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Abstract: In this paper, we analyzed the local stability of three species in two fractional tritrophic
systems, with Caputo’s fractional derivative and Holling type II and III functional responses, when
the prey density has a linear growth. To begin, we obtained the equilibria in the first octant under
certain conditions for the parameters. Subsequently, through linearization and applying the Routh-
Hurwitz Criterion, we concluded that only the system with Holling type III exhibits an asymptotically
stable equilibrium point, where the fractional derivative order belongs to the interval (0, 1]. Finally, we
obtained the solution of the system with the Holling type III functional response, using the multistage
homotopic perturbation method, and presented an example that shows the dynamics of the solutions
around the stable equilibrium point.
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1. Introduction

In a tritrophic food chain, successive predation occurs between three species in the order prey-
mesopredator-superpredator, in which there is a transfer of energy and nutrients when one organism
eats another. The importance of the coexistence of species in the food chain, lies in avoiding
overpopulation and extinction of species. There are several interesting results on the study of
these systems involving Holling-type functional responses, and among them we mention: Rao and
Narayan [1] studied the stability of the interior equilibrium point using the Routh-Hurwitz criterion and
the global stability of a three-species food chain model with harvesting by constructing an appropriate
Lyapunov function. Mammat et al. [2] studied an ecological model with a trophic chain with a
classical Lotka-Volterra functional response and found a parameter space where a Hopf bifurcation
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occurs. Moreover, it is possible to find bifurcation points analytically and to show that the system
has periodic solutions around these points. Rihand et al. [3] studied the dynamics of a two-prey one-
predator system, where the growth of both prey populations is subject to Allee effects, and there is a
direct competition between them. Castillo et al. [4] demonstrated the existence of a limit cycle, via the
first Lyapunov coefficient and the Andronov-Hopf bifurcation theorem, for an asymmetric intragremial
food web model with Holling type II functional response for intermediate and top predators and logistic
growth for (common) prey. Cheng et al. [5] reviewed the existence and local stabilities of all equilibria
of the classical Holling type II model of the three-species food chain. They obtained the existence of a
single limit cycle when the limit equilibrium loses its stability, and they also demonstrated the global
stability of the limit cycle in R®. Alsakaji et al. [6] studied the dynamics of a delay differential model of
predator-prey system involving teams of two-prey and one-predator, with Monod-Haldane and Holling
type II functional responses, and a cooperation between the two-teams of preys against predation. Blé
et al. [7] demonstrated that a tritrophic chain model with Holling type III functional response has an
equilibrium point where it presents a supercritical Hopf bifurcation independently of the prey growth
rate. In the logistic case, they demonstrate the existence of at least three equilibrium points in the
positive octant and one of them presents a supercritical Hopf bifurcation.

On the other hand, the theory of fractional order differential equations has gained great popularity
in several scientific areas; such as biomathematics, control theory, and financial mathematics, among
others (see [8—11]). In particular, in the case of biomathematics, tritrophic models with fractional
derivative have been studied; for example, Maria et al. [12] calculated the equilibrium points and
analyzed their stability to exhibit the dynamic behavior of a fractional order prey-predator model (3-
Species). Mondal et al. [13] studied the dynamics of a three-dimensional discrete fractional-order eco-
epidemiological model with Holling type II functional response. They determined analytical conditions
for the local stability of different fixed points using the Jury criterion and showed that the stability of
the fractional-order discrete system depends strongly on the step size and the fractional order. More
specifically, the critical value of the step size, at which stability switching occurs, decreases as the
order of the fractional derivative decreases.

In the literature, we did not find results concerning the study of fractional order tritrophic systems
with Holling type III functional response.

In this work, we study the stability for the positive solution of the fractional tritrophic food chain
models:

Dix = px—k fi(x)y,
Dyy c1fi(x)y — kagi(y)z — 2y, 1.1)
Dz c38i(y)z — dz,

where x, y, z represent the density of the prey, mesopredator, and superpredator, respectively; Dy is the
Caputo fractional derivative, a € (0, 1], and all parameters are nonnegative. The parameters ¢, and c;
represent the benefits of food consumption, k; and k, are the predator rates of the mesopredator, and
superpredator, respectively, ¢, and d are the mortality rate of the corresponding predators, and p is the
growth rate of the prey in the absence of predators. Since system (1.1) is an ecological model, our
region of interest is the positive octant Q = {(x,y,2) € R*|x > 0,y > 0,z > 0}. Also, f>, g» and f3, g3
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are the types Il and III functional responses, respectively, defined as follows:

i-1 i—1

, &) = Y

f’ i: 2,3
Yo tas

filx) =

X1+ a
The type II functional response is used to describe predator organisms which take some time capture
and ingest their prey. On the other hand, type III functional response is characteristic of predator
organisms which do not capture prey intensively below a certain level of threshold density; however,
above that density level, predator organisms increase their feeding rates until some saturation level is
reached.

