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Abstract: This research focuses on the challenge of defining the ellipsoidal boundaries of the
reachable set (RS) for neutral-type dynamical systems with time delays. A novel analytical approach
is proposed, leveraging the development of new Lyapunov functions and matrix inequality techniques.
These methods provide powerful tools for determining the ellipsoidal boundaries of the system’s RS.
A comparative analysis, supported by numerical examples, demonstrates that the approach outlined in
this study can accurately identify smaller yet effective RS boundaries compared to existing literature.
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control design in dynamical systems, thereby enhancing their effectiveness and reliability in real-world
applications.
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1. Introduction

Time delays are prevalent in both natural phenomena and various systems encountered in everyday
life, characterized by a temporal lag in system responses [1-5]. They manifest in diverse contexts,
spanning from biological processes to communication networks and industrial control systems.
Specifically, neutral type delay systems [6], incorporating neutral terms, present heightened complexity
and pose greater challenges compared to conventional delay systems. Exploring the dynamic
characteristics of neutral type delay systems is not only of considerable theoretical significance but
also of substantial practical value in various applications. Consequently, it has become a central focus
of current academic research [7]. Understanding these systems’ behaviors contributes to advancing
fundamental knowledge in dynamical systems theory while also facilitating the development of robust
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control strategies for real-world applications. By delving deeply into their dynamics, we can enhance
our comprehension and predictive capabilities regarding the behavior of these systems. In turn, this
furnishes a scientific foundation and technical backing for addressing real-world challenges effectively.
Such insights empower us to develop tailored solutions and robust strategies that account for the
complexities inherent in neutral type delay systems, thus facilitating their practical implementation
across various domains.

Since the 1970s, stability analysis in continuous dynamic systems has garnered considerable
attention [8—12]. In the last three decades, stability investigations concerning delay differential
systems have continued to be a focal point within the global control theory community. Among
these, neutral type delay systems stand out for providing a nuanced and precise understanding of
the fundamental principles underlying dynamic changes in phenomena. Their distinctive attributes
offer significant advantages in addressing complex real-world challenges, such as those encountered
in turbine jet engine systems and lateral cutting applications [13, 14]. Indeed, the incorporation of
neutral terms complicates the analysis of dynamical properties in these systems, presenting greater
challenges compared to ordinary delay differential systems. As a result, progress in research on
neutral type differential systems has been relatively slow. In [15], Shen et al. proposed a method
based on a fuzzy model to study a nonlinear Markov jump singular perturbation system, adopting deep
learning optimization and a new online parallel learning algorithm. This method is very interesting,
and the effectiveness of the proposed method was shown. As interesting as research work [15],
in [16], a novel hybrid reinforcement Q-learning control method was developed for adaptive fuzzy
H,, control of discrete-time nonlinear Markov jump systems, along with an innovative online parallel
Q-learning algorithm that enhances learning efficiency by eliminating initial stability conditions and
achieving faster convergence compared to traditional methods. The intricate interplay between delayed
and non-delayed components necessitates the development of specialized analytical techniques and
methodologies to unravel their behaviors accurately. Since M. A. Cruz and J. K. Hale initially
introduced the concept of neutral functional differential equations and their associated theories,
substantial theoretical advancements have been made in investigating their stability [17-19]. These
pioneering contributions laid the groundwork for subsequent research endeavors, driving forward our
understanding of the stability properties inherent in such systems. The majority of these findings have
been derived using techniques such as Lyapunov’s direct method [20], state space analysis, and the
characteristic equation method. Through the application of these methodologies, researchers have
been able to uncover fundamental stability properties and develop strategies for effectively analyzing
and controlling these complex systems.

The term “reachable set” (RS) encompasses the set of states that a system can potentially attain
within its state space [21-24]. This which concept is fundamental in understanding the dynamic
evolution and potential trajectories of a given system under different conditions and inputs. In
dynamic systems, the system’s state is typically represented by a set of variables, and the values of
these variables form the state space [25]. Research on RS is crucial for understanding the system’s
dynamic behavior, stability analysis, control design, and performance evaluation. Researching the RS
of system states is of paramount significance [26-28]. The RS denotes the collection of states that a
system in a state space may potentially attain, playing a pivotal role in comprehending the system’s
dynamic behavior and stability. By scrutinizing the RS, we can assess the stability of the system and
ascertain the existence and stability characteristics of equilibrium points. Moreover, the RS serves as
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a fundamental framework for devising effective control strategies. By comprehending the accessibility
of various system states, we can identify suitable control inputs to steer the system towards desired
states or steer clear of undesired ones. Furthermore, investigations into RS contribute to assessing
system performance, enabling comparisons between the system’s RS and the anticipated workspace
to determine if the system meets the operational requirements in real-world scenarios. In summary,
studying the RS of system states provides crucial reference points for system design, control, and
performance evaluation [22,29-32].

