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Abstract: Frames with special structures play a crucial role in various industrial applications, such
as medical imaging, quantum communication, recognition and identification software, and so on. In
this paper, we will discuss a more general setting, i.e., a g-frame induced by the projective unitary
representation. We show some new results on the dilation property for g-frame generator sets for
unitary groups and projective unitary representations. In particular, by using complete wandering
operators, several properties of g-frame generators for projective unitary representations have been
obtained. Moreover, we explore some characterizations of the g-frame generator dual pairs.
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1. Introduction

Frames have appeared implicitly in the mathematical literature before they were introduced
officially by Duffin and Schaeffer in the context of the non-harmonic Fourier series [1]. Since the
celebrated work by Daubechies et al. [2], frame theory has recently become an important tool in many
fields such as sampling theory, signal processing and data compression. In recent years, various
generalizations of frames have been proposed for different purposes such as frames of subspaces
(fusion frames), oblique frames, pseudo-frames, outer frames and g-frames [3-7]. Indeed, all of
these generalizations can be regarded as special cases of g-frames [7]. Today, g-frames, with their
applications, have been investigated by many researchers [8—12]. As is well known, frames with
a special structure, such as Gabor frames and wavelet frames, not only have great variety for use
in applications, but also they have undergone extensive theoretical analysis [13—15]. Moreover, the
dilation property is very important in frame theory and has attracted much attention from scholars
from different related fields. The classical dilation theorem for frames shows that every frame for a
Hilbert space can be dilated to be a Riesz basis for a larger space [15]. Motivated by these aspects of
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frames, in this work, we are interested in the dilations of the more general g-frames that are generated
by a unitary group, or by a projective unitary representation. In addition, we would like to work more
with dual g-frame generators for projective unitary representations.

Throughout this paper, H and K are two Hilbert spaces over the field of complex numbers and / is
the identity operator on H. The notation B(H, K) refers to the space of all bounded linear operators
from H into K, and we write B(H) = B(H, H) as the shorthand. Denote by {H; : i € J} a sequence of
subspaces of K and by B(H, H;) the collection of all bounded linear operators from H into H; for every
i € J, where J is a countable index set. Let {A; € B(H, H;)},c; be a family of operators. If there exist
two constants A and B with 0 < A < B < oo such that

AlFIP < ) IINFIP < BIFIP, Vf € H,
i€]
we call {A; € B(H, H,)},cy a g-frame for H with respect to {H,},c;, where A and B are called the lower
and upper frame bounds, respectively. For simplification, if the spaces are clear, we will just say that
{A;}icr 1s a g-frame for H in the sequel. If we only have the upper bound, then {A;};c; is said to be a
g-Bessel sequence for H. {A;};c; is called a tight g-frame for H if A = B, and a Parseval g-frame for H
provided that A = B =1 [7].
If {A;}icy 1s a g-frame for H, then we can define the operator S : H — H by

Sf=) NS, Vf€H,

i€]

where A’ is the adjoint operator of A;. Obviously, S is a well-defined, bounded, positive, invertible
operator on H. Noted that S is a g-frame operator that is associated with {A;},c;. Another fact is that
{A;S 'ier is also a g-frame for H and {A;S -3 }ier 1s a Parseval g-frame for H (see [7]).

{A; € B(H, H;)};c; is called a g-orthonormal basis for H if it satisfies the following:

<A;'k1fi1’AZﬁ2> = 6i1,i2<ﬁ|’ﬁ2>’ Vilviz € J’ ﬁl € Hil’ﬁZ € Hiz’

D IAAIR = UIfIP, Vf € H,

i€]
where 6;, ;, is the Kronecker delta. Actually, by [16, Corollary 2.13], {A;};cy is a g-orthonormal basis if
and only if {A;};cy is a g-frame and the first equation holds.

The organization of this article is as follows. In Section 2, the dilation results for g-frame
generator sets for unitary group will be given. In Section 3, we focus on the g-frame generator
sets for projective unitary representation of countable groups and consider the corresponding dilation
property. In Section 4, we give some characterizations of g-frame generators for projective unitary
representation in terms of complete wandering operators. Moreover, we study some properties of g-
frame generators. In Section 5, we introduce the notion of dual g-frame generators and explore some
equivalent characterizations of g-frame generator dual pairs.

2. g-frame generator sets for unitary groups

In this section, we mainly focus on the dilation problem for g-frame generator sets for a countable
unitary group, as well as present some existing dilation results.
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Recall that a unitary system is a subset of unitary operators acting on H which contains the identity
operator / in B(H) [17]. Evidently, a unitary group is a special case of unitary system. Two unitary
systems U, and U, acting on Hilbert spaces H, and H,, respectively, are said to be unitarily equivalent
if there is a unitary operator 7' : H; — H, such that TU,T* = U,.

