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Abstract: In this paper, the chemotaxis-Stokes system with slow p-Laplacian diffusion and logistic
source as follows

n+u-Vn=V-(Vnf2Vn) =V - @mVe) + un(l —n), xeQ,t>0,

c;+u-Ve=Ac—-cn, xeQ,t>0,
u, + VP = Au + nvVo, xeQ,t>0,
V-u=0, xeQ,t>0

was considered in a bounded domain Q C R?* with smooth boundary under homogeneous Neumann-
Neumann-Dirichlet boundary conditions. Subject to the effect of logistic source, we proved the system
exists a global bounded weak solution for any p > 2.
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1. Introduction

In 1970, Keller and Segel first proposed the classical chemotaxis model in [10], which explained
the phenomenon of cellular slime mold aggregation in response to a chemical signal of increased
concentration. The mathematical expression of the classical chemotaxis model with consumption is
as follows:

(1.1)

n, = An—xV-(nVo),
¢; = Ac — cn.
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After extensive research conducted by mathematicians, this model has produced excellent results, and
relevant research results on the properties of solutions can be consulted in [1, 12, 14,20,22,26,31].

Nevertheless, the interaction between chemicals and cells in their surroundings is evident from a
variety of research and is unavoidable. Therefore, Tuval et al. [23] constructed the chemotaxis-fluid
system with consumption in order to characterize that aerobic bacterial populations are suspended in
sessile water droplets as follows:

n,+u-Vn=An-V-(ny(c)Vc),
¢, +u-Ve=Ac—nf(c),

u, + k(u-VYu=Au+ VP +nVO,
V-u=0.

(1.2)

The function n indicates the density of bacteria and ¢ represents the concentration of oxygen,
respectively. The fluid velocity field is denoted by u, and the rate at which bacteria consumes substrate
is expressed by the function f(c). P is the associated pressure, and @ is a function that represents
potential, while the strength of nonlinear fluid convection is measured by « € R. In 2010, Lorz [17]
first obtained the local existence result in a bounded domain. In two-dimensional domains, according
to [4], the classical solution exists globally with the small initial datum, and Winkler [29] established
that classical solutions exist globally for the chemotaxis-Navier-Stokes model. Even some scholars
have researched that the scalar chemotactic sensitivity function y(c) is replaced by the matrix function
S(x,n,c) € C3(Q x [0, 00)%; R¥?) in the system (1.2), and we can make reference to [3,9, 15,24, 32].

Consulting some chemotaxis literature [2, 11], we know that the random movement of bacteria
appears to be enhanced in close proximity to high concentrations, owing to the limited size of the
bacteria. Therefore, it is natural to investigate nonlinear diffusion. Some researchers conclude that the
solution is bounded when the diffusion parameters meet certain conditions for the 3D chemotaxis-fluid
model with nonlinear diffusion in [5, 25,27, 28]. We discuss one of the forms of nonlinear diffusion
known as p-Laplacian diffusion. Regarding the chemotaxis-fluid model with p-Laplacian diffusion,
mathematicians have conducted research on various biological populations within three-dimensional
space. Liu [16] studied a three-dimensional chemotaxis-Stokes model describing coral fertilization
with arbitrarily slow p-Laplacian diffusion, and it is demonstrated that the global boundedness of
solutions exists whenever p > 2. Han and Liu [6] investigated a 3D chemotaxis-Navier-Stokes system
involving two species and p-Laplacian diffusion within smooth bounded domains and proved that
if p > 2, the model admits a global weak solution. Tao and Li [19] changed the system (1.2) by
setting y(c) = y and replacing the An term with p-Laplacian diffusion V - (|Vn|’~2Vn), investigated the
subsequent model

no+u-Vn=V-(Vnf2Vn) —xV-(nVc), xeQt>0,

¢;+u-Ve=Ac—-cn, xeQ,t>0, (13)
u, + k(u-VYu=Au+ VP + nVQ, xeQ,t>0, '
V-u=0, xeQ,t>0

in a three-dimensional bounded domain €, and they proved that there exists the weak solution under
the assumption that p > % Subsequently, let y = 1 and x = 0 in (1.3), and it becomes a chemotaxis-
Stokes system; they improved the result presented in [18]. It indicates that for any p > %(z 2.09091),
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the system exists global bounded weak solutions. In a recent literature by Jin [8], the range of values
has been extended to p > p*(= 2.01247).

