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1. Introduction

In this paper, we consider the following Cauchy problem of Navier-Stokes equations with the
damping term:

u+ - Vu+Vr+ A%+ uf'u=0, (x)eR" xR, (1.1)
divu=0, (t,x)eR"xR?, (1.2)
u(x,0) = ug, x€R, (1.3)

where u = u(x,t) € R* m© = n(x,t) € R represent the unknown velocity field and the pressure
respectively. @ > 0, 8 > 1 are real parameters. A := (—A)? is defined in terms of Fourier transform by

AF(©) = Ef ().

Damping originates from the dissipation of energy by resistance, which describes many physical
phenomena such as porous media flow, resistance or frictional effects, and some dissipation
mechanisms (see [1] and references cited therein). When @ = 1, Cai and Jiu first proved that there
exists a weak solution of (1.1)—(1.3) if 8 > 1. Furthermore, if 5 > %, the global existence of the strong
solution was established. Later, this result was improved by Zhang, Wu and Lu in [2], where the lower
bound of S decreased to 3. Zhou [3] proved the lower bound 3 is critical in some sense. For the general
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case, it is proved that when % <a<l,B> i‘”g orl <a<z ,8 > 1+ +1 , the global existence of the
solution was established in [4]. For the asymptotic behavror one can refer to [5-7] for details.

For the generalized Navier-Stokes equations (our system without damping term) when a = 1, there
are many regularity criteria to the system (1.1)—(1.3). The classical Prodi-Serrin’s-type criteria was
given in [8-10], where it was proved that if a weak solution u € LP(0,T; L4(R?)) with % + % =1,
q > 3, then the solution is regular and unique. Beirdo da Veiga [11] established the analogous result:
Vu € LP(0, T; LY(R?)) with 2 24 5 = 2 g > 3. For the general case, in [12] Jiang and Zhu proved that
if A% e LP(0, T; L1(R?)) w1th 2“ + <2a-1+6,0€[l-a,l1],q> 5>, then the solution remains
smooth on [0,T]. One can refer to [11 13, 14] for more classical regularlty criteria. For the large time
behavior, Jiu and Yu proved the algebraic decay of the solution under specific conditions (see [15]).

Our paper devotes to considering the role of damping terms in regularity criteria for the
system (1.1)—(1.3). We will explain the role of damping term in the following two questions:

(1) When does the dissipative term work better than the damping term?

(2) How does the damping term work?

For the first question, if @ > 45';’ the generalized Navier-Stokes equations (our system without
damping term) exists a global strong solution u € L*(0, T; H'(R*))NL*(0, T; H'**(R?)). Consequently,
we only consider the case when § < @ < 2.

) - . p-l
For the second question, we utilize two structures brought by the damping term: |||u|TVu||i2

(Theorems 1.1 and 1.2, when 1 < a < 4) and ﬁll dl||u||f;+11 (Theorems 1.3 and 1.4, when % <a<l).

BHd[lluIIf;ll, because |||u| Vull o is a first-order estimate

ﬁ+1 . . .
3 +] dtl 141 18 a zero-order estimate resulting from the damping
1 B+1 1

term. However, because of the technical hmrtatlon we still use B dt||u|| 1pe1 5
Consequently, when < a < 1, how to utilize |||u| Vu|| may be an insteresting question.

We give our main theorems as follows.

Actually, |||u| p Vull works better than — £
resulting from the damping term while -~ <|ul|

when < a < 1.

Theorem 1.1. When 1 < a < 2 ﬁ <l+4 +1’ assume that the initial data uy(x) € H'(R?®) with
divug = 0, and u(x,t) is a local strong solution of the system (1.1)=(1.3). If u(x,t) € LP(0, T; LY(R?))
with

20 3 2(a-1) 9-34 3

—+-< —2a-1 i
» +q_max{ 3.5 a 1, mln{2(a—1) —

then, for any T > 0, the system (1.1)—(1.3) has a global strong solution satisfying

}<q < oo, (1.4)

ue L0, T; H'R*) n L*0, T; H*R*) n 0, T; [P (R?)).

