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Abstract: This article delves into the behavior of solutions to a general class of functional differential
equations that contain a neutral delay argument. This category encompasses the half-linear case and
the multiple-delay case of neutral equations. The motivation to study this type of equation lies not only
in the exciting analytical issues it presents but also in its numerous vital applications in physics and
biology. We improved some of the inequalities that play a crucial role in developing the oscillation
test. Then, we used an improved technique to derive several criteria that ensure the oscillation of the
solutions of the studied equation. Additionally, we established a criterion that did not require imposing
monotonic constraints on the delay functions and took into account their effect. We have supported the
novelty and effectiveness of the results by analyzing and comparing them with previous results in the
literature.
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1. Introduction

The qualitative theory of differential equations deals with the properties of solutions to these
equations. The focus of this theory is to examine traits such as stability, oscillation, bifurcation,
periodicity, synchronization, symmetry, and more. Researchers established this theory to gather
adequate information on nonlinear models that arise while modeling physical, biological, and other
processes, as seen in [1-3]. Oscillation theory is a branch of qualitative theory that establishes criteria
for both oscillatory and non-oscillatory solutions to differential equations. It is a crucial mathematical
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tool used in many cutting-edge disciplines and technologies. In recent decades, there has been a lot of
activity in studying oscillation conditions for particular functional differential equations, as seen
in [4-9].

1.1. NDDEs with several delays

Functional differential equations (FDEs) are equations that express the derivative of an unknown
function at a particular point in time in terms of the function’s values at earlier points in time. A
specific type of FDE is a delay differential equation (DDE), which has numerous applications in
physiology, electrical engineering, and biology. For instance, in a predator-prey model, the birth rate
of predators may be influenced by past predator or prey numbers rather than just the present. Neutral
delay differential equations (NDDEs) are a type of DDE that have the highest derivative in the
solution both with and without delay. In addition to its theoretical significance, the qualitative analysis
of these equations holds great practical significance. This is because neutral differential equations are
involved in a number of phenomena, such as the study of vibrating masses attached to elastic bars, the
solution of variational problems with time delays, and problems involving electric networks with
lossless transmission lines (such as those found in high-speed computers, where these lines are used
to connect switching circuits), see [10]. Recently, many researchers have been interested in studying
the stability of some practical models of neutral differential equations, see [11-13].

In this study, we establish novel standards for evaluating the oscillatory characteristics of nonlinear
second-order NDDEs with several delays. Namely, we consider the nonlinear NDDE:

(r) Y @) [Z 0] + > ;0 F (u(o;)) =0, (1.1)

J=1
where v > vy and Z := u + p - (u o 7). During the study, we made the following assumptions:

(B1) r € C' ([vy, ) ,R"), k € Z*, and € Q" is a quotient of odd numbers.

(B2) p, g € C([vy,),[0,00)),and p (v) < py < 1.

B3) 7, 0; € C([vy,),R), 7(v) < v, 0;(v) < v, lim_,7(v) = o0, and lim,_,, 0; (V) = oo, for
j=12,..,k

(B4) ¢ € C' (R, (I, L]), where [ and L are positive constants, and § = V/(L/]).

(BS) F e C(R,R), and F (u) /u® > k for u # 0, where k is a positive constant.

By a solution of NDDE (1.1), we mean a real-valued function u € C' ([v,, ),R), v, > v, which
satisfies (1.1) on [v,,00), and has the properties ry(u)[Z']* € C!'([v,,),R) and
sup{lu(v)| : v>v.} > 0 for all v, > v,. A solution u of FDE (1.1) is said to be oscillatory if it has

arbitrarily large zeros; otherwise, it is called nonoscillatory. Furthermore, we study the behavior
of (1.1) in the canonical case, that is,

foo Y (W) du = . (1.2)

)

The paper is structured into three main sections: the introduction, main results, and conclusion. In the
introduction section, we introduce the equation under study along with the fundamental assumptions,
and then we review the previous work in the relevant literature. The main results section is further
divided into three subsections: improved properties of positive solutions, oscillation theorems, and
examples and discussion.
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1.2. The function class H

In 1987, Philos [14] defined a new class of functions H to extend the results of Kamenev [15].
Assume that
Do={v,p):v>u>vo} and D ={(v,) : v = u > vo}.

