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1. Introduction

The Cauchy integral representations play an important role in the function theory of one or several
complex variables, among which the Cauchy integral formula and the Cauchy-Pompeiu formula [1]
are the two most important categories. The classical Cauchy-Pompeiu formulas [2] in C are:

w(z) =
1

2πi

∫
∂G

w(ζ)
dζ
ζ − z

−
1
π

∫
G

wζ̄(ζ)
dξdη
ζ − z

, z ∈ G, (1.1)

w(z) = −
1

2πi

∫
∂G

w(ζ)
dζ̄

ζ − z
−

1
π

∫
G

wζ(ζ)
dξdη

ζ − z
, z ∈ G, (1.2)

where G is a bounded smooth domain in the complex plane and w ∈ C1(G;C)
⋂

C(G;C).
Obviously, the classical Cauchy-Pompeiu formulas are closely related to complex partial differential

operators. Thus, lots of boundary value problems related to complex partial differential equations were
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solved with the help of the Cauchy integral formula and the Cauchy-Pompeiu formula in the complex
plane C, see [3–6]. By iterating the Cauchy-Pompeiu formula for one variable, the solutions to second
order systems in polydomains composed by the Laplace and the Bitsadze operators were obtained [7].
The Riemann-Hilbert problems for generalized analytic vectors and complex elliptic partial differential
equations of higher order were investigated in C [8]. By constructing a weighted Cauchy-type kernel,
the Cauchy-Pompeiu integral representation in the constant weights case and orthogonal case were
obtained [9]. The classical Cauchy-Pompeiu formula was generalized to different cases for different
kinds of functions in C [7], among which a high order case is:

w(z) =
m−1∑
µ=0

1
2πi

∫
∂G

1
µ!

(z − ζ)µ

ζ − z
∂
µ

ζ̄
w(ζ)dζ −

1
π

∫
G

1
(m − 1)!

(z − ζ)m−1

ζ − z
∂m
ζ̄

w(ζ)dξdη, (1.3)

where w ∈ Cm(G;C)
⋂

Cm−1(G;C) and 1 ≤ m, see [10]. The first item in the right hand of (1.3) is
the Cauchy integral expression for m-holomorphic functions on D, and the second item in (1.3) is a
singular integral operator. Let

T0,m f (z) =
−1
π

∫
D

1
(m − 1)!

(z − ζ)m−1

ζ − z
f (ζ)dξdη, (1.4)

where m ≥ 1, f ∈ C(∂G) with G being a bounded domain in the complex plane, then

∂mT0,m f (z)
∂z̄m = f (z),

see [11]. Therefore, the solution to ∂m
z̄ w(z) = f (z) can be expressed as (1.3), and T0,m f (z) provides a

particular solution to ∂m
z̄ w(z) = f (z). Thus it can be seen that, the Cauchy-Pompeiu formulas provide

the integral representations of solutions to some partial differential equations.
The generalizations of the classical Cauchy-Pompeiu formula have contributed to the flourishing

development of boundary value problems in C. Many types of boundary value problems for analytic
functions or polyanalytic functions have emerged in C. Among them, Riemann boundary value
problems and Dirichlet problems are the two major categories. By using the Cauchy-Pompeiu
formula and its generalizations, the solvable conditions were found, and the integral expressions of
the solutions to some problems were obtained. Some were discussed on different ranges of the unit
disk, such as a generalized Cauchy-Riemann equation with super-singular points on a half-plane [12],
the variable exponent Riemann boundary value problem for Liapunov open curves [13], Schwarz
boundary value problems for polyanalytic equation in a sector ring [14], and so on [15–17]. Some
were investigated for different equations, such as bi-harmonic equations with a p-Laplacian [18] and
so on [12,19,20], which are different from the partial differential equations in [7].

As we all know, analytic functions are defined by a pair of Cauchy-Riemann equations. Bi-analytic
functions [21] arise from the generalized system of Cauchy-Riemann equations ∂u

∂x −
∂v
∂y = θ,

∂u
∂y +

∂v
∂x = ω,

(k + 1) ∂θ
∂x +

∂ω
∂y = 0, (k + 1)∂θ

∂y −
∂ω
∂x = 0,

where k ∈ R, k , −1, ϕ(z) = (k + 1)θ − iω is called the associated function of f (z) = u + iv. A special
case of bi-analytic functions is

∂z̄ f (z) =
λ − 1

4λ
ϕ(z) +

λ + 1
4λ

ϕ(z), ∂z̄ϕ(z) = 0.
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Bi-analytic functions are generalizations of analytic functions. They are important to studying
elasticity problems and, therefore, have attracted the attention of many scholars. Begehr and
Kumar [22] successfully obtained the solution to the Schwarz and Neumann boundary value problems
for bi-polyanalytic functions. Lin and Xu [23] investigated the Riemann problem for (λ, k) bi-analytic
functions. There are many other excellent conclusions as well [24, 25].

So far, there have been few results for boundary value problems of bi-analytic functions with
Riemann-Hilbert boundary conditions. Stimulated by this, we investigate this type of problems for
bi-polyanalytic functions [26]

∂z̄ f (z) =
λ − 1

4λ
ϕ(z) +

λ + 1
4λ

ϕ(z), ∂n
z̄ϕ(z) = 0 (n ≥ 1),

where λ ∈ R\{−1, 0, 1}, which are the extensions of bi-analytic functions.
To solve the boundary value problems for bi-polyanalytic functions, in this paper, we first discuss

a Riemann-Hilbert problem related to complex partial differential operators of higher order on the
unit disk, and then we investigate the boundary value problems for bi-polyanalytic functions with
the Dirichlet and Riemann-Hilbert boundary conditions, the half-Neumann boundary conditions and
the mixed boundary conditions. Applying this method, we can also discuss other related systems of
complex partial differential equations of higher order for bi-polyanalytic functions.

2. Some lemmas

Let ℜz and ℑz represent the real and imaginary parts of the complex number z, respectively. Let
Cm(G) represent the set of functions whose partial derivatives of order m are all continuous within G,
and C(G) represent the set of continuous functions on G. To get the main results, we need the following
lemmas:

Lemma 2.1. [2] Let G be a bounded smooth domain in the complex plane, f ∈ L1(G;C) and

T f (z) =
−1
π

∫
G

f (ζ)
ζ − z

dξdη,

then ∂z̄T f (z) = f (z).