2. Preliminaries

We begin this section by defining the Hurwitz polynomial as follows.

Definition 2.1. A polynomial p is said to be a Hurwitz polynomial or Hurwitz stable if all the roots s;
of p lie in the open left half plane C_.

We assume that p(s) is the following polynomial:
P(s) = Ag+ Ais + Ars® + Ass®, (2.1)

where A; € R, i =0,1,2,3 and A; > 0, and Ay # 0. Using the coefficients of p(s), we construct the
Table 1 (see [15]).

Table 1. The Routh table.

A3 A1 0
AZ A() 0
ApA;
Al - 0 0
T A
Ay 0
Theorem 2.1. Consider p(s) given in (2.1). Then, p(s) is Hurwitz if, and only if, each element of the
A
first column of the Routh table is positive, i.e., A3 >0, A, >0, A| — 5 >0, and Ag > 0.
2
Proof. The proof can be found in [15]. O

Theorem 2.2. Consider p(s) given in (2.1). Suppose when calculating the Routh table that no element
in the first column is zero. Then, the number of sign changes in the first column of the Routh table is
the number of open right half-plane zeros of p(s).

Proof. The proof can be found in [15]. O

Now, we give some definitions and properties of fractional calculus theory.

Definition 2.2. (See [11]) Let x(t) € Li(R*). The Riemann-Liouville fractional integral of order a €
(0, 1] is defined by

" x(1)

dr, t>1t =0,
T@ J, G-t 70

I x)(1) =

where T is the Gamma function.
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Definition 2.3. (See [11]) The Caputo fractional derivative of order a € (0, 1] and x € AC(R"), the
space of absolutely continuous functions on R”, is defined by

(Dg X)) = (I *Dx)(1),

where D = d/dt.

The autonomous nonlinear differential system in the sense of Caputo is given as follows:
Dy X (1) = F(X(1)), (2.2)

where X(7) € R?, X()) = X,,, F(X) is continuous.

Definition 2.4. Suppose that P is an equilibrium point of system (2.2) and that all the eigenvalues A of
the linearized matrix J(P) = OF |0X|x-p evaluated at P satisfy: |A| # 0 and |arg()| # %, then we call
P a hyperbolic equilibrium point.

Theorem 2.3. If P is a hyperbolic equilibrium point of (2.2), then vector field F(x) is topologically
equivalent with its linearization vector field J(P)x in the neighborhood 6(P).

Proof. The proof can be found in [16]. O

Theorem 2.4. We consider the fractional-order system
DX(t) = F(X(1)), (2.3)
where 0 < a < 1. System (2.3) is asymptotically stable at the equilibrium point P if, and only if,

larg() >

for all roots A of the following equation det(Al — J(P)) = 0.

Proof. The proof can be found in [17]. O
3. Main result

In this section, we present two results obtained by analyzing the stability around the coexistence
equilibrium points of three species of the tritrophic system (1.1). First, we consider the system (1.1)
with Holling type II functional response, which has only one unstable equilibrium point in the first
octant.

Theorem 3.1. We assume a = 1,i =2, ¢z > d, a,dk, > a1p(c3 — d), (c1 — c2)axdky > ajci1p(c; — d).
Then, there is only one equilibrium point P in the first octant for the system (1.1),

kiaad_pai(c3 —d) axd c3((c1 — co)kaad — payci(c; — d)))
plc3 —d) Te3—d dkiky(c3 — d) '

Also, the system (1.1) is unstable around the equilibrium point P.

r=(
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Proof. Let

Fl(x’y)
FZ(-x’ya Z)

F3(}’, Z)

I
i)
=
|

X+ a
Cc3yZ
yt+a

3.1)

The equilibrium point P € Q for system (1.1) when i = 2 is obtained by solving system F(x,y) =

Fy(x,y,z) = F3(y,2) = 0.

On the other hand, we obtain the Jacobian matrix J of (3.1)

_ arky
(x+ap)?
J = acyy

(x+a)?
0

k].x
X+ a;
c1x arksz
x+a O+a)
arCcsz
(v + ap)?

0

—kyy
y+a
ey d

y+a

Now, evaluate P in J

plaxdky — aip(c; — d)) pai(cs —d) — kjaxd

0
azdkl Clzd
J(P)= aicip’(cs — d) ardki(ci — ¢2) —aicip(es — d) —dk;
azdk% a2C3k1 C3
0 (c3 —d)((c1 — cr)ardky — aicip(cs — d)) 0
azdklkz
We denote by J(P) = (mj), j,k = 1,2, 3. The characteristic polynomial is
p() = det[J(P) — Al], (3.2)
where I is the identity matrix 3x3. That is,
p(d) = Az + A% + A1 + Ay, (3.3)

with
Az =1, Ay = —my —myp, A; = myimy — mppmy — Mazmsy, Ag = mmyzms;.

