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1. Introduction

Fixed point theory, a cornerstone of mathematical analysis, investigates the existence and
uniqueness of solutions represented by “fixed points” of a function. This theory plays a crucial role
in various scientific disciplines [1-3]. In this particular theory, the foundational breakthrough emerges
with the Banach contraction principle [4], notable for its application within the realm of complete
metric spaces. The concept of the metric space itself was introduced by M. Frechet [5] in 1906. Inspired
by the impact of this seminal work on fixed point theory, numerous researchers have undertaken
endeavors to extend these concepts in recent years (see. [6—8]). The concept of G,,-metric space was
first introduced in 2006 by Mustafa et al. [9]. They established some outcomes in fixed point theory for
contractive functions in this space. Thereafter, Mustafa et al. [10] obtained coincidence point theorems
for generalized-weakly contractive mappings. Kaewchareon et al. [11] introduced the concept of
Housdorff distance function in the setting of G,,-metric spaces and established fixed point theorems for
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multivalued mappings. Afterward, Tahat et al. [12] utilized the idea of foregoing the Housdorff distance
function to establish coincidence point and common fixed point results. Following the pioneer article
of Mustafa et al. [9], a number of authors have established various results (see [13—18]). Subsequently,
Samet et al. [19,20] observed that several previously published theorems in the context of a quasimetric
spaces may be used to deduce some results in the setting of G,,-metric space. According to Samet et
al., one may construct an analogous result in the configuration of a quasimetric space if the contractive
condition employed in the result constructed in the framework of G,,-metric space can be reduced
to two variables from three variables. More specifically, they noted that the G,-metric produces a
quasimetric d, defined by d(h, w) = G,,(h, w, w).

On the other hand, Samet et al. [21] introduced the notions of @-admissble mapping and (a, ¥)-
contraction in the framework of complete metric spaces and the generalized Banach contraction
principle. Subsequently, Alghamdi et al. [22] extended the concept of @-admissible mapping to G-
metric spaces. Later on, Mustafa et al. [23] gave the idea of multivalued a-admissible mapping in the
context of G-metric spaces.

Recently, Jleli et al. [24] introduced a new type of contraction named the k-contraction and
established some fixed point results. Li et al. [25] used this new contraction and proved some
generalized fixed point theorems. Al-Rawashdeh et al. [26] established common fixed point results
for k-contraction and extended some well-known results of literature.

In this research article, we introduce new concepts such as (g, )-contractions and generalized
(@, kg, )-contraction to establish new fixed point, coincidence point and common fixed point theorems.
These findings extend and generalize several results found in existing literature.

2. Preliminaries

We present a few needed definitions and outcomes in this part.

Definition 1. ( [9]) A nonempty set M with the G,, : M X M x M — R* is a mapping with the
following characteristics.

(Gn1)0 <Gy (hh,w), for all h,w € M with h # w,

(Gn2) Gy (hyw,®)=0if h =w =,

(G,3) G, (hyw, D) =G, (h,D,w) =G, (W, D, h) = - - - (symmetry in all three variables),

G4 G, (h,h,w) <G, (h,w, D), for all h,w,® € M with w # O,

(GnS) Gy (h,w, D) < G, (h,ay,a) + Gy (ar, w, D), for all h, w, D, a; € M (rectangle inequality).

The pair (M, G,,) is referred to a generalized metric space, and the mapping is known as a
generalized metric or G, metric on M.

Definition 2. ( [9]) Considering (M, G,,) to be a generalized-metric space and (hg) to be a sequence
of M points, we may say that (h,) is G,-convergent to h € M . iflim, , . Gy, (h, h,, h,,) = 0, that is,

considering € > 0, there exists s € N such that G,, (h, h,, hp) < €, forall n,p > s. A point of the series
is named h so h, — h or lim,_,..h, = h .

