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Abstract: The cactus graph has many practical applications, particularly in radio communication
systems. Let G = (V, E) be a finite, undirected, and simple connected graph, then the edge metric
dimension of G is the minimum cardinality of the edge metric generator for G (an ordered set of
vertices that uniquely determines each pair of distinct edges in terms of distance vectors). Given an
ordered set of vertices G. = {g1, &2, ..., &} Oof a connected graph G, for any edge e € E, we referred to
the k-vector (ordered k-tuple), r(e|G.) = (d(e, g1), d(e, g2), ..., d(e, g)) as the edge metric representation
of e with respect to G,. In this regard, G, is an edge metric generator for G if, and only if, for every pair
of distinct edges ey, e, € E implies r(e,|G.) # r(e:|G.). In this paper, we investigated another class of
cacti different from the cacti studied in previous literature. We determined the edge metric dimension
of the following cacti: €(n, ¢, r) and €(n,m, c, r) in terms of the number of cycles (¢) and the number
of paths (r).
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1. Introduction

In graph theory, the metric dimension has become very popular nowadays and has sparked
the interest of distinguished researchers to make more studies on it. This may be because of
its applicability in real-life situations to diverse practical applications such as robot navigation,
combinatorial optimization, processing of images, networks, tasks on coin-weighing and tricky
games [1], pharmaceutical chemistry, pattern recognition [2], a tool for detecting network motifs [3],
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observers in detecting the source of a spread over a network [4], the basis of a method for embedding
DNA sequences in real space [5], Sonar and coast guard Loran [6], etc. The idea of metric dimension
was first introduced by Slater [6] who referred to it as a location number. He called the metric
generator the locating set and the minimum metric generator the reference set. These ideas were
also independently discovered by Harary and Melter [7], who used the term “metric dimension” for
“location number”. Nadeem et al. [38] worked on the locating number of biswapped interconnection
networks. In this paper, we use the terms used by Harary and Melter. After discovering the metric
dimension based on uniquely pinpointing distinct nodes, [8] went further on this idea, trying to think
on the other side: What if the intruder is accessing the network through their connections (edges)
between the nodes? Then, that intruder could not be pinpointed and, hence, the surveillance fails; this
is where the idea of the edge metric dimension arises.

Since then, a significant number of results from different families of graphs have been published,
such as [9-33] to mention a few. In particular, the edge metric dimension of several graphs has been
studied by different researchers. Igbal et al. worked on the graphs P,,0P,, P,,0C,, and the generalized
Petersen graph [9]; Filipovi¢ et al. [10] and Raza and Ji [11] studied the generalized Petersen graph;
Igbal et al. worked on double generalized Petersen graphs [12]; Geneson obtained a number of
results about pattern avoidance in graphs with bounded edge metric dimension [13]; Goshi et al. [14]
computed the fractional local edge dimension of a graph (FLED) of the Coxeter graph, Petersen
graph, the families of cycle, complete, wheel, complete bipartite graphs, and grid; Geneson et al. [15]
answered several open extremal problems on metric dimension and pattern avoidance in graphs posed
by Geneson [13] and made the progress on a problem posed by Zubrilina [16]; Peterin and Yero
studied the join, lexicographic, and corona product of graphs [17]; Zhang and Gao investigated some
classes of plane graphs such as the web graph, convex polytope, and convex polytope antiprism and
prism [18]; Siddiqui et al. determined the bounds of edge metric dimension of zero-divisor graphs [19];
Wei et al. [20] characterized all connected bipartite graphs with edge metric dimension n — 2 and
partially settled a problem from Zubrilina [16]; Zhu et al. [21] characterized the structure of topful
graphs, and necessary and sufficient conditions for topful graphs were obtained; Zubrilina [16] settled
two open problems posed by Kelenc et al. [8]; Adawiyah et al. studied some families of tree graph such
as broom graph, star graph, banana tree graph, and double broom graph [22]; Deng et al. [23] worked on
square, triangular and hexagonal Mobius ladder networks; Knor et al. [24] settled three open problems
posed by Kelenc et al. [8]; Sedlar and Skrekovski worked on cacti where some results on edge metric
dimension are obtained [25]; Ikhlaq et al. [26] studied dragon graph, paraline graph of dragon graph,
line graph of dragon graph and line graph of dragon graph; Zhu et al. [27,28] studied unicyclic graphs;
Knor et al. determined bounds on edge metric dimension of some simple 2-connected graphs [29];
Sedlar and Skrekovski showed the upper bound on leafless cacti and their characterization [30]; Sedlar
and R. Skrekovski explored bounds on metric dimensions of graphs with edge disjoint cycles (cactus
graphs) [31]; Rafiullah et al. studied some wheel related convex polytopes [32]; and Ahsan et al.
worked on some classes of circulant graphs [33].