In [33], the focus is on addressing the challenge of determining an ellipsoidal RS that encompasses
the states of linear time-delay systems under the influence of bounded peak disturbances. Feng and
Zheng investigated the RS estimation problem for discrete-time delayed Takagi-Sugeno fuzzy systems
with bounded input disturbances and nonzero initial conditions. By utilizing an approach based on
reciprocally convex combinations to estimate the forward difference of terms that are triple-summable,
a condition for RS estimation was formulated. Numerical examples validated the effectiveness of the
proposed results [34]. [35] investigated the boundedness issue concerning reachable sets for linear
discrete-time systems that are affected by state delays and bounded disturbances. A novel approach
involved minimizing the projection distance of ellipsoids along each axis with different exponential
convergence rates, rather than simply minimizing their radii, to obtain smaller boundaries. As a
result, the intersection points of these ellipsoids produce a more compact boundary for the RS.
Numerical demonstrations confirmed the efficacy of the proposed methodology. In [36], Feng delved
into issues concerning RS estimation and synthesis for time-delay systems. The non-uniform delay-
partitioning method and the triple integral technique were introduced to propose an improved RS
estimation condition, which is formulated as a linear matrix inequality. This enhanced condition offers
advancements in accurately estimating and synthesizing the RS for time-delay systems. Using this
criterion, a sufficient condition for the existence of a state-feedback controller is established, ensuring
that the reachable set of the closed-loop system is bounded by a predefined ellipsoid. Two numerical
examples were provided to demonstrate the efficacy of the results. Jian and Duan explored the
finite-time synchronization issue of fuzzy inertial neural networks with time-varying coefficients and
proportional delays by employing suitable variable transformations. They proposed criteria based on
algebraic inequalities to attain finite-time synchronization. The effectiveness of the proposed method
was validated through simulations of two numerical examples, with estimation of the settling time
included [37]. [38] introduced a novel approach that integrates spatiotemporal trajectory planning
and control using a combination of RS and optimization techniques. The method encompasses a
risk assessment model that accounts for uncertainty in predictive position distribution, along with a
strategy for constructing spatiotemporal corridors that incorporate risk fields. Additionally, the authors
devised a trajectory optimization strategy employing the Iterative Linear Quadratic Regulator (ILQR)
and considering coupled lateral-longitudinal dynamics. This approach facilitates rolling iterative
optimization within the defined spatiotemporal corridors.

Building on the insights from the literature mentioned above, this study concentrates on addressing
the elliptical boundary problem of RS for time-delay neutral systems. By introducing novel
Lyapunov functions and employing matrix inequality techniques, we propose several methodologies
for determining the elliptical boundaries of RS. The primary contributions of this study are outlined as
follows

(1) First of all, the investigation of neutral time-delay systems reveals intricate dynamical behaviors,
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rendering stability analysis and control design notably intricate. Delving into neutral time-
delay systems holds paramount importance in tackling delay-associated challenges in practical
engineering scenarios. Such research endeavors contribute significantly to bolstering system
stability, robustness, and overall performance.

(2) Additionally, the elliptical boundary problem of RS for time-delay neutral systems was
investigated. Through the construction of innovative Lyapunov functionals and the application of
matrix inequality techniques, diverse approaches have been developed to determine the smallest
feasible elliptical boundaries of RS. This research significantly advances both comprehension and
computational methodologies for analyzing reachable sets in time-delay neutral systems. Such
advancements are pivotal for applications in control, optimization, and ensuring system safety.

(3) Ultimately, compared with other studies (see [33] and [39]), the effectiveness of the proposed
method is further validated through numerical simulations conducted using MATLAB/Simulink.
These simulations demonstrate the capability of the method to identify a smaller and more
efficient boundary for the RS.

The remainder of this paper is structured as follows: Section 2 provides the model of neutral-type
time-delay systems, introduces key lemmas, and delineates the control objectives briefly. Section 3
introduces a RS method utilizing ellipsoidal boundaries, applies the Lyapunov direct method, and
verifies stability. In Section 4, numerical simulation results, from MATLAB, are presented to validate
that the proposed approach produces smaller RS boundaries through comparative analysis. Finally,
Section 5 offers concluding remarks and outlines avenues for future research.

2. System description and main lemmas

2.1. System model

The neutral delay system studied in this section can be described as

{ x(t) — Cx(t — 1) = Ax(¥) + Bx(t — h(2)) + Dw(2), @0

x(ty+0) =¢@), VOe[-1,0],

where, x(f) € R" denotes the system’s state vector, while w(t) € R/ represents the disturbance. The
function ¢(-) is a differentiable function defining initial values for the system. The parameter 7 > 0
signifies a time-varying neutral type delay, and A(¢) denotes a time-varying discrete delay. Additionally,
both the neutral type delay and the disturbances are subject to specific conditions

0<h(t) <h< +oo, (2.2)

h(t) < hy < 1, (2.3)

wl(Ow() < 1, (2.4)

where, h and hp are constants, and 7 = max(t, &) denotes the maximum delay in the system,

incorporating both the neutral type delay 7 and the discrete delay 2. The matrices A, B, C, and D
are known real matrices with dimensions A, B,C € R™" and D € R, defining the linear dynamics
and interactions within the system and with external disturbances. In addition, w,, is the maximum
value of w and satisfies 0 < w,, < 1.
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The RS of the system is denoted as
R, = {x(r) € R" | x(2), w(z) satisfy: (2 —1),(2 -2)}. (2.5)
The RS R, is represented by the ellipsoidal boundary defined as J(Pq, 1):
JP, 1) = {x(t) e R" | x(¢) satisfies (2 — 1), (2 — 2), and x"(f)P, x(f) < 1}. (2.6)

Remark 1. This section delves into the dynamics of a specific class of delay systems known as neutral
type systems. These systems are characterized by a differential equation capturing the current rate of
change of the state vector x(t), as well as its rate of change at a previous time, incorporating both a
neutral type delay T and a discrete delay h(t). The state vector x(t) € R" evolves under the influence
of a disturbance vector w(t) € R.. Moreover, the system initializes from an initial state defined by a
differentiable function ¢(-) over the interval [—7,0], where T = max(t, h) denotes the maximum delay
experienced by the system.

Remark 2. The delays within the system, including both the neutral and discrete components, are
bounded, thereby ensuring that the system’s dynamics remain well-defined within these constraints.
This boundedness of delays is crucial for maintaining the stability and predictability of the system’s
behavior under varying conditions. The matrices A, B, C, and D are known real matrices that
characterize the interactions within the system and with external disturbances. To analytically describe
the reachability set, an ellipsoidal boundary 3(P1, 1) is defined, encompassing all states x(t) that not
only satisfy the system’s differential equations but also adhere to a quadratic constraint defined by the
matrix P;.