Lemma 2.2. Let D be the unit disk in C. For φ ∈ C(∂D,R) and f1 ∈ Cm−1(D̄,C) (m ≥ 1) with
∂z̄ fκ−1 = fκ (κ = 2, · · ·,m), fm = 0, let

W(z) =
1

2πi

∫
∂D
φ(ζ)

ζ + z
ζ − z

dζ
ζ
+

1
2πi

∫
∂D

m−1∑
µ=1

1
µ!
ℜ[(z − ζ)µ fµ(ζ)]

ζ + z
ζ − z

dζ
ζ

+
1

2π

∫
∂D

m−1∑
µ=0

1
µ!
ℑ{[(z−ζ)µ − (−ζ̄µ)] fµ(ζ)}

dζ
ζ
,

(2.1)

thenℜW = φ, ∂m
z̄ W(z) = 0 and ∂s

z̄W(z) = fs(z) (s = 1, 2, · · ·,m − 1).

Proof. ℜW = φ is due to the property of the Schwarz operator, as ζ+z
ζ−z is a pure imaginary number if

z→ ∂D.
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Let 
A =

1
2πi

∫
∂D

m−1∑
µ=1

1
µ!
ℜ[(z − ζ)µ fµ(ζ)]

ζ + z
ζ − z

dζ
ζ
,

B =
1

2π

∫
∂D

m−1∑
µ=0

1
µ!
ℑ{[(z−ζ)µ−(−ζ̄µ)] fµ(ζ)}

dζ
ζ
.

Then 

Az̄ =

m−1∑
µ=1

1
µ!

[ 1
2πi

∫
∂D
µ(z−ζ)µ−1 fµ(ζ)

dζ
ζ−z
−

1
2πi

∫
∂D
µ(z−ζ)µ−1 fµ(ζ)

dζ
2ζ

]
,

As
z̄ =

m−1∑
µ=s

1
(µ−s)!

[ 1
2πi

∫
∂D

(z−ζ)µ−s fµdζ
ζ−z
−

1
2πi

∫
∂D

(z−ζ)µ−s fµdζ
2ζ

]
(s = 2, · · ·,m−1),

Am
z̄ = 0,

(2.2)

and 

Bz̄ =

m−1∑
µ=1

1
4πiµ!

∫
∂D
µ(z−ζ)µ−1 fµ(ζ)

dζ
ζ
,

Bs
z̄ =

m−1∑
µ=s

1
4πi(µ − s)!

∫
∂D

(z−ζ)µ−s fµ(ζ)
dζ
ζ

(s = 2, · · ·,m−1),

Bm
z̄ = 0.

(2.3)

By (2.2), (2.3), and the Cauchy-Pompeiu formula (1.1), we get

Wz̄ = Az̄ + Bz̄ =

m−1∑
µ=1

1
µ!

1
2πi

∫
∂D
µ(z−ζ)µ−1 fµ(ζ)

dζ
ζ−z

=
1

2πi

∫
∂D

[ m−1∑
µ=1

1
(µ−1)!

(z−ζ)µ−1 fµ(ζ)
] dζ
ζ−z
+
−1
π

∫
D

∂

∂ζ̄

[ m−1∑
µ=1

1
(µ−1)!

(z−ζ)µ−1 fµ(ζ)
] dσζ

ζ − z

=
[ m−1∑
µ=1

1
(µ−1)!

(z−ζ)µ−1 fµ(ζ)
]
ζ=z
= f1(z).

Similarly,

∂s
z̄W(z) = ∂s

z̄A + ∂s
z̄ B = fs(z) (s = 2, · · ·,m − 1), ∂m

z̄ W(z) = ∂m
z̄ A + ∂m

z̄ B = 0.

□

Lemma 2.3. [11] Let G be a bounded smooth domain in the complex plane, and w ∈

C1(G;C)
⋂

C(G;C), then∫
G

wz̄(z)dxdy =
1
2i

∫
∂G

w(z)dz,
∫

G
wz(z)dxdy = −

1
2i

∫
∂G

w(z)dz̄.
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3. PDE of higher order with Riemann-Hilbert condition

Theorem 3.1. Let D be the unit disk in C. For γ, fk ∈ C(∂D) with ∂z̄ fk = fk+1 ( k ≥ 1, k ∈ Z), let

T0,k fk(z) =
−1
π

∫
D

1
(k − 1)!

(z − ζ)k−1

ζ − z
fk(ζ)dσζ , (3.1)

then the problem  ℜ[ζ
p
W(ζ)] = γ(ζ) (ζ ∈ ∂D),

∂kW(z)
∂z̄k = fk(z) (z ∈ D)

is solvable on D.
(i) In the case of p ≥ 0, the solution can be expressed as:

W(z) = zpφ1(z) +
k−1∑
s=0

s∑
l=0

+∞∑
v=0

αsl(v−p)zvz̄l + T0,k fk(z), (3.2)

where

φ1(z) =
1

2πi

∫
∂D
γ(ζ)

ζ + z
ζ − z

dζ
ζ
−

1
(k−1)!

zp

π

∫
D

fk(ζ)
z(z − ζ)k−1

1 − zζ̄
dσζ

+
1

2πi

∫
∂D

k−1∑
µ=1

1
µ!
ℜ
[
(z − ζ)

µ
µ∑

m=0

Cm
µ ( fµ−m(ζ) − T0,k−µ+m fk(ζ))∂m

ζ̄
ζ̄ p
]ζ + z
ζ − z

dζ
ζ

+
1

2π

∫
∂D

k−1∑
µ=0

1
µ!
ℑ
[
((z−ζ)

µ
−(−ζ)

µ
)
µ∑

m=0

Cm
µ ( fµ−m(ζ)−T0,k−µ+m fk(ζ))∂m

ζ̄
ζ̄ p
]dζ
ζ
,

(3.3)

αsl(v−p) are arbitrary complex constants satisfying

k−1∑
s=0

s∑
l=0

αsl(v+l) = 0 (v≥ p+k),
k−1∑
s=0

s∑
l=0

[αsl(v+l) + αsl(l−v)] = 0 (−p≤v≤ p),

k−1∑
s=0

s∑
l=0

αsl(p+1+t+l)+

k−1∑
s=t+1

s∑
l=t+1

αsl(−p−1−t+l) = 0 (t = 0, 1, · · · , k − 2, k ≥ 2).

(3.4)

For k = 1 the last equation in (3.4) is non-existent.
(ii) In the case of p < 0, the solution can be expressed as:

W(z) = zpφ2(z) +
k−1∑
s=0

s∑
l=0

+∞∑
v=0

αsl(v−p)zvz̄l + T0,k fk(z) (3.5)

on the condition that

1
2πi

∫
∂D
{ζ−p[ fk−1(ζ)−T0,1 fk(ζ)] + ζ p[ fk−1(ζ)−T0,1 fk(ζ)]}

dζ
ζ l+1 = 0 (l = 0, 1, · · ·,−p−1), (3.6)
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where αsl(v−p) is the same as in (i) and

φ2(z) =
1

2πi

∫
∂D
γ
ζ + z
ζ − z

dζ
ζ
−

1
(k−1)!

zp

π

∫
D

fk(ζ)
z(z − ζ)k−1

1 − zζ̄
dσζ

+
1

2πi

∫
∂D

k−1∑
µ=1

1
µ!
ℜ{(z − ζ)

µ
ζ−p[ fµ(ζ) − T0,(k−µ) fk(ζ)]}

ζ + z
ζ − z

dζ
ζ

+
1

2π

∫
∂D

k−1∑
µ=0

1
µ!
ℑ{((z − ζ)

µ
− (−ζ)

µ
)ζ−p[ fµ(ζ) − T0,(k−µ) fk(ζ)]}

dζ
ζ
.

