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Abstract: In this paper, we study a Riemann-Hilbert problem related to inhomogeneous complex
partial differential operators of higher order on the unit disk. Applying the Cauchy-Pompeiu formula,
we find out the solvable conditions and obtain the representation of the solutions. Then, we investigate
the boundary value problems for bi-polyanalytic functions with the Dirichlet and Riemann-Hilbert
boundary conditions, obtain the specific solution and the solvable conditions, and extend the conclusion
to the corresponding higher-order problems. Therefore, we obtain the solution to the half-Neumann
problem of higher order for bi-polyanalytic functions.
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1. Introduction

The Cauchy integral representations play an important role in the function theory of one or several
complex variables, among which the Cauchy integral formula and the Cauchy-Pompeiu formula [1]
are the two most important categories. The classical Cauchy-Pompeiu formulas [2] in C are:

_ 1 Ac 1 dedn

W@ =5 | WO ﬂfcwmg_z, 2€G, (1.1)
1 dl 1 déd

W(Z):_T W(():{——fwz({)ﬂ, Z€G, (1.2)
L JoG {—z TJg {—z2

where G is a bounded smooth domain in the complex plane and w € C'(G;C) N C(G;C).
Obviously, the classical Cauchy-Pompeiu formulas are closely related to complex partial differential
operators. Thus, lots of boundary value problems related to complex partial differential equations were
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solved with the help of the Cauchy integral formula and the Cauchy-Pompeiu formula in the complex
plane C, see [3-6]. By iterating the Cauchy-Pompeiu formula for one variable, the solutions to second
order systems in polydomains composed by the Laplace and the Bitsadze operators were obtained [7].
The Riemann-Hilbert problems for generalized analytic vectors and complex elliptic partial differential
equations of higher order were investigated in C [8]. By constructing a weighted Cauchy-type kernel,
the Cauchy-Pompeiu integral representation in the constant weights case and orthogonal case were
obtained [9]. The classical Cauchy-Pompeiu formula was generalized to different cases for different
kinds of functions in C [7], among which a high order case is:

a1 1 p 1 m-1
W@ =5 | GM,(Z_D oy = [ gf)z gw@dedy,  (13)

where w € C"(G;C)(C"1(G;C) and 1 < m, see [10]. The first item in the right hand of (1.3) is
the Cauchy integral expression for m-holomorphic functions on D, and the second item in (1.3) is a
singular integral operator. Let

#=0

-1 1 (z=-0m"!
Tonf@ = [ P f(dzdn. (14)
(m-D! -z
where m > 1, f € C(0G) with G being a bounded domain in the complex plane, then
0" Tomf(2)
PTu© _ o,
Z

see [11]. Therefore, the solution to d7'w(z) = f(z) can be expressed as (1.3), and Ty, f(z) provides a
particular solution to d'w(z) = f(z). Thus it can be seen that, the Cauchy-Pompeiu formulas provide
the integral representations of solutions to some partial differential equations.

The generalizations of the classical Cauchy-Pompeiu formula have contributed to the flourishing
development of boundary value problems in C. Many types of boundary value problems for analytic
functions or polyanalytic functions have emerged in C. Among them, Riemann boundary value
problems and Dirichlet problems are the two major categories. By using the Cauchy-Pompeiu
formula and its generalizations, the solvable conditions were found, and the integral expressions of
the solutions to some problems were obtained. Some were discussed on different ranges of the unit
disk, such as a generalized Cauchy-Riemann equation with super-singular points on a half-plane [12],
the variable exponent Riemann boundary value problem for Liapunov open curves [13], Schwarz
boundary value problems for polyanalytic equation in a sector ring [14], and so on [15-17]. Some
were investigated for different equations, such as bi-harmonic equations with a p-Laplacian [18] and
so on [12,19,20], which are different from the partial differential equations in [7].