2.2. Main useful lemmas

Definition 1. Nonlinear systems exhibit diverse equilibrium point configurations, which can range
from none to one or multiple. Unlike their linear counterparts, nonlinear systems often display a
richer array of equilibrium behaviors, frequently featuring multiple equilibrium points or lacking any
at all. Linear systems, on the other hand, are characterized by a more straightforward equilibrium
point analysis.

X =Ax,

and when A is non-singular, the system has a unique equilibrium point at x = 0.

Definition 2. [40] If there exist constants a > 0 and vy > 1 such that for any x(t) the inequality

Xl <y sup  VigIP + lig(s)lPe™, 2.7)

—y*<s<0
hold, then the system Eq (2.1) is said to be exponentially stable, with a decay rate of a.

Lemma 1. [41] For the provided symmetric positive definite matrices ¥, and X,, along with any
matrix X3, the condition X; + Z§E£123 < 0 is met if and only if both of the following matrix inequalities

hold: ;
z, 3 -3, %
[ S ] <0, [ ooy ]< 0. (2.8)
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Lemma 2. [42] For any matrix ® € R™" and a constant y > 0, if the function w : [0,y] — R" is
integrable, then the following equation holds:

[

Lemma 3. [43] Let V(x(0)) = 0 and w™(t)w(t) < w?. If

T

q)( f ’ w(s)ds) <vy f ’ w(5)Dw(s)ds. (2.9)
0 0

V(t,x) +aV (t, x) - Bw (Ow() <0, (2.10)

then, for all t > t,, it holds that

R I™

V(t,x) < =wh. (2.11)

Lemma 4. [44] Given a € R",8 € R™, and N € R"*" if the block matrix [ ;(T ; ] > 0, then for

any matrices X € R'" Y € R"" and Z € R"*"™, the following inequality holds:

al'l x vY-N]l«
_2QTN’B<[,8][YT—NT , Hﬂl (2.12)

Lemma 5. [40] Given matrices Q = Q, H, E, and R = R" of appropriate dimensions, it holds that
forall F'F < R

QO+ HFE+E'F'H" < 0. (2.13)

If and only if 4e > 0,
Q+eHH" + 7 'E'RE < 0. (2.14)

2.3. Control objective

This study addresses the intricate task of delineating the ellipsoidal boundaries of RS for neutral-
type systems, particularly in the presence of bounded and nonlinear disturbances. It investigates
methodologies aimed at precisely defining the RS boundaries, ensuring comprehensive coverage under
specified conditions. Leveraging the direct Lyapunov method, the concept of free-weighting matrices,
and techniques involving matrix inequalities, a suitable Lyapunov function is selected to tackle this
challenge. A novel approach for determining the ellipsoidal boundaries of the system’s RS is proposed.
Through numerical examples, this paper showcases that the proposed method excels in accurately
identifying smaller and more effective RS boundaries compared to existing research.

3. Ellipsoidal boundary of RS
In this section, we will address the RS boundary problem for the aforementioned neutral-type
system using the direct Lyapunov method and various techniques involving matrix inequalities. We

will present the following theorem:
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Theorem 1. There exist matrices Y, Qy,, P, and P53 are postulated to exist, alongside matrices X, Z,
011, 0, P1>0,R>0,5,>0,5,>0,G>0and M > 0 and the real number a > 0, satisfying the
following linear matrix inequality:

[ (Dll (D12 (D13 PgC—Y 0 aY PED |
x ®p PIB  PIC 0 Y+Z PID
k k (D33 0 O 0 0
% * # —e "R 0 -7 0 <0, (3.1)
* * * * —e g, 0 0
* * * % * o —-e G 0
* * * * * * —%I |
Qll Q12
> 07 3.2
[ Qr1r2 Q22 ( )
X Y
> .
[ YT Z+1e™R ] 0, (3-3)
where
@), = aP +aX + P,A+A"P, + M —e™"S, (3.4)
Op=P —-P,+A'P;+X+Y, (3.5)
@3 = PIB+ Q1n +eS, (3.6)
Dy =R+ 7°G + W (S| + S,) + he™Qy; — P3 — PL, (3.7)
33 = hQx ~ Qi2 ~ O, ~ min (1 ~hg)e™", 1~ hg) M —e™'S . (3.8)

Therefore, the ellipsoid J (Py, 1) constitutes the boundary of the RS for the neutral type system
Eq (2.1).

Remark 3. This statement underscores the significance of employing linear matrix inequalities (LMlIs)
and specific matrix conditions to establish the boundaries of the Reachability Set (RS) in control theory.
Defining these boundaries is pivotal for comprehending the system’s capabilities and limitations,
especially in the context of neutral-type systems where factors like time delays can introduce complexity
to the dynamics. By characterizing the ellipsoid 3 (P, 1), we obtain valuable insights into the spectrum
of states achievable by the system under specified conditions. This understanding is indispensable for
devising control strategies, ensuring stability, and optimizing system performance.