(3.7)

Proof. (1) For n = 1, by Lemma 2.1, T0,k fk(z) is a particular solution to ∂kW(z)
∂z̄k = fk(z), then the

corresponding general solution is W(z) = φ(z) + T0,k fk(z), where φ(z) is a k-holomorphic function with

ℜ[ζ−pφ(ζ)] = ℜ[ζ−pW(ζ) − ζ−pT0,k fk(ζ)] = γ(ζ) −ℜ[ζ−pT0,k fk(ζ)] � γ0(ζ).

(i) In the case of p ≥ 0(p ∈ Z):
1O Let φ(z) = zpφ1(z), then ℜ[ζ−pφ(ζ)] = γ0(ζ) ⇔ ℜ[φ1(ζ)] = γ0(ζ), and φ(z) is k-holomorphic if

φ1(z) is k-holomorphic. As

∂
µ

ζ̄
(ζ̄ pφ(ζ)) =

µ∑
m=0

Cm
µ ∂

µ−m
ζ̄

φ(ζ)∂m
ζ̄

(ζ̄ p) =
µ∑

m=0

Cm
µ ∂

µ−m
ζ̄

[W(ζ) − T0,k fk(ζ)]∂m
ζ̄

(ζ̄ p)

=

µ∑
m=0

Cm
µ [ fµ−m(ζ) − T0,k−µ+m fk(ζ)]∂m

ζ̄
(ζ̄ p),

by Lemma 2.2 we get that

φ1(z) =
1

2πi

∫
∂D

k−1∑
µ=0

1
µ!
ℜ[(z − ζ)

µ
∂
µ

ζ̄
(ζ̄ pφ(ζ))]

ζ + z
ζ − z

dζ
ζ

+
1

2π

∫
∂D

k−1∑
µ=0

1
µ!
ℑ[((z − ζ)

µ
− (−ζ)

µ
)∂µ

ζ̄
(ζ̄ pφ(ζ))]

dζ
ζ

=
1

2πi

∫
∂D
γ(ζ)

ζ + z
ζ − z

dζ
ζ
−

1
2πi

∫
∂D

[ζ−pT0,k fk(ζ) + ζ pT0,k fk(ζ)](
1

ζ − z
−

1
2ζ

)dζ

+
1

2πi

∫
∂D

k−1∑
µ=1

1
µ!
ℜ[(z − ζ)

µ
µ∑

m=0

Cm
µ ( fµ−m(ζ) − T0,k−µ+m fk(ζ))∂m

ζ̄
ζ̄ p]

ζ + z
ζ − z

dζ
ζ

+
1

2π

∫
∂D

k−1∑
µ=0

1
µ!
ℑ
[
((z−ζ)

µ
−(−ζ)

µ
)
µ∑

m=0

Cm
µ ( fµ−m(ζ)−T0,k−µ+m fk(ζ))∂m

ζ̄
ζ̄ p
]dζ
ζ

(3.8)

satisfiesℜ[φ1(ζ)] = γ0(ζ) and ∂k
z̄φ1(z) = 0. Furthermore, by (3.1), we obtain that

1
2πi

∫
∂D
ζ−pT0,k fk(ζ)

dζ
ζ − z

=
1

(k−1)!
−1
π

∫
D

fk(ζ′)
[ 1
2πi

∫
∂D
ζ−p (ζ − ζ′)k−1

ζ′ − ζ

dζ
ζ − z

]
dσζ′

=
1

(k−1)!
−1
π

∫
D

fk(ζ′)
[−1
2πi

∫
∂D
ζ̄ p (ζ − ζ′)k−1

ζ̄ζ′ − 1
dζ̄

zζ̄ − 1

]
dσζ′ =0,

(3.9)
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which follows
1

2πi

∫
∂D
ζ−pT0,k fk(ζ)

dζ
2ζ
= 0. (3.10)

Meanwhile,

1
2πi

∫
∂D
ζ pT0,k fk(ζ)

dζ
ζ − z

=
1

(k−1)!
−1
π

∫
D

fk(ζ′)
[ 1
2πi

∫
∂D
ζ p (ζ − ζ′)k−1

ζ̄′ − ζ̄

dζ
ζ − z

]
dσζ′

=
1

(k−1)!
−1
π

∫
D

fk(ζ′)
zp+1(z − ζ′)k−1

zζ̄′ − 1
dσζ′

=
zp

(k−1)!
−1
π

∫
D

fk(ζ)
z(z − ζ)k−1

zζ̄ − 1
dσζ ,

(3.11)

which follows
1

2πi

∫
∂D
ζ pT0,k fk(ζ)

dζ
2ζ
= 0. (3.12)

Plugging (3.9)–(3.12) into (3.8), we get (3.3). Therefore zpφ1(z) is a particular solution toℜ[ζ−pφ(ζ)] =
γ0(ζ) and ∂k

z̄φ(z) = 0.
2O If φ0(z) is k-holomorphic on D withℜ[ζ−pφ0(z)] = 0, then zpφ1(z)+ φ0(ζ) is the general solution

toℜ[ζ−pφ(ζ)] = γ0(ζ) and ∂k
z̄φ(z) = 0. In the following, we seek φ0(z).

As φ0(z) is k-holomorphic, it can be expressed as

φ0(z) =
k−1∑
s=0

s∑
l=0

+∞∑
v=0

Cslvzvz̄l �
k−1∑
s=0

s∑
l=0

+∞∑
v=0

αsl(v−p)zvz̄l, (3.13)

where αsl(v−p) = Cslv are arbitrary complex constants. Let

αslv+αsl(2l−v) = Aslv, αslv = Bslv, αsl(2l−v) = Cslv, (3.14)

then

0 = ℜ{ζ̄ pφ0(ζ)} =
k−1∑
s=0

s∑
l=0

+∞∑
v=−p

(αslvζ
v−l + αslvζ

l−v)