Proposition 1. ( [9]) A generalized metric space would be (M,G,,). The following claims are
equivalent.
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(1) (hy) is G,,-convergent to /,

(2) Gy (hy, hyh) — 0asn — oo,
3)G,,(hy,,h,h) > 0asn — oo,

4) G (hn, hy, h) — Qasn,p — oo,

Definition 3. ( [9]) In a generalized metric space (M, G,,), if for each € > 0, there is s € N such that
G, (h,,, hy, hq) < €, forall n, p, g > s, then the sequence (h,) is said to be G,,-Cauchy sequence that is

G, (hn,hp,hq) — 0asn, p,q — +oo.

Definition 4. ( [9]) Every G,,-Cauchy sequence must be G,,-convergent in a G,,-metric space (M, G,,)
which is G,,-complete.

The metric dg, on M defined by any generalized metric on M is given below
dg,, (h,w) = Gy (h, w,w) + G, (w, h, h), (2.1)

for all h,w € M.

Example 1. ( [9]) Let (M, d) be a metric space. The mapping G,, : M X M x M — [0, +0), defined
by
Gu(h, w, @) = max{d(h, w), d(w, @), d(D, h)},

Gu(h,w,®) = d(h,w) + d(w, ®) + d(D, h),
forall h,w,® € M, is a generalized metric on M.

Theorem 1. ( [9]) Considering (M, d) to be a metric space, (M, d) is a complete metric space if and
only if, (M, G,,) is a complete generalized metric space.

The following ideas were recently suggested by Kaewchareon et al. [11]. We will refer to the
family of all closed, bounded subsets of M that are not empty as CB (M). The Hausdorff G,,-distance
on CB (M) is denoted by H (A, B,, C3) and defined as:

HGW, (Ala BZa C3) = max {Sup Gm (ha BZ’ C3) ’ Sup Gm (h’ C37A1) ’ Sup Gm (haAl’ BZ)} ’

heA; heB, heCs

where

Gy, (h, By, C3) = dg, (h, By) + dg,, (B2, C3) + dg,, (h,C3),
dg, (A1, By) = inf{dg, (a1,b2), a1 € Ay, by € By},
dGm (h, Bz) = inf {dGm (h, (L)) , W E Bz} .

Remember that G,, (h, w, C3) = inf {G,, (h, w, ®), ® € C3}. A function w : M — 2M is named as a
multivalued function. If 4 € Wh, then the point 4 € M is referred to as a fixed point of W.

Lemma 1. IfA,, B, € CB(M) and a, € Ay, at the point Y € > 0, there remains b, € B, such that

Gm (Cll, b2a bZ) < HGm (A19 B2a BZ) + €.
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Definition 5. ( [11,12]) Let M be a given set containing at least one element. Suppose that j : M —
Mand w : M — 2M If f = j(h) € W(h) for some h € M, then h is named a coincidence point of
mapping w and j. Also, f is said to be a point of coincidence of j and w. If f = h, then f is said to be
a common fixed point of j and w. Functions j and w are named as weakly compatible if j(h) € w(h) for
some h € M implies jw (h) C wj(h).

Proposition 2. ( [11, 12]) Let M be a given set containing at least one element. Suppose two weakly
compatible functions j and W, where j : M — M and W : M — 2M. If the point of coincidence ‘f’
of j and W is unique, then f will be the unique common fixed point of j and W.

A new contraction and a related fixed point theorem was established by Jleli et al. [24], which is
given below.

Definition 6. Consider a mapping « : (0, 00) — (1, o) fulfilling:

(k1) k 1s a nondecreasing function,
(ky) for every sequence {a,} C R*, lim,_,. k(a,) = 1 if, and only if, lim,_,.(a,) = 0,
(k3) there exist z € (0, 0] and 0 < r < 1 such that lim,_,o- M-l _ o

a”

A mapping L : M — M is said to be a k-contraction if there exist any constant 4 € (0, 1) and a
function « satisfying («;)-(k3) and

d(Lh, L) £ 0 = k(d(Lh, Lw)) < [k(d(h, w)]", (2.2)

for all h, w € M.

Theorem 2. ( [24]) Let (M, d) be a complete metric space and L : M — M be a k-contraction, then
L has a unique fixed point.

Subsequently, Hancer et al. [27] added a general condition («4) to the aforementioned Definition 6,
which is stated as follows:

(kq) If Ay C (0, 00) with inf Ay > 0, then inf k(A;) = k(inf A,).