Proof. In order to derive a smaller boundary for the RS of the system described by Eq (2.1), we select
the following Lyapunov functional:

V(1) = Vi) + Va(t) + Va(t) + Va(@) + Vs(), (3.9)
where

Vi) = "0 £ ][ é 8 H i; 193 H igg ] (3.10)

Va(t) = f, th(t) " xT(s)Mx(s)ds + ft t " (s)Ri(s)ds, (3.11)
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0 t 0 t
V5(f) = h f de f D) (S| + S,) k(s)ds + T f de f =0T (9)Gx(s)ds, (3.12)
—h t+6 - 4

T +60

_ o210 z) Ou Qn x(s) ]
Vi(t) = f do j; » x(s) xT(0 - h(@))][ v szHx(H— HE) ds

+ e f do f e®U5T(5)0y1x(s)ds,
0 6—h(0)

' Gy G t
V5(t):[xT(t) (. x(s)ds) H Gi G H I f:(z) ds]. (3.14)

The matrices Qll’ Q22, le, P, > O, P>, P;, R > 0,S1 > O,SQ > 0, G > 0, M > O, X, 7Y, and Z
and the scalar € > 0 are solutions to matrix inequalities (3.1) and (3.2). Initially, it is evident that for
t — h < s < t, the following condition holds:

(3.13)

0<e e, (3.15)
O<h-t+s<h. (3.16)

Therefore, it can be inferred that
Vi(t) = 0. (3.17)

By applying a lemma, we establish the validity of the inequality:

¢ f T f
Vo(t) = e f T (s)Rx(s)ds > %e-m ( f )'c(s)ds) R( f )'c(s)ds). (3.18)
t—7) -1 -1

Moreover, it leads us to the conclusion that
Va(t) = 0. (3.19)

Furthermore, the following inequality holds:

: ' X Y t
D Vi > [ @) ([ k(s)ds) H s Ly H [ f&) i ] > 0. (3.20)

i=2

Therefore, we can deduce that

V(t) = Z Vi > Vi (x(t) = ST (OP1x(0)). (3.21)

Following the trajectory of the system as defined in Eq (2.1), we proceed to differentiate the Lyapunov
functional V(t), resulting in

V(t) = Vi) + Va(t) + V3(1) + Via(0) + Vs(2). (3.22)
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Through Eq (3.9), we have

.
ho =] ¥ xT(M[% ?] xg)]
311

p, P | D)
:[ X' xT(r) ] [ 01 P% ] Ax(t) — x(t) + Bx(t — h(1))
3\ +Ca(r = d(0) + Dw(1)

=x"(¢) [PgA + ATP2] x(t) + 2x7 () [P1 - Pl + ATP3] #(t)
+ 2x'(£)P3 Bx(t — h(t)) + 2x" (£)P; Cx(t — 7)
+ 24" ()P} Dw(r) — K" (1) | P3 + P} i(r)
+ 2x (£)P3 Bx(t — h(t)) + +2x" (H)P3 Cx(t — 7) + 2x" (£)P; Dw(t),
Vo(t) =xT(OMx(t) + xT(ORx(1) — (1 = h(£))e O x (¢ — h(£)) Mx(t — h(1))

t

—e XNt —TRX(t - T) — f 206D xT()Mx(s)ds
t—h(t)

!
—a f 23T (9Rx(s)ds
-7

XN (OMx(@) + xT(ORx(f) — e "X (r — T)RX(t — 7)
— min ((1 —hg)e " 1 - hd) XLt — h())Mx(t — h(t)) — @V,

S Si Hx(t)]

S}; S x(1)
7R I T, Su S || x(t-1)
(=) [X(t noEe T)][Ssz SzzHX(f—T)]

<XV (DS 11x(0) + 2xT (DS 121(0) + 25T (DS 205(t) — (1 = Tp)

AONEACEEAON [

(X = DS nx(t = 1) + 22" (1 = S it — 1) + (1 = DS k(e - 7)),

t 1 T
Va(r) =f £(5)Q11x(s)ds +2 (f XT(S)dS) Qu2x(t — (1))

—h(t) —h(t)
+ h()x"(t = h(1))Q2x(t — h(1)) + he™ %" (5) Q11 %(s)

_ f ()00 (s)ds — aVy
t—h

< f £ ()011x(s)ds + 2[x(r) — x(t — h(t))]" Q1ox(t — h(1))
t—h(t)
+ hx' (t = h(1)Qx(t — k(1)) + he™ %" (5) Q11 4(s)

- f £1(5)Q114(s)ds — @V,

—h

=2x"()Q1ox(t — () + he"" 5" (5011 K(s)
+x"(t = h(1) |0 = Q12 — O | x(t = (1)) — Vs,

(3.23)

(3.24)

(3.25)

(3.26)

AIMS Mathematics Volume 9, Issue 6, 16586—-16604.



16595

. . X Y X
Vs(1) :[ x'(1) ( I fc(s)ds)T ][ YT 7z H x(f) —xg'cl()t—r) }

<2 [xT(t)[X + Y1) = XY (OYx(t - 7) + KDY + Z] - ( f )'c(s)ds) (3.27)

—)'cT(t—T)Z( f )'c(s)ds)].

V() + V() - %WT@)WU)

Then, we have

m

<X (1) [aP1 +aX+PIA+ATP, + M —e"S 1] x(t) + 2x"(¢) [P1 —PI+ AP+ X + Y] #(t)
+ 25" (1) [PIB + Qi + €78 | x(t = h(®)) + 2x" () [P}C = Y| it - 7)

+2ax" ()Y - ( f x(s)ds) +2x (1) Py Dw(t)

+ 50 [R+ TG + 12 (1 + §) + he ™ Q1 — P3 - P} k(1)
+2xT ()P Bx(t — h()) + 25" (£)P3 Ci(t — 1)

+ 25T (O[Y + Z] ( f )'c(s)ds) + 2i"(£)P3 Dw(t) (3.28)
+2x"(t = h()) [0 = Q12 = QF, = min ((1 = hg)e ", 1 = hy) M — eS| x(t = h(®))

—e it —TR - x(t - 1) -2x"(t - 1)Z ( f X(s)ds)

f T t
—e ™ ( f )'c(s)ds) 52( f )'c(s)ds)
t—h(t) t=h(1)

f T f
- ( f )'c(s)ds) [aZ — &G ( f )'c(s)ds) - %WT(Z‘)W(Z‘)
=XT (DX (1),

where

t T f T T
X(@) = [XT(I),XT(I),xT(I—h(t)), (- 1), ( f )'c(s)ds) ( f )'c(s)ds) ,WT(Z)l )
t—h(t) t—1