As we all know, analytic functions are defined by a pair of Cauchy-Riemann equations. Bi-analytic
functions [21] arise from the generalized system of Cauchy-Riemann equations

H-%=0, F+3=o,
m+1%+@:Q (k+ 15 - 52 =0,

ox

where k € R, k # —1, ¢(z) = (k + 1)0 — iw is called the associated function of f(z) = u + iv. A special
case of bi-analytic functions is

A-1 A+ 11—
0:1() = () + =9, 0:4(2) = 0
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Bi-analytic functions are generalizations of analytic functions. They are important to studying
elasticity problems and, therefore, have attracted the attention of many scholars. Begehr and
Kumar [22] successfully obtained the solution to the Schwarz and Neumann boundary value problems
for bi-polyanalytic functions. Lin and Xu [23] investigated the Riemann problem for (A, k) bi-analytic
functions. There are many other excellent conclusions as well [24, 25].

So far, there have been few results for boundary value problems of bi-analytic functions with
Riemann-Hilbert boundary conditions. Stimulated by this, we investigate this type of problems for
bi-polyanalytic functions [26]

1—
¢@), 0ip(zx)=0 (n>1),

A—-1 A
0:1(2) = = 9(0) + 4;

where 4 € R\{-1,0, 1}, which are the extensions of bi-analytic functions.

To solve the boundary value problems for bi-polyanalytic functions, in this paper, we first discuss
a Riemann-Hilbert problem related to complex partial differential operators of higher order on the
unit disk, and then we investigate the boundary value problems for bi-polyanalytic functions with
the Dirichlet and Riemann-Hilbert boundary conditions, the half-Neumann boundary conditions and
the mixed boundary conditions. Applying this method, we can also discuss other related systems of
complex partial differential equations of higher order for bi-polyanalytic functions.

2. Some lemmas

Let Rz and Iz represent the real and imaginary parts of the complex number z, respectively. Let
C"(G) represent the set of functions whose partial derivatives of order m are all continuous within G,
and C(G) represent the set of continuous functions on G. To get the main results, we need the following
lemmas:

Lemma 2.1. /2] Let G be a bounded smooth domain in the complex plane, f € L(G;C) and

O

then 0:T f(2) = f(2).

Lemma 2.2. Let D be the unit disk in C. For ¢ € C(OD,R) and f, € C"'(D,C) (m > 1) with
62fk—1 = f;< (K = 2" : 'am)’fm = 0; let

dc 1 ’"‘1 d
W =5n [ 0T G %fwz RIE=D O

m—1
o | Z G2 - OV,
4 3

then RW = ¢, 07W(2) = 0 and 3:W(z) = f,(2) (s = 1,2,---,m = 1).

2.1)

iz

= * is a pure imaginary number if

Proof. RW = ¢ is due to the property of the Schwarz operator, as
z— dD.
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Let

m—1
{+zdl
" o faDZI RIG =IOl

d
= fa DZ (B CIAGIES

Then
m—1 1

AZ:ZE _f K0y IW)——— f HE=2y" %({)—g]

Y (2.2)

= Sﬁl ! 7= Sﬁl —
_Z s)‘|2m - =01 . o SD(Z—{)” 27 ]( =2,--,m—1),

=S

and

- d¢
bz = —lAni, vf p(z=g) lfu(f)?,

p=s g (% | 2.3)
Z47r1(,u— )!f @) fu(f)? (s=2,---,m-1),

B = O
By (2.2), (2.3), and the Cauchy-Pompeiu formula (1.1), we get

WZZA”BZ:Z,M fﬂ@ o 1fm—
pu=1
m—1 1

! i ¢ AN 1
" i 5D[Z;(ﬂ 1)'(1 =0 ﬁl(g)]f_-i__fa_f ;(ﬂ 1),(2 =0 ﬁl(f)]é,

- [Z(u_l),@—_g)“‘lﬁl(o]ﬁ - /.
u=1 ’

Similarly,
a;W(Z) = 0514 + agB =fi(2 (s=2,---,m—1), a?W(Z) = 0;”14 + 8’2"3 - 0.
O

Lemma 2.3. _[11] Let G be a bounded smooth domain in the complex plane, and w €
CY(G;C) N C(G;C), then

1 1
f w:(2)dxdy = — w(z)dz, f w.(2)dxdy = —— f w(z)dz.
G 2i Jag G 2i Jag
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3. PDE of higher order with Riemann-Hilbert condition

Theorem 3.1. Let D be the unit disk in C. Fory, fi € C(OD) with 0z fi = fis1 (k> 1,k € Z), let