As we all know, the classical chemotaxis model (1.1), which contains the logistic source term
that promotes the boundedness of solutions, can successfully inhibit the bacterial aggregation effect.
Does the chemotaxis-fluid model retain this property? The answer is yes. In the three-dimensional
domain, Lankeit [13] investigated the chemotaxis-Navier-Stokes model with a logistic growth term
and demonstrated that the weak solution eventually becomes smooth and converges to a steady state
after some waiting time. The 3D chemotaxis-Stokes model, which involves porous diffusion and the
logistic source, was recently considered by Yang and Jin [30]. They demonstrated that under the large
time limit, the solutions converge to the constant steady state and proved the boundedness of the weak
solution with m > 1,0 < @ < 2m — 1. Captured by the papers above, a natural question struck us:
Does a bounded weak solution exist for any slow p-Laplacian diffusion model with a logistic source?
Hence, this work considers the chemotaxis-Stokes model

no+u-Vn=V-(Vnf2Vn) =V - @mVe) + un(l —n), xeQ,t>0,
¢;+u-Ve=Ac—-cn, xeQ,t>0,
u, + VP = Au + nvVao, xeQ, >0,
V-u=0, x€Q,t>0, (1.4)
%:g—i:O,M:O, xe o, t>0,
n(x,0) = np(x), c(x,0) = co(x), u(x,0) = up(x), x e,

which includes slow p-Laplacian diffusion and a logistic growth term, inside a bounded domain Q C
R3. The classical logistic term un(1 — n) denotes the rate at which cells proliferate or die and, here, the
parameter i > 0 and the function ® € W'(Q).

Furthermore, it is assumed that every triple (n, co, 4p) of initial data satisfies

ny € C(Q) and ng > 0,
co € WH(Q),Vs > 1, and ¢y > 0, (1.5)
o € W>*(Q) N Wy *(Q) and divug = 0.

Ahead of presenting the main result, it is necessary to give a concise definition for global
weak solutions.

Definition 1.1. If (n,c,u) € X; X X, X X3, V- u = 0, such that for arbitrary testing functions ¢, ¢, €
CY(Q X [0,00)), ¥ € CT(QAX[0,00);R?), and V - = 0, the equalities

f fn</)1tdxdt+fno¢1(~,0)dx+f anc-V</)1dxdt+f fnu-Vd)ldxdt
0 Q Q 0 Q 0 Q
+u f f éin(1 — n)dxdt — f f \VnP~2Vn - Vg dxdt = 0, (1.6)
0 Q 0 Q
[ [etasars [ copconxs [ [ cu-voauar- [ [ ve-Vomdva
0 Q 0 Q 0 Q

Q
- fnccpzdxdt =0, (L.7)
0 Ja
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fmfu-w,dxdt+fuow(-,O)dx—foofVu-dexdt+fooanCD-wdxdt:O (1.8)
0 Ja Q 0 Ja 0 Ja

hold, then we call (n,c,u) a global weak solution of the model (1.4), satisfying the initial
conditions (1.5). Here,

X, = {n € L(Q x [0,00)),n > 0; Vn € LY (R*; LP(Q)), n, € L;, ([0, 00); L*(Q)),
([0, 00); L7 (Q))},

X, = {c e L°RY; W™(Q)), ¢ > 0;¢,,Vic e L}

loc

nrVneL?

loc

([0, 00); L'(Q)), Vs > 1},
Xs = {u € L(Qx [0, 00)); APu € L([0, 0); LX), VP € (% 1), up, V2u € L}, (10, 00); LA(Q))}.

Based on the Definition 1.1 and previous assumptions (1.5), our major result is given below.

Theorem 1.1. If p > 2, then the system (1.4) with the initial conditions (1.5) exists global weak
solutions (n, c, u) in the bounded domain Q C R?, such that for all 5 € (%, 1), s > 1, satisfying

sup (lln(-, Nlz=) + IVa(, Ollrq) + llcC, Dllwrs@) + llul-, Ol + AP uc, f)||L2(Q)) < M,
1€(0,4+0)

(1.9)

p-1
sup (V27 llzrouy + Idllzzomy + lellyzror, + il oqy) < Mo,
t€(0,4+00) ’ ’

where positive constants My, M, only depend on ny, cy, ug, p, Q2. Here Q(t) = Q X (t,t + 1).

The subsequent sections of this work are structured in the following approach. Section 2 will present
a set of fundamental lemmas. Section 3 will provide an analysis of the energy estimate to demonstrate
that the solution to the approximation problem exists globally and is bounded. Subsequently, we
give the proof of Theorem 1.1 and the boundedness of global weak solutions by utilizing the
approximation method.

2. Preliminaries

Within the section, we present fundamental conclusions that will be referenced multiple times in
the subsequent sections of the work.