According to [18], if H, H, are Hilbert spaces, let H; ® H, be the algebraic tensor product over C.
Denote an inner product on H; © H, by

(1 ®&E,m @) =&, m) k€M), Yé1,m € Hi, &m0 € Hy

extended by linearity, where (-, -); is the inner product of H;. Then the Hilbert space tensor product
H, ® H, is the completion of H; ® H,. Generally, if S|, T, € B(H,) and S,, T, € B(H,), we can define
S1®S5, ¢ B(H1 ®H2)by

$S1®852)E®n) =81E®SHm, YéEe€ Hi,n€ H,.
Then (51®S2)(T1®T2) = S]T1®SZT2,51®(SZ+T2) = (Sl®Sz+S1®T2) and (S]®S2)* = ST@S;
In what follows, we use J to denote a countable index set and 7 C J to denote a finite set.

Definition 2.1. ( [19, Definition 2.1]) Let U be a countable unitary system on H and {A; € B(H, K)};c;.
We say that {A;},c; is a g-Bessel sequence (g-frame, Parseval g-frame, or tight g-frame) generator set
for U if {\;U"}icruews 1s a g-Bessel sequence (g-frame, Parseval g-frame, or tight g-frame) for H.

In particular, for A € B(H, K), we say that A is a g-Bessel sequence (g-frame, Parseval g-frame, or
tight g-frame) generator for U if {AU"}y<q is a g-Bessel sequence (g-frame, Parseval g-frame, or tight
g-frame) for H.

Inspired by the above definition, we introduce the following notion.

Definition 2.2. Let U be a countable unitary system on H and {A;y € B(H, K)}icyveu- {Aivlicrveu 18
called a diagonal (Parseval or tight) g-frame generator set for U if {0yyAivU" }icrvuen 1s a (Parseval
or tight) g-frame for H, where dyy is the Kronecker delta.

Remark 2.3. Let 7 C J be a finite set and U be a countable unitary system. For a Hilbert space K,
define an operator
Ly: K- CJTxUSK,

LiUkzeiU®k, VkGK,

where {e;y : i € T, U € U} is the standard basis of £*(I x U) and ® denotes a tensor product. It is easy
to check that, for each a € £*(7 X U) and k € K,

Ly, : CIXUSK > K,

Li,(a®k) ={a,ejy)k.

We see from Lemma 2.9 in [19] that, for a g-frame generator set {A; € B(H, K)};,c; for U, the
analysis operator of {A\;U"}icr.vey 1s defined by

0:H— T xUSK,
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0f = Y. LuNU'f, Vf €H.

iel,UeU

The operator S : H — H given by

Sf=60f = Z UNANUf, Vf € H,
iel,UeU

is called the g-frame operator of {A;U"},cr.veq. Particularly, if A is a g-frame generator for U, the
analysis operator of {AU"}ycqs can be defined by

¢ :H - (UK,

0f=) ecy®AU'f, ¥ f€H,

UelU

where {ey }yeq is the standard basis for £2(U).

Let U be a unitary group and {e;y : i € I,U € U} be the standard basis of {*(I x U). For each
U € U, we define the unitary operator on £*( X U) by Aye;y = eiuvy, whereie€ I,V e U.

The following result shows that a g-frame generator set for a unitary group is an image of an
orthonormal basis under a positive operator with a suitable spectrum.

Theorem 2.4. Let U be a unitary group on H and {A\; € B(H, K)}ic; be a g-frame generator set for U
with the frame bounds A and B. Then,

(1) there exists an isometry ® : H — *(I x U)® K such that ®*(1y @ Ix)® = U for all U € U, where
I is the identity operator on K;

(2) there exists a positive operator Z : £>(I X U) ® K — ®(H) such that {A%, B%} C o(CElom) C
[AZ, B?] and, for any U € U and g € K,

Eley ® g) = DUA]g,
where o (E|ew)) denotes the spectrum of the operator E|o);

(3) Z2 is unitarily equivalent to S ® 0, where S is the g-frame operator of {\;U"}icr.veqs and O is the
zero operator on O(H)* .

Proof. Assume that S is the g-frame operator for {A;U"};cr.vew; then,

Sf= ), UNAU'f, Vf€H.

i€l ,UeU

First, we want to prove that SU = US for each U € U. In fact, for f € H,

US f

U Z VAIAV'f
iel,Veld

> UVAAY'f

ielr,veld

AIMS Mathematics Volume 9, Issue 6, 16506—-16525.
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D, WVNAWUVYUS
ielr,veld
= SUT.

Since S is an invertible positive operator, we have that § “2U = US™? for each U € U. Note that
{A; € B(H,K)}icr is a g-frame generator set for U; we know that {AiU*S‘%}iELUEfu is a Parseval
g-frame (see [7], Remarkl). Then, {A;S U “Viervew 1 also a Parseval g-frame, that is, {A;S ‘%},-e_r
is a Parseval g-frame generator set for U. Let ® be the analysis operator of the Parseval g-frame
{AiS 2 U"}ierveu. Then,

O:H- I XUSRK,

Of = Y LyNSTUf, Vf € H,

iel,UeU
Thus, for each f € H and U € U, we have

Ay ® Ix)Df

(Ay ® Ix) Z LiVAiS_% V'f
i€el,Veld

= Z Ay ® Ix)(eiy ® A,-S_%V*f)

iel,Veld

= Z (ei(UV)®AiS_%V*f)

i€el,Veld

= Z Li(UV)AiS_%V*f

i€el, Vel

1 .