We represent the set of all continuous functions « : (0, 0) — (1, c0) satisfying the conditions («)-
(k4) by €, in accordance with Hancer et al. [27].

3. Main result

We introduce the notion of (kg, )-contraction in this section and present our main result with
corollaries and examples.

Definition 7. Consider the generalized metric space (M, G,,), the multivalued function L : M —
CB (M), and the self function j : M — M. The functions L and j satisfy (kg, )-contraction if there
exist k € Qand A € (0, 1) such that

Hg, (Lh, Lo, LO) > 0 implies k (H, (Lh, Lo, L)) < [k (G, (jh, jw, jO)]', (3.1)

for all h, w,® € M.
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Theorem 3. Let (M, G,,) be a generalized metric space , L : M — CB(M) be a multivalued
function, and j : M — M is a self-mapping. Suppose that there exist k € Q and A € (0, 1) such that
the functions L and j satisfy (kg, )-contraction. Then, j and L have a point of coincidence in M, if for
any h e M, Lh C j(M) and j(M) is a G,,-complete subspace of M. Moreover, if we suppose that
ju € Luand jv € Lvimplies G,, (jv, ju, ju) < Hg, (Lv, Lu, Lu), then

(i) j and L have a unique point of coincidence.

(ii) Furthermore, if j and L are weakly compatible, then j and L have a unique common fixed point.

Proof. Let hy represent any chosen point in M. Since Lhy € j (M), choose h; in the set M such that
Jjhy € Lhy. If jhy = jho, then j and L have a point of coincidence. So, we suppose that jhy # jh;.
Now, Lh; # 0, and if Lhy = Lhy, then, again, j and £ have a point of coincidence by the fact that
Jjhi € Lhy = Lh,. So, we assume that Lhy # Lh,. Then, Hg, (Lho, Lhy, Lhy) > 0.

Now, by the inequality (3.1), we have

k(G Ghy, Lhy, Lhy)) < k (Hg, (Lho, Lhy, L)) < [k (G, Gho, jhi, jR)]". (3.2)
From ( «4), we know that

K(Go it L, L) = inf k(G (jhy, 0. 0).
Thus from (3.2), we get

At k(G (1, @,) < k(G (o, jhn. )] (33)
Since Lh; C j(M), we deduce that there exists i, € M and w = jh, € Lh; such that

(G (s jhas jh2)) < [k (G Ghos jhns O] (3.4)

Similarly, as jh, € Lhy, if jh, = jhy, then w = jh; is a point of coincidence of mapping j and

L and we obtain the required result. Suppose that jh; # jh,. Now, if Lhy = Lh,, then, again,

by jhy € Lhy = Lh,, j and L have point of coincidence. So, we assume that Lh; # Lh,. Then,
Hg, (Lhy, Lhy, Lhy) > 0. Now, by (3.1), we have

k(G (jha, Lhy, Lhy)) < k(Hg,, (Lhi, Lhy, Lh)) < [ (G (Gha, jhas j)] (3.5)

m

From the condition ( k4), we know that
k(G (jhy, Lhy, Lhy)) = ir}lfh K(Gp (jha, 0, W)).
we 2

Thus from (3.5), we get

inf &(Gp (jho, 0, @) < [K (G (i, jha, jh)]' (3.6)
weLhy

Since Lh, C j(M), we deduce that there exists 3 € M and w = jhy € Lh; such that

(G (jha, jhz, jh3)) < [K (G G, jhas jr2))]". (3.7)
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In the same way, we will define a sequence {jh,} C M such that jh, ¢ Lh,, jh,.1 € Lh, and

K(Gy GGls st Jnin)) < [K(Gon Gl s iy jRD]"

for all n € N. Therefore

1 < K(Go Ghps jhnets jhne1)) < [K(Gon Ghneys jhns jR)]
2
[K(G oy Gln2s jHn-1s jrn-1))]"