The function © is defined as given in Theorem 1. Furthermore, through matrix inequalities (3.1)
to (3.3) , we can derive the following inequality:

V) + aV(p) - M%WT(t)w(t) <. (3.29)

m

According to Lemma 3, it follows that
V(@) = Vi(t) + Vo(t) + Va(t) + Vu(t) + Vs(r) < 1. (3.30)
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From inequality Eq (3.9), we deduce that V,(t) + V5(t) + V4(¢) + Vs(¢) > 0, which implies that
Vi(t) = x"()Px(t) < 1. (3.31)
Thus, the theorem is proven. O

The ellipsoid J (P, 1) serves as the boundary of the RS for the neutral type system Eq (2.1). It is
important to note, as mentioned in Theorem 1, that if solutions to the matrix inequalities exist, they are
not necessarily unique. This is because when the value of log det (P))'? is minimized, the volume of
the ellipsoid J (Py, 1) is also minimized. Therefore, log det (P)V? is commonly used to measure the
volume of the ellipsoid J (P, 1). However, finding the minimum value of log det (P,)"/* can be quite
challenging. Thus, this problem is often simplified to finding the maximum value of ¢ that satisfies
o0l < Py, which can be formulated as

ol 1 ]20’ (3.32)

s.t. (“)[ I P
(b) P, > 0 and satisfies the matrix inequality (3.1).

Remark 4. The derivation process primarily relied on Leibniz’s integral rule for managing derivatives
of integrals with varying limits, along with the chain rule for handling derivatives of composite
functions. This method facilitated accurate computation of the time rate of change for integral
expressions, even in scenarios involving time-sensitive integral bounds and integrands. Additionally,
fundamental theorems of integration and differentiation, coupled with knowledge of derivatives of
matrix multiplication, were leveraged. These mathematical tools are widely employed in the analysis
of dynamic systems. By employing a comprehensive array of mathematical techniques, including these
fundamental principles, the solutions of derivative problems concerning complex integral expressions
are efficiently and precisely achieved. This underscores a profound grasp of essential mathematical
concepts in dynamic systems and control theory.

Remark 5. When the scalar parameter « in Theorem 1’s matrix inequality remains constant, (3.32)
simplifies to a linear matrix inequality. Therefore, we can utilize the MATLAB function fminsearch.m
to find a local optimal value of a such that the matrix inequality (3.32) has a feasible solution. This
approach facilitates an efficient search for an optimal value of «, guaranteeing the existence of a
feasible solution for the matrix inequality under consideration.

Remark 6. In our study on system reachable sets, we prioritize system control and stability. Therefore,
our research and design objective is to minimize the system RS. While there are various methods to
investigate RS for the same system, based on the same LMI technique, we devise different Lyapunov
functionals. We then compare these methods with others to identify an approach that yields a smaller
RS for the system.

4. Numerical simulation verification

Consider the RS boundary problem for the following time-delay system:

o= > 0 |+t 0
=10 —09+p | ~1 -1+0.5p

AIMS Mathematics Volume 9, Issue 6, 16586—16604.
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where,
-2 0 -1 0 00 -0.5
A_[ 0 —0.9]’ B_[—l —1]’C_[O O]’D_[ 1 ]’

wi(w(t) <w? = 1,]o| <0.2.

The incorporation of a fixed constant time delay, represented by A(f), introduces a memory effect
into the system, potentially leading to reduced stability, oscillatory behavior, or even instability.
Conversely, time-varying delays represented by A(f) add complexity to the system dynamics, as the
delay varies dynamically over time. Consequently, this study establishes two simulation scenarios to
validate the efficacy of the proposed theory and to explore the impact on the RS. Hence, we select two
distinct scenarios: one with a constant delay of A(7) = 0.70 and another with a time-varying delay of
h(t) = 0.2 + 0.2 * sin(?).

Figure 1 depicts the time response plot of the system state vector when the time delay parameter is
constant at 4 = 0.70. Figure 2 illustrates the trajectory plot of the system states under the constant time
delay of 4 = 0.70. Meanwhile, Figure 3 contrasts the system state trajectories under the time delay
parameter 2 = 0.70 with the ellipsoidal RS boundaries obtained from Theorem 1 proposed in this paper,
the Kim method (see [33]), and the Zuo method (see [39]). Observing Figure 3, it is apparent that the
approach outlined in Theorem 1 results in more compact ellipsoidal boundaries for the reachable sets
(RS) of system states compared to two other methodologies from the literature. However, when the
time delay follows the function A(f) = 0.2 + 0.2 * sin(¢), the time response plot of the system state
vector is depicted in Figure 4. Similar to Figure 2, Figure 5 showcases the trajectory plot of the
system states with a constant time delay of 4(f) = 0.2 + 0.2 * sin(#). Furthermore, Figure 6 provides a
comparative analysis of system state trajectories under the time delay parameter i(¢) = 0.2+ 0.2 = sin(z)
with ellipsoidal RS boundaries derived from Theorem 1 proposed in this paper, the Kim method, and
the Zuo method. Exploring these results sheds light on the efficacy and robustness of the proposed
methodology across varying conditions, suggesting avenues for further refinement and application in
real-world scenarios.
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Figure 1. The response diagram of system state vector x(#) when & = 0.7.
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5. Conclusions

with time delay

The study delves into the ellipsoidal boundary issue of reachable sets (RS) for neutral-type systems
under bounded disturbances. Through the development of a novel Lyapunov functional and the
application of matrix inequality techniques, the paper introduces several approaches for delineating
the ellipsoidal boundary of reachable sets. Moreover, numerical demonstrations showcase that
the proposed methodologies yield more compact and efficient RS boundaries compared to existing
literature. Future endeavors might encompass further investigation into RS boundary challenges across
different system paradigms, along with applying these techniques to enhance the design of safety

measures in control systems.