= Z LigyyAilS " 2(UV)' U f
iel,Veld

- oUf.

Since {A;S -2 U *}iervew 18 a Parseval g-frame, it implies that ®*® is the identity on H. This leads to
Oy @ Ix)® = U,

that is, (1) holds.
Let @* be the synthesis operator of {A;S U *}ier vens defined by

O PIXxURK — H,
= > UNSTLy,.
i€l ,UeU

Set = = ®S 2®*. Then for all U € U and g € K, one has

E(e,-/U ® g) = q)S %(D*(ei’U ® g)
— OS? Z VAS ) Ly (ery ® 9)
iel,Veld

= ®S* Z V(AiS_%)*<ei’U’eiV>g
iel, Vel
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= BSIUSTIALg = DUALg.

Since any element in ®(H) can be expressed as ), (e;y ® A,-S‘% U f) for f € H, we have
iel,UeU

IE > (w®ASUPIP
iel, UeU
= Il ) Eew®AS U PIP
iel,UeU
= Il ), ®UAASTZUSIP
iel,UeU
= |l D, UNASTUSIP
iel,UeU
= |l ), UNAUSTEP

iel,UeU

= ISTAP = (Sf ).

This implies that
—_ R
AlfIP<IE D (ew @ ASTU I < BIAIP.

iel, UeU

Since, forany f € H,®f = ) (eju ® A;S 2y f) and @ is an isometric operator, it follows that
iel, UsU

WP =1 D (ewe ASTZU I

iel,UeU

Letg'= 3 (ew® i U* f). It turns out that
iel,UeU

Allg'I? < IIE¢IP < Bllg'lP Vg’ € O(H),

which proves (2).
Finally, to verify (3), we define U, : H ® ®(H)* — (*(I x U) ® K by

®h, heH,
Uyh =
h, he®H)".

Obviously, Uy is unitary because @ is an isometric operator. Since ®*® is the identity on H and
E = 0S10%, we get that

1 1
= 0510 DS 0" = DS O,

[1]

Then,
i Z2Qh = OSh = UpSh, heH,
= U() =
Zh=0SO*h=0=U0h, hedDH)",
Thus, 22 = Uy(S @ 0)U;. The proof is complete. i
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Corollary 2.5. Suppose that U is a unitary group on Hilbert space H and {A; € B(H, K)}ics is a
g-frame generator set for U with the frame bounds A and B. Then,

(1) there exists a Hilbert space N 2 H and a unitary group V on N such that the restriction map
V>V — V| is a group isomorphism of V onto U;

(2) there exists a positive operator = : N — H such that
(A%, B} C 0(Eln) C [A?, B?].

Proof. Let N = £*(I x U) ® K. By Theorem 2.4(1), we know that ®(H) is an invariant subspace of
Ay ® Ik and @ is an isometric operator, where @ is defined as in Theorem 2.4. So, we can embed H into
N by identifying H with ®(H). Denote V = {Ay ® Ix}yey. Then, clearly, V is a unitary group on N.
Hence, the restriction map V 5 V — V|y is a group isomorphism of V onto U. By Theorem 2.4(2), it
is easily seen that (2) holds. O

3. g-frame generator sets for projective unitary representations

In this section, we survey the dilation property of g-frames in the context of projective unitary
representations. For this purpose, we need to recall a few concepts and notations, which can be found
in [20].

A projective unitary representation r for a countable group G is a mapping g — n(g) from G into
the group U(H) of all unitary operators on a separable Hilbert space H such that

n(g)r(h) = u(g, h)m(gh) forall g,h € G,

where (g, h) is a scalar-valued function on G X G taking values in the circle group T. The function
u(g, h) is then called a multiplier of m. We also say that & is a u-projective unitary representation. It is
clear from the definition that

(g1, 8283)1(82, &3) = (8182, 83)M(81,82),  £1,82,83 € G, (3.1

u(g,e) =pu(e,g) =1, g e G,eisthe group unit of G. (3.2)

Any function u : G X G — (T) satisfying (3.1) and (3.2) above will be called a multiplier for G.

Similar to the group unitary representation case, the left regular projective representation with a
multiplier ¢ for G plays a crucial role here. Let ¢ be a multiplier for G. For each g € G, we define
Ay 1 (I X G) = (I X G) by

Agein = p(g, heigny, he€ G, (3.3)

where 7 is a finite set and {e;,}icz.seq is the standard orthonormal basis for £2(Z x G). Clearly, Agisa
unitary operator on £2(1 x G).