IA

IA

< [K(Gy (o, jhs jAD]"
for all n € N. Since « € €, by taking the limit as n — oo in (3.9), we have
Lim (G (jhns jhasr, jhas1)) = 1.
From the condition (k,), we have
Bim Gy, (jhas jhsr, jhasr) = 0.
From the condition (k3), there exist z € (0, o] and 0 < r < 1 such that

lim K(Gm (]hn’ jhn+la jhn+l)) -1 —
n—oo Gm (jhna jhn+1’jhn+1)r

(3.8)

(3.9)

(3.10)

(3.11)

Let us consider z < co. For the above condition, take B, = % > 0. Using the condition of the limit of a

sequence, there exists ny € N, and we have

K(Gm (.]hn’ jhn+1’ ]hn+l)) -1

| —— . —— —7|<B
Gm (]hn’ ]hn+la ]hn+l) 2
for all n > ny. This implies that
Gm Ohn’ 'hn s hn _1
K( (]. ].+1].+1))r 22—3225232
Gm (.]hm ]hn+l, ]hn+l) 2

for all n > ny. We get

I’le (jhna jhn+l ) jhn+l)r < A]n[K(Gm (jhna jhn+l ’ jhn+l)) - 1]

(3.12)

for all n > ny, where A; = Blz. Let us take z = co. We take B, > 0 any random positively number. Using

condition of limit, o _
< K(Gm (]hna Jhn+1, ]hn+1)) -1

B — . . . r 2
2 G Gl jhets jhner)

for all n > ngy. This implies that

nGm (jhn’ jhn+l’ jhn+1)r < Aln[K(Gm (jhn’ jhn+l’ jhn+1)r - 1]’
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for all n > ny, where A; = Biz. For every case, there exist A; > 0 and ny € N,

I’le (jhn’ jhn+1’ jhn+l)r < Aln[K(Gm (jhn’ jhn+1’ jhn+l)r) - l]’ (313)

for all n > ny. Thus, by (3.9) and (3.13), we get

1Gy, Gy jlnsts jhns)” < An((k(Gon Gilo, jhas ja))]™ = 1), (3.14)
Letting n — oo in the above inequality, we obtain

lim nG,, (jhu, jhpi1s jhns1)"” = 0.

n—+o0o0
Hence, there is n; € N such that

o !
G s st jhasn) < = (3.15)

for all n > n;. We are now going to prove that { jA,} is a G,,-Cauchy sequence.
For p > n > n;, we have

p-1
Gon (b Jhps jp) < ZG (jhis jhists jhis)
o e
< T< ZT (3.16)
i=n Lr i=1 L

Since r € (0,1), the series . + converges. As a result, G, (jhn,jhp,jhp) — 0 as p,n — oo.
=107

Hence, {jh,} is a G,,-Cauchy sequence in complete subspace j (M), and this confirms the existence of
v € j (M) such that
lim G,, (jh,, jh,,v) = lim G,, (jh,,v,v)=0. (3.17)

Since v € j (M), there exists u € M such that v = ju. Thus from (3.17), we have
lim G, (jh,, jh,, ju) = lim G,, (jh,, ju, ju) =0

We are going to prove that ju € Lu. If there exists a sequence {n,} such that jh,, € Lu, for all u € N,
as jh,, — ju, the proof is successfully finished, since we have obtained ju € Lu because Lu is closed.
Suppose that there is ny € N such that jh,,; ¢ Lu, for all n € N and n > ny, then Lh, # Lu,
therefore,
G (jhns1, Lu, Lu) < Hg, (Lhy, Lu, Lu). (3.18)

m

So, by (3.1), we get

K(Gon s, Lut, L)) < k(Hg, (Lhy, Lu, Lur))
[K(Gn(jhn, jtt, ju)]" < K(Gp(jn, jut, ju)).

