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Abstract: An edge-coloring of a graph G is an assignment of colors to its edges so that no two edges
incident to the same vertex receive the same color. The chromatic index of G, denoted by y’(G), is the
least k for which G has a k edge-coloring. Graphs with x'(G) = A(G) are said to be Class 1, and graphs
with ¥'(G) = A(G) + 1 are said to be Class 2. Let G be a graph with V(G) = {t|,t,,...,t,}, n > 2,

vertex set | i, V(H,), in which (#;,y,) is adjacent to (¢;,y,) if and only if either #; = ¢; and (#;, y,)(t;, y,) €
E(H;) or t;t; € E(G). If G is a complete graph with order 2, then G[h,] denotes a join H; + H, of vertex-
disjoint graphs H, and H,. If H; = H fori = 1,2,...,n, then G[h,] = G[H], where G[H] denotes the
lexicographic product of two graphs G and H. In this paper, we provide sufficient conditions for the

.....

h, have the same number of vertices.
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1. Introduction

In this paper, we consider only undirected, connected, and simple graphs. We use V(G) and E(G)
to denote the vertex set and the edge set of a graph G, respectively.

An edge-coloring of a graph G is an assignment of colors to its edges so that no two edges incident
to the same vertex receive the same color. An edge-coloring o of G using k colors (k edge-coloring) is
then a partition of the edge set E(G) into k disjoint matchings and it can be written as
o= (M, M,,..., M), where every M; is a matching of G. The chromatic index of G, denoted by
X' (G), is the least k for which G has a k edge-coloring. The Vizing Theorem states that y'(G) = A(G)
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or ' (G) = A(G) + 1. Graphs with y’'(G) = A(G) are said to be Class 1; graphs with y’(G) = A(G) + 1
are said to be Class 2. It is NP-complete to determine whether a graph is Class 1 [3]. The
classification problem is extremely difficult even for regular graphs. For this problem, Chetwynd and
Hilton [1] proposed the following conjecture:

Conjecture 1.1 (1-Factorization Conjecture). Let G be a k-regular graph with n vertices, n even. If
k > 5 then x'(G) = k.

In this paper, we consider the generalized lexicographic product of graphs, which is defined as
follows [10]: Let G be a graph with V(G) = {t1,f, ..., t,},n > 2, and h, = (H,)ie(1 2....n) be a sequence of

,,,,,

is adjacent to (¢;,y,) if and only if either ; = ¢; and (#;, y,)(#;,y,) € E(H;) or t;t; € E(G). A generalized
lexicographic product is also called an expansion or composition (see [11]).

By Vi, i = 1,2,...,n we will denote the vertex set of graph H; in G[h,], and call the sets
Vi, Va, ..., V, the partition sets of G[h,]. It H; = H fori = 1,2,...,n, then G[h,] = G[H], where
G[H] 1is the lexicographic product of two graphs G and H. For example, the join H; + H, of
vertex-disjoint graphs H; and H, is K,[h,], where hy = (H,)ie12- In addition, Turdn graphs T (n)
(see [2]) are complete (r — 1)-partite graphs with n > r — 1 vertices whose partition sets differ in size
by at most 1, that is, T '(n) are K,_[h,_], where h,., = (H)ieq12...--1y 1S a sequence of
vertex-disjoint empty graphs with | " | vertices or [ %] vertices.

De Simone and Picinin de Mello [9] gave the following sufficient conditions for a join graph to be
Class 1:

Theorem 1.1. Let G = H| + H, be a join graph with |V(H,)| < |V(H»)|. If A(Hy) > A(H3), then G is
Class 1.

Theorem 1.2. Let G = H| + H; be a join graph with A(H,) = A(H,). If both H, and H, are Class 1,
or if Hy is a subgraph of H,, or if both H, and H, are disjoint unions of cliques, then G is Class 1.

Theorem 1.3. Every regular join graph G = H, + H, with A(H,) = A(H;) is Class 1.

De Simone and Galluccio [8] showed that 1-Factorization Conjecture is true for graphs that are join
of two graphs:

Theorem 1.4. Every regular join graph with even order is Class|.
De Simone and Galluccio [6, 7] extended the above result, and proved the following conclusions:
Theorem 1.5. Every even graph that is the join of two regular graphs is Class 1.