Lemma 2.1. [7, Lemma 2.4] Supposea > 0,6 > 0,b > 0,T > 0andt € (0,T). Letg : [0,T) — [0, 00)
be an absolutely continuous function satisfying

g () +ag"™() < h(t) forteR,

where h(t) € Lll()c([(), T)) is a nonnegative function, and for all t € 1, T) fulfills

A
f h(s)ds < b.
-1

! b
sup g(t) +a sup f g""°(s)ds < b + 2 max {g(O) +bh+ar,—+1+2b+ ZaT} .
art

1€(0,T) te(r,T) Ji-t

Then we have
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Lemma 2.2. [7, Lemma 2.5] Let wy, € W>4(Q), h € LZ)C((O, +00); L1(Q)), V1 < g < oo, and one can
find a fixed positive constant T such that

!
sup f IAlll, ds < A.
-7

te(T,+00)
Then the system
w; — Aw + w = h(x, 1),
0
7 _ 0 onoQ,
ov

w(x,0) = wy(x)

exists a unique solution w € L! ((0,+00); W*4(Q)), w, € L]

loc

((0, +00); LY(Q)) such that

t qt
e q
sup f (o, + llewll?, )ds < AM——— + Me* [lwoll?,,.,
te(t,+o0) Jrt-1 ex” —1

where the constant M is independent of T.

Lemma 2.3. [30, Lemma 4.2] If Q is a bounded domain and ¢ € C*(Q) satisfying
there exists an upper bound on the curvatures of Q given by k > 0, such that

N

5_¢| _
o loo = 0, then

< 2k|Vy|? on 0QQ.

Lemma 2.4. [8 Lemma 2.3] If Q c RY is a bounded domain with smooth boundary and w € C*(Q)
satisfying ‘;—’;’ 50 = 0, then the following two inequalities hold:

Vol 2 2 2
—dx <2+ VN? | 0|V’ Inoldx, 2.1)
Q w Q
f IVw|”*2dx < (VN + b)?||w|]?« f Vo’ 2V?wPdx  foranyb > 2. (2.2)
Q Q

3. Global existence and boundedness of the weak solution

With the goal to get the weak solution under the Definition 1.1 in three dimensions, we concerned
the following regularized problem with € € (0, 1):

Mo + 145 - Vg = V - ((IVnf + gﬁvng) —V-.Veo) + un(1 —n,), x€Q,t>0,
Ce + U - Ve, = Ac, — cong, xeQ, >0,
Uy + VP, = Au, + n,V,, xeQ,t>0,
V-u, =0, xeQirso0, G
%’f:‘zc;:o,ug:o, XxedQt>0,
ng(x, 0) = neo(x), ce(x, 0) = co0(x), ue(x, 0) = ug(x), xeQ,
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where 7.9, C.0, tt € C*T*(Q), @, € C**5(Q % [0, +00)) with

ano 6c80
= =0, umlpga =0,
aV Q.

Ngy — Mg, Cen — Co, Ugy — Ug, VO, — VO  strongly in L' forany r > 1,

oQ ov

lIneolle + [IVRgollzr + licsollwes + [usollwzs + [Vl
< 2(lInoll= + IVrollzr + licollwas + lluollwzs + IV®||z=)  for any s > 1.

Firstly, to obtain our result, we recall the local existence result of the chemotaxis-Stokes model (1.4)
as follows. The proof is similar to [18], thus we omit it.

Lemma 3.1. Let p > 2, then there exists a maximal time T, € (0,+00) and a unique nonnegative
solution (ng, ¢z, ug) € C***1*5(Q X [0, Tpar)) of the model (3.1). Moreover, if Tpax < o0, then

) 3
im  sup(|in. (. D= + lleaC, Dl + 14°u,(, )ll2) = 0 for some B € (5. 1).
t/'T 4

max

Subsequently, we derive some estimates by using the maximum principle and straightforward
calculations. These estimates are fundamental in the demonstration of our result.

Lemma 3.2. There exist nonnegative constants Cy, C,, and Cs such that the solution of (3.1) fulfills

t
2
sup f IneC, Olids + sup |lnaC, Dl < Cy, (3.2)
1€(t,Typax) J -1 1€(0, T nax)
sup lce(, Dllz= < sup |lego(:, Dllz= < Co, (3.3)
1€(0,Tnax) 1€(0, T nax)
!
2 2 2 2 2
sup f (”cs”Hz + el + llotedll> + IIVPslle) ds+ sup |lu(-, 0l < Cs, (3.4)
te(Tvaax) -7 te(OaTma.\')

where Cy, C3 are independent of €, T 4y, T, while C, is independent of € and T .

Proof. By integrating the first equation in (3.1), we can derive

d ~
—fnsdx+,ufn§dx:,ufn8dxsanﬁdx+C1.
dt Jg Q Q 2 Ja

Shifting the terms gives
d ~
—fngdx+'l—lfn§dx£C1.
dt Jo 2 Ja

Then employing Lemma 2.1, we deduce
!
sup |lneC, Dl + sup f lIne(-, DlI7.ds < Cy, (3.5)
1€(0,Tnax) te(t,Tinax) Jit-1

that is (3.2).
Then one can apply the maximum principle to (3.1),, and it can yield (3.3), which is the basic
estimate of the solution component c,.
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Regarding (3.4), we first multiply the second equation of (3.1) by ¢, and make use of an integration
by parts, which implies