=

k−1∑
s=0

s∑
l=0

p+2l∑
v=−p

(αslv + αsl(2l−v))ζv−l +

k−1∑
s=0

s∑
l=0

+∞∑
v=p+2l+1

αslvζ
v−l +

k−1∑
s=0

s∑
l=0

−p−1∑
v=−∞

αsl(2l−v)ζ
v−l

=

k−1∑
s=0

s∑
l=0

p+2l∑
v=−p

Aslvζ
v−l +

k−1∑
s=0

s∑
l=0

+∞∑
v=p+2l+1

Bslvζ
v−l +

k−1∑
s=0

s∑
l=0

−p−1∑
v=−∞

Cslvζ
v−l

=
{ p∑

v=−p

A00vζ
v + (

p∑
v=−p

A10vζ
v +

p+2∑
v=−p

A11vζ
v−1) + (

p∑
v=−p

A20vζ
v +

p+2∑
v=−p

A21vζ
v−1 +

p+4∑
v=−p

A22vζ
v−2)

+ · · · +
[ p∑

v=−p

A(k−1)0vζ
v+

p+2∑
v=−p

A(k−1)1vζ
v−1+· · ·+

p+2(k−1)∑
v=−p

A(k−1)(k−1)vζ
v−(k−1)

]}
+
{ +∞∑
v=p+1

B00vζ
v+(

+∞∑
v=p+1

B10vζ
v+

+∞∑
v=p+3

B11vζ
v−1)+(

+∞∑
v=p+1

B20vζ
v+

+∞∑
v=p+3

B21vζ
v−1+

+∞∑
v=p+5

B22vζ
v−2)

(3.15)
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+· · ·+
[ +∞∑

v=p+1

B(k−1)0vζ
v+

+∞∑
v=p+3

B(k−1)1vζ
v−1+· · ·+

+∞∑
v=p+2k−1

B(k−1)(k−1)vζ
v−(k−1)

]}
+

−p−1∑
v=−∞

{
C00vζ

v+(C10vζ
v+C11vζ

v−1)+(C20vζ
v+C21vζ

v−1+C22vζ
v−2)

+· · · +
[
C(k−1)0vζ

v+C(k−1)1vζ
v−1+· · ·+C(k−1)(k−1)vζ

v−(k−1)
]}

=
{ p∑

v=−p

ζv
[ k−1∑

l=0

k−1∑
s=l

Asl(v+l)

]
+ ζ−p−1

k−1∑
l=1

k−1∑
s=l

Asl(−p−1+l) + · · · + ζ
−p−k+1A(k−1)(k−l)(−p)

+ ζ p+1
k−1∑
l=1

k−1∑
s=l

Asl(p+1+l) + ζ
p+2

k−1∑
l=2

k−1∑
s=l

Asl(p+2+l) + · · · + ζ
p+k−1A(k−1)(k−1)(p+2(k−1))

}
+
{
ζ p+1

k−1∑
s=0

Bs0(p+1) + ζ
p+2
[ k−1∑

s=0

Bs0(p+2) +

k−1∑
s=1

Bs1(p+3)

]
+ · · · + ζ p+k−1

k−2∑
l=0

k−1∑
s=l

Bsl(p+k−1+l) +

+∞∑
v=p+k

ζv
[ k−1∑

l=0

k−1∑
s=l

Bsl(v+l)

]}
+
{
ζ−p−1

k−1∑
s=0

Cs0(−p−1) + ζ
−p−2
[ k−1∑

s=0

Cs0(−p−2) +

k−1∑
s=1

Cs1(−p−1)

]
+ · · · + ζ−p−k+1

k−2∑
l=0

k−1∑
s=l

Csl(−p−k+1+l) +

−p−k∑
v=−∞

ζv
[ k−1∑

l=0

k−1∑
s=l

Csl(v+l)

]}
=

−p−k∑
v=−∞

ζv
[ k−1∑

l=0

k−1∑
s=l

Csl(v+l)

]
+ ζ−p−k+1

[ k−2∑
l=0

k−1∑
s=l

Csl(−p−k+1+l) + A(k−1)(k−l)(−p)

]
+ · · ·

+ ζ−p−1
[ k−1∑

s=0

Cs0(−p−1) +

k−1∑
l=1

k−1∑
s=l

Asl(−p−1+l)

]
+

p∑
v=−p

ζv
[ k−1∑

l=0

k−1∑
s=l

Asl(v+l)

]
+ζ p+1

[ k−1∑
s=0

Bs0(p+1)+

k−1∑
l=1

k−1∑
s=l

Asl(p+1+l)

]
+ ζ p+k−1

[ k−2∑
l=0

k−1∑
s=l

Bsl(p+k−1+l) + A(k−1)(k−1)(p+2(k−1))

]
+

+∞∑
v=p+k

ζv
[ k−1∑

l=0

k−1∑
s=l

Bsl(v+l)

]
,

(3.16)

which leads to (3.4) in consideration of (3.14) and

k−1∑
l=0

k−1∑
s=l

Cslv =

k−1∑
s=0

s∑
l=0

Cslv.

By 1O and 2O, (3.2) is the solution to Problem RH.
(ii) In the case of p < 0(p ∈ Z):
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1O Let φ(z) = zpφ2(z), thenℜ[ζ−pφ(ζ)] = γ0(ζ)⇔ℜ[φ2(ζ)] = γ0(ζ). Similar to the discussion of 1O
in (i), we get a particular solution φ2(z) forℜ[φ2(ζ)] = γ0(ζ) where φ2(z) is k holomorphic:

φ2(z) =
1

2πi

∫
∂D
γ0
ζ + z
ζ − z

dζ
ζ
+

1
2πi

∫
∂D

k−1∑
µ=1

1
µ!
ℜ[(z − ζ)

µ
ζ−p∂

µ

ζ̄
φ(ζ)]

ζ + z
ζ − z

dζ
ζ

+
1

2π

∫
∂D

k−1∑
µ=0

1
µ!
ℑ[((z − ζ)

µ
− (−ζ)

µ
)ζ−p∂

µ

ζ̄
φ(ζ)]

dζ
ζ

=
1

2πi

∫
∂D
γ
ζ + z
ζ − z

dζ
ζ
−

1
2πi

∫
∂D

[ζ−pT0,k fk(ζ) + ζ pT0,k fk(ζ)](
1

ζ − z
−

1
2ζ

)dζ

+
1

2πi

∫
∂D

k−1∑
µ=1

1
µ!
ℜ[(z − ζ)

µ
ζ−p∂

µ

ζ̄
φ(ζ)]

ζ + z
ζ − z

dζ
ζ

+
1

2π

∫
∂D

k−1∑
µ=0

1
µ!
ℑ[((z − ζ)

µ
− (−ζ)

µ
)ζ−p∂

µ

ζ̄
φ(ζ)]

dζ
ζ
.

So we get (3.7) for (3.9)–(3.12) and

∂
µ

ζ̄
φ(ζ) = ∂µ

ζ̄
[W(ζ) − T0,k fk(ζ)] = ∂µ

ζ̄
W(ζ) − ∂µ

ζ̄
T0,k fk(ζ) = fµ(ζ) − T0,(k−µ) fk(ζ).