A function P € C (D, R) is said to belong to the function class H, written by # € H, if
1) P(,v) =0forv > vy, P(v,u) >0 on D,.
(i1) P (v, ) has a continuous and nonpositive partial derivative 0P /du on D, such that the condition

OP (v, )
Ou

for all (v, u) € Dy, is satisfied for some p € C (D, R).

= —p(v, ) [P (v, )]V

Since then, Philos class H has been used to study the oscillations of differential equations of different
orders and types, see for example, [16—-18].

1.3. Literature review

In the first part of the related work, we will discuss the findings related to the oscillation of
NDDE (1.1) or a similar case. In the second part, we will present some work that helped to enhance
the relationships and inequalities used in the study of oscillation.

In 2000, Manojlovic” [19] presented an oscillation condition for the nonlinear ordinary differential
equation

(roVw @D I 0)) + gD F @) =0, (1.3)
using Philos class H, where F satisfies the condition
F @) > M > 0. (1.4)

a-1 /e —
(w @ IF @)
DzZurina and Lackova [20] and Sahiner [21] studied the oscillatory behavior of NDDE
(rMY @) Z M) +qO) F (o @) =0. (1.5)

In [20], DZurina and Lackova used the condition

\quFwwwwmw:m (1.6)

Y0

for all N > 0, where
|
R () ::f ——du,
W T

and presented the following criterion for oscillation:
Theorem 1.1. ( [20], Corollary 2.4) Suppose that F (u) = u and o’ (v) > 0. If

Lo’ () G = co
4(1 = po) R(o (W) r (o (W) ’

f [Q(IJ)R(U(M)) -
Vo
then every solution of (1.5) is oscillatory.
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On the other hand, Sahiner [21] used Philos class H and three different forms of restrictions on F,
namely (BS) with @ = 1, (1.4) with @ = 1, and F’ (1) > A > 0. Next, we present one of Sahiner’s
results in which he used condition (B5).

Theorem 1.2. ( [21], Theorem 2.3) Suppose that o’ (v) > 0 and there are & € C([vy,),R*) and
P € H such that

Lrc@)éw) , .
lllvll_i?PP(’ Vo) [P(V,U)f(ll)Q(,u) 4k'—(/.t)G (v, ) | dp = oo,
where Q (v) := q(v)[1 = p(o(V))], and
G,p)=pyp) - £ W VP (1.7)

& ()
Then, every solution of (1.5) is oscillatory.

Using integral average conditions of Philos-type, Xu and Weng [22] investigated the oscillatory
properties of NDDE with distributed deviating argument

b
(rMy ) Z ) + f g, 1) F (u(o (v,p)))dé () =
where 7 (v) = v — 19, 79 > 0. For the more general equation

(rO) W @WONIZ M Z W) + g0 F (o () =0, (1.8)

Ye and Xu [23] established oscillation criteria under the condition (B5), and considered the canonical
and noncanonical cases. The following theorem presents the oscillation criteria for the canonical case.

Theorem 1.3. ( [23], Theorem 2.1) Suppose that o’ (v) > 0 and there is & € C ([vy, ) ,R") such that

= “ L re@l[¢w]™!
1— - du = oo. 1.9
fm [f a1 =) ~ e T (19)
Then, every solution of (1.8) is oscillatory.
Li et al. [24] obtained oscillation criteria for NDDE
(rW [ = p M u@Ee))]") + g ulc®)) =0, (1.10)

where 0 < p (v) < po < 1. Arul and Shobha [25] enhanced the findings, achieving improved oscillation
results for the solutions of Eq (1.10).
In [26], numerous findings on oscillation were derived for the second order differential equation

M [@) = pMuE))T) +q) i (c()) =0, (1.11)

where y and § are ratios of positive odd integers, y > . As a more generalized equation than (1.11),
Grace et al. [27] established some results for oscillation of solutions of NDDE

(r) W) + g () =0
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where
(@) = u@) + pr(u® (7(v)) — p2(Ou™ (7 (v)).
Baculikova et al. [28] studied the oscillatory behavior of solutions of NDDE

(@W)((x () = p) x* @W)))) +q ) 2 (0(v) = 0

where 0 < @ < 1.