1d
—— | Edx+ f IVeoldx < 0,
2dt Jo o
collecting with (3.3), then we have
sup f lleeC-, 7 ads < Co. (3.6)
1€(t, T ax)

Furthermore, we test the third equation in (3.1) by u. + u,, and use the integration by parts to obtain that
1d
o f (@ + [Vu*)dx + f (Vitel® + luei ) x
2dt Jo Q

< f VO )(u, + ug)dx.
Q

Applying Poincaré’s inequality and Holder’s inequality, we get

1d 1 .
) f(uﬁ +|Vudx + C f(uﬁ + | Vue)dx + Zlluglly> < Cslingll2,
24t ), o 2

substituting (3.5) into the above inequality, then we gain

sup s, DI, +  sup f lugill7.ds < C. (3.7

1€(0,Tipax) 1€(1,Tinax)

On the other hand, we first move the term of the third equation (3.1), which yields —Au, + VP, =
—uy +n,V®,, and use the L? theory of Stokes operator to obtain

litel72 + IV P17, < Cs(lluelly, + lnell7.)- (3.8)

By a combination of (3.5)—(3.7), we can derive (3.4).
Next, an energy inequality related to the variables n. and ¢, in the model (3.1) will be built.

Lemma 3.3. Let p > 2, then there exists a constant C > 0, which is independent of €, Ty, and T
such that

sup f (n Inn, + |Vc8|2)dx
IE(O’Tma)C) Q

!
Vn|P
+ sup f f (u +n?Inn,| + |Ac8|2)dxds <C.
IE(T’Tmax) -7 Q né‘

Proof. The first equation of (3.1) is multiplied by K(1 + Inn,), where K > 0 is a constant to be

determined, to obtain
d A7 3K
f Kn,Inn.dx + K [V dx + H fnﬁl Inng|dx
Q N 4 Q

< nflAcgl dx + C, flngl dx+ C;
< nf |Ac.Pdx + e f n2|In ngldx + C;],
Q Q

AIMS Mathematics Volume 9, Issue 6, 16168—16186.
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which implies

| =

Vn,|P K
fKnglnngdx+Kf| | dx+—'ufn§|1nn8|dx
rJao Q N 2 Ja

<7 f |Ac,l*dx + C,.
Q

By testing the second equation of (3.1) by —Ac, and an application of Young’s inequality, then one can
find constants C,, C; > 0 such that

1d
~— f VeolPdx + f Acdx + f nelVe Pdx
2dt Jo Q Q
= f u Ve Acodx — f c:Ve Vngdx
Q Q

-1 e 1 V|
fng-‘|vc£|zﬁ1dx+—||cg||f’mf' nell
p Q ns

p Q
e Vo AR
< Colluellm 1V esl L I1AC, + sz dx+ | n{ Vel Tdx
Q Q

ng

QL

(3.10)

p
< leeellzollVeallsllAcgllz2 +

<

2 4 2 V| 2
Acell;, + Colluell;:[[Vedlly. + Ca f " dx+ | ngVel dx + Cs.
Q &€ Q

e

Taking K = 4C, and np = % in (3.10), then combining (3.4) and the above inequality, we arrive at

d K (IVnl K
= f (KngInn, + VePyde+ = [0, K f n2|Inn,ldx + f IAc,Pdx
dt Jq 2 2 Ja o

o ng

< CullVel + Ca,
where C, is a positive constant. Finally, using (3.4), we can deduce (3.9).

Lemma 3.4. The triple (ng, c,, u,) is the solution to the approximation system (3.1). If

sup fnédxs c, 3.11)
Q

ZE(O’ Tmax)

where C > 0 is a constant, then for all r > 2

sup  [ugllr < C.
IE(O,T,,WX)

Proof. Taking advantage of Duhamel’s principle, we can express u, by
t
u. = e g + f e TIMP( VD, )ds.
0
Then we have

!
lltellr < € lluteollr + f le™=MPn VD)l rds
0

1

!
, _31_1
< e lugollrr +f eIt — )72V VD, Lods
0

1

t
; _3(l_1
< e lugoller + Cf et = 5)72 7P Ingl|ads.
0
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Letg = % in the above inequality, in view of (3.11), we can derive that

sup |lugllr < C for all ¢ > 0.
1€(0,Tnax)

Lemma 3.5. If p > 2, then we can find some positive constant C, = C,(r) such that

t
sup fn;”dx + sup f f(ng_1|Vng|” + n;+2)dxds <C, forall r > 0. (3.12)
TJQ

1€(0,Tnax) 1€(7,Timax)
Proof. The first equation of (3.1) is multiplied by n., then we integrate it by € to get

1 d
— ng+1dx+rfng_1|Vng|pdx+ufnfzdx
r+1dt Q Q Q

SranVnchgdx+,ufn2“dx.
Q Q

Combining the Young inequality and the assumption p > 2 ensures that .= <2, then we have