Authors contributions

Beibei Su: Software, Writing-original draft and Writing-review & editing; Liang Zhao:
Conceptualization, Methodology, Supervision and Validation; Liang Du: Data curation; Qun Gu:
Software and Writing-review & editing. All authors equally contributed to this manuscript and

approved the final version.

AIMS Mathematics Volume 9, Issue 6, 16586—16604.



16601

Use of Al tools declaration
The authors declare they have not used Al tools in the creation of this article.
Acknowledgments

This work is partially supported by the General Project of Philosophy and Social Science Research
in Jiangsu Province Universities Exploring the Pathways for Vocational College Faculty Teams to Serve
Local Economic Development (2023SJYB0997).

Conflict of interest

The authors declare there is no conflict of interest.

References

1. J. Nilsson, B. Bernhardsson, B. Wittenmark, Stochastic analysis and control of real-time
systems with random time delays, Automatica, 34 (1998), 57-64. http://dx.doi.org/10.1016/S0005-
1098(97)00170-2

2. R. Olfati-Saber, R. Murray, Consensus problems in networks of agents with
switching topology and time-delays, [EEE T. Automat. Contr, 49 (2004), 1520-1533.
http://dx.doi.org/10.1109/TAC.2004.834113

3. C. Zhang, F. Long, Y. He, W. Yao, L. Jiang, M. Wu, A relaxed quadratic function negative-
determination lemma and its application to time-delay systems, Automatica, 113 (2020), 108764.
http://dx.doi.org/10.1016/j.automatica.2019.108764

4. C. Xu, W. Zhang, C. Aouiti, Z. Liu, L. Yao, Bifurcation insight for a fractional-order stage-
structured predator-prey system incorporating mixed time delays, Math. Method. Appl. Sci., 46
(2023), 9103-9118. http://dx.doi.org/10.1002/mma.904 1

5. B. Yan, X. Wang, H. Ma, W. Lu, Q. Li, Hybrid time-delayed feedforward and feedback control of
lever-type quasi-zero-stiffness vibration isolators, IEEE T. Ind. Electron., 71 (2024), 2810-2819.
http://dx.doi.org/10.1109/TIE.2023.3269481

6. H. Liu, Y. Wang, X. Li, New results on stability analysis of neutral-type delay systems, Int. J.
Control, 95 (2022), 2349-2356. http://dx.doi.org/10.1080/00207179.2021.1909750

7. Z.Zhao, Z. Wang, L. Zou, J. Guo, Set-membership filtering for time-varying complex networks
with uniform quantisations over randomly delayed redundant channels, Int. J. Syst. Sci., 51 (2020),
3364-3377. http://dx.doi.org/10.1080/00207721.2020.1814898

8. H. Leipholz, Stability theory: an introduction to the stability of dynamic systems and rigid bodies,
Wiesbaden: Springer-Verlag, 1987. http://dx.doi.org/10.1007/978-3-663-10648-7

9. L. Kolev, S. Petrakieva, Assessing the stability of linear time-invariant continuous
interval dynamic systems, IEEE T Automat. Contr, 50 (2005), 393-397.
http://dx.doi.org/10.1109/TAC.2005.843857

AIMS Mathematics Volume 9, Issue 6, 16586—16604.


http://dx.doi.org/http://dx.doi.org/10.1016/S0005-1098(97)00170-2
http://dx.doi.org/http://dx.doi.org/10.1016/S0005-1098(97)00170-2
http://dx.doi.org/http://dx.doi.org/10.1109/TAC.2004.834113
http://dx.doi.org/http://dx.doi.org/10.1016/j.automatica.2019.108764
http://dx.doi.org/http://dx.doi.org/10.1002/mma.9041
http://dx.doi.org/http://dx.doi.org/10.1109/TIE.2023.3269481
http://dx.doi.org/http://dx.doi.org/10.1080/00207179.2021.1909750
http://dx.doi.org/http://dx.doi.org/10.1080/00207721.2020.1814898
http://dx.doi.org/http://dx.doi.org/10.1007/978-3-663-10648-7
http://dx.doi.org/http://dx.doi.org/10.1109/TAC.2005.843857

16602

10. B. Hang, B. Su, W. Deng, Adaptive sliding mode fault-tolerant attitude control for flexible
satellites based on ts fuzzy disturbance modeling, Math. Biosci. Eng., 20 (2023), 12700-12717.
http://dx.doi.org/10.3934/mbe.2023566

11. B. Hang, W. Deng, Finite-time adaptive prescribed performance dsc for pure feedback nonlinear
systems with input quantization and unmodeled dynamics, AIMS Mathematics, 9 (2024), 6803—
6831. http://dx.doi.org/10.3934/math.2024332

12.]). Skarding, B. Gabrys, K. Musial, Foundations and modeling of dynamic networks
using dynamic graph neural networks: a survey, [IEEE Access, 9 (2021), 79143-79168.
http://dx.doi.org/10.1109/ACCESS.2021.3082932

13. Y. Huang, Y. He, J. An, M. Wu, Polynomial-type Lyapunov-Krasovskii functional and Jacobi-
Bessel inequality: further results on stability analysis of time-delay systems, [EEE T. Automat.
Contr., 66 (2021), 2905-2912. http://dx.doi.org/10.1109/TAC.2020.3013930

14. H. Phan-Van, K. Gu, Structured invariant subspace and decomposition of systems with time delays
and uncertainties, Int. J. Robust Nonlin., in press. http://dx.doi.org/10.1002/rnc.7271