Graphs considered in this paper are undirected, finite, simple, and connected. Let G = (V, E) be a
connected graph such that vertex x € V and edge e = uv € E, then the distance between x and e is
given by d(x, e) = min{d(x, u), d(x,v)}. Two edges e;,e, € E and e; # e, are said to be distinguished
by a vertex x € V if d(x,e;) # d(x,e;). A set G, of vertices of a connected graph G is an edge
metric generator of G if every two distinct edges of G are distinguished by some vertex in G.. An edge
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metric generator with the smallest cardinality is called an edge metric basis of G, and the cardinality
of the edge metric basis is called the edge metric dimension, which we denote by edim(G). The
following approach might also be helpful for edge metric generators. Given an ordered set of vertices
G. = 181,82, --., 8} of aconnected graph G, for any edge e € E, we refer to the k - vector (ordered k-
tuple), r(e | G.) = (d(e,g1),d(e,g),...,d (e, g)) as the edge metric representation of e with respect
to G.. In this regard, G. is an edge metric generator for G if, and only if, for every pair of distinct edges
ei,e; € Eimplies r(e; | Go) # r(ex | G.) orif r(ey | Ge) = r(ez | Ge) implies e; = e;.

Cactus graphs or cacti are connected graphs in which any two simple cycles have at most one vertex
in common, or simply graphs with edge disjoint cycles. Some renowned researchers worked on these
graphs. In [30], researchers studied leafless cacti, and the upper bound of edge metric dimension in
terms of cyclomatic number is obtained; [25] worked on cacti using the configuration approach and
obtained some significant results, including a simple upper bound on the edge metric dimension of
cacti; [31] showed that metric dimension and edge metric dimension of cacti can differ by at most c,
i.e., |edim(G) — dim(G)| < ¢, where c is the number of cycles. In this paper, we investigate another
class of cacti different from the cacti studied in [25,30,31]. The edge metric dimension of the following
cacti: €(n, c,r) and €(n, m, c, r) will be explored in terms of the number of cycles (c) and the number
of paths (r).

2. Preliminaries

Cactus graphs or cacti are connected graphs in which any two simple cycles have at most one
vertex in common. Let €(n, ¢, r) be a cactus graph of order n constructed by attaching r-paths in one
common vertex of c-cycles of C,, (see Figure 1); the respective lengths of each path and cycle are ¢
and m. For the sake of our proof, we will employ the following notations: u’ as a vertex at a™ path and
distance b from the common vertex v, Pj as a path of length b at a™ position,0 <a<r-1,1<b <t
Again, let €(n,m,c,r) be a cactus graph of order n constructed by attaching c-cycles of C3 and r -
paths in one common vertex of C,, (see Figure 2). Graphs explored in this study are expanded from the
cactus graphs investigated in [34-37] on parameters different from edge metric dimension and worked
on fixed cycles and pendant edges. In our study, we considered the graph with cycles of length m and
paths of length ¢, and the graph of any cycle of length m with fixed cycles (Cs) and paths of length .
We define: V(€(n,c,r) = (UL, V(C)) U (U7, V(P;)) and E(€(n, c, r) = (U, E(C)) U (U, E(P))).
where V (C;) = ({voh) U (Uf:1 ({V(i—l)m—i+2» Vi—Dm—i+35 -+ + > Vi(m—l)})) ) V(Pj) = U;zl ({/4‘}'—1’”5—1’ e ’:“;'—1}
and E(C) = U (IVoVi—tym—is2s Ve Dm=i+2V(i=1ym=is3» - - - » Vim-1)V0}) »  E (P j) =
Uy ({vorl oo }), respectively.  Again,  V(E(mm,c,r)) = (V(C)U
(U, vC)) u (U, V(P))) and E€(n.m.c.r) = (E(Cy) U (ULE(C)) U (U E(P;)). where
V(C) = (o) UUS (D), V(C) = UL, (o, a2, V(Py) = Uy ({ud iy ondf )
and  E(C,) = {vovi,viva,...,Vvmaivo}, E(C) = UL, ((vowaioi, Waiswai, Vo)), E (Pj) =

t—1,,t

Ul ({Voﬂ}_l ’:“}—1:“?—1 s M }) respectively.
Remark 2.1. [8] For any integer n > 2,edim (C,) = dim (C,) = 2.
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Figure 1. A cactus graph C(n, c, r)).