Therefore

φ(z) = zpφ2(z) +
k−1∑
s=0

s∑
l=0

+∞∑
v=0

αsl(v−p)zvz̄l

is the solution to ℜ[ζ−pφ(ζ)] = γ0(ζ) and ∂k
z̄φ(z) = 0, where αsl(v−p) are arbitrary complex constants

satisfying (3.12).
2O Secondly, we seek the condition to ensure that φ(z) is k-holomorphic from φ2(z) = z−pφ(z). As

the k-holomorphism of φ2(z) = z−pφ(z) is equivalent to the holomorphism of ∂k−1
z̄ φ2(z) = z−p∂k−1

z̄ φ(z),
applying the properties of the Schwarz operator for holomorphic functions and

1
ζ − z

=
1
ζ
·

1
1 − z

ζ

=

∞∑
l=0

zl

ζ l+1 (|
z
ζ
| < 1),

we get that

z−p∂k−1
z̄ φ(z) =

1
2πi

∫
∂D

[ζ−p∂k−1
ζ̄
φ(ζ) + ζ p∂k−1

ζ̄
φ(ζ)]

[ 2ζ
ζ − z

− 1
]dζ
2ζ

=

∞∑
l=0

{ 1
2πi

∫
∂D

[ζ−p∂k−1
ζ̄
φ(ζ) + ζ p∂k−1

ζ̄
φ(ζ)]

dζ
ζ l+1

}
zl

−
1

2πi

∫
∂D

[ζ−p∂k−1
ζ̄
φ(ζ) + ζ p∂k−1

ζ̄
φ(ζ)]

dζ
2ζ
.

As p < 0, then φ(z) is k-holomorphic ( -i.e., ∂k−1
z̄ φ(z) is holomorphic) if and only if z−p∂k−1

z̄ φ(z) has a
zero of order at least −p at z = 0. Therefore,

1
2πi

∫
∂D

[ζ−p∂k−1
ζ̄
φ(ζ) + ζ p∂k−1

ζ̄
φ(ζ)]

dζ
ζ l+1 = 0 (l = 0, 1, · · · ,−p − 1),
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that is (3.6) as

∂k−1
ζ̄
φ(ζ) = ∂k−1

ζ̄
[W(ζ) − T0,k fk(ζ)] = ∂k−1

ζ̄
W(ζ) − ∂k−1

ζ̄
T0,k fk(ζ) = fk−1(ζ) − T0,1 fk(ζ).

By 1O and 2O, (3.5) is the solution of Problem RH on the condition of (3.6).
Theorem 3.1 extends the conclusions of Riemann-Hilbert boundary value problems for

k-holomorphic functions. Given that k = 1 in Theorem 3.1, we can get the following conclusion,
which extends the existing results of the corresponding Riemann-Hilbert problems for analytic
functions. □

Corollary 3.2. Let D be the unit disk in C. For γ, f ∈ C(∂D), the problem

ℜ[ζ̄ pW(ζ)] = γ(ζ) (ζ ∈ ∂D),
∂W(z)
∂z̄

= f (z) (z ∈ D)

is solvable on D.
(i) In the case of p ≥ 0, the solution can be expressed as:

W(z) =
zp

2πi

∫
∂D
γ(ζ)

ζ + z
ζ − z

dζ
ζ
−

z2p+1

π

∫
D

f (ζ)
1 − zζ̄

dσζ +

2p∑
v=0

αv−pzv −
1
π

∫
D

f (ζ)
ζ − z

dσζ ,

where αv−p are arbitrary complex constants satisfying αv + α−v = 0 (−p≤v≤ p);
(ii) In the case of p < 0, the solution is the same as in (i) on the condition of

1
2πi

∫
∂D
{γ(ζ) −ℜ[ζ−pT f (ζ)]}

dζ
ζ l+1 = 0 (l = 0, 1, · · · ,−p − 1).

4. PDE for bi-polyanalytic functions

In this section we discuss several boundary value problems for bi-polyanalytic functions with the
Dirichlet, Riemann-Hilbert boundary conditions or the mixed boundary conditions.

Theorem 4.1. Let D be the unit disk in C, and let λ ∈ R\{−1, 0, 1}, φ, γ, fk ∈ C(∂D) with ∂z̄ fk = fk+1

( k = 1, 2, · · · , n − 1, n ≥ 2) and fn = 0. Then the problem{
∂z̄ f (z) = λ−1

4λ ϕ(z) + λ+1
4λ ϕ(z), ∂n

z̄ϕ(z) = 0, ∂k
z̄ϕ(z) = fk(z) (z ∈ D),

f (ζ) = φ(ζ), ℜ[ζ
p
ϕ(ζ)] = γ(ζ) (ζ ∈ ∂D),

(4.1)

is solvable on D.
(i) In the case of p ≥ 0, the solution can be expressed as:

f (z) =
1

2πi

∫
∂D

φ(ζ)dζ
ζ − z

−
1
π

∫
D

[λ − 1
4λ

(ζ pφ1(ζ)+T0,k fk(ζ))+
λ + 1

4λ
(ζ pφ1(ζ)+T0,k fk(ζ))

] dσζ

ζ − z

−
λ − 1

4λ

{ k−1∑
s=0

s∑
l=0

[ l∑
v=0

−αsl(v−p)

l + 1
zvz̄l+1 +

+∞∑
v=l+1

αsl(v−p)

l + 1
zv(z−l−1 − z̄l+1)

]}
−
λ + 1

4λ

{ k−1∑
s=0

s∑
l=0

[ l−1∑
v=0

αsl(v−p)

v + 1
zl(z−v−1 − z̄v+1) +

+∞∑
v=l

−αsl(v−p)

v + 1
zlz̄v+1

]}
(4.2)
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if and only if

1
2πi

∫
∂D

φ(ζ)dζ
1 − z̄ζ

+
1
π

∫
D

[λ − 1
4λ

ζ pφ1(ζ) +
λ + 1

4λ
ζ̄ pφ1(ζ)

] dσζ

z̄ζ − 1
+

1
π

∫
D

{ (z − ζ)k fk(ζ)
k!(z̄ζ − 1)

−
fk(ζ)

(k − 1)!

[ k−2∑
s=0

C s
k−1

(z̄ζ − 1)k−1−s − (−1)k−1−s

(k − 1 − s)z̄k (1 − z̄ζ)s +
(1 − z̄ζ)k−1 ln(1 − z̄ζ)

zk

]}
dσζ

=
λ − 1

4λ

k−1∑
s=0

s∑
l=0

l∑
v=0

αsl(v−p)
z̄l−v

l + 1
+
λ + 1

4λ

k−1∑
s=0

s∑
l=0

+∞∑
v=l

αsl(v−p)
z̄v−l

v + 1
,

(4.3)

where T0,k fk and φ1 are represented by (3.1) and (3.3), respectively, and αsl(v−p) are arbitrary complex
constants satisfying (3.4);

(ii) In the case of p < 0, the solution can be expressed as (4.2) on the condition of (3.6) and (4.3),
where T0,k fk and αsl(v−p) are the same as in (i); however, φ1 is represented by (3.7).