A

IA
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From the condition (kx;), we have
G (Ghnsr, Lu, Lu) < Gy jhn, ju, ju). (3.19)

Using the assumption that the function G,, is continuous on its three variables and allowing n — oo
in the preceding inequality, we obtain G,,(ju, Lu, Lu) = 0. As Lu is closed, we obtained ju € Lu. It
follows that there exists a point of coincidence v of £ and j. We shall demonstrate the uniqueness of
the point of coincidence of £ and j. Assume that there exists another point of coincidence o of £ and
jsuch that o = jo € L@ and ju # jw. Thus, we have

Gn (jw, ju, ju) < Hg,, (L@, Lu, Lu) .

m

We get by (3.1):

k(G (jw, ju, ju) < k(Hg, (L, Lu, Lu) < [&(G,, (@, ju, ju)]".

m

Additionally, we get
1 < k(G (@, ju, ju) < [K(G, (ja@, ju, ju)]". (3.20)

Letting n — oo in (3.20), we have
nl_i,IPoo k(G,, (jo, ju, ju)) = 1.
By the condition (x,), we get
G, (jo, ju, ju) = n1~1>I+rloo G, (jo, ju, ju) = 0.

That is, jo = ju. Hence, the point of coincidence for j and £ is unique. Assume that j and £ are
weakly compatible. By using the proposition 2, we can easily obtain the common fixed point of j and
L which will be unique. O

Example 2. Let M = [0, 1]. Define function £ : M — CB (M) by Lh = [O, 2h_5] and define j : M —
Mby j(h) = %. Define a generalized metric on M by G,, (h,w,®) = |h—w|+ |w—®|+ |h—D|.

We get

(1) the mappings L and j are weakly compatible;

(2) j(M) is G,,-complete;

(3) Lh C j(M);

(4) the functions £ and j satisfy (kg, )-contraction, where k() = exp V@ and 1 = \/% €@, 1).

Solution: First three conditions are satisfied easily. We need to prove the condition (4) .

We have d;, (h,w) = G, (h,w,w) + G, (w,h,h) = 4|h—w|, for all h,w € M. To prove the
condition (4), let h, w, ® € M. If at least one of &, w, and ® being 0, then Lh = Lw = LO = 0,
and Hg, (Lh, Lw, LO) = 0, thus we may suppose that 4, w, and ® are nonzero. Without changing in
conception, let us suppose & < w < ®. We get

h w o
Ho, (Lh, Lo, L®) = Ho, ([o E] Jo.2]. [0, g])

AIMS Mathematics Volume 9, Issue 6, 15949-15965.
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= max{ supyz,.s G (b2]0.4].]0, (3.21)

Since h < w < @, then [0, zh_s] - [O, %] C [O, 25] which implies that

o) o 2o (o4 2]

Now, for each 0 < aq; < 25, we have

w ® w w ®
Gm (ab [03 g] 5 |:O$ g]) - dGm (a19 I:Oa E:l) + dGm ([0’ g:l s [03 g

Also, foreach 0 < b, < E,we have
h o h h o

by, 10, —1{,]0, — ds | by, |0, d, 0,—1,]0, —
nlp 035} 035]) = oo ] o [0 25 o 5
{ 0,1f0<b2 25,

4h
4[?2 ~ 23> 1fb2 = 25

which implies that

h © ) _4w—dh
G |20, 0,
1, oo 5] o35 -

Furthermore, for every 0 < ¢3 < 2

- 25’
h w
Gm (C3’ [07 E] ) I:Oa E:l)

h h w w
e, (63’[0 25 )+dG ([O 5] [0 25]) e, (03’[0 E])

0,if0<c3 < hs;
= do-fihcsas

a) w (0]
8¢cs 25, f c <3< 35

which implies that

h w 8D — 4w —4h
6o 2] o 2] - ==
03033% 25 25 25

Thus, we deduce that

ew/HGm(L‘h,Lw,m)) _ e\/max{o T 30Tt}
‘IS(D —4w—4h
25

8<I> 8h
e

IA

DA

I
Q
Glor

Il
Q
\I‘Ln
o7 1e]
e
|
=g
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e V3lio=jhl

3 (jh=jol+ jor— jOI+ jh—j®))

e

e VEGn(jh.jo.j®)
e VEZ \Gu(jh.jw.j®)

IA

By using k(a) = ¢V, we get

k (Hg, (Lh, Lw, LD)) < [« (G, (jh, jw, jON]

m

where 1= /2 € (0, 1),
Hence, the functions £ and j satisfy the (g, )-contraction. Now, all conditions of 3 are satisfied.
Hence the functions £ and j have a unique coincidence point and common fixed point, which is 0.