15. H. Shen, Y. Wang, J. Wang, J. Park, A fuzzy-model-based approach to optimal control for nonlinear
markov jump singularly perturbed systems: a novel integral reinforcement learning scheme, /IEEE
T. Fuzzy Syst., 31 (2023), 3734-3740. http://dx.doi.org/10.1109/TFUZZ.2023.3265666

16. J. Wang, J. Wu, H. Shen, J. Cao, L. Rutkowski, Fuzzy A, control of discrete-time nonlinear markov
jump systems via a novel hybrid reinforcement g-learning method, IEEE T. Cybernetics, 53 (2023),
7380-7391. http://dx.doi.org/10.1109/TCYB.2022.3220537

17. M. Cruz, J. Hale, Stability of functional differential equations of neutral type, J. Differ. Equations,
7 (1970), 334-355. http://dx.doi.org/10.1016/0022-0396(70)90114-2

18. G. Li, Q. Yang, Stability analysis of the 6-method for hybrid neutral stochastic
functional differential equations with jumps, Chaos Soliton. Fract., 150 (2021), 111062.
http://dx.doi.org/10.1016/j.chaos.2021.111062

19.J. Dzurina, S. Grace, 1. Jadlovska, T. Li, Oscillation criteria for second-order emden—fowler
delay differential equations with a sublinear neutral term, Math. Nachr., 293 (2020), 910-922.
http://dx.doi.org/10.1002/mana.201800196

20. M. Mansour, S. Me, S. Hadavi, B. Badrzadeh, A. Karimi, B. Bahrani, Nonlinear
transient stability analysis of phased-locked loop-based grid-following voltage-source converters
using Lyapunov’s direct method, IEEE J. Em. Sel. Top. P, 10 (2022), 2699-27009.
http://dx.doi.org/10.1109/JESTPE.2021.3057639

21. X. Fan, W. Lin, Z. Liu, L. Zhao, Reachable set control for nonlinear markov jump cyber-
physical systems with false data injection attacks, J. Franklin I, 361 (2024), 224-233.
http://dx.doi.org/10.1016/j.jfranklin.2023.12.013

22. 1. Mitchell, A. Bayen, C. Tomlin, A time-dependent hamilton-jacobi formulation of reachable
sets for continuous dynamic games, IEEE T. Automat. Contr., 50 (2005), 947-957.
http://dx.doi.org/10.1109/TAC.2005.851439

23. Z. Feng, J. Lam, On reachable set estimation of singular systems, Automatica, 52 (2015), 146-153.
http://dx.doi.org/10.1016/j.automatica.2014.11.007

AIMS Mathematics Volume 9, Issue 6, 16586—16604.


http://dx.doi.org/http://dx.doi.org/10.3934/mbe.2023566
http://dx.doi.org/http://dx.doi.org/10.3934/math.2024332
http://dx.doi.org/http://dx.doi.org/10.1109/ACCESS.2021.3082932
http://dx.doi.org/http://dx.doi.org/10.1109/TAC.2020.3013930
http://dx.doi.org/http://dx.doi.org/10.1002/rnc.7271
http://dx.doi.org/http://dx.doi.org/10.1109/TFUZZ.2023.3265666
http://dx.doi.org/http://dx.doi.org/10.1109/TCYB.2022.3220537
http://dx.doi.org/http://dx.doi.org/10.1016/0022-0396(70)90114-2
http://dx.doi.org/http://dx.doi.org/10.1016/j.chaos.2021.111062
http://dx.doi.org/http://dx.doi.org/10.1002/mana.201800196
http://dx.doi.org/http://dx.doi.org/10.1109/JESTPE.2021.3057639
http://dx.doi.org/http://dx.doi.org/10.1016/j.jfranklin.2023.12.013
http://dx.doi.org/http://dx.doi.org/10.1109/TAC.2005.851439
http://dx.doi.org/http://dx.doi.org/10.1016/j.automatica.2014.11.007

16603

24

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

. R. Gonzalez, M. Fiacchini, T. Alamo, J. Guzman, F. Rodriguez, Online robust tube-based
mpc for time-varying systems: a practical approach, [Int. J. Control, 84 (2011), 1157-1170.
http://dx.doi.org/10.1080/00207179.2011.594093

Y. Yang, J. Lam, Y. Niu, C. Fan, Balancing fuzzy control performance and
reachable-set-dependent event-triggered communication, IEEE T. Cybernetics, in press.
http://dx.doi.org/10.1109/TCYB.2024.3363005

J. Lam, B. Zhang, Y. Chen, S. Xu, Reachable set estimation for discrete-time linear systems with
time delays, Int. J. Robust Nonlin., 25 (2015), 269-281. http://dx.doi.org/10.1002/rnc.3086

M. Chen, S. Herbert, M. Vashishtha, S. Bansal, C. Tomlin, Decomposition of reachable sets
and tubes for a class of nonlinear systems, [EEE T. Automat. Contr., 63 (2018), 3675-3688.
http://dx.doi.org/10.1109/TAC.2018.2797194

E. Fridman, U. Shaked, On reachable sets for linear systems with delay and bounded peak inputs,
Automatica, 39 (2003), 2005-2010. http://dx.doi.org/10.1016/S0005-1098(03)00204-8

A. Devonport, M. Arcak, Estimating reachable sets with scenario optimization, Proceedings of the
2nd Conference on Learning for Dynamics and Control, 120 (2020), 75-84.