-1 1 S |
Toafi) = 7 [ G T o, G.1)
, =T

then the problem

RICWWO] =yQ) (£ €dD),
VO = f(z) (zeD)

is solvable on D.
(i) In the case of p > 0, the solution can be expressed as:

k-1 s

W@ =21+ D D\ awpd? + Torfil), (3.2)

s=0 [=0 v=0

where

_ 1 {+zd¢ 1 2z = O
() = mfy@){_zg | O o

- o1l +2dC
o fa DZ R0 Zc G = Tocum R VGT ;=7 (33)

f Z 3| (=0 -0 )ZC'"(f,, ()= TOk_wmﬁ(())am{”]f

g(—p) are arbitrary complex constants satisfying

k-1 s k-1 s
Z Zasl(m) =0(W=p+k), Z Z[asl(wl) + @gu-n] = 0 (=p<v<p),

0 =0 0 =0

Ii 1 s K = (34)
ZZ%J@HHH)"‘Z Z%l( -1+ =0 ¢=0,1,--+ k=2, k>2).

5=0 =0 s=1+1 I=1+1

For k = 1 the last equation in (3.4) is non-existent.
(ii) In the case of p < 0, the solution can be expressed as:

k-1 s

W@ =@+ ) > ) e pd'? + Torfi(2) (3.5)

s=0 [=0 v=0
on the condition that

dag
§l+1

p[fk 1O =To 1 kOl + P Lfirr O =To 1 il Ol == =0 (I=0,1,---,—p-1), (3.6)

27
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where g, ) is the same as in (i) and

LI VS 1L 2’ 2z - O
¥2(2) = . {—Z§ (k 1),— (D - do,
§+zd{
o ﬁ DZ —R{@ =0 LD = To-p il ON>— T 3.7)

d
o [ Z SG@=0' - 0D - Toaon A ON2.
2 3

Proof. (1) For n = 1, by Lemma 2.1, Ty fi(z) is a particular solution to akasz(Z) = fi(2), then the

corresponding general solution is W(z) = ¢(z) + To fk(z), where ¢(z) is a k-holomorphic function with

RIEPeD] = RIETTW) = L Tosfild)] = ¥( Q) = RIT Tox fil DI = yo(D).

(i) In the case of p > O(p € Z):

@ Let ¢(z) = 2%¢1(2), then R[EP@(D] = y0() & Rl@i(D] = y0({), and ¢(2) is k-holomorphic if
¢1(2) is k-holomorphic. As

P e(0)) = Z Cra " eI ) = Z Cl " W) = Tox flDIF2(C)

m=0
= Z Co'Lfum(©) = Totopem S NILE),
m=0

by Lemma 2.2 we get that

1 k=1 1%—”(9# ) { dl
wl(z)—%f Z—! (EENRiA L) g—?

oo [ Z S(G=0) - TN
(3D {

{+zdl 1 -
=27 )y 727 T 2 f [P Tosfil) + P Tox D) (5T - —§>dg (3.8)

" m {+zd§
" 2ni faDZ Rl-0) mZOC (fu=m() = Tox—pem fi({))0; 4 il

dg

f Z 3|(@=0" -0 )ZC’"(fﬂ WO~ Towum iEN |7

satisfies R[()] = yo(¢) and 8’_‘901(1) = (. Furthermore, by (3.1), we obtain that

)kldg
- -z

-1 (£ - 5’)]‘ ' _
k 1)' ffk(év) aD{p é’é’/ —1 Z{_ l]dO'g' —0,
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which follows

_ a¢
i f Okfk(f)—g =0 (3.10)
Meanwhile,
1 T dd 1 -1 3 (= é)“dé
2_7”_ ango,kfk(f){_Z = (k—l)'_ffk((: fé”P Z] oy
: Zp+1(Z é/)k 1
= e 1), ff(g“ o1 9o 3.11)
b ——z(z - OF!
S W SOz e
which follows
i U%M@é=. (3.12)
Plugging (3.9)—(3.12) into (3.8), we get (3.3). Therefore z7¢;(z) is a particular solution to R[{P¢(0)] =