Corollary 1. Let (M, G,,) be a complete generalized metric space and L : M — CB(M) be a
multivalued mapping. Suppose that there exist k € Q and A € (0, 1) such that

Hg, (Lh, Lo, LO) > 0 = « (Hg, (Lh, Lo, LO)) < [k(G,, (h, w, D))]*,
for all h,w,® € M, then L has a fixed point.

Proof. By assuming that j is the identity function in 3, we can obtain the desired outcome. O

Corollary 2. Let (M,G,,) be a complete generalized metric space and L : M — M be a self
mapping. If there exist k € Q and A € (0, 1) such that

G, (Lh, Lw, LO) > 0 = «(G,, (Lh, Lw, L)) < [k(G,, (h,w, D)]",

for all 4, w, ® € M, then £ has a fixed point.

Proof. By assuming that j is the identity function and £ is a single-valued function in 3, we can obtain
the desired outcome. O

Alghamdi et al. [22] defined the concept of @-admissible mapping within the framework of G-metric
space, providing the following definition:

Definition 8. ( [22]) Let @ : MX M X M — [0,40). A mapping L : M — M is designated as
a-admissible if for all h, w, ® € M, we have

a(h,w,®) > 1 implies a (Lh, Lw, LD) > 1.

Mustafa et al. [23] extended the above notion to multivalued mapping as follows:

Definition 9. Let @ : M X MX M — [0,+). A mapping L : M — CI(M) is designated as
multivalued a-admissible if for all h, w, ® € M, we have

a(h,w,®) > 1 implies a (0, %,p) > 1

foroe Lh,x e Lwandp € LO.
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Definition 10. Let (M,G,,) be a generalized metric space and E be a closed subset of M. A
multivalued mapping L : = — CB(M) is said to be a generalized (a, kg, )-contraction if there
existk € Q,a: EXEXE — [0, +00), and A € (0, 1) satisfying the following conditions (i) LhNE # 0,
forallh € E,

(ii) for all h, w, ® € 5, we have H;, (LhNE, LwNE, LONE) > 0 implying

a(h,w,®)k(Hg, (LhNE, LwoNE, LONE)) < [x(G,, (h, w, D)]*. (3.22)

Theorem 4. Let (M,G,,) be a complete generalized metric space, E be a closed subset of M, and
L:E — CB(M)isa generalized (o, kg, )-contraction. Let us consider the fulfillment of the following
conditions:

(i) L is a multivalued a-admissible mapping,

(ii) there exist hy € E and hy € Lhy N E such that a (hy, hy, hy) > 1,

(iii) L is continuous,

then L has a fixed point.

Proof. By the supposition (ii), A hy € E and h; € LhyNE such that a (hg, hy, hy) > 1. If hg = hy, then hy
is the required fixed point and we have nothing to prove. So, we suppose that hy # h;. If h; € Lhi NE,
then A, is a fixed point. Let Ay ¢ Lhy N E. Then, Hg, (Lho N E, Lhy N E, Lhy N E) > 0. Now, by the
inequality (3.22), we have

K(Gp(hy, Ly NE, LI NE) < «(Hg, (LhyNE, Ly NE, Lh NE))
a (h(), h], I’ll) K(HG,,, (Lho N E, th N E,.Eh] N E))
[k (G (ho, by, )T (3.23)

IANIA

IA

From ( «4), we know that

K(Gp (h, Ly NE, L N E)) = ILI}lf k(G (h1, 0, W)).
weLhNE

Thus from (3.23), we get

inf «(G,, (h,w,w)) < [k(G,, (hy, hy, )] . (3.24)

weLhNE

Since Lh; # 0, we deduce that there exists i, € Z such that h, € Lh;. Now since w = h, € Lh; N E,
so by the inequality (3.24), we have

(G (1, by, 1)) < [k (G (ho, By O (3.25)