J. Scott, P. Barton, Bounds on the reachable sets of nonlinear control systems, Automatica, 49
(2013), 93-100. http://dx.doi.org/10.1016/j.automatica.2012.09.020

B. Xue, Z. She, A. Easwaran, Under-approximating backward reachable sets by polytopes, In:
Computer aided verification, Cham: Springer, 2016, 457-476. http://dx.doi.org/10.1007/978-3-
319-41528-4_25

Y. Li, Y. He, W. Lin, M. Wu, Reachable set estimation for singular systems via state decomposition
method, J. Franklin 1., 357 (2020), 7327-7342. http://dx.doi.org/10.1016/j.jfranklin.2020.04.031

J.  Kim, Improved ellipsoidal bound of reachable sets for time-delayed
linear systems with disturbances, Automatica, 44 (2008), 2940-2943.
http://dx.doi.org/10.1016/j.automatica.2008.03.015

Z. Feng, W. Zheng, L. Wu, Reachable set estimation of t—s fuzzy systems with time-varying delay,
IEEE T. Fuzzy Syst., 25 (2017), 878-891. http://dx.doi.org/10.1109/TFUZZ.2016.2586945

N. That, P. Nam, Q. Ha, Reachable set bounding for linear discrete-time systems
with delays and bounded disturbances, J. Optim. Theory Appl., 157 (2013), 96-107.
http://dx.doi.org/10.1007/s10957-012-0179-2

Z. Feng, J. Lam, An improved result on reachable set estimation and synthesis of time-delay
systems, Appl. Math. Comput., 249 (2014), 89-97. http://dx.doi.org/10.1016/j.amc.2014.10.004

J. Jian, L. Duan, Finite-time synchronization for fuzzy neutral-type inertial neural networks
with time-varying coefficients and proportional delays, Fuzzy Set. Syst., 381 (2020), 51-67.
http://dx.doi.org/10.1016/j.fss.2019.04.004

Y. Liu, X. Pei, H. Zhou, X. Guo, Spatiotemporal trajectory planning for autonomous
vehicle based on reachable set and iterative LQR, IEEE T. Veh. Technol., in press.
http://dx.doi.org/10.1109/TVT.2024.3371184

AIMS Mathematics Volume 9, Issue 6, 16586—16604.


http://dx.doi.org/http://dx.doi.org/10.1080/00207179.2011.594093
http://dx.doi.org/http://dx.doi.org/10.1109/TCYB.2024.3363005
http://dx.doi.org/http://dx.doi.org/10.1002/rnc.3086
http://dx.doi.org/http://dx.doi.org/10.1109/TAC.2018.2797194
http://dx.doi.org/http://dx.doi.org/10.1016/S0005-1098(03)00204-8
http://dx.doi.org/http://dx.doi.org/10.1016/j.automatica.2012.09.020
http://dx.doi.org/http://dx.doi.org/10.1007/978-3-319-41528-4_25
http://dx.doi.org/http://dx.doi.org/10.1007/978-3-319-41528-4_25
http://dx.doi.org/http://dx.doi.org/10.1016/j.jfranklin.2020.04.031
http://dx.doi.org/http://dx.doi.org/10.1016/j.automatica.2008.03.015
http://dx.doi.org/http://dx.doi.org/10.1109/TFUZZ.2016.2586945
http://dx.doi.org/http://dx.doi.org/10.1007/s10957-012-0179-2
http://dx.doi.org/http://dx.doi.org/10.1016/j.amc.2014.10.004
http://dx.doi.org/http://dx.doi.org/10.1016/j.fss.2019.04.004
http://dx.doi.org/http://dx.doi.org/10.1109/TVT.2024.3371184

16604

39.

40.

41

42.
43.

44,

% AIMS Press

Z.”7Zuo, D. Ho, Y. Wang, Reachable set bounding for delayed systems with polytopic uncertainties:
the maximal Lyapunov-Krasovskii functional approach, Automatica, 46 (2010), 949-952.
http://dx.doi.org/10.1016/j.automatica.2010.02.022

J. Hale, S. Verduyn Lunel, Introduction to functional differential equations, New York: Springer
Science & Business Media, 1993. http://dx.doi.org/10.1007/978-1-4612-4342-7

. J. Tian, L. Xiong, J. Liu, X. Xie, Novel delay-dependent robust stability criteria for uncertain

neutral systems with time-varying delay, Chaos Soliton. Fract., 40 (2009), 1858-1866.
http://dx.doi.org/10.1016/j.chaos.2007.09.068

X. Liu, M. Wu, R. Martin, M. Tang, Delay-dependent stability analysis for uncertain
neutral systems with time-varying delays, = Math. Comput. Simulat., 75 (2007), 15-27.
http://dx.doi.org/10.1016/j.matcom.2006.08.006

S. Boyd, L. El Ghaoui, E. Feron, V. Balakrishnan, Linear matrix inequalities in system
and control theory, Philadelphia: Society for Industrial and Applied Mathematics, 1994.
http://dx.doi.org/10.1137/1.9781611970777

W. Chen, W. Zheng, Delay-dependent robust stabilization for uncertain
neutral systems with distributed delays, Automatica, 43 (2007), 95-104.
http://dx.doi.org/10.1016/j.automatica.2006.07.019

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 9, Issue 6, 16586—16604.


http://dx.doi.org/http://dx.doi.org/10.1016/j.automatica.2010.02.022
http://dx.doi.org/http://dx.doi.org/10.1007/978-1-4612-4342-7
http://dx.doi.org/http://dx.doi.org/10.1016/j.chaos.2007.09.068
http://dx.doi.org/http://dx.doi.org/10.1016/j.matcom.2006.08.006
http://dx.doi.org/http://dx.doi.org/10.1137/1.9781611970777
http://dx.doi.org/http://dx.doi.org/10.1016/j.automatica.2006.07.019
http://creativecommons.org/licenses/by/4.0

	Introduction
	System description and main lemmas
	System model
	Main useful lemmas
	Control objective 

	Ellipsoidal boundary of RS
	Numerical simulation verification
	Conclusions