Yo(¢) and dp(z) =
@ If ¢y(z) is k-holomorphic on D with R[{Ppy(z)] = 0, then z7¢,(2) + ¢o(¢) is the general solution

to R P@(0)] = yo(¢) and 8’Z‘¢(z) = 0. In the following, we seek ¢y(2).
As ¢(z) 1s k-holomorphic, it can be expressed as

s +00 k— s +oo
¢o(2) = Z DD Cud? Z PP (3.13)
s=0 [=0 v=0 s=0 [=0 v=0
where @ ,-,) = Cg, are arbitrary complex constants. Let
Uiy +Ag21-y) = Aslv’ gy = By, Asi21-v) = Cqn, (314)
then
k-1 s +4oco
= RO = D > > (awd™ +amd™)
s=0 [=0 v=—p
k-1 s p+2l s el s —p-1
Z Z (g + W)™ + Z Z Z aup "+ Z Z Tl
s=0 [=0 v=-p s=0 [=0 v=p+2[+1 s=0 [=0 v=—00
k-1 s p+21 s k— s —-p-1
= ZAszva I+ZZ Z slv{v I+ZZ Z Cslv{v :
s=0 =0 v= s=0 =0 v=p+2l+1 5=0 =0 v=—
P p+2 p+2 p+4 (3 1 5)
= ZAO()vg + (Z Al + Z A + (Z Al + Z Ao Z A7)
i o p+2 p+2(k 1)
ZA(k novd" +Z Agenynd ™+ + Z Ayl )]}
v==p v=—p
+ {Z BOOVMZ 310v§v+z BMV“H(Z Bzovmz Bzw‘#Z Byl
v=p+1 v=p+1 v=p+3 v=p+1 v=p+3 v=p+5
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400 400 +o00
—1 —(k—1
+ [ ZB(k—1)0v§v+ ZB(k—l)lva teeet Z Bty )]}

v=p+1 v=p+3 v=p+2k—1
—p-1
+ Z {COOV§V+(CIOV§V+ Ciind" N +(Capnd" +Co1n " +Co0 ")

-1 —k-1
-+ [C(k—1)0v§V+C(k—1)1v§V + o+ Crtyetnl )]}

» k=1 k- k=1 k-1
—p-1 .
Z . Z Z sl(v+l) +{7 Z Z Agp-tap + -+ {7 i Ak=1)k-D)(=p)
=0 s=[ =1
k=1 k-1
+ §p+l A + 7Pt A RN (ALY
sl(p+1+1) § si(p+2+1) t +¢ (k=1)(k=1)(p+2(k-1))
=1 s=1 =2 5=l
k- - k=1
i 2
{§p+ Z sop+1) + PF [Z Byop+2) + Z le(p+3)]
=0 = =
k=2 k-1 k=1 k-1
k-1
NS B+ ) 0] 2, Basw]
=0 s=I v=p+k =0 s=I[ (3'16)
k-1 k-1 k-1
—p—1 o
+ {{ b Cso—p-ny + {7 [Z s0(-p-2) T Z Cot(-p- 1)
s=0 s=0 s=1
k=2 k-1 pk k=l k-1
—p—k+1
o T Coi—p-k+14+1 + Z éw Z Csl(v+l)
1=0 s=I y=—00 =0 s=
—pk k=1 k-1 =2 k-1
—p—k+1
= Z {V[ Csl(v+l)] + P [ Coi-p-k+1+1) + A(k—l)(k—l)(—p)] +
y=—00 1=0 s=I =0 s=I
k-1 k=1 k-1 » k=1 k-1
—p-1
+{r [ Cyo(—p-1) + Z ZAcz( —p- 1+1)] + Z (V[Z Asl(v+l)]
s=0 =1 s=I 1=0 s=I
k=1 k=1 k-1 2 k-1
1 k=1
+{ [ZBsogm)-F Avl(p+1+l)] + 7 [ Zle(p+k—l+l) + A(k—l)(k—l)(p+2(k—l))]
5=0 =1 s=l =0 s=I
oo k=1 k-1

+ Z & Z le(v+l)

v=p+k =0 s=I[
which leads to (3.4) in consideration of (3.14) and

k=1 k-1 k=1 s
Cslv
=0 s=I 5=0 =0
By @ and @, (3.2) is the solution to Problem RH.
(i1) In the case of p < O(p € Z):