In the past ten years, there has been a significant amount of research aimed at developing methods
and relationships to study the oscillations of functional differential equations. Grace et al. [29] and
Moaaz et al. [30-32] have studied the oscillation of NDDE

(r» [Z W] +q) v’ (o () =0, (1.12)

and enhanced the well-known results published in the literature.
By improving the relationships between u and Z, Hassan et al. [33] and Moaaz et al. [34, 35]
improved the oscillation results for several classes of functional differential equations.

Lemma 1.1. ( [35], Lemma 1) Suppose that u is a solution of (1.1) and u(v) > 0 for v > v,. Then,
eventually,

LY (]—[ p i ))) [Z ) - Z e )

for any integer m > 0, where
W) i=v, 1, (V) =(Totr )W), fort=1,2,....

Oscillation theory is an important area of study that offers fascinating analytical problems.
Recently, researchers have been working on developing oscillation criteria for various types of
functional differential equations. This research can be found in sources such as [13,36-39].

We investigated the oscillatory behavior of NDDE (1.1) in this study. We extended the results
in [35] and showed a new relationship between u and Z. We established many criteria that ensure the
oscillation of every solution to the studied equation. The motivations and novelty of the results are
summarized as follows:

— Expanding previous results in the literature to include the half-linear case as well as the case of
multiple delays

— Removing some monotonic constraints on delay functions

— Provide criteria that take into account the effects of delay functions

— Providing more efficient and accurate oscillation parameters than previous related results

2. Main results

For convenience, we define the following: U™ represents the class of all eventually positive solutions
to NDDE (1.1), @ := @/ (@ + )**", oin (v) := min {or; () : j = 1,2,...,}, and

ne (v) = f r~ (u) du.
To prove the main results, we will need the following lemma:
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Lemma 2.1. ( [40], Lemma 2.3) Assume that G (6) = ¢,0 — c,0'/, where c,, c; > 0. Then, G has the
maximum value at 0, := (ac;/ (@ +1)¢c))* and G(O) <G (0,,) = acj’“cg" for 6 e R.

max

2.1. Improved properties of positive solutions

In this section, we deduce some new and improved relationships for positive solutions to the studied
equation.

Lemma 2.2. Suppose that u € U*. Then,
P1 Z and Z’ are positive, and (r - (W o u) - [Z']%)’ < 0, eventually.
P2 Z(v) 2 ' (v)Z (v, (v) and (Z/nﬁl)' <0.

Proof. Let u € U*. Then, there is a v; > v, such that u (7 (v)) > 0 and u(o'j (v)) > (0 for v > v, and
Jj = 1,2,...,k. From the definition of Z, we get that Z (v) > 0 for v > v;. It follows from (1.1), (B2),
and (BS) that

(rO) ¥ @) [Z M1 Z 4, F (u(o;»)) <0

Thus, (r- (Y o u) [Z'])" < 0 and Z’ is of a constant sign.
Suppose that Z’ (v) < 0 for v > v,. So,

rMy @) [Z W] < —c <0.

, «[€o 1
(< _\/;—rl/“(v)'
ZW)<Zn) - (/ZLOUVZ ).

Using (1.2), we obtain lim,_,., Z (v) = —oco, which contradicts the fact that Z (v) > 0.
Now, we have

Since ¢ (1) < L, we find

Integrating this inequality leads to

[r () o (@] Z' ()

(W= Vi G0

, for u > v;.

Integrating this inequality leads to

Y [r ) ()] Z ()
Zm)=Zom)+ f o

Using the properties in (P1), we arrive at

Z0) = e 7o) f i
1
> <M Z 0, ).
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Then,

’ ’ -1..-1/a
(Z) . Z —onStrteZ

m, 5
1 ) e la
= iz -z
< 0.
This completes the proof. O
Lemma 2.3. Suppose that u € U™. Then,
m (201
ny ( 25( ))
u(V)>Z(V)Z(]—[p( (v ))) '5 oy =Pl 2.1)
Vl

or v > v, and any integer m > Q.
y integ

Proof. Let u € U*. Then, there is a v; > v, such that u (7 (v)) > 0 and u(O'j (v)) > 0 for v > v; and

Jj=1,2,...,k. From Lemma 2.2, we have the properties in (P1) and (P2) satisfied. It follows from these
properties that

ZoTy > 0Ty,
and
(ﬂv] 0726’)
(Zoty) > U—'Z,

14!

for £ =0,1,...,m. Thus, from Lemma 1.1, we arrive at

m

u(v) > Z {np(n( ))) [j((zzj (( )))) Z (ta1 (v))]
a 1
3 []_[ P (v))) [p o ]sz )

m (201
> Z) []—[pm( ))) MO o).