Mohar [5] and Jaradat [4] gave the following sufficient conditions for a lexicographic product of
graphs to be Class 1:

Theorem 1.6. Let G and H be two graphs. If G is Class 1, then G[H] is Class 1.
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Theorem 1.7. Let G and H be two graphs. If x¥'(H) = A(H) and H is of even order, then ' (G[H]) =
A(GIHD).

By Theorems 1.6 and 1.7, it is easy to see that for any two regular graphs G and H, if 1-Factorization
Conjecture is true for the graph G, or 1-Factorization Conjecture is true for the graph H and A(G) >
%, then this conjecture is also true for graphs that are lexicographic product G[H] of G and H.

In this paper, our goal is to find sufficient conditions for a generalized lexicographic product G[A,,]

the same number of ve&fces.
The following lemma will be used later:

Lemma 1. (Jaradat [8]) Let G and H be two graphs such that y'(H) = A(H). Then x'(G X H) =
A(G x H), where G X H denotes the direct product of graphs G and H.

In Section 2, we shall present two decompositions of the edge set in the generalized lexicographic
product of graphs.

2. The decompositions

Let G be a graph with V(G) = {t1,t,...,1,}, n > 2, and h, = (H,)ieq12...n) be a sequence of
vertex-disjoint graphs with V(H;) = {(#;,y1), (t;,¥2), ..., (ti, ym)}, m > 1. Let G* = G[h,], and let U; =
{(t,y), (t2,9))s ... (ta,yj)}, where j=1,2,...,m. Then G; = G*[U;] = G foreach j = 1,2,...,m. We
will provide two decompositions of the generalized lexicographic product G*.

We first consider the case where G is a Class 1 graph and provide a decomposition of G* with
respect to a matching of G. If there exists a matching M in G such that y'(G — M) = A(G) — 1 and any
distinct vertices with the maximum degree of G are saturated by distinct edges of M, then G is said to
be Subclass 1; otherwise, G is said to be Subclass 2. For example, every Class 1 graph in which no two
vertices of maximum degree are adjacent is Subclass 1, and every regular Class 1 graph is Subclass 2.

For every matching M of G such that y'(G — M) = A(G) — 1, let G, denote the subgraph of G
induced by M. Moreover, let

Gy = GulK, U (| H), Gy =GilK U | ] H),

t;ieVa t;,eV(G)—Va

where V, denotes the set of vertices with the maximum degree in G, K,, denotes an empty graph with
m vertices, and G| = G — M. Then G" is the union of edge-disjoint graphs G}, and G7, that is,

G =G, UG @2.1)

Figure 1 shows a Subclass 1 graph G and the decomposition of G* = Gl[hs] with respect to a
matching M in G, where h, = (H,)ic(1 2,5 1 a sequence of vertex-disjoint graphs, each with m vertices.
Figure 2 shows a Subclass 2 graph G and the decomposition of G* = G[hs] with respect to a matching
M in G, where h, = (H,)ic12...6) 18 a sequence of vertex-disjoint graphs, each with m vertices.

o
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(1) A Subclass 1 graph G and its a matching M (2) The generalized lexicograph product G* =G[h,]
(heavy lines denote the edges of M) (each double line denotes the edges of G~ that join the
vertices of H, to the vertices of H)

(3) The subgraph G;, of G° (4) The subgraph G, of G*

Figure 1. The decomposition of G* with respect to a matching M in a Subclass 1 graph G.

i

(1) A Subclass 2 graph G and its a matching M (2) The generalized lexicograph product G” = G[A,]
(heavy lines denote the edges of M)

(3) The subgraph G, of G (4) The subgraph G, of G"

Figure 2. The decomposition of G* with respect to a matching M in a Subclass 2 graph G.

We now provide another decomposition of G*. Let
Gy = Jepu( JH), G =G xK,.
=1 i=1

Then the graph G* is the union of edge-disjoint graphs G} and G7, that is,

G =G, UG (2.2)

In Section 3, we shall study sufficient conditions for G* to be Class 1 using the above two
decompositions of G*.
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3. Sufficient conditions for G[/,] to be Class 1

Through the decomposition of G* in formula 2.1, we can make the following observation:

Observation 3.1. Let G be a Class 1 graph. If there exists a matching M in G such that y'(G — M) =
A(G) — 1 and the corresponding G, is Class 1, then G* is also Class 1.