Remark 1.1. In Theorem 1.1, we roughly combine the regularity criteria brought by the dissipative

term and the damping term. In fact, we can verify that if | < @ < 3, 2+ 35 < < 1+ g3, then
2D > 2a — 1. Consequently, (1.4) becomes

2 2@-1) 9-3

s gz, (1.5)

p g~ 3-f° 2a-1

which means that damping the term works better than the dissipative term.
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Theorem 1.2. When 1 < a < 45'1’ 5-2a < B <1+ +1, assume that the initial data uy(x) €
H'(R?) with div uy = 0, and u(x,t) is a local strong solution of the system (1.1)—(1.3). If A%u(x,t) €

LP(0, T; LY(R?)) with
(3 -Pa 3

— + - < + =, <g< s
pQa—-5+p8) q 72 110 1%

then, for any T > 0, the system (1.1)—(1.3) has a global strong solution satisfying

ue L0, T; H'R*) n L*0, T; H*RY) n (0, T; [P (R?)).

Remark 1.2. In Theorems 1.1 and 1.2, we consider the regularzty criteria when B<l+g +1 , because
the global existence was established in [4] when > 1+ 5. If B> 1+ 5 the regularity criteria
in Theorem 1.1 is satisfied naturally, so we recover the result in [4] when 1 < a < 2

Theorem 1.3. When § < « < 1, B < min{3253, 32} assume that the initial data uy(x) € H'(R*) N

LPYYR3) with divuy = 0, and u(x,t) is a local strong solution of the system (1.1)—(1.3). If u(x,t) €
LP(0, T; L1(R?)) with

- Qa- DB+ 1) 3. 3 6a

20 -1, <
p q 2 — 1 q_2af—1

(1.6)

then, for any T > 0, the system (1.1)—(1.3) has a global strong solution satisfying
ue L=0,T; H'(R?) N L*0, T; H*'(R) N L0, T; P (RY)), u, € L*(0, T; LA(R?)).

Remark 1.3. If > ﬁ‘“;, the regularity criteria in Theorem 1.3 is satisfied naturally, so we recover the

result in [4] when 2 <a< 1.

Theorem 1.4. When § < « < 1, B < min{3253, 32} agsume that the initial data uy(x) € H'(R*) N

LAY R3) with div ug = 0, and u(x, t) is a local strong solution of the system (1.1)=(1.3). If A%u(x, 1) €
LP(0, T; L1(R?)) with
—Qa-DH(B+1) 3 6a

_<3 1’ < )
p q 30/—1<q 3a -1

then, for any T > 0, the system (1.1) has a global strong solution satisfying
ue L™0,T; H'(R?) N L*0,T; H*'(R*) N L=(0, T; L' (RY)), u, € L*(0, T; L*(RY)).
2. Regularity criteria

Proof of the Theorem 1.1. Multiplying (1.1) by —Au, after integration by parts and taking the
divergence-free property into account, we have

4B -1)

1 d 2 1+a
Ed—tlqulle +IAull?, + lll = Vull (,3 TP

AT |||Lz—f(u-V)u-Audx.
R3
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For &3 (u - V)u - Audx, we have

f(u-V)u-Audx
< C|||u| V| 2lllul 7 Aull,2
< —|||u|TVu|| + Cllully,llAulP?

La— 3+ﬂ

1
< 5|||u| Yl + Nl IVl A w2
1 E
< 5|||u| Vull, EnA“aun + Cllull,;" IVull2,
1 1 1+a Z(iq‘;()3 9[?3/;
< 5|||u| VP, +5lA ull?, + Cllull IVull2,,
where
1 3-8 1 1 « 1-6,
———==+(z—-7)6 +
2 29 3 G-+

with 8, = % The conditions in Theorem 1.1 imply 6, € [é, 1). By direct calculation, we have

3-B_  2qa3-p)
1-6, 2a@-1)g-9+38

Combining the above estimates, we obtain

4B-1)
B+ 1)?