Figure 2. A cactus graph C(n, m, c, r)).

3. Results

Theorem 3.1. For any cactus graph G = €(n, c, r) with ¢ number of C,,-cycles, such that every C,, and
r paths have exactly one vertex in common, then edim(G) = 3¢ — 1; moreover, if r # ¢, then edim(G) =
2c+r—1.

Proof. Let G, = {,u},,ué, e VI Vet Vi Vame2s -+« + s Vie—Dm—ci2 vc(m_l)} be an edge metric
generator (see Figure 1). We shall prove that G, is an edge metric generator for any cactus graph
€(n, c, r), where n is a total number of vertices of a cactus graph; to this end, we will employ the method
of double inequality. For edim (€(n, c,r)) < 3¢ — 1, the following are the edge metric representations
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of all edges with respect to the edge metric generator G,.

r(vou, | Ge) =

r(ubus ! 1 Ge)

(e—1,p+1,...,
e+ 1L,p—1,0+1,...
(‘)0+ 1"10+ 19Q0_1";D+1’---’§0+ 1)(3C—ltuple),

{a,...,

(19'-"1) (1):0,
~——
3c-1
0,1,. .., DEe=1 wple), w=1,
w=2,

(1505 19 ey 1)(36—1 tuple ),

L, Ow”’posiliun» ..., 1)(30—1 tupley W =7T— 1.

, 1<e<t-1,
I<p<t-1,
, 1<eo<t-1,

" + 1)(30—1 tuple )»
s SD + 1)(3()—1 tuple )»

SIS
[
w N =

e+ 1,...,0+ L,(@= Dynposiionn @+ Lo @0+ Dige—tmpleyy w=r, 1<@o<t-1.
(o L Ocszpposiions Lo 1) o @ =0,
(1, ey 1, O(c+2<p)’hpositi0n’ 1, PP 1 Ge-1 tuple) . (10 = 1,
r(vovisonnglGe) = { (L L Ocszapmposiions Lo 1)y 0 9 =2,
(1, ey l, 0(c+2np)”lp0silion’ 1)(36_] wuple) s Y=c- 1
(1’ P 0(c+2tp—1)'hp05iti0n’ L..., 1)(30—1 tuple)’ ¥ = L,
(1, ey 1’ O(C+2<p—1)’hp0siti0n’ 17 LI 1 Ge=1 tuple) s ‘;0 = 2’
V(V(m—1)¢V0|§e) = (1, ceey 1’ O(c+2<p—1)’]’p0silion’ 1, cee 1 Ge-1 tuple) , = 3’
(1’ P 0(c+2tp—1)thposition)oc_l tuple)’ p=c
r(vwv¢,|ge)
(‘10’ vy (W= l)c”’position, 2R "0)(30—1 tuple)’ w=1, =2,
(‘)07 B 2 (LL) - l)c’/’position, R Ge-1 wple)’ w = 2, @Y = 3’
(‘)05 e @, (CL) - l)c’/’position, Qs Ge-1 tuple) ’ w = 3a @Y= 4’
(go, e o s @5 At positions Bex 1 positions Ps + + - » 90)(3c—1 wuple) w=7%-1, 0="1,
B=uw, A=p—-1, miseven,
w= ["{I—l, @ = [%], A=B=w-1, misodd.
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G.)

r (V<p+(m—l)u)v(,0+(m—l)w+l

(((p,...
(e....

= (<p,...

(...

> Ps /l(c+2w)’hpusiti0n P ﬁ(c+2w+ 1 )’hposition)

r (V¢+(m— DwYo+(m—1Dw+1 |ge)

G.)

r (V(¢—1)+(m—1)wv¢+(m—1)w

(¢....
(90,...

(o

> P, :8((:+2a))’hpositi0n’ /l(c+2w+1)’hposition)

(cp,...

AIMS Mathematics

> P, /l(c+2w)’hpositi0n’:8(c+2w+1)’hpositi0n’ @Dy
» P, /l(c+2w)”’poxition’ﬁ(c+2w+1)’hposition’ @, ..