Proof. Let M be a matching of G such that y'(G — M) = A(G) — 1 and the corresponding G}, is
Class 1. It is easy to see that A(G),) = max{A(H;)|t; € Vo} + m and A(G]) = (A(G) — )m. Note that
A(G*) = max{A(H))|t; € V5} + A(G)m. Hence, A(G*) = A(G},) + A(GY)). It follows that if both G}, and
G are Class 1, then G* is Class 1. Thus, we only need to verify that x'(G}) = (A(G) — Dm.

Since ¥'(G;) = A(G) — 1, it follows that we can color the edges of G, [K,,] with (A(G) — 1)m colors
such that for each positive integer i, t; € V(G) — V,, there are at least m colors are missing at all vertices
in V;. Note that G| = Gi[K,.] U (Usevc)-v, Hi). Hence, we can extend the (A(G) — 1)m edge-coloring
of G[K,,] to all the edges of Usevic)-v, Hi, so that x'(G}) = (A(G) — 1)m. O

Theorem 3.1. If G is Subclass 1, then there exists a matching M in G such that x'(G — M) = A(G) — 1
and the corresponding G, is Class 1.

Proof. Let M be a matching of G such that y’(G — M) = A(G) — 1 and any distinct vertices with the
maximum degree in G are saturated by distinct edges of M. Note that each connected component of
G, 1s either a join of a graph on m vertices and an empty graph on m vertices, or a balanced complete
bipartite graph on 2m vertices. It is easy to see that these connected components are all Class 1. Thus
G, 1s Class 1. |

An instant corollary of Theorem 3.1 and Observation 3.1 is:
Corollary 3.1. If G is Subclass 1, then G* is Class 1.

Theorem 3.2. Let G be a Subclass 2 graph, and let M be a matching of G such that y'(G — M) =
A(G) — 1. For every pair of vertices t, and t, of maximum degree in G which are saturated by the same
edge of M, if one of the following five conditions holds:

(i) both H, and H, are Class 1;

(ii) H, is a subgraph of H,;

(iii) both H, and H, are disjoint unions of cliques;

(iv) A(H,) # A(H,) ;

(v) join graph H, + H, is regular;
then G}, is Class 1.

Proof. Since G is Subclass 2 , every connected component of G, can be denoted by H, + H,, or
H, + K,, or H, + K,, or K,, + K,,, where K,, denotes an empty graph on m vertices, and K,+K,
denotes the join of two vertex-disjoint empty graphs on m vertices. Note that H, + Ko, H, + K,, and
K,,+K,, are all Class 1. Hence, it is only necessary to prove that: if one of the conditions (i)—(v) holds,
then H, + H, is Class 1.

Assume that one of the conditions (i)—(iv) holds. Since |V(H,)| = |V(H,)| = m, it follows from
Theorems 1.1 and 1.2 that H,, + H, is Class 1.

Assume that (v) holds. Since H, + H, is regular and |V(H,)| = |V(H,)|, H, + H, is Class 1 by
Theorem 1.3 or Theorem 1.4. O
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An instant corollary of Theorem 3.2 and Observation 3.1 is:

Corollary 3.2. Let G be a Subclass 2 graph, and let M be a matching of G such that x'(G — M) =
A(G) — 1. For every pair of vertices t, and t, of maximum degree in G which are saturated by the same
edge of M, if one of five conditions of Theorem 3.2 holds, then G* is Class 1.

Note that the join graph H; + H, corresponds to P,[h,], where P, is a Class 1 graph. By
Corollaries 3.1 and 3.2, we can effortlessly generalize the results of Theorem 1.5 in the case where
|V(H,)| = |V(H,)| to the generalized lexicographic product, yielding the following theorem:

Theorem 3.3. If G is Class 1 and all graphs in h, are regular, then G* is Class 1.

In addition, by Corollaries 3.1 and 3.2, we can directly obtain Theorem 1.6. Furthermore, one easy
consequence of Corollary 3.2 is the following result, which is similar to Theorem 1.2.

Theorem 3.4. Let G = H, + H; be a join graph with |V(H,)| = |V(H>)|. If G is regular, or if both H,
and H, are Class 1, or if H is a subgraph of H,, or if both H, and H, are disjoint unions of cliques,
then G is Class 1.

Through the decomposition of G* in formula 2.2, we can make the following observation:

Observation 3.2. Suppose that all graphs in h, have the same maximum degree. If both G, and G are
Class 1, then G* is Class 1.