Let P = (xo, yo, 20) be the equilibrium point in the first octant. We reduce m;; and ms;:

szo Clzd2Z0
mpy =-—, M= >
k1yo €3Yg
Then 5 o
ard” ko p=x0z
AO = _%ﬁ)?’oo < 0.
cskiyy
Therefore, by Theorem 2.2, the system is unstable. m]
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Now, we consider the system (1.1) with Holling type III functional response, which has two
equilibrium points in the first octant, one stable and the other unstable.

Theorem 3.2. Assuming i = 3, ky = 2p+\Jr, c3 = rd, ¢; = rcy, a1 = ay, and r > 4, the system (1.1) has
points of equilibrium in the first octant:

r («/a—l<«/7+1> a Naeor(r+ \/7’—2))
Vi—1 Nr=1" 2p,\r—1 ’

P, («/a_l(ﬁ—l)’ a ’\/aTCzr(r— \/_—2))_
Vr=1 r—1 Zkz\/m

Then, the system (1.1) is unstable around the equilibrium point P, and asymptotically stable around
Ps.

Proof. Let
20 \Jrx?
Gi(x,y) = px— w,
X+
2 2
Crr X"y kay“z
G e = - - s 3.4
2(X,y,2) 2ra ea P (3.4)
a’ryzz
G3(y, = —dz.
3(3,2) g %
Then, the Jacobian matrix J of system (3.4) is
4a,p \rxy ~2p \rx? 5
(x2 +ap)? X2 +a
7 2a,coxy corx? 2a1kyyz —kyy?
= - -c
(2 +ap)? X+a (O +ay)? : ¥+ a;
0 2a,dryz dry? iy
0% +ar)? ¥y +a
We evaluate J in P;,
Jo,
L - r+1 0
N p(Nr+1)
c(\r-1) rooNro 12 ky
PH)=|——"= ————t+t — — =42 ——=.
(B 2 62(22\/;71’)1’
d
0 %(2+r3/2—3r—\/;7+2) 0

Let J(Py) = (mj), j,k = 1,2,3. We calculate the characteristic polynomial:
p() = det[J(Py) — Al.

That is,
p(d) = Az + A% + A1 + Ay, (3.5)
where

cod
Ay = —ZHr= 1+ Vr-2),
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3/2
_opgr r 12 cdi s ap
A] = ﬁ(T—E—\/l_"'l‘ﬁ—;'i‘z)'i‘T( +r —31"—\/;4'2),
rooAr 1 2 Jol
Ay = eft+ X o L
A Vr ;) Vr
A3 = 1.

We note that Ay < 0, when r > 4. Then, by Theorem 2.1, p(2) is not a Hurwitz polynomial.
On the other hand,

P
o —p(Vr—1 0
N p(Nr—1)
o(Vr+1) r Ar 1 2 ky
= - 2 —_Z) 22
I(P2) 2 o3+ Vr D)
d
0 %(rz—r3/2—3r+\/;7+2) 0
The characteristic polynomial has the form (3.5), where A; are
cod,
Ao = ZR(r- D= Vr-2),
3/2
Cp (T r 1 2 cod
Al = —=|—=—+z-Vr=-24+—+—-)+—-Dr—-Vr-2),
| W(szf \ﬁr) (== \r-2)
rooAr 1 2 Jol
Ay = ——— =2+ —+ )+ =
2 02(2 3 +\/;+}")+\/;’
A3 = 1.
Also, r > 4, from which we obtain
r—\r-2>0, (3.6)
32 1 2 1 2 2\
r—+£—\/_—2+—+— > I—ﬁ—2+—+—>(ﬁ——)+f—ﬁ>0.
2 2 NEoor 2 2 \Nroor 2 \r 4 2
For (3.6), we have A; > 0, for each i = 0, 1, 2. Now, we calculate A;A, — Ay.
cpA PP 1 2, cd ro A 1 2
A1A, — Ay = — - Vr-2+—=+ )+ =—0-Dr—-Nr=-2)(z—-—-2+—+-).
142 0 \/;(2 5 Vr \/?r) r(” )(r— Nr )(2 ) \/;_»r)

By (3.6) and A; > 0, we have AjA, — Ap > 0. Then, by Theorem 2.1, p(1) is a Hurwitz polynomial.
Therefore, the system (1.1), when @ = 1, is stable around P,.