> Ps /l(c+2w)’hp0sition’ﬁ(c+2w+1)’hp0sition’ (7

> So’ﬁ(c+2w)’hp0siti0n’ /l(c+2w+l)”’positi0n’ @ ...
> ‘10,:8(c+2a))’hposition’ /1(c+2w+1)”’p0sition’ @, ...

» P, B(c+2w)’hposition’ /l(c+2w+1)”’position7 Dy.n

(3c-1 tuple)’

(‘10 + 1’ et 1’ﬁ(c+2w)’hpositi0naIB(c+2w+1)’hpositi0na p+ 1’ R
(‘10 + 17 NN 1’ﬁ(c+2w)”’positi0n’:8(c+2w+1)’hpositi0n’ Y+ 1’ o

= (‘10 +1,..., Q-+ 1’ﬁ(c+2w)’hp0sition,ﬁ(c+2w+l)’hposition, Q-+ I,...

(90 + 1, NN 1’ﬁ(c+2w)’hposition’ﬁ(c+2w+l)’hposition)

(3c—1 tuple) ’

’ 90)(30—1 tuple)’
’ "0)(3c—1 tuple)’

’ (p)(3c—1 tuple)’

,<p+1)

’ g0)(3c—1 tuple)’
’ 90)(30—1 tuple)’

’ "0)(30—1 tuple) ’

w =

A=¢p-1,=21-1,

w =

A=¢—-18=1-1,

w =

A=¢—-18=21-1,

w=7cC

A=¢-18=2-1,

(3c—1 tuple)
1)
(3c—1 tuple)

! )(3c—1 tuple)

(3c-1 tuple)’

w=c—-1,
A=¢-1,

0, =73,
mis even,
, =7,
mis even,
2, v=17,
mis even,
_l’ sz%a
mis even.
. w=0, ¢=|2],
B=¢—-1, misodd,
, w=1, 90=[%J,
B=¢—-1, misodd,
. w=2, 90=[%J,
B=¢—-1, misodd,
w=c—1, gaz'_%J,
B=¢—-1, misodd.
¢=173,
B=A1-1, miseven,
v=17
B=A-1, miseven,
p=73,

B=A-1, miseven,

m

(p:E’
B=A-1, miseven.
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r (V(‘,D—l)+(m—1)wycp+(m—1)a)|ge)

= ((,0,...

r (V(Q—l)(m—])+<pV(a—l)(m—l)+<p+l

r (Va(m—l)—<pva(m71)ﬂp+l |Q e)

(90, 12 ﬁ(c+2w)”’position, ‘10)(

(()0’ R ()D’ﬁ(c+2w)’hp()sitiom Oy gD)(?ac—l ruple) ®
((P’ T ()D’ﬁ(c+2w)’hp0xition’ Preees @
s ()O’ﬁ(c+2w)’hp0sitiona LN

(3c—1 tuple)

(3c—1 tuple)

3c—1 tuple)’

G.)

(90 + 10+ Loty positions . + 1o+ - -
((p + 1, ey (p + 1, w(c+2(a—l))”’p0silion’ ¢ + 1, R

((p + 1,. . ,(p + l, w(c+2((t—l))’hp0sition’g0 + 1, “ee

(go +1,...,0+ 1, Wcs2a-1ypositions ¢ + 1, ..., 0 + 1)
(go +1,..0,0+ 1, Ocsra-1yhpositions ® + 1, ..., + 1)

(50 +1,.. L@+ l’w(c+2(x—1)”'position’()0 + 1’ s, @t 1)

(90 +1,..., Y+ L, W(c+2a-1y" positions P T 1)

(QD + 1’ e P + 1’ w(c+2(a—1))’hposition’ 12 + 1)(3C_1 tuple) s

w=0, ¢=[%J, B=¢—-2, misodd,
, w=1, <p=[§J, B=¢—-2, misodd,
, w=2, gaz[%J, B=¢—-2, misodd,
w=c—-1, 90:[%J, B=¢—-2, misodd.
Pt 1)(3c—1 tuple)’ w =0, ¢=1
a=23,...,c,
34 + 1)(3c—1 tuple) ’ w= 1’ = 2’
a=23,...,c,
’¢+1)(3c—] tuple)’ (,4):2, 9023’
a=2,3,...,c,
goz[%’J—l, w=p-1,
a=2,3,...,c mis odd,
p=%-2, w=¢p-1,
a=2,3,...,c mis even.
(Be—1 tuple)’ w=0,¢=1,
a=1,2,3,...,c,
Bc-1 tuple)’ 0)21,90—2,
a=1,2,3,...,c,
(3c-1 tuple)’ w=2 ¢=3,
0_1’2539 9C9
(Ge-1 tuple)’ = [7J —lLw=p-1,

a=1,2,3,...,c, misodd,

b
m
2

(p:

-2,w=¢-1

a=1,2,3,...,c, miseven.