1
—|||u| Vull EIIA”“MII +C||u||LqH‘||Vu||

1d 2 1 2 Bl 2 &l
5 71Vl + 1A ul, + el T Vull, + 1V T |,

A standard Gronwall’s inequality shows that

!
2 1.2 a3 2 CAda)
(IVull;, + f(II/\"+ ull7, + [llul = Vull7, + [[VIul 2 [[7)(s) ds < C(t, |luoll)-
0

This completes the proof of the Theorem 1.1. O

Proof of the Theorem 1.2. Multiplying (1.1) by —Au, after integration by parts and taking the
divergence-free property into account, we have

4B -1

1d 2 l+a, 112 £l 2
EEIIVulle +IAT Ul + [l 2 Vull,, + Grip

) v |||Lz—f(u-V)u-Au dx.
R3

For fR3(u - V)u - Au dx, we have

f(u-V)u-Au
R3

=] S
< Clllul = Vaull 2l 2" Aul] 2
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1
< Elllul E VuIILz + CIIMII Pl Aull
LB
Lo 3-B)(1-6 3-p)o 2(1-03) A 1+, 1120
< Sl = Vel + Cllally 2 UAully P IVl ATl
= 2 1 e 2 ST 2
B-L N o T
< Slllul = Vall;, + SIIA ™ ull;, + CllA Ul [Vull;,
2 2
1 3 2 1 1+a a %
Elllul > Vully, + EIIA ull?, + ClIIA“ull}; IVull?,
where
1-0
{% = 0. =)+ 52,
B _ 1 1 _ oy, 1-6
s =3t0G-5+7
with 6, = m, 6; = 52%3 The conditions in Theorem 1.2 imply 6, € (0,1], 65 € (é, 1). By direct

calculation, we have

3-p)6 2(3 - Bag
1-6;  [Qa+3)g—-6lR2a—-5+8]

Combining the above estimates, we obtain

1d N 4 1) g1
371V B, + A ullZ, + () ™ Vull (ﬁ(ﬁ 1)2|| 3 ”Lz

2(3-Plag

5 1 ___206-pag
< EIH”'TV””iz + EIIAH“MII + ClIAul| 2 Va7,

A standard Gronwall’s inequality shows that

!
\vj 2 A(l+1 2 /%V 2 \vj ﬁ%l 2 ds < C
Vull;, + | AT ullz + e = Vally, + Vel = [[72)Cs) ds < CCt, luol| 1)
0

This completes the proof of the Theorem 1.2. O
Proof of the Theorem 1.3. Multiplying (1.1) by —Au, u, and adding the two equations, after integration
by parts and taking the divergence-free property into account, we have

1d 1d 1 d
——IIVulliz + ——IIA"ulliz + ——Ilullﬁ+1 + A ullZ, + a7

ﬁ 15+1
62D g
(ﬁ 1)2 L2

:f(u-V)u-Audx—f(wV)wu,dx
R3 R3

1
< ClIVull}, + Cllu - Vull7, + 5””:”%2-

12

il = Vull

For IIVulle, we have

ClIVull}
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61(1-6 1 016. 61)(1-6 1 3-61)6
< C||u|| 1( 4)||A +ozu|| 1 4”u”[ﬁ+ 1( 5)||A +a ”( 165

261 (1-04) 2(3-61)(1-65)
1 2-61604—(3-61)6 2-61604—(3-61)6
4||A Full2y + Cllul ™™ )
1 26 (1-64)
< AUl + Cllully,”™™ ™
1 ] [6a—Qa—=1)(B+1)]g ‘1
Z”A U2, + Cllull,, ™7 u ||'fﬁ+1,
where
1 _ 1 1 1+a 1-64
330G -3+
1 _ 1 1 1+a 1-05
3=3+60G -5+ 5T

230105 _
2—-0104—(3-91)05 _ﬁ+ L.

By directly calculating, we have

___ 6
04 = 2a-1)g+6°

Os = 50—
Qa-D)(B+1)+6
5 _ [2a—1)g+6][6a—(2a—-1)(B+1)]
1= 2(a+1)[2a—-1)g+6]-3[2a—-1)(B+1)+6]°
26(1-6s)  _ [6a—(a—1)(B+1)lg
2-610s-(G—61)05 _ _ (2a—1)q-3

1), 65 € [-,1), 6, € (0,3).

The conditions in Theorem 1.3 imply 6, € [
For ||u - Vul|?,, we have

1+a?
12’
2
CIIu-Vull
< Cllull®2||ul*>22||Vu
[l 23] ||U3 [IVul| —tee

L_‘i B+1

o 2(1-6, 1 26,
< Cllu 3 a2, el A2 ] 250

e 2-5,

1 0 -6,
< —IIA Hull7, + Cllull, " uell o lll7 e

il

1 9
< <A ull?, + Cllull, ),
(Ba+2-aP)q

1 2 -
= <A ully, + Cllull, ™l

—

—a

[6a—Qa-1)(B+1)]g

1 2 —1g-3
< <A™ U, + Cllull, =+ Dl

N

where

1 0 2-0p _ 1 + 96(_ _ H—_Q) + 1—96

27 2 2B+ B+l

E:ﬂ—l.