Proof. As

∂z̄

[−1
π

∫
D

g(ζ)
ζ − z

dσζ

]
= g(z),

obviously,
−1
π

∫
D

[λ − 1
4λ

ϕ(ζ) +
λ + 1

4λ
ϕ(ζ)
] dσζ

ζ − z

is a special solution to ∂z̄ f (z) = λ−1
4λ ϕ(z) + λ+1

4λ ϕ(z), then the solution of the problem (4.1) can be
represented as

f (z) = ψ(z) −
1
π

∫
D

[λ − 1
4λ

ϕ(ζ) +
λ + 1

4λ
ϕ(ζ)
] dσζ

ζ − z
, (4.4)

where ψ(z) is analytic on D to be determined, and ϕ(ζ) is the solution to

ℜ[ζ
p
ϕ(ζ)] = γ(ζ) (ζ ∈ ∂D), ∂n

z̄ϕ(z) = 0, ∂k
z̄ϕ(z) = fk(z) (z ∈ D).

Since ψ(z) is analytic, by (4.4),

ψ(z) =
1

2πi

∫
∂D

ψ(ζ)
ζ − z

dζ

=
1

2πi

∫
∂D

{
φ(ζ) +

1
π

∫
D

[λ − 1
4λ

ϕ(̃ζ) +
λ + 1

4λ
ϕ(̃ζ)
] dσζ̃

ζ̃ − ζ

} dζ
ζ − z

=
1

2πi

∫
∂D
φ(ζ)

dζ
ζ − z

+
1
π

∫
D

[λ − 1
4λ

ϕ(̃ζ) +
λ + 1

4λ
ϕ(̃ζ)
][ 1

2πi

∫
∂D

1

ζ̃ − ζ

dζ
ζ − z

]
dσζ̃

=
1

2πi

∫
∂D

φ(ζ)
ζ − z

dζ

(4.5)

if and only if
1

2πi

∫
∂D

z̄ψ(ζ)
1 − z̄ζ

dζ = 0 (z ∈ D),
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that is,

1
2πi

∫
∂D

z̄
1 − z̄ζ

{
φ(ζ) +

1
π

∫
D

[λ − 1
4λ

ϕ(̃ζ) +
λ + 1

4λ
ϕ(̃ζ)
] dσζ̃

ζ̃ − ζ

}
dζ = 0

⇔
1

2πi

∫
∂D

z̄φ(ζ)
1 − z̄ζ

dζ +
1
π

∫
D

[λ − 1
4λ

ϕ(̃ζ) +
λ + 1

4λ
ϕ(̃ζ)
][ 1

2πi

∫
∂D

z̄
1 − z̄ζ

dζ

ζ̃ − ζ

]
dσζ̃

⇔
1

2πi

∫
∂D

φ(ζ)
1 − z̄ζ

dζ +
1
π

∫
D

[λ − 1
4λ

ϕ(ζ) +
λ + 1

4λ
ϕ(ζ)
] dσζ

z̄ζ − 1
= 0.

(4.6)

Plugging (4.5) into (4.4),

f (z) =
1

2πi

∫
∂D

φ(ζ)
ζ − z

dζ −
1
π

∫
D

[λ − 1
4λ

ϕ(ζ) +
λ + 1

4λ
ϕ(ζ)
] dσζ

ζ − z
. (4.7)

(i) In the case of p ≥ 0, by Theorem 3.1,

ϕ(z) = zpφ1(z) +
k−1∑
s=0

s∑
l=0

+∞∑
v=0

αsl(v−p)zvz̄l + T0,k fk(z), (4.8)

where T0,k fk and φ1 are represented by (3.1) and (3.3), respectively, and αsl(v−p) are arbitrary complex
constants satisfying (3.4).

Applying the Cauchy-Pompeiu formula (1.1),

1
π

∫
D

ζvζ̄ l

ζ − z
dσζ =

1
π

∫
D
∂ζ̄
(
ζv ζ̄

l+1

l + 1

) dσζ

ζ − z
=

1
2πi

∫
∂D
ζv ζ̄

l+1

l + 1
dζ
ζ − z

− zv z̄l+1

l + 1

=
1

l + 1
1

2πi

∫
∂D

ζv−l−1

ζ − z
dζ − zv z̄l+1

l + 1

=

{ zv

l+1 (z−l−1 − z̄l+1), v ≥ l + 1,
−zv

l+1 z̄l+1, v < l + 1.

(4.9)

Similarly,
1
π

∫
D

ζ̄vζ l

ζ − z
dσζ =

 zl

v+1 (z−v−1 − z̄v+1), v ≤ l − 1,
−zl

v+1 z̄v+1, v > l − 1.
(4.10)

Plugging (4.8)–(4.10) into (4.7), the solution (4.2) follows.
In order to obtain the solvable conditions, the following integrals need to be calculated: First, by

Lemma 2.3,

1
π

∫
D

ζvζ̄ l

z̄ζ − 1
dσζ =

1
π

∫
D
∂ζ̄
( ζ̄ l+1

l + 1
ζv

z̄ζ − 1

)
dσζ =

1
2πi

∫
∂D

ζ̄ l+1

l + 1
ζvdζ

z̄ζ − 1

=
1

l + 1
1

2πi

∫
∂D

ζv−l−1

z̄ζ − 1
dζ

=

{
0, v ≥ l + 1,
−z̄l−v

l+1 , v < l + 1.

(4.11)

Similarly,
1
π

∫
D

ζ̄vζ l

z̄ζ − 1
dσζ =

{
0, v ≤ l − 1,
−z̄v−l

v+1 , v > l − 1.
(4.12)

AIMS Mathematics Volume 9, Issue 6, 16526–16543.



16538

Secondly, by the Cauchy-Pompeiu formula (1.1),

1
π

∫
D

T0,k fk(ζ)
dσζ

z̄ζ − 1
=

1
π

∫
D

[−1
π

∫
D

1
(k − 1)!

(ζ − ζ̃)k−1

ζ̃ − ζ
fk (̃ζ)dσζ̃

] dσζ

z̄ζ − 1

=
−1
π

∫
D

fk (̃ζ)
(k − 1)!

[1
π

∫
D

(ζ − ζ̃)k−1

ζ̃ − ζ

dσζ

z̄ζ − 1

]
dσζ̃

=
−1
π

∫
D

fk (̃ζ)
(k − 1)!