Now, we need to show that no edges among these representations have the same representation.
We shall show this by the contradiction approach. Suppose if possible, there are two distinct
edges having the same representation, take edges vovi+om-1)e and vi,_1),vo, then r(vovH(m_W | Qe) =

r(v(m_l)wvo | ge), and, hence, ¢ + 2¢ = ¢ + 2¢ — 1, a contradiction. Take edges voviim-1), and v,v,,
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then r(v0v1+(m_1)¢ | Qe) = r(vwvw |Q6) implies ¢ + 2¢ = w — 1, then ¢ + 2¢ = ¢ — 2, and, hence,
¢+ ¢+ 2 =0, a contradiction, since ¢ > 1 and ¢ > 1. Take edges Veim-1)wVer(m-1w+1 and v,v,
where w = 3 — 1 or [%W — 1, then r(v¢+(m_1)wv¢+(m_1)w+1 | Qe) = r(vwv¢ | Qe); implies ¢ = ¢ + 2w and
c+1 = c+2w+1;both cases gives w = 0, a contradiction, since w > 1. Take edges Vo (m-1)wVeo+m-1w+1
and Vig_ )+ (m-1)wVe+m-1w> and let A, B and A’, ' be parameters from edges Vi on—1)wVeo+m-1)w+1 and

v((,o—l)+(m—l)wv4p+(m—1)wa TeSPeCtiVelya then r(vz,o+(m—1)wv<p+(m—1)w+l |ge) =r V((p—1)+(m—1)wvcp+(m—l)w | ge)
m

implies 4 = " and " = B if m is even, then 3 — 1 = % — 2, a contradiction, and if m is odd for the

same edges Ve (m-1)wVer(m-w+1 AN Vi 1)(m-1)0Ve+m—1)w> 1€t their parameters be 5 and §’, respectively,
. . IR m om o .

then o+ 1 = pisa .contradlctlc).n,.and B = B’ implies |_7J -1 = |_5J — 2, a contradiction; again,

¢+ 2w = c+ 2w+ 1is a contradiction. Take edges V(g—1)+m-1)wVe+m-1)w AN Voun-1)-pVam-1)-¢+1, then

r(v(¢_1)+(m_1)wv¢+(m_1)w | Qe) = r(va(m_l)_¢va(m_1)_¢+1 | ge) implies ¢ + 2w = ¢ + 2a — 1, and, hence,
2c¢c —2 =2c¢ — 1, a contradiction.

Take edges V(a-1)(m-1)+oV(a-1)(m-1)+p+1 and Va(m-1)-pVa(m-1)—p+15 then
r(V(a—l)(m—l)+(pv(a/—l)(m—l)+<p+l |G.) = r(va(m—l)—<pva(m—l)—<,0+l |ge) implies ¢ + 2(@ — 1) = ¢ + 2a — 1,
and, hence, 2a — 2 = 2a - 1, a contradiction.  Take edges Vi on—1)wVern-1w+i and
Via-1)(m=1D)+eV(a=1)(m—1)+¢o+1> then r (V<p+(m—l)a)vcp+(m—l)w+1 |§e) = r (V((z—l)(m—1)+zpv(a—1)(m—1)+<p+1 |§e);

implies 8 = w, and, hence, [%J -1 = [%J — 2, a contradiction. Take edges Vi (n—1)wVe+m-1)w+1 and

Va(m-1)-pVa(m-1)-p+15 then r (Vw+(m—l)wvcp+(m—1)w+1 | Qe) =r (Va(m—l)—¢Va(m—1)—¢+1 | ge); implies 8 = w, and,
hence, [%J -1= [%J — 2, a contradiction.

So, it clearly follows from the representations above that the edge metric representations of any
two distinct edges of C(n,c,r) are different. Thus, G, is an edge metric generator and, therefore,
edim (C(n,c,r)) <3c-1.

On the other hand, let us consider the converse part of double inequality. Assume that G, is a set of
vertices with at most 3¢ — 2 distinct vertices, i.e., edim (€(n, ¢, r)) < 3¢ — 2. According to our graph, it
suffices to show that G, cannot be a set of vertices with 3¢ — 2 distinct vertices, as any set of vertices
less than 3¢ — 2 distinct vertices also cannot be G.. Now, let us discuss the following cases.