Theorem 3.1. Let G be a countable group and © be a projective unitary representation of G on H with
a multiplier p. Assume that {A; € B(H, K)}icr is a g-frame generator set for {n(g)}sec. Then,

AIMS Mathematics Volume 9, Issue 6, 16506—16525.
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(1) there exists a family of operators {C; € B(H, K)};c; such that {C;}icr is a Parseval g-frame generator
set for {n(g)}gec;

(2) there exists an isometry ® : H — (*(I X G) ® K such that D" (1, ® Ix)D = n(g) for all g € G;

(3) there exists a projective unitary representation A(g) of G on t*(I XxG)®K and a family of operators
{Al}ier such that {N]A(8)"}icr geG is a g-orthonormal basis for CPIxG)QK;

(4) there exist u-projective unitary representations n; and n, of G on a Hilbert space ®(H)* and
®O(H), respectively, and diagonal Parseval g-frame generator sets {My,}icr.nec and {Nip}icr nec for
m1(g) and my(g), respectively, such that {6g,[Mym1(8)" © Nipm2(8) 1Yier g.hec is a g-orthonormal basis
for ®(H)* & O(H).

Proof. (1) First, we need to check that n(g)S = Sn(g) holds for all g € G, where S is the g-frame
operator for {A;71(g)"}ier ¢ec- Indeed, for g € G and x € H, we have

m(g)S x

ﬂ(g)( > n(h)A;fA,-n(h)*x]

i€l ,heG

- [ Z ﬂ(g)n(h)A;fA,-n(h)*x]

il ,heG

= > u(g Wy(gh)A Air(h)"x

i€l ,heG

= Z u(g, hyn(gh)A; Air(h)*m(g) m(g)x

i€l ,heG

= Z u(g, Wm(gh)A; A(r(g)m(h)) m(g)x

i€l ,heG

= u(g, hyu(g, Hn(gh)A; Ai(ghy n(g)x
i€l ,heG

= Sn(g)x.

Thus, 7(g)S = Sn(g), as claimed. Since S is an invertible positive operator, we know that § ‘%ﬂ(g) =
ﬂ(g)S‘% for each g € G. Since {A; € B(H, K)}icr is a g-frame generator set for {n(g)},ec, it follows
that {A;S ‘%Jr(g)*}ie 7.0 18 a Parseval g-frame for H. Let C; = A;S -3, Then, it can be verified that C;
satisfies the requirements.

(2) Let ® : H — *(I x G) be the analysis operator of the Parseval g-frame {C;7(g)"};c 7.9eG- Then,
foreach x € H,

Ox= ) (e ®Cim(g)'),

iel,geG

where {e;,}icr 4cc 15 the standard orthogonal basis of {?(I x G). Obviously, @ is an isometric operator.
Let A, be a unitary operator as defined in (3.3). Since 7(g)" = u(g, g Dn(g™) and

(A ® Ik) (i1 ® k) = pu(g, g~ h)(en ® k), (3.4)

AIMS Mathematics Volume 9, Issue 6, 16506—16525.
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for each k € K, it follows that

Or(g)x = D (en® Com(h)'m(g)x)

i€l ,heG

= > len® Cilx(e)'a(W)]'x)
i€l ,heG

= > {en® Cilu(g, g (g ()]’ x)
i€l ,heG

= ) lea® Cilu(g, g (g™ (g™ W'}
i€l ,heG

= > g g Wug T (g g N ® Ix) e ® Cin(g™ h)' )
i€l ,heG

= (A,®1x) ) (e ®Cin(g " h)'x)

i€l ,heG
= (1, ® Ix)dx,

for each x € H. In the penultimate step we used (3.1) and (3.2) to eliminate three multiplier terms.
Hence,
D" (A, ® Ix)D = n(g), forall g €G,

Thus, (2) is proved.
(3) Define A(g) = A, ® m(g). For all h, g € G, we have

A(g)Ah) [, ® (][ @ 7(h)]
Ay ® m(g)m(h)

(g, WP A(gh).

Denote v(g, h) = [u(g, h)]*. Then, for any g1, g2, g3 € G,

[1(8182, 83)14(81, 82)1
[1(g1, 8283)14(82, 83)1
v(g1,8283)v(82, £3),

v(g182,83)v(&1, &2)

v(g,e) =v(e,g) =1, g € G, eis the unit of G,
and, consequently, A is a v-projective unitary representation of G.
Let N = (7 x G)® K and Al = (4e ®A,~S‘%). Then, forall g,h € G, i, j € I and k, k;, k; € K, we
have
(AA(g) (eig @ ki), NoA(h) (ejg ® k)
= ((le ® AS T, ® () Nerg ® ki), (Ae ® NS (A ® m(h) ) (ejn ® k)
= 0;,j0gnl€i; ® ki, e, ® kj),

AIMS Mathematics Volume 9, Issue 6, 16506-16525.
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and

D IAAR) (e @ DI

iel,geG

Dl ® AS (A ® 7(2)" Ve @RI
iel,geG
D er, ® AS “2a(g) kP
iel,geG
D IS “a(g) kP
iel,geG
= lless ® kIP".

Therefore, {A]A(g)"}icr 4ec 18 @ g-orthonormal basis.
(4) Let P be the orthogonal projection onto ®(H). Then forall x€ H, k€ K, g€ Gand j € 7,

Hence, {P(ej, ® k) — (Dﬂ(g)Cjk} L ®(H). Since {P(ej, ® k) — (Dﬂ(g)C;fk} € ®(H), it implies that

(Dx, Plej, ®k)) = (PDx,(ej, ®k))

= () (en®Cim(h)'x), ejs @)

i€l ,heG

(Cin(g)" x, k)
(x, m(g)C’k)
(Dx, Pn(g)C'k).