By direct calculation, we have

_ 2g+9-3p3

T 2Aa+1)g+3-3B3°

6 2 _ p — GBa+2-af)q
1-6s ~ 1-65 +1 ﬁ - aqg-3
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The conditions in Theorem 1.3 imply 6 € [1 —, D).
Combining the above estimates, we obtain

1d 1d 1 d
SlIvu 2, —EnAauniz + ﬁ——nunf;fl + AU, + e,
LA o s
Hllul T VP, T G el
[6a—Qa-D)(B+1)lg

IIA1+“u||L2 + C(llully, ™7+ Dlludf
A standard Gronwall’s inequality shows that

t
Eads 1 2 2
IVull2, +||u|ffﬁ+l+||/\“ull f(IIVIMI2 117, +|||u| Vull + AUl + lull7)(T)dT
0
< C(t, |luollg, ol gp+1).

This completes the proof of the Theorem 1.3. O
Proof of the Theorem 1.4. Multiplying (1.1) by —Au, u, and adding the two equations, after integration
by parts and taking the divergence-free property into account, we have

1d 1d 1 d
SNV + 5 S IATul, + ﬁ——nunf;‘l IAT R, + s
LAB-D o
B D v e,
MRSy

:f(u-V)u-Audx—f(wV)wu,dx
R3 R3

1
< ClIVull}, + Cllu - Vull, + 5””:”%2-

il = Vull

For ||Vu||L3, we have
ClIVull}
3
1-6 1 036 3-§3)(1-6 1 (3-63)0!
san“uuL; DAl | A 0
I S S e S
+ — —(3— — —(3—
2IIA “ully, + CIA Ul a3
1 1 2= 6223(](3935) )0,
EIIA Fulll, + CIAull, " lu Iffﬁﬂ
1 1 5 [6(7—(%2(1—11))(,6;1)141 ﬁ+1
+ —_ —
< EIIA “ullys + ClIA ull, ™ lulf .,
where
1
3= —+97(‘—‘)+
1 1 1 6)
F=3+0sG -5+ ,ms,

2(3- 53)(1 —05) _
2-06367—(3-03)0s _ﬁ+ L.
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By direct calculation, we have

_ 6-2aq
97 ~ T6-q
_ 6
b5 = Qa-D(B+1)+6°
53 = (6-g)[6a—(2a-1)(B+1)]

T 2(a+1)(6—9)-(3-aq)[(Ra-1)(B+1)+6]

The conditions in Theorem 1.3 imply 6; € [1 — a, 1), 65 € [ﬁ, 1), 5 € (0, 3).
We can estimate ||u - Vulli2 similarily.
Combining the above estimates, we obtain

1d

1d 1 d
QE”V””iz + Ed—tlll\"ulliz + mallullﬁjl + AU, + w2
g1 4B -1) pr1
Hllul = Vull7, + (ﬂ—llvlul alf
B+1)

1 ] ) [601*((32«*11) )(ﬁ;rl)]q 1
+a Y a—1)g—
< SIA™ulf, + CIAully, = g

A standard Gronwall’s inequality shows that
!
2 1 2 Bl o L 2 1 2 2
(IVull;, + IIMI@H + [|A"ull;, + f(IIVlul Tl + el = Vall, + A ully, + Nl ) (0)dr
0

< CCt luollgrs lluoll o)

This completes the proof of the Theorem 1.4. O
3. Conclusions

In this paper, we have established some regularity criteria for the 3D generalized Navier-Stokes
equations with nonlinear damping term. First, we consider the case where the dissipative term is
superior to the damping term, which corresponds to when the damping term works. Second, in
Remark 1.1, we show that the damping term works better than the dissipative term. Furthermore,
we have presented that the damping term has different effects in different cases, which shows the
balance and the interaction between the dissipative term and the damping term as well as the role of
the damping term in regularity criteria. In fact, considering how the damping term works and the
interaction between the dissipative term and the damping term is the main idea of this paper.
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