Case 1: Let y # 7, and take any two edge metric representations from edges vo,u; and

vo,u;,, where v,y € w. First, let |§e = 3¢ — 1 as the preceding part, before reducing at

least one vertex from the vertices set g;, then r(vo,u;lgg,) = (l, e s Oy positions - - -

r(voullG) = (1.....0,

v " position® > ") (3c-1 tuple)

— 1 7y —
(L., Dae-r tuple) fory = 0 and r(Voﬂy,lge) - (1’ B OV,Ihposition’ T 1)(3c—1 tuple)

Now, if any other vertex ,u;, will be removed from ge to form G, with |G.| = 3¢ — 2, then we have;

"(Vo,uﬂge) =(1,..., D@Ec=2 wpte)» ¥ = 0and r(VO/J;/lge) = (L., Daee2 mupley, 2 < ¥ < r—1; similarly

, 1) an
(Bc—1 tuple)
, since uo does not constitute to G, then r(vo,u,‘ylgg) =

for2 <y <r-1.

for y’ = 1, we have (vo,u;,lge) = (1,..., D@e=2 wpie)s y' = 1, and, hence, G. is not an edge metric
generator, a contradiction.

Case 2: If vertex u(l) and one of the vertex v;, i = 1,m,2m—1,...,(c — 1)m — ¢ + 2 from C,,s does not
constitute to G,, then we have; r (vovilG,) = (1,..., DEe=2 wpieys i = 1,m,2m—1,...,(c—=1)m—c+2, but
then r (vopélge) =(1,..., 1)@e=2 mple)» and, hence, G, is not an edge metric generator, a contradiction.
Case 3: If vertex ;1(1) and one of the vertex v;, j = m—1,2m - 2,...,c(m — 1) from C,s does not

constitute to G, then we have; 7 (vov,IGe) = (1..... De-2 wpieyr J =m = 1,2m =2,...,c(m - 1), but

AIMS Mathematics Volume 9, Issue 6, 16422—-16435.
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then r (voy(l)lge) =(1,..., D@Ee=2 wpie)» and, hence, G, is not an edge metric generator, a contradiction.
Case 4: If vertex ,u;,, 1 <y <r—1andoneofthevertexv;, i = 1,m,2m—1,...,(c—1)m—c+2 from
C,,s does not constitute to G,, then we have r (vovilG.) = (1, ..., D@e—2 mptey, i =1,m,2m—1,...,(c—

1)m — ¢ + 2, but then r(vo,u;,lge) =(1,..., D@e=2 wpley» 1 < ¥y < r—1, and, hence, G, is not an edge
metric generator, a contradiction.

Case 5: If vertex u;,, 1< y’ < r—1and one of the vertex v;, j =m—1,2m-2,...,c(m—1) from C,,s
does not constitute to G,, then we have r (Vovjlge) =L, ..., D@e=2 wptey, j=m=1,2m=2,...,c(m-1),
but then r(vo,u;,lge) = (1,.... D@2 upte, 1 < ¥ < r—1, and, hence, G, is not an edge metric
generator, a contradiction.

Case 6: If one of the vertex v;, i = 1,m,2m—1,...,(c — 1)m — ¢ + 2 from C,,s and one of the vertex
vi, j=m—1,2m—-2,...,c(m — 1) from C,s does not constitute to G,, then we have r (vyvj|G,) =

r (vov j|ge), and, hence, G, is not an edge metric generator, a contradiction.

Now, from our discussion above it is clearly observed that G, with 3¢ — 2 distinct vertices or less
than 3¢ — 2 distinct vertices cannot be an edge metric generator, hence edim (€(n, c,r)) > 3¢ — 1; this
proves double inequality, that is, edim (€(n,c,r)) = 3c — 1. Now, for r # ¢, we have to consider the
number of paths (r) and the number of cycles (¢) independently, since G. contains at least two vertices
from each cycle and one vertex from each path except one path, then |G,| = 2¢ + r — 1. The proof is
analogous to the preceding proof with slight changes. Replace 3¢ — 1 tuple with 2¢ + r — 1 tuple and
3c — 2 tuple with 2¢ + r — 2 tuple, hence, edim(G) = 2c + r — 1. m]

Theorem 3.2. For any cactus graph G= C(n, m, c, r) with r— paths, c— number of C; cycles, and one C,,
cycle at one common vertex of C,, , then edim(G) = 2c+r+1; moreover, if ¢ = r, then edim(G) = 3c+1.