= )

\%

This completes the proof. O

2.2. Oscillation theorems

Theorem 2.1. Suppose that o, (v) 2 0, and there is a £ € C' (I RY) such that

1 Y min b > ot
[ ke o, o - EOmEOWT g, o 2
P (v,v0) Jy, | )] (@+1)

lim sup

V—00
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where
K m(20-1 0 ) «
() = th%;lup@@“mﬂngﬁ;J»D_MW@“MH
and ”m
¥ (v,u) :=py,u) — fg(/(,lj) [P (v, )]

Then, every solution of (1.1) is oscillatory.

Proof. Assume the contrary that Eq (1.1) has a nonoscillatory solution. Thus, there is a solution u
of (1.1) such that u € U*. Moreover, there is a v{ > v, such that u (7 (v)) > 0 and u (a'j (v)) > 0 for
v>viand j=1,2,..., k. Using (BS), Eq (1.1) becomes

(rM Yy [Z MY < -k Z ;) u (o (). (2.3)
=1

From Lemma 2.3, we have that (1.12) holds. Combining (2.1) and (2.3), we obtain
wawwnzwwr
< -k Z 7; [ Z(o;0)]

a

i(ﬁ (o) D e )]

=0 m, (0' j (V))

and so
(rM Yy @) [Z W] < =k, (v) [Z (T min W] (2.4)

Now, we define the function

r-@ou-[Z'1°

wi=¢&- Zo oo > 0. (2.5
Then,
i (r@ow-1ZNY _r-Wow-1Z1  _,
w = f W+§ (.Za OO'min) (.Z(H'l O(Tmin) Q(Z O'mm) O-mm]’
which with (2.4) gives
f/ r.(wou),[Zl]a ) )

Since (r- (W ou) - [Z']") <0, we get that
(I’ X (l/’ o Lt) . [Z/]a)l/a

(7‘ © o-min)l/a . (lﬁ ouo O-min)
(}" . (w o l/l) X [Z/]a)l/a

Ll/a (I" © o-min)l/a

(Z/ © O-min) >

1/a
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Substituting (Z’ © oin) in (2.6), we conclude that

@ |a /
’ gl a r- (w © u) : [Z,] - O-mjn
< Z. + _k(Dm — = R
v wré LY [Z © O min] (r 0 o in) /@
& a T in 1+1/
= = -w—ké- O, - .
f w é: Ll/a é‘_«l/a . (V o O_min)l/(t
By multiplying the inequality
/ & (W) a ) 1+1/a
w () < w () — k& (1) @y (1) — [w (W]
&) LY gva (1) (r (omin ()
by P (v, u) and then integrating it from v, > v; to v, we arrive at
"E (W

fvz?’(v,ﬂ)W’(/u)dﬂ < [ 55

@ (7 T fnin (1) 1+1/a
. | .
L f £ ) (o Gy A0 LWL

P(V,ﬂ)W(u)dﬂ—kf £G0P (v, 1) B, (1)

and so

k f EWP MWD, wWdu < Pryv)wn)+ f [P (v, )]V (v, ) w () dut

V2

LU Sy 0 40) (r (0in ()
Using Lemma 2.1 with 8 = w, ¢; = [P (v, )]V ¥ (v, ), and

@ T 00

= I gl Gy (r (o G O H)
we obtain
P v, va)w(2)
Y Y L~ min a+
>k [ ewPou oy @a- [ SRR I  pp g,
e w2 o, w)
or
1 4 i \I, 3 a+1
[ k0P o, 0 - B DAL Sl P
Pv.v2) Jy, o] @+ D

which contradicts assumption (2.2). This completes the proof.

Theorem 2.2. Suppose that o . (v) > 0, and there is a & € C' (IR") such that
L " W] (T (W)
KE (1) Dy (1) — [ @I min @D

i
an_i?psfv. (a + 1)a+l [(f W (,U)]a

where @, is defined as in Theorem 2.1. Then, every solution of (1.1) is oscillatory.

a f T nin (1) 1/07)("’/‘) [w (,u)]1+1/a du.