P(ej, ® k) = Pr(g)Cik.

Using (3.4) and (3.5), for j € 7, h € G and k € K, we deduce that

(A ® I)P(e ® k)
(A4 ® L)OR(W)Ck
(A ®Ix) Y (e ® Cir(v)' x()C;k)

iel,veG

D (g, v)(eign ® Cin(v) Th)CK))

i€l ,veG

Z (8, V)(€iggny ® Ci(m()m(v)) n(Q)n(M)Ck))

iel,veG

D (i ® Cimlgy) n(@)m(h)Ck)

iel,veG
u(g, dr(gh)Cik

u(g, h)P(ejqn ® k)
P(/lg ® IK)(ejh ® k)

Thus, we get the commutation relation

AIMS Mathematics

(A, ® Ix)P = P(1,® Ix), for allg e G.

(3.5)
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Let Mig = 4 ® A,-S‘%n(g)*(l — P) and 7;(h) = (I — P)(1, ® Ig), where e is the unit of G, i € J and
g,h € G. Then,
SenMimti(h)" = Sen(e ® AS “27(g)" )1 — P)(A, ® I)(I — P)
= 6, ® ASIn(g) ) - P)
(I = P)(A, ® 1(2)S 2AD))".

Since (I — P) is an orthogonal projection, we know that {04, M;,m(h)"}ics ¢ nec 18 a Parseval g-frame for
®(H)*. For g,h € G, we have

mi(gmi(h) = (I = P) (A, ® Ix)(A), ® Ix) = (Ae ® Ix)(I — P)
= (g, )(Agn ® Ix) = p(g, Wymi(gh).
By restricting the domain of 7,(g) to ®(H)*, we can get that 7r; is a u-projective unitary representation

of G on ®(H)*. Foreachi’ € 7 and g’,1’ € G, let Nyy = 2. ® A,-S‘%Jr(g’)* and my(h') = On(h')D".
Obviously, m, is a pu-projective unitary representation of G on ®(H). Moreover, we have

Sewlde ® ArS 21(g) 1Dr(H ) D"

= Spnlle ® AvS (g ) 10D (A ® ) DD*
= Syl ® AiS T2 m(g) 1P

= [P, ®7(g)S TAY]".

5g’h’Ni’g’7T2(h,)*

Hence, {04 Nygma(h') }ier o nec 18 a Parseval g-frame for ®(H). Thus,

e ® ;S 27 (h)*
Senl(Ae ® AS 2 1())P + (Ae ® NS “2m(h)*)(I — P)]
Oon[Ninm2(8)" & Mymi(8)*].

By (3), it is easy to see that {§o,[ M1 (8)* ®Nipmt2(8)* 1ier g nec s a g-orthonormal basis. This completes
the proof. m|

4. g-frame generators for projective unitary representations

This section is devoted to investigating the g-frame with the structure of projective unitary
representations. We will see that the g-frame generators for a projective unitary representation can be
characterized from the perspective of complete wandering operators and operators in the commutant

of {7(8)}gec-

Definition 4.1. ( [21]) Let U be a unitary system. A complete wandering operator for U is a co-
isometry A € B(H, K) such that AU* = {AU" : U € U} is a g-orthonormal basis for H.

Let Q C B(H) be a set. The notation @ will denote the usual commutant of Q, that is,
Q ={T € B(H): TQ = QT for Q € Q).

AIMS Mathematics Volume 9, Issue 6, 16506—16525.
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It is well known that, if T € B(H) has closed range, then there exists an operator 7* € B(H) such
that
N(T") =R(T)*, R(T")=N(T): and TT'y=y, ye R(T),

where R(T) and N(T) denote the range and null space, respectively. This operator is uniquely
determined by these properties, and we call it the pseudo-inverse of T. Clearly, if T is invertible,
then 77! = T7.

Theorem 4.2. Suppose that G is a countable group, ©t is a projective unitary representation of G on H
with a multiplier u, and T € B(H, K) is a complete wandering operator for {n(g)}sec. Then,

(1) an operator A € B(H, K) is a g-frame generator for {n(g)},cc if and only if there exist an isometric
operator © € {n(g)};GG and an invertible positive operator E € {ﬂ(g)};ec such that A = TOE. In
particular, an operator A is a Parseval g-frame generator for {n(g)}eec if and only if there exists an
isometric operator © € {ﬂ(g)};ec such that A = TO;

(2) if A is a g-frame generator for {n(g)}sec, then there exists a Hilbert space M and an invertible
positive operator E € {ﬂ(g)}éeG such that {AE‘IJT(g)*}gGG is a g-orthonormal basis for M;

(3) an operator A is a complete wandering operator for {n(g)}eec if and only if there exists a unitary
operator U such that U € {n(g)};,eG and A =TU.