1 d
a4 n2+1dx+rf - langlpdx+,uf ndx

sff n ! \Vn|Pdx 4l )f r+'”|Vcs|ﬁ'dx+ fr+2dx+2’”,u|§2|
P Jao

<2 f n N \VnPdx + r f n, ”j|vc8|2dx+c f njﬁdﬁﬁ f ndx + 2" ulQ).
2 Q Q Q 2 Q

Shifting the above inequality, then using the Young inequality once again, we gain

1 d
— n:’9+ldx+zfn;_IIVnglpdx+/—lfn2+2dx
r+1dt Jo 2 Ja 4 Ja

r+-L
<r f ne " \Veofdx + C,
Q

(p—1D)+1

u 8\ ST +2p-D 2r+2)(p-1)

<= nf;+2dx+( )p) 72D Ve 25 dx + C.
8 Ja M Q

Next, applying the Gagliardo-Nirenberg interpolation inequality to the above inequality, it yields

!
sup f nldx +  sup f f (7 \VnglP + n*)dxds
1€(0,Timax) JQ te(1,Tinax) J1—-1 JQ

! 2(r+2)(p—1)
<C, sup IVc | " 25 dxds + C, (3.13)

1€(T,Tmax)

(r+2)(p=1)
Cs; sup IAc | 25 dxds + Cs.
t€(t,Tinax)

Meanwhile, combining Lemma 2.2 with (3.4), we arrive at

!
sup f lealls . + llealll)ds < Cs - sup f i, - Vel + llea(1 = n)lE)ds + Cs
te(T Tma\/) te(T T’n(lx)

(3.14)
Cy sup f(llug Veollj, + lInaliz)ds + Cs.

(1, Tnax)
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Taking g = w in the above inequality, then substituting it into (3.13), we get
g£49= q y g g
!
sup fnfe“dx + sup f f(n2_1|Vn£|p + 1 )dxds
1€(0,T pax) JQ te(t,Tax) Jit-1 JQ
_ 4 421 21
<C3+Cy sup f (“ua Vel <r+p2)(p y t 72| ()iZ)(p 1))ds (3.15)
te(T7Tmax)

! (r+2)(p=1) 1 !
2p-3 r+2
<C, sup f llug - Vesll 7 ds+ = sup f f n"*dxds + Cs,
tE(T,Tmax) -7 Q

L 2p73 te(T’TmﬂX)
thanks to £ < 1. Next, let 22D = 3

3 5, which implies r = 3 — m Substituting it into (3.15) and
shifting the terms, we arrive at

45 1 ' i
sup fng Vdx+ = sup f (ny " +n, "V |\VnP)dxds
1600, i) JO2 2 1t e Ji-r Jao

, 5 (3.16)
<C4 sup f llug - Vegl|>sds + Cs.
L2

te(t,Tnax)

By employing Holder’s inequality and the Gagliardo-Nirenberg inequality, it becomes evident that

2
3
g - Vel s < ( f |u8|3|Vc8|3dx)
L2 0
i
2
s(( f |u8|6dx f Ve Fdx
Q

= llusllzellVeell s

N‘\l

) (3.17)

1 4
< ColVueliz (Il IAc I + 19l )
Combining Lemma 3.2, (3.16), and (3.17), we can deduce that

T .
sup f n, " "dx+ sup f f (n, "I
te(O, Tlﬂllx) Q

tE(T, Tmax)

- YIVnP)dxds < C;.

We notice that 4 — 2(p 5 > 2. Combining Lemma 3.4, for any r > 0, we have

sup ||ugll,r < C. (3.18)
[e(OaTmax)
Then collecting (3.4) and (3.18), we notice that

! !
3 3 3
sup f lits - Vel ads < sup f el IV el s
t€(t,Tpax) Ji1-1 —T

1€(t, Tnax)

f
<Cg sup f el 12||C8||L00||C8||2 ds
te(t,Tinax) Jt-1
< (Co.
AIMS Mathematics
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Taking r =4 — I% in (3.15), and combining the above inequality, we can deduce
53 ! 6——3— 33
sup f n, "'dx+ sup f f (ne ™"+ np T IVnlP)dxds < M. (3.19)
ZE(O,Tmax) Q te(t,Tinax) J -1 Q

We employ the gradient operator V on the first equation of (3.1) and test the resulting identity by
Ve "2Ve,, Yr > 2, then a combination of Lemma 2.3 entails

1d
- f \Veodx + (r = 2) f Ve "2(V|Veal)dx + f Ve | 2| V2e,|*dx
rdt Q ) Q

1 (Ve
= — f chgr-zds + f ne.c.div([Ve "2 Ve, )dx + f uVeediv(|Ves| Ve, )dx
2 Jso dv Q Q

<k | |VedS +@2r-2) f Ve 2 nec:l>dx + 2r - 2) f lusl* Vel dx
o0Q Q Q
r—2

4

<k f Veel'dS + ny f Vol *2dx + C,, f Il ¥ dx + C, f lue|*2dx
0Q Q Q Q

-2 1
! f Ve "2(V|Veg])dx + — f Ve 2|V2e | dx.
4 Jo 4 Jo

+

1
f Ve "2(V|Veg])dx + — f Ve 2 |V2e > dx
Q 4 Q

+

Utilizing the boundary trace embedding inequality and (3.9), for any small 7, > 0, we get

k | IVeldS <mllV(IVe DI + Cmnwcgﬁn;
0 "

< mlIV(Ve DI, + C,,.