2.7)

(2.8)
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Proof. Assume the contrary that Eq (1.1) has a nonoscillatory solution. Thus, there is a solution u
of (1.1) such that u € U*. Moreover, there is a v{ > v, such that u (7 (v)) > 0 and u (0' j (v)) > 0 for
v>viand j=1,2,...,k

Now, we define w as in (2.5). Proceeding as in the proof of Theorem 2.1, we arrive at (2.7). Using
Lemma 2.1 with 8 = w, ¢; = £’ /£, and

/
min

LU gt (r 0 )1

a o

(&)}

we obtain

~L , a+1 . " nin
w’s—kg.q>m+0‘—a[§] (FOZ ).
@ [é: ) O_;nin]

Integrating this inequality leads to

v L ’ ot : min
fﬂ“wgm”‘ W @m0 4
" (+1) [Ew o, W]
which contradicts assumption (2.8). This completes the proof. O

In the following theorem, we present a new criterion for the oscillation of (1.1), but unlike previous
theorems, it does not need the constraint o/ . (v) > 0.

Theorem 2.3. Suppose that there is a & € C' (I, RY) such that
_ g My @min @)L r@wwmw
1 k D, - = du = oo, 29
Hflséllpj; [ (1) P (1) [ T (1) ] (@+ D" [Ew] * 29

for vy > vy, where ®,, is defined as in Theorem 2.1. Then, every solution of (1.1) is oscillatory.

Proof. Assume the contrary that Eq (1.1) has a nonoscillatory solution. Thus, there is a solution u
of (1.1) such that u € U*. Moreover, there is a v; > v, such that u (7 (v)) > 0 and u(O'j (v)) > 0 for
v>viand j=1,2,..., k.

Proceeding as in the proof of Theorem 2.1, we arrive at (2.4). Now, we define the function

1@

w::§-r-(wou)-[% > 0.
Then, )
,_ & (r-@Wow-[Z'1") r-Wou-[Z' '
w:g-w+§ ~a — Zarl -OZZ],
which with (2.4) gives
c o8 e [Zeow |t 2]
w < £ w+§»kCDm [—Z ] ar - (Y ou) [Z] ]
é:, (Z o o-min) ¢ a 1+1/a
= 2 . yw—k&E-D, - _
‘ w—k&- D, [ Z ] rl/a-§1/0~(¢ou)1/aw
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/ N -1/
f [ T o0

< E.v1/—l<§-d)m. = _rl/a.fl/a
It follows from Lemma 2.2 that (Z I, )I < 0. Then,

()
(-Z o O-min) > (n"l © O'min)
Z - o

So, (2.10) reduces to

a

)
1 .
ng] rl/a/ . f Ja

w's%-w—kf-(bm-

Using Lemma 2.1 with 8 = w, ¢; = &' /£, and

B alL ™'
2= plia . gl

we obtain .

(77(31 o O-min)

0
Vi

Lar-[&]"

W, < —ké,‘: . (I)m . + E [é:]a,

Integrating this inequality leads to

’ ny, (T min (/1)) oo L r(u) [é—" (/J)]a+l
ke (1) @, () | Do 2Tmin WO i P |
fm [ e (M)[ M (1) ] @+ 1) [EW] < wvi)

which contradicts assumption (2.9). This completes the proof. O

By replacing P (v, u) with (v — )", n € Z*, in Theorem 2.1, we obtain an oscillation criterion for
Eq (1.1) of the Kameneyv type.

Corollary 2.1. Suppose that o (v) > 0, and there are ¢ € C' (IR*) and n € Z* such that

LE (W) 7 (0 min () [ (v, )]
[a;nin (p)]” (a + 1)

lim sup =)

f lkf(u) (v = )" Dy (1) —

where ©,, and ¥ are defined as in Theorem 2.1. Then, every solution of (1.1) is oscillatory.

In Theorem 2.2, by choosing & (1) = 77, (0min (W), We get the following oscillation criterion for
Eq (1.1).