Proof. (1) Assume that A is a g-frame generator for {7(g)},cc; then, there exist two constants C, D with
0 < C £ D < oo such that

CIFIP < ) lIAx(e)" fIP < DIFIP, Vf € H.

geG

Let S be the g-frame operator of {An(g)"},ec. Then {Aﬂ(g)*S‘%}gGG is a Parseval g-frame. Similar to
the proof of Theorem 3.1(1), we can get that Sn(g) = n(g)S for all g € G. Hence, S e {ﬂ(g)}éeG. It

shows that AS ~* is also a Parseval g-frame generator for {7(g)},ec. Since T is a complete wandering
operator for {7(g)}sec, it follows that

D I T (AS 2x(e) PIF = D IAS “ix(e)' fIP = IIfIP, Vf € H.

geG geG

Define a bounded linear operator ¢ : H — H by

of = ) m(QTAS *n(g)'f, Vf € H. (4.1)

geG

It is easy to see that ¢ is isometric on H. Next we show that ¢ € {n(g)};;. Forallh € G and f € H,
we have

n(hef

m(h) ) m(Q)T"AS 2m(g)" f

geG

D ph, r(h)T*AS “2m(g) (k) x () f

geG
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> ph, m(hg)T*AS > [a(W)x()T () f

g€G

Zn(hg)T*AS—%n(hg)*n(h) f

geG

pr(h)f.

Similarly, we can obtain that ¢* € {n(g)};,eG. Let P be the orthogonal projection onto ¢(H). Then, for
each fi, f, € H,

(D/1, Pfa) = o1, f) = {f1. 8" o) = (b1, 64" ).

Hence, ¢¢* >, = Pf,. Note that ¢ € {ﬂ(g)};,eG and ¢* € {n(g)};eG. Thus,

Prn(g) = n(g)P, Vg € G.
Foreach f € H, k € K and g € G, we have

(@f, Pr()T"ky = (¢f,n(g)T k)
(> "()T*AS “*a(hy’ f,2()T"F)

heG
(AS~3(g)" f, k) = (f,m(g)S ZA*K)
(Bf, dn()S 2A%K).

Therefore, ¢n(g)S A%k = Pn(g)T*k. Since ¢ € {Jr(g)};,eG, P e {ﬂ(g)};eG and P = ¢¢", it implies that
AS™1 = T¢. That is,
A=TpSz.

Justlet ® = ¢ and E = S3. Then, the conclusion holds.
Conversely, we first prove that m(g)*® = On(g)*, Vg € G. Since & is a projective unitary
representation of G on H with a multiplier i, we have

n(g)n(s™") = u(g, s In(e) = n(9)" = u(g. s Na(g™). Vg € G.
Observing that @ € {”(8)};ec and (g™") € {n(h)}req, We obtain
n(g)'® = On(g)" and n(g)'E = En(g)".
Thus, forall f € Hand g € G,

DlAx(ey I = > ITOEr(g) I

geG geG

= > ITn(e) OESIP

geG

= |IGEfI = IEfIP

-
TRl

1

2
R
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Combining this with the fact that

D lAr(@) fIP = > IITOEx(g) fIP = ) |ITx(g) OEfIP
8eG 2€G 2eG

= OEfIP = IEfIP

< EPIAP,

for each f € H and g € G, we have
1
—=IIfIP < > lIAn(e)" fIP < IEIPIIAIP, Y f € H,

that is A is a g-frame generator for {m(g)}scc-

Specially, if A is a Parseval g-frame generator for {m(g)},cc, then its g-frame operator S is an identity
operator on H. Analogous to the above proof, it is easy to see that the result is verified.

(2) Since T is a complete wandering operator for {7(g)},c, it follows T is an isometry; thus, there
exists a bounded operator 77 such that TTT = I. By (1), we know that {AS ‘%n(g)*} is a Parseval
g-frame, AS™7 = T¢,and P = ¢¢*. Hence, forall g,h € Gand f,g € K,

(r(g)(AS _%)*f ,m(h)(AS _%)*g>
()" T" f,n(h)¢*T"g)
(n(@)PT" f,n(h)PT"g).

Let M = {T'x : x € K,T*x € P(H)}. Obviously, M is a Hilbert space and M C H. Then, for
Jfi, 2 € T(M),

(m(@PT" f1, a(WPT" f2) = (r()T" fi, ”"(WT" f2) = Sgn{f1, f2)-
Taking £ = Sz, we have that (m(AEY fi, r(W(AEY f) = Ogn{f1, f>) and {AE‘ln(g)*}geg is a
Parseval g-frame on M. This shows that {AE~'n(g)*} is a g-orthonormal basis for M.

(3) Let ¢ be the operator defined in (4.1). If A is a complete wandering operator for {n(g)},cq, We
know that the g-frame operator S is an identity operator on H. Then,

of = ) m(QT An(g)' f, Vf € H.

geG

Write U = ¢. By the proof of (1), we have that U"U = I, U € {n(g)}, ;. and A = TU. Hence, U is a
unitary operator for H since A is a complete wandering operator. The other direction is trivial. O

From the above theorem, we immediately have the following consequence.