Il
a
1}
T
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@ Let ¢(2) = 27¢(2), then R[£P¢()] = yo() © Rlp2())] = y0(£). Similar to the discussion of D
in (i), we get a particular solution ¢,(z) for R[¢2()] = vo({) where ¢,(2) is k holomorphic:

k-1

1 +zd? 1 {+zd§
022) = 2mfyo§_z?+2—ﬂifw; RGO 01
1 =y dr
o aDZ#, (=8 -0 a1
L[ Errde 1 1
=5 ] g vt NS "Tom@)%”Tom({)](g - 2g)dg
§+zd§

o f Z GRIE= O TR0

Y — NGz =) = (=P %
2r LD;/J! [(z=0) =(=0) )¢ 490({)]2;

So we get (3.7) for (3.9)—(3.12) and
3g¢(§) = ag[W(f) = Toxfi(D)] = agW({) - 32—lTo,kfk(éV) = fu(D) = To e [1(O).

Therefore

k-1 s 0
0D =L+ ) ) Z A

s=0 =0 v=0
is the solution to R[{P¢()] = vo(¢) and 6’§go(z) = 0, where ag,, are arbitrary complex constants
satisfying (3.12).

@ Secondly, we seek the condition to ensure that ¢(z) is k-holomorphic from ¢,(z) = z777¢(z). As
the k-holomorphism of ¢,(z) = z77¢(z) is equivalent to the holomorphism of 65 '¢,(z) = 27705 ' ¢(2),
applying the properties of the Schwarz operator for holomorphic functions and

1 1 1 B z
é—z:Z'l—ézgﬁ (|Z|<l)’

we get that
20 ]d§
2
dg
§l+1 }

f (79 0() + 7 lso@)]—g

As p < 0, then ¢(z) is k-holomorphic ( -i.e., 8:'¢(z) is holomorphic) if and only if 27705 '¢(z) has a
zero of order at least —p at z = 0. Therefore,

1
770 p(2) = 7 f 95 00) + 870 (O] 72— a

_ f 79 0(0) + D)

 Oni

1
3 | 1673 @)+ 270 150(4)]{,—51 —0 (I=0,1,-,—p—1),
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that is (3.6) as

I () = 3 WD) = Tor il = 85 W) = 05 Tox Q) = fiet (D) = Toa ).

By @ and @), (3.5) is the solution of Problem RH on the condition of (3.6).

Theorem 3.1 extends the conclusions of Riemann-Hilbert boundary value problems for
k-holomorphic functions. Given that £k = 1 in Theorem 3.1, we can get the following conclusion,
which extends the existing results of the corresponding Riemann-Hilbert problems for analytic
functions. O

Corollary 3.2. Let D be the unit disk in C. Fory, f € C(0D), the problem

RIZ'W()] = ¥() ({ € aD), a@

= f(2) (z€ D)

is solvable on D.
(i) In the case of p > 0, the solution can be expressed as:

o (rzdl 2 TD @,
W(Z)‘z_mﬁﬂ@g—z?‘ : I_Z-dcmZ 2| Fa

where a,_, are arbitrary complex constants satisfying a, + a—, = 0 (=p<v<p);
(ii) In the case of p < 0, the solution is the same as in (i) on the condition of

¢

{7’(4)—%[{ "TAON 7o

=0(=0,1,---,-p—1).
T ( p—1

4. PDE for bi-polyanalytic functions

In this section we discuss several boundary value problems for bi-polyanalytic functions with the
Dirichlet, Riemann-Hilbert boundary conditions or the mixed boundary conditions.