Proof. We shall prove our result by the double inequality approach, and now we prove that the upper
bound of edge metric dimension of G is 2¢ + r + 1, that is, edim(G) < 2c + r + 1. Let G, be a set of
vertices consisting of two vertices from C,,, two vertices from each C3, and one vertex from each (r—1)
paths (see Figure 2), then G, is an edge metric generator with cardinality 2¢ + r + 1; if each C; and path
has exactly one vertex in common, thus G, has cardinality 3c + 1. So, the metric representations of all
edges of G with respect to G, are discussed hereunder.

Let P? be the path of length ¢ from vertex v, to vertex uf where v, is the common vertex for
C3, r-paths, and C,,, ), 1 < i < 1 is the vertex on the path that does not constitute any vertex
to G., and edges on this path are e, = {vo,,u(l)}, e = {,uf)‘l,,ug}, 2 < i < t. Now, if we let ¢
and €44, 2 < i < t, 1 < @ < t— 2 be any two distinct edges on this path, then r(e;|G.) =
(l’ R 1) (2c+r+1 tuple)» r(ei|ge) = (l’ s l) (2c+r+1 tuple)» r(ei+a|ge) = (l ta,..., [+ Q’) Q2c+r+1 tuple):
Clearly, G, distinguishes all edges of P?. Take one edge from P?, 1 < i <t and one edge from

any of the path P’]‘., 1 < j <t 1 < k < rthat constitute one vertex to G,, edges of P’J‘. are
el = {vo,,u,i}, ej = {,ui_l,ui}, 2<j<t 1 <k<rthenr(elGe) = (0,1,...,1) aerr1 rupiey» fOr
k=1,rlGe) = (1., Oupossions -+ 1) esrat ruptey 10T k = 2, 7 (€1Ge) = (=2, o ) 2esrat supte
for k = 1, r(efGe) = (ji---+ (i = Dinposiion: - - fork > 2,i # j. Ifi = j, let
e; = ¢ to distinguish from edges of P?, r(€/lG.) = (i = 2.i,....1) perrat nple) fOr k = 1, 7(€llG.) =
(i -+ (G = Dpositions - -

edge of P’J‘.. Take two distinct edges in path P’j‘., say e; = {,ui_l,ui}, 2<j<t1<k<r and

- J ) (2c+r+1 tuple)

, i) Gesrsl mple for k > 2, Clearly, G, distinguishes any edge of P! from any
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jra—1  j+a

Cjra = {,uk s M, } I<a<t-2, thenr(ejmlge) =(J+ta—2,j+a....]+@) ociri1 mprofork =1,
r (ej+a|ge) = (] +a, .., (J+ &= Dipositions -+ -» ] T @ Gesrsl mple for k > 2, G, distinguishes all edges
of P’j‘. . Take one edge from P? and one edge incident to v, from Cs. Let edges incident to v, from C3 be

Vow, , 0 <y < 2c—1, their representation is r(vowy |G.) = (1, e o5 OGys 2y positions + + - » 1)<2c+r+1 waple)”

_ . . . 0
Y <2-1, rvyw,|G.) = (1, R 0(20—‘)’hP0Sifi0”)<2c+r+ 1 tuple)’ and G, distinguishes edges of P; from
edges incident to vy of C3. Take one edge from P? and one edge which is not incident to v, from Cjs,
let edges which are not incident to vy from C3 be wiywzy11, 0 < ¥ < ¢ — 1, their representation is
<y <c-
r(w27a)27+1 Qc+r+1 tuple)’ sY=c 1, and ge

distinguishes edges of P? from edges which are not incident to v, of C;. Take one edge from P’]‘. and

ge) = (Za cees O(r+27+2)’hpositi0n’ 0(r+27+3)’hposili0n 2

one edge incident to vy from Cj; and refer their representation; clearly, G, distinguishes edges of P’Jf
from edges incident to vy of C5. Similarly, edges of P’]‘. and edges which are not incident to vy of C;
are distinguished by G.. Now, we show that G.distinguishes all edges of C,, and the following are
representation of all edges in C,,,.