Corollary 2.2. Suppose that o/ . (v) > 0, and
La®*! | )]
(@ + D™ 1y, (0min () [ (Tmin (@)

where @, is defined as in Theorem 2.1. Then, every solution of (1.1) is oscillatory.

du = oo, (2.11)

y—00

lim sup f ' [knﬁ’l (O min (1)) @y (1) —

AIMS Mathematics Volume 9, Issue 6, 16544—-16563.
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For the linear special case of Eq (1.1), which is:

rMy@») Z W) +q0ulc®) =0, (2.12)
we present the following oscillation criterion.

Corollary 2.3. Suppose that there is a & € C' (I, RY) such that

. v My (Omin @) Lrw) [€ W]
1 D, () || - S |dp = oo,
lﬂii’pfvllf(”) (“)[ o () ] raTma R

for vy > vy, where ®,, is defined as in Theorem 2.1. Then, every solution of (2.12) is oscillatory.

2.3. Examples and discussion

In this section, we confirm with examples and remarks the novelty of the results and their efficiency
in the oscillation test compared to previous relevant results.

Remark 2.1. Let k = 1 and a = 1. Then, Eq (1.1) reduces to (1.5). It is simple to verify that
Qy(V) =g [1=-plcON]=00),
where Q (v) is defined in Theorem 1.2. Moreover,

m (20-1 o
o ) ( ] 1, (120 (0 ()

Q) +q(v); ];[p(n () o) [1 = p(ta0 (0 M)

> 0©). (2.13)

Therefore, if m = 0, we note that Theorems 2.1 and 2.2 turns into Theorem 1.2 and 1.3, respectively.
Also, Corollary 2.2 turn into Theorems 1.1.
In general, based on (2.13), Theorems 2.1 and 2.2 generalize and improve Theorems 1.1-1.3.

Remark 2.2. Theorems 1.1-1.3, 2.1, and 2.2 require that constraint o/ . (v) > 0. However,
Theorem 2.3 does not need this constraint.

Example 2.1. Consider the NDDE

x

1
1 + sin® (u (v))

S
[(u(v) + pou (Tov))']a) o au® (/ljv) =0, (2.14)

J=1

where a > 0 is an odd integer, Ty, A; € (0,1] for j = 1,2,...,k, po € [0,1), and aj > 0. We see that
rM=1LpW)=po,t(v)=10v, 0;(v) =4y, q;(v) = aj/v“”, F (u) = u® and ¢ (u) = 1/(1 + sin® u)
It is simple to confirm thatk = 1,1=1/2,L=1,6 = %, and T, (v) = Tgvforf =0,1,.... Then,

1 20 2W 1 _
ya+l [1_p0 Za] ZPO T :mq’

=1
AIMS Mathematics Volume 9, Issue 6, 16544—-16563.
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where

- pl g,

j=1

Z pgfrg xff] .

By choosing & () = u® and P (v, 1) = (v — )+, condition (2.2) reduces to

lim sup

V—00

Ve a+1
1 Nyt p @) - a2
T e+l q du
v ,U) Vo

K A2 (a+ 1)

—~ 1
- [ )

where Ay := minA;, which is achieved if
1<j<k

a+1

— o’
> (2.15
A2 (a+ 1) )
Moreover, condition (2.8) reduces to (2.15). On the other hand, condition (2.9) becomes
) v . a% a,(t+l 1
lim su A — | —d 00,
Heopfvl [q e e
which is achieved if
a,a+1
q> . (2.16)

/lg V2 (Q + 1)a+l

Therefore, using Theorems 2.1-2.3, every solution of (2.14) is oscillatory if one of the conditions (2.15)
and (2.16) holds.

In order to determine which conditions are most efficient in the oscillation test, it is easy to note that

a,(x+1 a,(z+1

< p s
A @+ D™ a2 gy )]

so criterion (2.15) provides the sharpest results in the oscillation test.

Remark 2.3. To compare our results with previous results in the literature, we consider the special
case
: L09m)) + Lu©5% =0 2.17
(1+sin2(u(v))(u(V)+2u( . v))) +V2u( Sv)=0, (2.17)
where 1 € (0,1] and a > 0. Applying Theorems 1.1-1.3, we find that every solution of (2.17) is
oscillatory if a > 1. However, condition (2.15) becomes a > 0.83598, which is better for oscillation.
Moreover, Figure 1 shows one of the oscillatory solutions of Eq (2.14) when py = 0, @ = 1,k = 1,
a; = 10, and A; = 1. We note that the solution has an infinite number of arbitrary zeros that converge
to infinity. We also notice that the distance between the zeros of this oscillatory solution increases
constantly. Also, oscillation waves rise with increasing t.