Theorem 4.1. Let D be the unit disk in C, and let 1 € R\{-1,0, 1}, ¢,vy, fi € C(OD) with 0-f; = fis1
(k=1,2,---,n—1, n>2)and f, = 0. Then the problem

{ 0:f(2) = %cb(z) + “lrb(z) P(z) =0, () = fi(z) (z€ D), @1
FQ =9, RO =) (£ €dD), '
is solvable on D.
(i) In the case of p > 0, the solution can be expressed as:
d¢ 1 -
1) =50 [ 2% [ [ @@+ Toahi@)+ - Ten@+ T A7) s
miJoppl—z T -
B A— 1{ = Z [Zl: ~si(v-p) 141 + O sl Xsi(v—p) R leas -1+1)]}
41 I+1 °° T+1 (4.2)
s=0 [=0 v=0 v=I[+1
_ A+ 1{ S [i Asi(v-p) 1 ol gy Z Fsiv—p) l—V+1 }
4 ed i L i v+1 v+1
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if and only if

L [e0d 1)
27” aDl_Z{ TJp 4/1

§p<P1(§)+

z= O O
é”sol(()] { fD {—k!@_ 5

D (N e @G- - (—1>'<-H L (=20 (1 - 20
T k- 1)1[2 Cet k—1- 957 (1 -2+ & ”dg{ (4.3)
s=0
k-1 s 1 — k-1 s +o —
A-1 Zv ,1 +1 7ol
T4 Z(; - Z(; “5’“‘”1 1A Z_; Z Z; Wolo-p) 3

where Ty fi and ¢, are represented by (3.1) and (3.3), respectively, and a (-, are arbitrary complex
constants satisfying (3.4);

(ii) In the case of p < 0, the solution can be expressed as (4.2) on the condition of (3.6) and (4.3),
where Ty fi and gy, are the same as in (i); however, ¢, is represented by (3.7).

Proof. As
&dO'(]

-1
62[_ pé—z

= 8(2),
obviously,

-1 A-1 A+1
7L[W¢(§) —¢(§)]§_

is a special solution to 0:f(z) = %qﬁ(z) + /”1¢(z) then the solution of the problem (4.1) can be
represented as

e (A v
1o =61 [ a0+ T . (4.4)

where ¥/(z) is analytic on D to be determined, and ¢(¢) is the solution to

RIC Y] =y(Q) (L €dD), ¥pz) =0, &) = fi(z) zeD).

Since ¥(z) 1s analytic, by (4.4),

1
) = = fa Y 4

27 Dg <
| A=1 ~ A+1—= dos. g
= 5m | feo+ s [ [0+ TIO <
4.5)
1 dc A-1 ~ A+1—= 1 dr
“5m | o [ [+ Lo 5 [ == T e
_ 1 [ eD
_27” op ¢ — zdg
if and only if
1 W@ .
T 6D1_Z§d§—0 (z € D),

AIMS Mathematics Volume 9, Issue 6, 16526—16543.
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that is,
L 42 f _¢(g) ¢(§>] Tl lag =0
2mi 5,31—'4’ 7r D [=¢
1 zso(é) ~ A+1—= 7 dl
o | e [ [ —¢<§>][2m fwl_zq )
1 <p({)
i ) 1oz fD—as({) ¢<§>]_§_1 0.
Plugging (4.5) into (4.4),
B S I CO NP O Ve A+ 1— doy
1= 55 | Eae— [ S0 + 02 (47
(i) In the case of p > 0, by Theorem 3.1,
k-1 s +
60 =201+ ) D T + Torfil), (4.8)

s=0 [=0 v=0

where Ty, f and ¢; are represented by (3.1) and (3.3), respectively, and ay,—,) are arbitrary complex
constants satisfying (3.4).
Applying the Cauchy-Pompeiu formula (1.1),

1 é«le 1 f Zl+1 dO'( Zl+1 d{ Zl+1
— d = — 0 = !
yrfpé—z 7T (€l+1){ ST L Fa Vo Py

1 o Zl”
= —— ¢ -7’ 4.9
l+127ri P (4.9)
 HET =, vxl+1,
| FL ov<i+ L
Similarly,
v #l —v— SV
— { do_( — v+1](z L +1)a VS l_ 17 (4.10)
rdpl—-z ° =7 v> -1

Plugging (4.8)—(4.10) into (4.7), the solution (4.2) follows.
In order to obtain the solvable conditions, the following integrals need to be calculated: First, by

Lemma 2.3,
v 7l 1 l+1 v 1 “l+1 vd
f{gd __faz(é“ s VP U o el o
70— 1 ndp "M+1Z20-1 2ri Jop 1+ 1720 -1

1 1 é/v—l—l
= d
I+12nri Jyp 2 -1 ¢ @.11)