[1
π

∫
D
∂ζ̄

(ζ − ζ̃)k

k(1 − z̄ζ)
dσζ

ζ − ζ̃

]
dσζ̃

=
−1
π

∫
D

fk (̃ζ)
(k − 1)!

[ 1
2πi

∫
∂D

(ζ − ζ̃)k

k(1 − z̄ζ)
dζ

ζ − ζ̃
− 0
]
dσζ̃

=
−1
π

∫
D

fk (̃ζ)
(k − 1)!

[1
k

1
2πi

∫
∂D

(ζ − ζ̃)kdζ

(ζ − z)(1 − ζ̃ζ)

]
dσζ̃

=
1
π

∫
D

(z − ζ)k fk(ζ)
k!(z̄ζ − 1)

dσζ .

(4.13)

In addition, for z, ζ̃ ∈ D, setting z̃ = 1/z̄, in view of

1
π

∫
D

(ζ − ζ̃)k−1

ζ̃ − ζ

dσζ

z̄ζ − 1
=
−̃z
π

∫
D

(ζ − ζ̃)k−1

ζ − z̃
dσζ

ζ − ζ̃

=
−̃z
π

∫
D

[ k−2∑
s=0

C s
k−1(ζ − z̃)k−2−s(̃z − ζ̃)s +

(̃z − ζ̃)k−1

ζ − z̃

] dσζ

ζ − ζ̃

=
−̃z
π

∫
D
∂ζ
[ k−2∑

s=0

C s
k−1

(ζ − z̃)k−1−s

k − 1 − s
(̃z − ζ̃)s + (̃z − ζ̃)k−1 ln(ζ − z̃)

] dσζ

ζ − ζ̃

= z̃
[ k−2∑

s=0

C s
k−1

(ζ − z̃)k−1−s

k − 1 − s
(̃z − ζ̃)s + (̃z − ζ̃)k−1 ln(ζ − z̃)

]
ζ=ζ̃

+
z̃

2πi

∫
∂D

[ k−2∑
s=0

C s
k−1

(ζ − z̃)k−1−s

k − 1 − s
(̃z − ζ̃)s + (̃z − ζ̃)k−1 ln(ζ − z̃)

] dζ̄

ζ − ζ̃

= z̃
[ k−2∑

s=0

C s
k−1

(̃ζ − z̃)k−1−s

k − 1 − s
(̃z − ζ̃)s + (̃z − ζ̃)k−1 ln(̃ζ − z̃)

]
− z̃
[ k−2∑

s=0

C s
k−1

(−̃z)k−1−s

k − 1 − s
(̃z − ζ̃)s + (̃z − ζ̃)k−1 ln(−̃z)

]
= z̃
[ k−2∑

s=0

C s
k−1

(̃ζ − z̃)k−1−s − (−̃z)k−1−s

k − 1 − s
(̃z − ζ̃)s + (̃z − ζ̃)k−1 ln

ζ̃ − z̃
−̃z

]
=

k−2∑
s=0

C s
k−1

(z̄̃ζ − 1)k−1−s − (−1)k−1−s

(k − 1 − s)z̄k (1 − z̄̃ζ)s +
(1 − z̄̃ζ)k−1 ln(1 − z̄̃ζ)

z̄k ,
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in which the logarithmic functions take the principal value, therefore,

1
π

∫
D

T0,k fk(ζ)
dσζ

z̄ζ − 1
=

1
π

∫
D

[−1
π

∫
D

1
(k − 1)!

(ζ − ζ̃)k−1

ζ̃ − ζ
fk (̃ζ)dσζ̃

] dσζ

z̄ζ − 1

=
−1
π

∫
D

fk (̃ζ)
(k − 1)!

[1
π

∫
D

(ζ − ζ̃)k−1

ζ̃ − ζ

dσζ

z̄ζ − 1

]
dσζ̃

=
−1
π

∫
D

[ k−2∑
s=0

C s
k−1

(z̄ζ−1)k−1−s − (−1)k−1−s

(k − 1 − s)z̄k (1−z̄ζ)s

+
(1−z̄ζ)k−1 ln(1−z̄ζ)

z̄k

] fk(ζ)dσζ

(k−1)!
.

(4.14)

Plugging (4.11)–(4.14) into (4.6), the condition (4.3) follows.
(ii) In the case of p < 0, similar to (i), by Theorem 3.1, the result follows.
Given that k = 1 in Theorem 4.1, we can get the solution to the following boundary value problem

for bi-analytic functions. □

Corollary 4.2. Let D be the unit disk in C, and let λ ∈ R\{−1, 0, 1}. For φ, γ ∈ C(∂D), the problem{
∂z̄ f (z) = λ−1

4λ ϕ(z) + λ+1
4λ ϕ(z), ∂z̄ϕ(z) = 0 (z ∈ D),

f (ζ) = φ(ζ), ℜ[ζ
p
ϕ(ζ)] = γ(ζ) (ζ ∈ ∂D)

is solvable on D.
(i) In the case of p ≥ 0, the solution can be expressed as:

f (z) =
1

2πi

∫
∂D

φ(ζ)dζ
ζ − z

−
1
π

∫
D

[λ − 1
4λ

ζ pφ1(ζ) +
λ + 1

4λ
ζ pφ1(ζ)

]dσζ

ζ − z

+
λ − 1

4λ

[
α−pz̄ +

+∞∑
v=1

αv−pzv(z̄ − z−1)
]
+
λ + 1

4λ

+∞∑
v=0

αv−pz̄v+1

if and only if

1
2πi

∫
∂D

φ(ζ)dζ
1 − z̄ζ

+
1
π

∫
D

[λ − 1
4λ

ζ pφ1(ζ) +
λ + 1

4λ
ζ̄ pφ1(ζ)

] dσζ

z̄ζ − 1
=
λ − 1

4λ
α(−p) +

λ + 1
4λ

+∞∑
v=0

αv−pz̄v,

where
φ1(z) =

1
2πi

∫
∂D
γ(ζ)

ζ + z
ζ − z

dζ
ζ

and αv−p are arbitrary complex constants satisfying

αv = 0 (v ≥ p + 1), αv + α−v = 0 (−p ≤ v ≤ p).

(ii) In the case of p < 0, the solution is the same as in (i) on the condition that

1
2πi

∫
∂D
γ(ζ)

dζ
ζ l+1 = 0 (l = 0, 1, · · · ,−p − 1).
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Applying Corollary 3.2 and Theorem 4.1 we can get the solution to the following boundary value
problem of higher order for bi-polyanalytic functions.