Now since a (hg, hy,h;) > 1 and £ is a multivalued @-admissible mapping, so « (hy, hy, h;) > 1 for
hy € LhyNE and h, € Lh; N E. If hy = h,, then h; is the required fixed point and we have nothing to
prove. So, we suppose that h; # h,. Also, if h, € Lh, N E, then h, is a fixed point. Let h, ¢ Lh, N E.
Then, Hg,, (Lhy NE, Lh, N E, Lhy, N E) > 0. Now, by the inequality (3.22), we have

k(G (hy, Lhy NE, LI, NE)) < «k(Hg, (Lhi NE, Lhy NE, Lhy N E))
@ (hy, hy, o) k (Hg, (Lhy NE, Lhy N E, Lh, N E))

IA
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< [k (G (hy, By )] (3.26)

From ( «4), we know that
k(G (hy, Lhy NE, Lh, NE)) = weiirgma k(G (hy, w, W)). (3.27)

Thus from (3.26), we get
inf  k(G,, (h1,w,w)) < [k (G (hy, hy, hy))]* (3.28)

weLhNE

Since Lh, # 0, we deduce that there exists i3 € Z such that h; € Lh,. Now, since w = hs € Lh, N E,
by the inequality (3.26), we have

k(G (ha, h3, 13)) < [K(Gyp (hy, By )T

Continuing in this way, we can find a sequence of points {,} C E such that &,,; € Lh, N E and

K(Goy (B Bty 1)) < [K(Goy (B By BT, (3.29)
for all n € N.
Therefore
1 < K(Gm (hn’ hn+1’ hn+1)) < [K(Gm (hn—la hn’ hn))]/l
2
< [K(Gm (hn—Za hn—la hn—l))]/l
< k(G (ho, s RO (3.30)

for all n € N. Since « € Q, by taking the limit as n — oo in (3.30), we have
lim K(Gm (hn’ hn+l’ hn+l)) = 1. (331)
From the condition (k;), we have

nli_rgo G (hys By Bpyt) = 0.
By replicating the methodology employed in establishing the validity of Theorem 3, it can be
demonstrated that {A,} conforms to the criteria of being a G,,-Cauchy sequence in Z. Since = is a
closed subset of complete generalized metric space (M, G,,), (E,G,,) is also complete. Thus, there
exists a point &* € E such that lim,_,. h, = h*. Now, since h,,; € Lh, N E and the mapping is
continuous, taking the limit as n — oo, we have

h* =1lim h,y € L(lim h,) NE = LK) N E.

Hence, h* is a fixed point of L.
O
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Theorem 5. Let (M, G,,) be a complete generalized metric space, Z be a closed subset of M, and
L: 2 — CB(M)is a generalized (a, kg, )-contraction. Let us consider the fulfillment of the following
conditions:

(i) L is a multivalued a-admissible mapping,
(ii) there exist hy € E and hy € Lhy N E such that a (hy, hy, hy) > 1,
(iii) for any sequence {h,} in E such that h, — x as n — oo and a (hy,, h,41, h,1) > 1, implying
a (hy, h,h) > 1 for each n € N U {0},
then L has a fixed point.

Proof. Following the proof of Theorem 4, there exists a G,,-Cauchy sequence {h,} in E with h,,; €
Lh,NnEand h, — h* asn — oo and a (h,, h,1, h,+1) > 1 for each n € N U {0}. Then by the assumption
(ii1), we have a (h,, h*,h*) > 1 for each n € N U {0}. Now by (3.22), we have

K (G (hpi1, Lh N E, Lh* N E))

IA

k(Hg, (Lh, NE, Lh" NE, Lh" N E))
a (hy, ', W)k (Hg, (Lh, N E, Lh* NE, Lh* N E))
[k (G (B, B, KD < k(G (s 1)) (3.32)

IA

IA

By ( k1), we have
Gm (hn+1"£h* N Ea Lh* N E) < Gm (hn’ ]’l*, h*)

for all n € N U {0}. Taking the limit as n — oo, we get G,, (h*, Lh* N E, Lh* N E) < 0. Since Lh* N =E
is closed, h* € Lh* N E. Hence, £ has a fixed point.
|

Corollary 3. Let (M, G,,) be a complete generalized metric space, E be a closed subset of M and
L : E — CB(M) is continuous. If there exist k € Q and A € (0, 1) such that

(i) LhnZ # 0, forall h € E,

(ii) for all h, w, ® € E, we have H;, (LhNZE, LwNE, LO N E) > 0 implies

k(Hg, (LhNE, LoNE, LONE)) < [k(G,, (h, w, D],

then L has a fixed point.