Thus, by employing inequality (2.2) and a combination of the above two inequalities, we can find a
fixed positive constant o~ such that

1d -2 1
- f |chlrdx+r— f Ve "2(V|Vee))dx + — f Ve 2 Vie*dx + o f Ve dx
rdt Jo 2 Jo 4 Ja

o (3.20)
2 r+2
< Clof(|n£|2 + lus|2)dx + Chy.
Q
Additionally, by applying the Gagliardo-Nirenberg inequality, we get
5p+/jzp+3ﬁ PB p (g(‘rﬁ:;;)z p+B (:‘%(ﬁ?g)z B P Sp+Bp+3B
el spippez = 10" 100 < Crallns” 11756 VA" I + Crallmell oy
L3 1730+ L P
here 8 = 32’_‘12), thatis 2 + 8 = 5 — —3;. Combining (3.9) with (3.19), we infer that
t
Sp+Bp+38
sup f f "3 dxds < Cya. (3.21)
t€(1,Tinax) Jt-1 JQ

Next, multiplying the third equation of the system (3.1) by u,,, and integration by parts, we derive

1d 1
—— f \Vu,|>dx + f |us|>dx = f n VO, - u,dx < - f lug|*dx + Cys f In.|>dx.
2dt Jo o 0 2 Ja o
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Through a simple calculation, one can get

d
— | VulPdx+ | luglPdx+ | |Vu?dx < Cis | [nldx+ | |Vu|*dx.
dt

Q Q Q Q Q

In accordance with (3.19) and (3.21), using the fact 5 — 1% > 2, we can arrive that

!
sup f Vi[> dx + sup f f i[> dxds < Cy7.
1€(0,Tax) JQ t€(1,Timax) J1t—-1 JQ

Moreover, we notice that

sup [uglle < sup [[Vauellp2 < Cis. (3.22)
te(oaTmax) te(OsTma)c)

Taking r = 4 in (3.20) and collecting (3.21), the fact that 2£2*% = 8!’23;2_!’3—18 > 3 for any p > 2
and (3.22), we have

1d 1
- f Ve |*dx + f Ve 2(VIVe)dx + — f Ve 2 Vie|?dx + o f Ve |0dx
4dl Q [e) 4 Q

Q
< C19 f(|n5|3 + |u5|6)dx + C20
Q
< Cyy,

which implies

sup f IVeo|'dx < Cyy. (3.23)
te(o T’nal’)
For any r > 0,p > 2, due to p2p <d4,r+ Iﬁ <r—-1+p2r+ p_l < (335;) 2L multiplying the

first equation in the system (3.1) by n., and employing the Sobolev embedding 1nequa11ty and (3.23),
we conduce

— f Ing"dx + r fQ "NVn|Pdx + p f Ing|"dx
SrfngVnchgdx+,uf|n8|’“dx
Q Q

r+ - 4
<2l f n \VnglPdx + Cos f n, "' Ve, |ﬁdx+“ f ndx + 2 Q)
4 Jq 0 2

< f 1Y, Pdx + Cny f NG f Ve 7 dx +’—‘ f W*2dx + Cay
4 2 Ja

<= f r- 1|vng|pdx+czg( f nﬁ“p'dx) ( f |Vc8|4dx) + & f n*dx + Coy
4 Q Q 2 Q

e L
< W Wndx + Coslinal 7 +E | 0t 2dx + O
4 Jo 2 2 Jo

,
S—fn;_IIVngl”dx+'L—lfng+2dx+C2(,,
2 Ja 2 Ja

then by concise calculation, it derives (3.12) straightly.
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Lemma 3.6. If p > 2, then one can find positive constants My = M(8), M», M3 = M5(r), such that

sup {IAPull 2 + llugll=) < My, (3.24)
te(O,TmaX)
sup [lcellwro < Mo, (3.25)
te(OsTmax)
!
sup f (leells, + lleall; )ds < My forall r > 0. (3.26)
te(Tvaax) -7