_{o, v+,

sl-v

=z
=5, v<I+L

Similarly,

1 e 0, v<Ii-1,
—f £¢ dagz{ i 4.12)
T Jp ’

=, v>1[1-1.
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Secondly, by the Cauchy-Pompeiu formula (1.1),

| do; 1 (-1 I (=D~ 4 doy
;fDTo,kfk(f)Z{_l _;f[?f(k—l)! 7_¢ fk(f)dO'g]Zg_l
S 03] [ (¢ - doy
pk=D!r )y 7o7 -1

_ -l [ A (= dog
G- Dllx fa»‘ka—zg)?g]d

-1 Q@ L C-0f d
p k= D!2mi Jop k(-2 7 -7

-1 RO 11 f (&= Drdg
oD ({

- —— |do;
p (k—=1)! k27rl —d —{{)] ¢

Jdorz

s

(4.13)

- O]dO'Z

_1 (z— f)kﬁc(g)do_
rdp KiG -1
In addition, for z,Z € D, setting 7 = 1/Z, in view of

¢ -OF" dog f({ z>’< ! da:
; X-1

= k- k=1 d
== | D -D@-D + S f) =
LI ey (-2 7

__Z S s ({ ~>le k-1
=— 6,:[;}’ -0+ G- ¢ - 7|22

;DZ

[\

b k—1 k—

k=2 ({_Zkls g_é
=) G E- D+ G0 ¢ D)

—~ k-2 =
Z K (5 ~)k - K k—1 é,
oo aD[;Ck_lk—(' O+ E-D" I - ‘)]_E

k=2 ~ B
=3 ).cr ﬂ( D'+ @-0" In(¢ -3)]

k=2 "')k 1-s
—E[ch_ —G-0'+@-0""In(-7)]

S (é* _’Z)k—l—s _ (_’z)k—l—s ~, - Z_
=5[S=0Ck1 G-+ G- 0" ]
k=2 = ~ —
@D (et o — 0 (1-20M ! In(1 - 20)
P T B LRSI = ,

S=!
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in which the logarithmic functions take the principal value, therefore,

1 1 (-l 1 (-0'—= do;
nf -g-1‘5fl)[7fl)(k—1)! 7-¢ ﬁ‘@d‘ff]zg—l

_-l [ A@ - dog |do-
(k—l)* b 7_g #&-117¢

-1 k=2 v 57—1 k—1-s _ -1 k—1-s
[ [ZC;_I(“ el AR

(4.14)

(k—1-s)zk
(1 -zO) " In(1- zé)]fk({)d@
Z (k=11

Plugging (4.11)—(4.14) into (4.6), the condition (4.3) follows.

(i1) In the case of p < 0, similar to (i), by Theorem 3.1, the result follows.

Given that k = 1 in Theorem 4.1, we can get the solution to the following boundary value problem
for bi-analytic functions. O

Corollary 4.2. Let D be the unit disk in C, and let A € R\{-1,0, 1}. For ¢,y € C(0D), the problem

{ 0:f(2) = L p(2) + “1¢(z) 9:0(2) =0 (z € D),
fQO=0@), RICHO] =9 ( €D)

is solvable on D.
(i) In the case of p > 0, the solution can be expressed as:
l—— dO'g
P
R o

L (edz 1 (ra
f(Z)‘zm'ng—z nf[

+ /14_/11 —PZ + Z @y-p2'(Z — Z_l)] i Z a’v—PZV+l

1 A
o) +

v=0
if and only if
o(O)d¢ lf/l—l ) A+l ——do, A-1 A+l S
i) Tz T )| A e @ G e @k = reen + 4 ;av_pz,

where

1 +zd
¢1(2) = 27rf (5)??

and a,_, are arbitrary complex constants satisfying
a,=00wv=2p+1), a+a,=0(-p<v<p).

(ii) In the case of p < 0, the solution is the same as in (i) on the condition that

sz ({)ﬁ =0 (=0,1,---,-p—1).
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Applying Corollary 3.2 and Theorem 4.1 we can get the solution to the following boundary value
problem of higher order for bi-polyanalytic functions.

