2.8).
Moreover, we provide two new characterizations of soft strong 6-continuity (Theorems 2.15
and 2.27). Furthermore, we give several results on soft preservation (Theorems 2.10, 2.11 and 2.28),
composition (Theorems 2.12, 2.14, and Corollary 2.13), and products (Theorem 2.17) related to soft
strong f-continuity. Furthermore, we give several suitable conditions under which a certain kind of
soft continuous function is soft strongly 6-continuous (Theorems 2.18, 2.21, 2.24, 2.25, 3.13
and 3.17). On the other hand, we define and explore soft almost strongly #-continuous functions
(Definition 3.1). We present many characterizations of them (Theorems 3.2 and 3.3), and we
investigate the correspondence between them and their analog concept in general topology
(Theorem 3.4 and Corollary 3.5). Also, we show that this class of soft functions lies strictly between
the classes of soft strongly #-continuous functions and soft d-continuous functions (Theorems 3.6, 3.8
and Examples 3.7, 3.9). Moreover, we give several suitable conditions under which a certain kind of
soft continuous function is soft almost strongly #-continuous (Theorems 3.14 and 3.15). In addition to
these, we provide several results on soft composition (Theorems 3.19 and 3.20) and preservation
(Theorems 3.22 and 3.24) related to almost soft strong #-continuity.

Future studies might examine the following subjects: (1) Defining soft strongly J-continuous
functions; (2) defining strongly 6#-semicontinuous functions; (3) applying our recently developed
concepts of soft continuity to a “decision-making problem”.
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