Proof. Define o : EX EXZ — [0,4+00) by a (h, w, D) = 1, for all h, w, P € E in Theorem 4.

4. Application
We utilize Corollary 2 to demonstrate that the following integral equation has a solution:

b
h(t):f Wz, s)T (s, h(s))ds. 4.1)

Here, h(t) belongs to the set M of all continuous functions from [a, b] to R. The mappings W :
[a,b] X [a,b] = [0,0)and T : [a,b] X R — R are continuous.
Establish a function £ : M — M by

b
Lh(t) = f W(t, s)T (s, h(s))ds 4.2)

AIMS Mathematics Volume 9, Issue 6, 15949-15965.



15962

for all ¢ € [a, b].

Theorem 6. Analyze calculation 4.1 to assume the following:

1. MaXiepap) [ Wt $)ds < 22, for some A € (0, 1),
2. for all h(s), w(s) € M; s € [a, b], we have

1T (s, h(s5)) = T(s, w(s)| < |h(s) — w(s)l.
Then equation (4.1) has a solution.
Proof. For h, w, ® € M, define the generalized metric on M by
G,(h,w, D) = d(w, D) + d(h, w) + d(h, D)
where

d(h,w) = sup |h(t) — w(t).

t€la,b]
Now, let (1), w(t) € M, then we have

|Lh(t) = Low(1)]

b
‘ f W(t, $)[T(s, h(s)) — T(s, w(s))]ds

IA

b
f W(t, T (s, h(s)) — T (s, w(s)|ds

b
f W(t, $)|h(s) — w(s)|ds

<

b
< W(t, s) sup |h(s) — w(s)|ds

a s€la,b]
b
= sup |h(t) — w(t)| W(t, s)ds
tela,b] a

< A% sup |h(t) — w().

tela,b]

Hence,
sup |Lh(t) — Lo(t) < 2% sup [A(H) — w(t)].

1€[a,b] 1€a,b]
Similarly, we have
sup [La(t) = Lw(@)| < 22 sup |w(r) — w(b)|

tela,b) tela,b]
and
sup | LAa(1) — LO@)| < 2 sup |h(1) — O@)|.

t€la,b] t€la,b]
Therefore, from 4.5, 4.6, and 4.7, we have

sup |Lh(t) — Lw()| + sup |Lw(t) — LO()| + sup |Lh(t) — LO(1)]

t€la,b] t€la,b] t€la,b]

(4.3)

4.4)

(4.5)

(4.6)

4.7)
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< 2 [ sup |h(t) — w(®) + sup |w(®) — @) + sup [h(?) — D]
t€la,b] t€la,b] t€la,b]

which implies
Gu(Lh, Lo, LO) < 12G u(h, w, D). (4.8)

Taking exponential, we have
o On(Lh Lo, LO) o A (Gn(hw,®))

Now, we consider the mapping « : (0, c0) — (1, o) defined by k(@) = ¢ V@ Thus we have
K(G(Lh, Lw, LB)) < [K(Gu(h, w, D]

Hence, all requirements of Corollary 2 are obtained. As an outcome of 2, M will contain a fixed point
of the function £, which will be the solution of 4.1. O

5. Conclusions

In this research article, we introduced the notion of kg, -contraction and generalized («,«g, )-
contraction in complete G,,-metric spaces and worked to prove some fixed point, coincidence point,
and common fixed point theorems. Additionally, we demonstrated the usefulness of our obtained result
by applying it to the investigation of the integral equation. Also, we presented a nontrivial example
demonstrating the practicality of our primary hypothesis.
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