Corollary 4.3. Let D be the unit disk in C, and let λ ∈ R\{−1, 0, 1}, φ, γ̃, γ, fk ∈ C(∂D) with ∂z̄ fk = fk+1

( k = 1, 2, · · · , n − 1, n ≥ 2) and fn = 0. Then the problem{
∂2

z̄ W(z) = λ−1
4λ ϕ(z) + λ+1

4λ ϕ(z), ∂n
z̄ϕ(z) = 0, ∂k

z̄ϕ(z) = fk(z) (z ∈ D),
∂ζ̄W(ζ) = φ(ζ), ℜ[ζ

q
W(ζ)] = γ̃(ζ), ℜ[ζ

p
ϕ(ζ)] = γ(ζ) (ζ ∈ ∂D)

is solvable on D.
(i) In the case of q ≥ 0, the solution can be expressed as:

W(z) =
zq

2πi

∫
∂D
γ̃(ζ)

ζ + z
ζ − z

dζ
ζ
−

z2q+1

π

∫
D

f (ζ)
1 − zζ̄

dσζ +

2q∑
v=0

αv−qzv −
1
π

∫
D

f (ζ)
ζ − z

dσζ ,

where αv−q are arbitrary complex constants satisfying αv + α−v = 0 (−q≤v≤q) and f (z) is the solution
of the problem (4.1) in Theorem 4.1;

(ii) In the case of q < 0, the solution is the same as in (i) on the condition of

1
2πi

∫
∂D
{γ(ζ) −ℜ[ζ−qT f (ζ)]}

dζ
ζ l+1 = 0 (l = 0, 1, · · · ,−q − 1).

ies

Remark 4.4. Applying Corollaries 3.2 and 4.3 we can get the solution of the problem:
∂3

z̄ W(z) = λ−1
4λ ϕ(z) + λ+1

4λ ϕ(z), ∂n
z̄ϕ(z) = 0, ∂k

z̄ϕ(z) = fk(z) (z ∈ D),
∂2
ζ̄
W(ζ) = φ(ζ), ℜ[ζ

p
ϕ(ζ)] = γ(ζ) (ζ ∈ ∂D),

ℜ[ζ
q1W(ζ)] = γ̃1(ζ), ℜ[ζ

q2W(ζ)] = γ̃2(ζ) (ζ ∈ ∂D),

where λ ∈ R\{−1, 0, 1}, φ, γ̃1, γ̃2, γ, fk ∈ C(∂D) with ∂z̄ fk = fk+1 ( k = 1, 2, · · · , n−1, n ≥ 2) and fn = 0.
Similarly, the corresponding higher-order problems can be solved.

Applying Theorem 4.1 and the results for the half-Neumann-n problem in [27], we can draw the
following conclusion:

Corollary 4.5. Let D be the unit disk in C, and let λ ∈ R\{−1, 0, 1}, cs ∈ C, γs ∈ C(∂D) (0 ≤ s ≤
m − 2, m ≥ 2,m ∈ N), φ, γ, fk ∈ C(∂D) with ∂z̄ fk = fk+1 ( k = 1, 2, · · · , n − 1, n ≥ 2) and fn = 0. Then
the problem

∂m
z̄ W(z) = λ−1

4λ ϕ(z) + λ+1
4λ ϕ(z), ∂n

z̄ϕ(z) = 0, ∂k
z̄ϕ(z) = fk(z) (z ∈ D),

∂m−1
ζ̄

W(ζ) = φ(ζ), ℜ[ζ
p
ϕ(ζ)] = γ(ζ) (ζ ∈ ∂D),

ζ∂s
ζ̄
Wζ(ζ) = γs(ζ) (ζ ∈ ∂D), ∂s

z̄W(0) = cs (0 ≤ s ≤ m − 2, m ≥ 2,m ∈ N)

is solvable on D, and the solution is given by

W(z) =
m−2∑
s=0

csz̄s +

m−2∑
s=0

(−1)s+1

2πi

∫
∂D
γs(ζ)

[ (1 − |z|2)s

zs log(1 − zζ̄)

+

s−1∑
r=0

ζ̄ s−m

(s − m)zr

r∑
l=0

Cl
s(−|z|

2)l
]
dζ + (−1)m−1 z

π

∫
D

f (ζ)
ζ(ζ − z)

(ζ − z)m−2

(m − 2)!
dσζ
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if and only if
1

2πi

∫
∂D

γm−2(ζ)
(1 − z̄ζ)ζ

dζ +
z̄
π

∫
D

f (ζ)
(1 − z̄ζ)2 dσζ = 0

and
1

2πi

∫
∂D

γm−1−s(ζ)
(1 − z̄ζ)ζ

dζ +
z̄

2πi

∫
∂D

γm−s(ζ)
ζ

log(1 − z̄ζ)dζ

=

s−1∑
r=2

(−1)r

r!(r − 1)
z̄

2πi

∫
∂D

γm−1−s+r(ζ)
ζ

[(ζ − z)r−1 − (−z̄)r−1]dζ

+
(−1)s

(s − 1)!
z̄
π

∫
D

f (ζ)
(ζ − z)s−1

(1 − z̄ζ)2 dσζ , 2 ≤ s ≤ m − 1,

where f (z) is the solution of the problem (4.1) in Theorem 4.1.

Remark 4.6. By Theorem 4.1 and the mixed boundary value problems with combinations of Schwarz,
Dirichlet, and Neumann conditions in [27], we can discuss the corresponding mixed boundary value
problems for bi-polyanalytic functions, for example,

∂m
z̄ W(z) = λ−1

4λ ϕ(z) + λ+1
4λ ϕ(z), ∂n

z̄ϕ(z) = 0, ∂k
z̄ϕ(z) = fk(z) (z ∈ D),

∂m−1
ζ̄

W(ζ) = φ(ζ), ℜ[ζ
p
ϕ(ζ)] = γ(ζ) (ζ ∈ ∂D),

ζ∂s
ζ̄
Wζ(ζ) = γs(ζ) (ζ ∈ ∂D), ∂s

z̄W(0) = cs (0 ≤ s ≤ m − 3, m ≥ 3,m ∈ N),
∂m−2
ζ̄

W(ζ) = γm−2(ζ) (ζ ∈ ∂D).

5. Conclusions

By using the Cauchy-Pompeiu formula in the complex plane, we first discuss a Riemann-Hilbert
boundary value problem of higher order on the unit disk D inC and obtain the expression of the solution
under different solvable conditions. On this basis, we get the specific solutions to the boundary value
problems for bi-polyanalytic functions with the Dirichlet and Riemann-Hilbert boundary conditions
and the corresponding higher-order problems. Therefore, we obtain the solution to the half-Neumann
problem of higher order for bi-polyanalytic functions. The conclusions provide a favorable method for
discussing other boundary value problems of bi-polyanalytic functions, such as mixed boundary value
problems and the related systems of complex partial differential equations of higher order, and also
provide a solid basis for future research on bi-polyanalytic functions.
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