Corollary 4.3. Let U be a unitary group on the finite dimensional Hilbert spaces denote by H and
T € B(H, K) be a complete wandering operator for U. If A € B(H, K) is a g-frame generator for U,
then there exists an invertible operator E such that E € U’ and AE™" is a complete wandering operator

for U.

In what follows, we will construct complete wandering operators through the use of g-frame
generators.
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Theorem 4.4. Let G be a countable group, m be a projective unitary representation of G on H with a
multiplier u, and T € B(H, K) be the complete wandering operator for {n(g)}eec. If A € B(H,K) is a
g-frame generator for {n(g)}sec, then B € B(H, K) exists as a g-Bessel sequence generator for {n(g)}gec
and a Hilbert space N such that AS 2 ®Bisa complete wandering operator for {n(g) ® n(g)}sec on N,
where S is the g-frame operator of {An(g)"}ec-

Proof. Assume that T is a complete wandering operator for {7(g)},cc and A is a g-frame generator for
{m(g)}sec. Define 6 : H — H by

of = Zn(g)T*AS-%n(g)* f,VfeH.

geG

Then, 6 is an isometry. Similar to the proof of Theorem 4.2(1), we obtain that for each h € G, n(h)0 =
6r(h). Let P be the orthogonal projection from H onto 8(H). For all fi, f, € H we have

Ofi, ) = O m(@T AS *x(g)' fi, fo)

geG

(Fir D m(Q)AS ) Tr(2)' f2)

geG

(01,60 m(Q)AS ) Tr(g)" fo]).

geG

Of1, Pf)

Hence, Pf, = 0] >, n(g)(AS ‘%)*Tﬂ(g)* f>1. Therefore, for each f € H and h € G,
geG

7)) m()AS ) Tr(g)' f

geG

0 m(hr()(AS ) Tn(g)' f

geG

n(h)Pf

6 ) m(hg)AS ) Tr(hg) n(h)

geG

Pr(h)f.

Also, we have that (I — P)n(h) = n(h)(I — P), he€ G. Set B=T({ — P) € B(H, K). Then,

D By fIP = > IITd = Pyx(e) fI
8eG geG
= Y ITx@ U - P)fI?
geG

I - P)fIP <IIfIP, fe€H.

It implies that B is a g-Bessel sequence generator for {7(g)}eec -
Denote N = H & (6(H))*. Next, we show that AS~: @ B is a Parseval g-frame generator for
{n(g) ® n(g)}eec. Forany g € G, f; € H and f, € (6(H))*, we can get
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D IAs ™ @ B)(n() @ 7(2)) (i @ fo)I

geG

D IAS“2x(g)" fi + Br(e)" AlP

g€G

geG geG geG
Applying Theorem 4.2, we have that AS ~2 =T@and P = 66". So,

D (ASTIx(9)" fi, Br(9) fo)

geG

= Z(T@n(g)*fl,Bn(g)*fz>

geG

= Z(Tﬂ(g)*9ﬁ7 Tn(g)"(I - P)f2)

geG

= D (Tr(@ 0, Tr(g)" ) = (Tx(2)'0f;, Tx(2) P>))

geG

= (0f1, /) —6/1,600" >)
= 0.

Then,

DI @ B)(n(g) @ ()" (fi @ I

geG
= DNAS (e il + ) lIBr(g) P
geG geG

IAIP +IAIP = 11f © fIP.

This proves that {AS ‘%ﬂ(g)* ® Br(g)*}eec 1s a Parseval g-frame.
On the other hand, for all g € G, we have

(g)(AS™2) @ n(g)B’
= 0'n(ge)T" ®n(g)I - P)T*
= 0'Pn(g)T" ®n(g)I — P)T*
= [6"® U - P)[Pr()T" & (I - P)n()T"].

Moreover, for any g,h € G and ky, k, € K, we obtain
([7(8)(AS )" @ 7(g)B' 1k, [2(h)(AS ~2)* @ n(h)B' 1ky)
(16" ® (I - P)I[PR()T* @ (I - P)n()T"ky,

[6* & (I - P)I[Pr(T* & (I — P)n(h)T"1k2)
([Pr()T" & (I = P)ym()T" Vky, [Pr(T™ & (I = P)r(h)T" k2)

D NASIx(g) AP + D IBx(g)" AIF +2Re Y (AS 2n()' fi, Br(9)' f2).
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(T "k, (T k)
= Ogn(ki, ka).