. . 3
Proof. Noticing 5 — 7> 2 for any p > 2 and (3.19), we can get

!
AP u,ll> < e |APugll 2 + f |APe 94 P(n (s)VD.(s))l2ds
0
f
< e AP ugll 2 + f (t — ) Pe | n(s)VD,(s)|| 2ds
0

t
< e A ugll 2 + f (t = )P Ing(s)l| 2V D ()|~ ds
0
<C.
The Sobolev embedding theorem gives us the following inequality

llulle < Cllluell2 + 1A el 2),

where 8 > %. Combining the above two inequalities, (3.24) can be deduced. In addition to collecting

with Lemma 3.5, we have
!
IVeellrs < e IVeeollz + f e IV "IN u, - Ve — cone + co)llieds
0
! 1 1
< e !||Vewlls + f(t —5) 271 "N, - Ve, — cong + c.llpods
0
! 3
< e 'IVeeolls + f(t = 5) 7 I (|luall=NIVeellzs + licellzolnellzs + llcellz-)ds
0

!
_ 3 2 1
< e”|IVeeollz= + f(t— )7 eI (gl Vel VeI, + llesllzslingllzs + llesllzs)ds
0

2
<e”|[Vewlls + C(1+ sup |[Velll}).
t€(09TﬂlaX)

This along with (3.3) implies (3.25), then we utilize (3.14) and the above inequality to gain

! !
sup f (leellfya, + lleallf)ds < C+ € sup f (IVeslly, + linll,)ds

t E(‘C Tmax) t— te(T, Tmax) t—

t
<C+C sup f Inl}, ds.

te(T,Tmax) 1=

According to (3.12), we finally infer (3.26).
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Lemma 3.7. If p > 2, then there exist positive constants C and C, = C,(r, €) such that

sup |ln.(, D= < C, (3.27)
1€(0, T nax)

sup f (lusC lyar + e, $Nds < C. (3.28)
tE(TTmaX)

Proof. The inequality (3.27) can be derived by using a Moser-Alikakos-type method presented in [21].
Since the process of proof is standard, we omit it. In light of Lemma 2.2, it is straightforward to arrive
at (3.28).

Lemma 3.8. If p > 2, then we have

P t+1
sup f(anglz + s)zdx + sup f f
te(0,+00) JOQ t€(0,+00) Jt Q

where C > 0 is a constant.

2

Inel” 1ds < C, (3.29)

ot

Proof. By multiplying the first equation of (3.1) by 6"8

the Young inequality to derive
pdl‘ (IVngl + 8 dx + f‘—‘ dx + f IVnSI2 + s)idx

on £
V- (n, f f - f IV + &)’ dx
j(; Q Q ot Q( )

on,
<C f(lAcal + Vi > + |Va P + Ddx + = 3 f n
Q

ot
<G, f(lAcgl +|Vn P + Ddx + = f
2 Ja

A combination of Lemmas 3.5 and 3.6 and the above inequality can yield (3.29). Then, for all # €
(0, T10), Lemmas 3.6 and 3.7 entail

and integrating by parts over €2, we can utilize

dx

on, >

dx.
ot o

lI7C-, Dl + lleeC, Dllwrs + 1APu (-, 0)ll2 < C, (3.30)

which paired with the criterion of extensibility in Lemma 3.1 yields 7, = 0.

Using the estimates that were gathered in the preceding section, we will show the existence of global
weak solutions for system (1.4) in this section.
Proof of Theorem 1.1. If p > 2 and (n,, c., u, P.) solves (3.1), then we employ the Sobolev compact
embedding theorem, Aubin-Lions compactness theorem and Lemmas 3.3, 3.5-3.8, there exists some
subsequence of (g;)jey C (0, 1) with g; \ 0 as j — oo such that

ne. — n, in L*(Q x [0, o)),
n,—n,  in L°(Qx [0,0)),

né‘t - nt’ in LZ(Q X [O’ OO)),
Vn, — Vn, in L”(Q x [0, o)),
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(VP + &) TVn, — w,  in LF(Q x [0, 0)), (3.31)
ce — C, uniformly,
and for any s € (1, +00)

cc—c¢,  inWr(Qx][0,)),

Ve, — Ve, in L*(Q x [0, o)),
U, — U, in L*(Q x [0, o)),

Vu, — Vu, in L*(Q X [0, o)),

VP. — VP,  inL*(Q X [0, »)).