AIMS Mathematics Volume 9, Issue 6, 16544—-16563.



16557

Figure 1. One of the oscillatory solutions to Eq (2.14).

Example 2.2. Consider the delay equation

1+e® d AR
[%a [u() + pou (v — 19)] ) + ]Z:; e“u (v - /lj) =0, (2.18)
where 1, po, and A; are positive, for j = 1,2,...,k. We see thata = 1, r(v) = e, p(v) = py,
TV =v-10,0;(V)=v-A4;,qv) =€, F(u) =u, and y (u) = 1 + e Itis simple to confirm that
I=1,L=26=2 and

(Dm (V) — [1 _ Po] e Z e’ Z p%[e—4fro — ’q‘e—v,

=1 =0
where . .
G:=[1-po] Y e > pile ™
=1 =0
By choosing & (u) = e and P (v,vy) = (v — ,u)2, condition (2.2) becomes

1
lim sup
y—00 (V — V0)2

V] 1
f [q(v—u)z— @[2—@—#)]2]@ = oo,

where Ay := maxA;, which is achieved if
1<j<k

e'o
T> —. 2.19
9> (2.19)
Using Theorem 2.1, every solution of (2.18) is oscillatory if (2.19) holds.

Remark 2.4. In 2018, Grace et al. [29] presented improved criteria for the oscillation of NDDE
rMIZ W) +qMu (o) =0.
Applying the results in [29], we find that every solution of

[u() + pou (rov)]” + %u () =0 (2.20)
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is oscillatory if
1 1
a/l[l — p()] [1 + a/l(l - po)] In Z > E, 2.21)
(Theorem 3, [29]), or

. 1
al’[1- po] > rh

(Theorem 6, [29]), where ¢ = 1/ (1 + ad (1 — py)). For (2.20), condition (1.9) and (2.8) reduce to

1
a>—, (2.22)
42 [1 - Po]
and
= 1
all=pl ) p'w’ > 73, (2.23)
=0

respectively. Figure 2 compares the lower bounds of a-values with respect to A € (0,1] for
conditions (2.21)—(2.23), when py = 0.5 and 7y = 0.9. We note that condition (2.21) provides the best
results for oscillation in (0,0.214722), while condition (2.23) is the best in (0,0.214722].

— Condition (2.21)
Condition (2.22)
Condition (2.23)

102

Figure 2. Oscillation criteria of Eq (2.20).
Remark 2.5. Consider the special case of (2.20) in which
9 (9
[M (V) + EM (EV)

Table 1 compares the various criteria that confirm the oscillation of the solutions of Eq (2.24).
Theorem 2.2 provides the best results for oscillation.

" a 1
+ oL (EV) =0. (2.24)

Table 1. Oscillation parameters of Eq (2.24).

Theorem 1.1 Theorem 3 in [29] Theorem 3 in [29] Theorem 2.2
Criteria a > 5.0000 a>"7.6719 a>44113 a>1.7197
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3. Conclusions

The precision of the relationships and inequalities utilized has an impact on the investigation of
the oscillatory behavior of FDEs. In this paper, we examined the oscillatory behavior of solutions
for NDDE (1.1). We presented a novel relationship between u and Z as an extension of the findings
in [35]. We set more than one standard that guarantees the oscillation of all solutions of the equation
under study. Through comparisons and examples, we found the following:

— Our theorems extend the results in [20, 21, 23] to the half-linear case as well as to the case of
multiple delays.

— Theorem 2.2 does not need monotonic constraints on the delay functions, while previous results
required o’ (v) > 0.

— Based on (2.13), our results not only generalize previous results but also improve upon them. This
improvement can be seen in Remarks 2.3-2.5.

— The previous results do not take into account the effect of 7 (v), while the new relationship (2.1)
makes our criteria affected by 7 (v).

It would be interesting for future studies to obtain an improved relationship between the solution
and the corresponding function without having to require that ¢ (1) > [ > 0 and py < 1. Recently, there
are many studies that have developed oscillation criteria for higher-order differential equations, see for
example [41-45]. We also propose to extend our results to include the non-canonical case as well as
higher-order equations.
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