In the last step, we applied T as a complete wandering operator for {n(g)},cc. Hence, AS 1@ Bisa
complete wandering operator for {m(g) ® 71(g)}eec On N. O

Remark 4.5. If H is a finite dimensional Hilbert space, by the proof of Theorem 4.4, we see that 6 is
a unitary operator. Then, 66 = 660 = [ and P = I. Hence, B = T(P — I) = 0, which is a trivial result.
1 -1

For example, let g, = [O (1)] .8 = [ 0 _01], and G = {g1,8) € B(C?. Let H = C*,K =
span{e,, }, and the projective unitary representation n(gieg; = €gy)s where i, j = 1,2 and e, takes the
value of 1 at i and zero elsewhere. Clearly, for any f € H, T f = (f, e, )e,, is a complete wandering
operator for n(G), Af = (f, e,,)e,, 1s a Parseval g-frame generator of n(G), and S = I. Then, for any
f € H, we have that 6f = (f, eg,)e,, + (f, €g,)¢€,,. It follows that P = 06 = [ and B =TI - P) = 0.
Hence, A 0 is a complete wandering operator for {7(g) ® 7(g)}¢ec-

5. Dual g-frame generators for projective unitary representations

As we know, one of the essential applications of frames is that they lead to expansions of vectors
in the underlying Hilbert space in terms of the frame elements. Dual frames play a key role in this
decomposition. So, in this section, we mainly consider the dual g-frame generators for projective
unitary representations and give some of their characterizations. We first review the definition of dual
g-frames.

From [9, Definition 3.1], a g-Bessel sequence {I'; € B(H, K)} s is called a dual g-frame for a g-
Bessel sequence {A; € B(H, K)}je; if

f=)NIf, Vf e H.

Jjel

If § is the g-frame operator for {A; € B(H, K)} jc5, then {AjS‘l}jEJ is a dual for {A} ey and is called the
canonical dual g-frame of {A j} je;.
For our purpose, and motivated by the above definition, we introduce the following concept.

Definition 5.1. Let G be a countable group and 7 be a projective unitary representation of G on H with
a multiplier u. Two g-Bessel sequence generators A, B € B(H, K) for {7(g)},cc are called dual g-frame
generators if

f=) m@ABr(9)'f, Vf € H.

g€G

Let 6, and 6, be the analysis operators for the g-Bessel sequences {An(g)"},e¢ and {Bn(g)"},ec,
respectively. Then, for all f € H, we have

A = KA PP =1 m(@A Br(g)' f, )P

geG
K61.F, 0.1 < 1161 FIPI6A1 < 101 IA1P116 £117
||92||2||fIIZZIIA7T(g)*f||2,

geG
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that is 3 ||An(g)*|]> > Wll fI[>. This shows that A is a g-frame generator for {m(8)}gec- Similarly, B is

a g-frame generator for {n(g)},cc. Hence, we also say that A and B form a g-frame generator dual pair
for {m(g)},ec. Moreover, if S is the g-frame operator for the g-frame {Am(g)"},cc, then {AS _lﬂ(g)*}gec
is a dual g-frame for {An(g)"},cc. We call AS ! the canonical dual g-frame generator of {An(8)"}geq-

Analogous to [9, Lemma 3.2], we give some elementary characterizations of duals in terms of the
analysis operators.

Proposition 5.2. Let A and B be two g-frame generators for {rn(g)}eec with analysis operators 6, and
0,, respectively. Then, the following statements are equivalent:

(1) A and B are g-frame generator dual pairs.
(2) 6,60, = L
(3) 616, = 1.
Proof. (1) = (2) Since, forany f € H,
01f = > e, ®An(g)'f and 6of = ) e, ® Br(h)',

geG heG

where {e,},cc 1s the orthonormal basis for £*(G), it follows that

660, f = > 7(@)B'An(g)'f = .
geG
Hence, 650, = I.
(2)=(3) and (3)=(1) are obvious. |

Theorem 5.3. Let G be a countable group, nt be a projective unitary representation of G on H with a
multiplier y and T € B(H, K) be a complete wandering operator for {n(g)}eec. Then, A, B € B(H, K)
are g-frame generator dual pairs for {n(g)}eec if and only if there exist isometric operators Oy, O, €
{7r(g)};,EG and invertible positive operators E,, E, € {ﬂ(g)}éeG such that A = TOE,, B = TO,E,, and
(0E))"(0,E) = I

Proof. Suppose that A and B are g-frame generator dual pairs for {n(g)},cg. By Theorem 4.2, we
know that there exist isometric operators @, ®, € {n(g)}éeG and invertible positive operators Ey, E; €
{m(8)},ec such that A = TOE, and B = TO,E,. The hypothesis that A and B are g-frame generator
dual pairs implies that

D r@ABa(g) f = ) m((TOE) TOE(g) f = f, Vf € H. (5.1

geG geG

Since 0,0, € {ﬂ(g)};eG, E,E, € {ﬂ(g)};,eG, it follows that ®;(g)*n(g) = n(g)*O;n(g),i = 1, 2. So,

Oin(g)" = m(g)"®; and O;n(g) = n(g)O;,i=1,2.

Also, we have
En(g) =n(g)'E; and E:n(g) = n(g)E;, i =1,2.
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Therefore, (5.1) becomes

D m()A Br(g)'f = (O1E1)" Y m()T " Tn(g) (@2Ey) f

geG geG

=(0,E)'(OEy)f = f,

which means that (@ E;)*(®,E,) = 1.
The other direction is clear. O

6. Conclusions

In this paper, we extend the dilation theorem to g-frames with some additional structure and give
some characterizations of g-frame generators for projective unitary representation in terms of complete
wandering operators. Moreover, we introduce the notion of dual g-frame generators and obtain some
characterizations of the g-frame generator dual pairs.
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