To claim that (3.31) holds with w = |Vn|?~>Vn, we need to prove that for any ¢; € C*(Q X [0, o)),

f f \ValP2VnV,dxdt = f f WV dxdt. (3.32)
0 Q 0 Q

We replace ¢, with n.¢, in (1.6), which implies

f f (Mg + g - Vng)ngddxdt + f f (|Vn€|2+g)¥(|vng|2¢>1 +n.Vn, - Vo)dxdt
0 Q 0 Q

oo oo (3.33)
= f f (n2Ve, - Vi + ngd Vn, - Ve )dxdt — p f f n2(1 — ng)¢ dxdt.
0 Jao 0 Jo
Similarly, replacing ¢; with n¢, in (1.6), we can get
f f(n, +u - Vn)ngdxdt + f f w(d1Vn + nVe)dxdt
0 OOQ 0 Q . (334)
= f f(nZVc - Vo +n¢Vn - Ve)dxdt —,uf fnz(l — n)$dxdt.
0 Jao 0o Jo
For any ¢; > 0, € L} (R*; W'"*(Q)), we have
f f (VR + )% Vi, — (V&P + €)% VL) (Vn, — Vo)prdxd > 0,
0 Jo
and by moving the item, then we can obtain
f f (V.2 + )7 [Vn P dxdt
0 3 (3.35)

> f ) f (VLP + €)= VE(Vn, — V)b dxds + f ) f &1 (Vi l? + &)= Vn, Vi dxdt.
0 Q 0 Q

By a combination of (3.33) and (3.35), for any ¢, € C(Q x [0, 00)) with ¢; > 0, we can see that
[ [t nmsasars [ [ (948 +2F V0T, - VOsdsa
0o Jo 0o Jo

+ f ‘[</>1(|Vn£|2 + g)pTJVnSV(pdxdt + f fng(IVrzgl2 + 8)%Vl’lg - Véidxdt
0o Jo 0 Jao

< f f (n2Vec, - Vo + npVn, - Ve )dxdt — u f f n2(1 — n,)¢dxdt,
0 Q 0 Q

AIMS Mathematics Volume 9, Issue 6, 16168—16186.



16183

then we obtain that

f f(nt + u - Vn)ngdxdt + f f IV{I”_ZV{(Vn - V)¢ dxdt + f f((;ﬁla)V{ + nwVe,)dxdt

0 Ja 0 Jo 0 Jo
< f f(nZVc -V, + n¢Vn - Ve)dxdt - ,uf fnz(l — n)¢dxdt ase — 0.
0 Ja 0 Jo
Inserting (3.34) into the above inequality, for any ¢; € C*(Q x [0, 00)) with ¢; > 0, we deduce
f f (IVZIP72V¢ — w)(Vn — VE)édxdt < 0.
0o Jo

With A > 0,y € C=(Q x [0, )), we select { =n— AY to arrive at

f ) f V(1Y = )PV (n - ) - w)pidxdt < 0.
0 Q

In the above inequality, letting 4 — 0, we attain

f f Vy(|Vnl">Vn — w)¢dxdt < 0.
0 Q

Similarly, we take { = n + Ay to get

f f Vy(IVnlP2Vn - w)¢rdxdt 2 0.
0 Jo
So, we derive

f f Vy(IVnlP2Vn - w)¢idxdt = 0.
0o Ja
Thus, (3.31) is achieved. Letting € — 0 in (1.6)—(1.8), we can deduce
f fnqﬁl,dxdt + fn0¢1(-,0)dx + f anc -V dxdt + f fnu -V dxdt
0o Ja Q 0o Ja 0o Ja
+uf fn(l — n)¢dxdt — f f \Vn|P=2Vn - V¢ dxdt = 0,
0o Ja 0o Ja
f fc¢2,dxdt+fco¢2(~,0)dx+f fcu . ngzdxdt—f fVc~V¢2dxdt
0 0 Ja 0o Ja

Q Q
- fnc¢2dxdt =0,
0o Jo

f fu'lﬁtdxdt+fuow(-,0)dx+f and)-dedt—f fVu-VtﬁdxdtzO,
0 Jo Q 0 Jo 0o Jo

where V¢, € C8°(£_2 X [0, ), ¢, € Cg“(ﬁ X [0, ), ¥ € Cg"(Q % [0,00); R*) and V - ¢ = 0. Therefore,
the system (1.4) exists a global weak solution (n, ¢, u). With a combination of (3.6)—(3.8), the proof of
Theorem 1.1 has been concluded.
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4. Conclusions

In this paper, we considered the chemotaxis-Stokes system (1.4) with slow p-Laplacian
diffusion and logistic source in a bounded domain Q C R? with zero-flux boundary conditions and
no-slip boundary condition and proved the existence of global bounded weak solutions for any slow
p-Laplacian diffusion (p > 2) under the action of logistic source. The main result is as follows:
Theorem 1.1. If p > 2, then the system (1.4) with the initial conditions (1.5) exists global weak
solutions (n, c,u) in the bounded domain Q C R?, such that for all 5 € (%, 1), s > 1, satisfying

sup (Iln(-, Dllz=@) + IVa(, D) + llcC, Dllwrs@) + €, Dllz=@) + AP uf, f)||L2(Q)) <M,

te(0,+00)

p-1
sup (V17 ooy + Indlzzomy + el g + il o) < Mo,

te(0,+00)

where positive constants My, M, only depend on ny, cy, uy, p, Q2. Here Q(t) = Q X (¢, + 1).
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