Corollary 4.3. Let D be the unit disk in C, and let A € R\{-1,0, 1}, ©,7, v, fi € C(OD) with d: fi = fi+1
(k=1,2,---,n—1, n>2)and f, = 0. Then the problem

{ BWE) = 479() + G00).  99() =0, 9() = fi(2) (€ D),
W(Q) = ¢, RICWWQOI =7, R $O]=yQ) & <dD)

is solvable on D.
(i) In the case of g > 0, the solution can be expressed as:

Z {+zdl 2 () 1@,
W= o | TS -5 1—{"“”2 o

where a,_, are arbitrary complex constants satisfying a, + a_, = 0 (—g<v<q) and f(z) is the solution
of the problem (4.1) in Theorem 4.1;
(ii) In the case of q < 0, the solution is the same as in (i) on the condition of

04
§l+1

—f @ -RITTfON57 =0 1=0,1,---,—g - 1).

ies
Remark 4.4. Applying Corollaries 3.2 and 4.3 we can get the solution of the problem:
BEW() = Hlo) + 2o@), () =0, 8¢ = fiz) (ze D),
RWQ) = p(©), RIC9)] = 7(Q) (& < D).
RI'WOI =7, RICWD1 =72 ( € D),
where A € R\{-1,0, 1}, ¢, y1,72,7, fx € C(OD) with d:f; = fix1i(k=1,2,--- ,n—=1,n>2)and f, = 0.
Similarly, the corresponding higher-order problems can be solved.

Applying Theorem 4.1 and the results for the half-Neumann-n problem in [27], we can draw the
following conclusion:

Corollary 4.5. Let D be the unit disk in C, and let 1 € R\{-1,0,1}, ¢; € C, y, € C(0D) (0 < 5 <
m-2, m>2,meN), ¢,v, fr € C(OD) with 0:f; = fis1 (k=1,2,--- ,;n—1, n>2)and f, = 0. Then
the problem

W (2) = Hlo(2) + “1¢(z) dPp(2) =0, & ¢(2) = fi(z) (z€ D),
3?_1W(§) =9(), RIC D] =yQ) (& €dD),
(WD) =70) ( €0D), BEWO)=c, O<s<m=2, m22meN)

is solvable on D, and the solution is given by

— [ no = D g1 -2

m=2 m— )s+1

m—2
fQ €-2 dor,

éfsm - 1 le
" LG —mye ZC( e+ O | S
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if and only if
L s
2 Jop - 202 " 7 Sy (T —zgp 70
and
1 Ym-1 s(é/)

I (O S A 7/ (9) B
2ri Jap (1_Z§)§d§+2m’f I — log(1 - z20)d¢

s—1

— (—l)r i ’ym—l—s+r(§) o L
_;r!(V—I)Zﬂ'if z [({—2) (-2)"'1d¢

1)* —_ )51
(i_i),ﬂff(é)@ Z_)g)zdag, 2<s<m—1,

where f(z) is the solution of the problem (4.1) in Theorem 4.1.

Remark 4.6. By Theorem 4.1 and the mixed boundary value problems with combinations of Schwarz,
Dirichlet, and Neumann conditions in [27], we can discuss the corresponding mixed boundary value
problems for bi-polyanalytic functions, for example,

W) = o) + 44 ¢(z) dp(2) =0, ¢(2) = fi(z) (z€ D),
97" 'W(©) = 90(5) %[éf #()) =v() (£ € 0D),
§3 Wi(§) =y, ({ €dD), #WO0)=c, (O<s<m-3,m>3,meN),

5’" 2W(§) = Ym-2(0) (£ € D).

5. Conclusions

By using the Cauchy-Pompeiu formula in the complex plane, we first discuss a Riemann-Hilbert
boundary value problem of higher order on the unit disk D in C and obtain the expression of the solution
under different solvable conditions. On this basis, we get the specific solutions to the boundary value
problems for bi-polyanalytic functions with the Dirichlet and Riemann-Hilbert boundary conditions
and the corresponding higher-order problems. Therefore, we obtain the solution to the half-Neumann
problem of higher order for bi-polyanalytic functions. The conclusions provide a favorable method for
discussing other boundary value problems of bi-polyanalytic functions, such as mixed boundary value
problems and the related systems of complex partial differential equations of higher order, and also
provide a solid basis for future research on bi-polyanalytic functions.
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