r(VOVI IG.) = (17 s Or”’position, cee

rVp-1v01Ge) = (1’ oo Ot posiions -+ 1)(26+r+1 tuple)’
If m is even then,

1) ,
Qc+r+1 tuple)

f— — . m
r(p0g:11G) = (¢ + L @ = Dyspogitions v+ 1) 1< <=2,

o m _ m _ m
r(V%_lvf |ge) - (2 e ( 2 2)rfhp0sili0n ’ ( 2 1)(r+1)”’position vttt 2 ) (2c+r+1 tuple)

o m _ m _ m
r(V%V7+1 |ge) - (2 e ( 2 )r’hposilion ’ ( 2 2) (r+ )" position’ """’ 2) 2eirtl tuple)

m m —_ -y P m - - .o m < < m

}"(V +50V +p+1 |ge) ( -, ) ( 2 @ 2)(r+1)’hp0sition ’ L) (20+r+1 tuple) 1 SQ=s 2 2
If m is odd then,

_ m
r(V(pngl |ge) = (QD + 1’ B (()D - 1)r’hpositi0n’ et 1)(26_“,_'_1 tuple)’ 1< QD [_J - 17

- m my\ _ my _ m
r(VL%JVL%JH |ge) - ([ 2J + 1’ e ([ 2J l)r"’position ’ (\\ZJ l)(r+1)’hpositi0n e [ZJ + 1)(2C+}’+1 tuple)’
- ml _ m\ _ 5— m\ _
r(Vl_%Jﬂle_%J'HPH |ge) N ([ZJ ¢+ 1’ e ({ 2J ¢ l)r’hposition e [ZJ ¢+ 1)(2c+r+1 tuple) ’
m
1<ps<|2]-1.

Clearly, G. distinguishes all edges of C,,. Furthermore, by referring their representation of edges of
P?, P’J‘., (s, and C,,, one can easily see that G, distinguishes all their edges. This shows that G, is an
edge metric generator for the graph G, which implies that edim(G) < 2c + r + 1.

On the other hand, we have to prove that the lower bound of edge metric dimension of G is 2c+r+1,
that is, edim(G) > 2c + r + 1. To this end, we have to show that there is no edge metric generator with
cardinality 2¢ + r. Contrary, we suppose that there is G, with cardinality 2c¢ + r such that G, C G, =
{g1,...,8}, 1 <1 <2c+r+1. Let ,u(l) be a vertex of P? that does not constitute to G,.. Now, let us
consider the following cases.

Case 1: Let G, C G. be an edge metric generator obtained by removing one g; vertex of the path P’J‘.

from G., say x € {g1,..., 8}, then r (vox|G.) = r (vo,u(l)lg;), a contradiction.
Case 2: Let G, C G, be an edge metric generator obtained by removing one g; vertex of the C3 from
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Ge,say y € {g1,..., g} then r (voy|G.) = r (vo,u(l)lgg), a contradiction.

Case 3: Let G, C G, be an edge metric generator obtained by removing one g; vertex of the C,, from
G., either v, or v,,_y, since vy, v, € {g1,...,&}; are the only vertices that constitute to G, from C,,.
Now say v, is removed from G,, then r (vo»1|G.) = r(voy(l)lg;), a contradiction; if v,,_; is removed

instead of vy, then r (vov,,-11G.,) = r(vo,u(l)lgg), a contradiction.

So, in either case, if we reduce the number of vertices from G, by at least one, we arrive to
contradiction. This shows that G, with cardinality 2¢ + r cannot be an edge metric generator, which
implies that edim(G) > 2c¢ +r + 1. O

4. Conclusions

The exploration of the edge metric dimension across various classes of cacti has revealed an
interesting feature of graph theory. In this paper, we investigated the edge metric dimension of cactus
graphs, namely, C(n,c,r) and €(n,m,c,r). The investigation has demonstrated that the number of
cycles and paths determines the edge metric dimension of this class of cacti rather than their respective
lengths, emphasizing the importance of structural features in understanding graph metric properties.
This observation not only broadens our understanding of the relationship between graph topology and
metric dimension in these classes of cacti, but also extends to the wide range of graph families that
have been studied in this area, from [9] through [33] where edge metric dimension was determined in
different ways. For instance, just to mention a few, in [25] edge metric dimension was determined in
terms of the number of leaves and number of cycles, constant edge metric dimension was determined
in [12, 23], etc. Moreover, in €(n,c,r), if one C,, cycle is fixed and the rest are replaced by Cj,
then the resulting graph is €(n, m, c, r), however, the proof for each graph is given independently and
purposefully. Their edge metric dimensions differ by 2, and this difference is due to the fixed C,, cycle;
by Remark 2.1.
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