Proof. Let A(H;) = Ay, where i = 1,2,...,n. Itis easy to see that A(G}) = A(G) + Ay, AG}) =
A(G)(m — 1) and A(G*) = A(G)m + Ay. Hence, A(G") = A(G) + A(GY). Since x'(G3) = A(G3), and
since x'(G3) = A(G3), it follows that x'(G*) = A(G"), that is, G* is Class 1. |

By Observation 3.2, we can obtain the following theorem:

Theorem 3.5. Suppose that all graphs in h, are Class 1 graphs with the same maximum degree. If m
is even, then G* is Class 1.

Proof. Let A(H;) = Ay, where i = 1,2,...,n. We can first color the edges of each subgraph G;
of G5 with A(G) + 1 colors 1,2,...,A(G) + 1 such that edges which are corresponding to the same
edge of G receive the same color. Since we use A(G) + 1 colors, it follows that each vertex (¢;,y;)
of H; misses at least one color ¢; in {1,2,...,A(G) + 1}, where i = 1,2,...,n. Hence, we can color
the edges of each subgraph H; of G5 with the color ¢; and an additional Ay — 1 new colors. Thus,
X' (G3) < AG) + Ay = A(G)), that is, G is Class 1. On the other hand, since G} = G X K,,, and since
m is even, G7 is Class 1 according to Lemma 1.1. Therefore, G* is also Class 1. ]

An instant corollary of Theorem 3.5 is:

Corollary 3.3. If all graphs in h, are regular Class 1 graphs with the same maximum degree, then G*
is Class 1.

By applying Theorem 3.5, we can derive Theorem 1.7. Furthermore, by utilizing Theorem 3.3 and
Corollary 3.3, we can formulate the following theorem:

Theorem 3.6. Suppose that G* = G|[h,] is regular. If G is Class 1, or each graph of h,, is Class 1, then
G is Class 1.
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Proof. Since G* is regular, and since all graphs in £, have the same number of vertices, it follows that
all graphs in £, are regular graphs with the same maximum degree. If G is Class 1, then G* is Class 1
by Theorem 3.3. If each graph of 4, is Class 1, then G* is Class 1 according to Corollary 3.3. O

By applying Theorem 3.6, take G = P,, we can derive the result of theorem 1.4 in the case where
|V(H,)| = |V(H3)|. In addition, the graph G* in Theorem 3.6 does not necessarily satisfy the condition
“AG") > @” of 1-Factorization Conjecture. For instance, suppose that G is a k-regular bipartite
graph with n vertices, and h, = (H;)e(1 2. n) TEPresents a sequence of vertex-disjoint cubic graphs, each
with m vertices, where m > 4. Clearly, G* is Class 1 according to Theorem 3.6, however, we have
AG) =km+3 <™= whenk <2 1.

It is easy to see that if G* is regular and all graphs in 4, have the same number of vertices, then
the inequality A(G™) > @ can be derived from the inequality A(G) > &ZG)' By Theorem 3.6, if
the 1-factorial conjecture holds for G, then the conjecture holds for G*.

Finally, in a generalized lexicographic product K,[h,], we consider the case where [V(K,[h,])| is
even and every graph in the sequence h, = (H,)ie(12,...p has LMKP—IWJ vertices or [w
Using Theorem 1.5, we can derive the following theorem:

1 vertices.

Theorem 3.7. Let G = K,[h,] and let h, = (H;)ic(12....p; be a sequence of vertex-disjoint k-regular
graphs such that every graph in h, has LW(ATG”J vertices or [@‘l vertices, where p > 2 and k > 0. If
|V(G)| is even, then G is Class 1.

Proof. Letn = |V(G)|, and let Vy, V5, ..., V, be the partition sets of G. If Lg] = [%'I, it follows that G
is an even graph that is the join of two regular graphs, then G is Class 1 according to Theorem 1.5. If
L%J * I'%], then we may assume that |V;| = L%J fori=1,2,...,rand |V} = [%'l fori=r+1,r+2,...,p,
where 1 <r < p—1. Let

G = G[U Vil, Gy =Gl ij Vil
i=1 i=r+l

Clearly, both G, and G, are regular graphs, and G = G| + G,. By Theorem 1.5, G is Class 1. O

In Theorem 3,7, by letting k = 0 and p = r — 1, then we can directly derive the following corollary:

Corollary 3.4. All Turdn graphs on an even number of vertices are Class 1.

4. Conclusions

In this paper, for a generalized lexicographic product G[h,] of a graph G with n vertices and a
conditions for G[A,] to be Class 1: (i) G is Subclass 1; (ii) G is Class 1 and all graphs in 4, are regular;
(111) all graphs in &, are Class 1 graphs with the same maximum degree, and m is even; (iv) G[h,] is
regular and either G or each graph in 4, is Class 1.

In addition, for a generalized lexicographic product G = K,[h,] of a complete graph K, on p
vertices and a sequence h, = (H,)ic(12,.. 5y Of vertex-disjoint k-regular graphs whose partition sets differ
in size by at most 1, we prove that G is Class 1 if G has an even number of vertices.

AIMS Mathematics Volume 9, Issue 6, 15988—-15995.



15995

Use of AI tools declaration

The authors declare that they have not used Artificial Intelligence (Al) tools in the creation of this
article.

Acknowledgments

Fund projects: Mathematics, Gansu Province Key Discipline (11080318). Applied Mathematics
National Minority Committee Key Discipline (11080327), and Support for innovation team of
operations research and Cybernetics in Northwest University for Nationalities.

Conflict of interest

All authors declare no conflicts of interest in this paper.

References

1. A.G. Chetwynd, A. J. W. Hilton, Regular graphs of high degree are 1-factorizable, Proc. London
Math. Soc., 50 (1985), 193-206. https://doi.org/10.1112/plms/s3-50.2.193

2. R. Diestel, Graph Theory, Berlin: Springer-Verlag, 2017.

3. 1. Holyer, The NP-completeness of edge-coloring, SIAM J. Comput., 10 (1981), 718-720.
https://doi.org/10.1137/0210055

4. M. M. M. Jaradat, On the Anderson-Lipman conjecture and some related problems, Discrete
Math., 297 (2005), 167—-173. https://doi.org/10.1016/j.disc.2004.09.012

5. B. Mohar, On edge colorability of products of graphs, Publ. Inst. Math., 36 (1984), 13—16.

C. De Simonea, A. Galluccio, Edge-colouring of joins of regular graphs I, J. Comb. Optim., 18
(2009), 417-428. https://doi.org/10.1007/s10878-009-9235-8

7. C. De Simonea, A. Galluccio, Edge-colouring of joins of regular graphs II, J. Comb. Optim., 25
(2013), 78-90. https://doi.org/10.1007/s10878-011-9420-4

8. C. De Simone, A. Galluccio, Edge-colouring of regular graphs of large degree, Theoret. Comput.
Sci., 389 (2007), 91-99. https://doi.org/10.1016/j.tcs.2007.07.046

9. C. De Simonea, C. Picinin de Mello, Edge-colouring of join graphs, Theoret. Comput. Sci., 355
(2006), 364-370. https://doi.org/10.1016/j.tcs.2005.12.010

10. W. Szumny, I. Wiloch, A. Wiloch, On the existence and on the number of (k,1)-

kernels in the lexicographic product of graphs, Discrete Math., 308 (2008), 4616—4624.
https://doi.org/10.1016/j.disc.2007.08.078

11. D. B. West, Introduction to Graph Theory, 2 Eds., Englewood Cliffs: Prentice-Hall, 2000.

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

@ AIMS Press

AIMS Mathematics Volume 9, Issue 6, 15988-15995.


http://dx.doi.org/https://doi.org/10.1112/plms/s3-50.2.193
http://dx.doi.org/https://doi.org/10.1137/0210055
http://dx.doi.org/https://doi.org/10.1016/j.disc.2004.09.012
http://dx.doi.org/https://doi.org/10.1007/s10878-009-9235-8
http://dx.doi.org/https://doi.org/10.1007/s10878-011-9420-4
http://dx.doi.org/https://doi.org/10.1016/j.tcs.2007.07.046
http://dx.doi.org/https://doi.org/10.1016/j.tcs.2005.12.010
http://dx.doi.org/https://doi.org/10.1016/j.disc.2007.08.078
http://creativecommons.org/licenses/by/4.0

	Introduction
	The decompositions 
	Sufficient conditions for G[hn] to be Class 1
	Conclusions