Now, let us consider @ € (0, 1). By Theorem 2.3, the system (1.1) and its linearization vector field
J(P,)X are topologically equivalent. By Theorem 2.4, D*X = J(P,)X is stable around P,. Therefore,
the system (1.1) is stable around P;. O

4. Analytical solution
In this section, we present the construction of the analytical solution for the system (1.1), with
Holling type III functional response, k| = 2p \/r, ¢3 = rd, ¢| = rcy, and a; = a,, which are obtained by

applying the multistage homotopy perturbation method (see [18]):
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First, let’s define a regular partition of the interval [0,T] by #) =0<1t <t, <---<t, =T and the
following family of fractional-order systems

2pr xi}’k
Da 'x = ‘x - —7 4.1
Th—1 k p k _X% +a] ( )
2 2
o Cor X, Vi kzyka
Dtk,lyk = 2 - 2 - Czyk,
xpta  yita
d"ysz
Dy &= 5~ = dz,
yk +a;
with ¢ € [t-1,%] and initial conditions (xo, Yo, Z0) = (x1(t9), y1(t0), y1(tp)) and

k(=15 Ye(te=1), 2e(tr=1)) = trm1 (tr=1) Y1 (Fr=1), 2k=1 (k1)) for k = 1, ... ,m.
Now, we define the homotopy for each &:

N N ) 20 \rutvy
(1 = p)(D;_w — D xi(ti1)) + P(Dik,luk —pug+ —5—— L ) =0,
u; + aq
N N . vy kaviwy
(1= p)(D2 v = DY yiltin)) + p(Dtklvk A czvk) -0, 42)
xX+a; Vi+a
(1- p)(D,k_lwk - D;k_lzk(tk—l)) + p(D,k_lwk +owr — — ) =0,
Vvite

where p € [0, 1]. Let’s suppose that the solution for (4.2) is given by

2 3
Up = Uok + pUip + puoy + puzp +--+,
2 3
Vi = Vot pvietpva+pvaetoe, (4.3)
2 3
Wi = Wop +PpWig+ p"Wo + pWwap+ -0+,

where u;, vi, wi, I = 1,2, ..., are functions to be determined. Then, the solution for 7 € [#_;, #] is

xkzlimuk = Up + U+ Uy + U3+,
p—1

yk:hﬁ%\/k = Vor +Vig t Vo + V3 + -+, (44)
p—

Zk:lin}wk = Wor + Wi +woyu + w3+
p—

Therefore, the analytic solution for 7 € [0, T'] is given by

x(t) = Z I[Ik,l,tk] Z ujk(t)’
k=1 =1
Z Ty Z V(D) (4.5)

o =
k=1 j=1

Z(t) = Z I[tk,l,tk] Z ij(t)5
k=1 =1
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T m

where I}, _, ,; 1s the characteristic function, #, = k—, and | [#—1, #] = [0, T']. We show the first addends
m

of the series (4.4),

ui(1)

vir(?)

wik(?)

(1)

Vor(t)

wo (1)

5. Examples

k=1

puor(ar + uoe(uox — 2 Vrvor))
(a; + uék)F(l + @)
vor(calar — (r = Dug)(ay + vg,) + ka(ay + ug,)vorwor)

_ -~
a(a; + u(z,k)(al + V%k)r(a) (f = tr-1)

(t—tim1)”,

_dwor(ar = (r = Hvg,)

=t (l’
(a1 + 2T (1 + @) (t = ti-1)

PUOK
(a1 + u3 )’T(1 + @)

X(uor — 2 Vrvow)) — 4o Vrugevor(ar + ug,)(ar + uor(or — 2 Vrvor)) — 2pug,(ar + oy

(ar1p(ay + ug)ay + uo(uor — 2 Vrvoy)) + 3pug,(ay + ug, )@y + gy

2 \rugev
> 0kVOk 2 2 2 2
X(uor = 2 Vrvo))? + ——— (a1 + ug)(ca(ar — (r = Dug)(ar + v + kaar + ug)
a) + ka
2
Xvorwor))(t = tr-1)™,
Vok

((a; + u2)((ay + v3)ea(a; — (r = Dul) + ka(ay + u?,)
(ar +u2 ) (ar + V2 )T + @) 1+ Up)ar + vy )ealan o |+

Xvowor)(Ca(ar — (r — Dug)ar + vg)* + 2arka(ar + ug )voewor) + (a1 + vg)(2aicap

XM(Z)kr(al + V(Z)k)z(al + uo (o — 2 WVOk)) + dky(a; + M(z)k)3V0k(a1 —(r- 1)V%k)W0k))

X(t = tr1)™,
dwoy

@+ )@ + 2 a1+ @) (d(a; + uék)(al + vgk)(al —(r— l)vék)za/ - 2a1rv3k(c2
Ok 0k

X(a; — (r — Dug)(a) +v3,) + kylar + ug )viowo)@)(t — ti_1)>.

In this section, we illustrate the results obtained in Theorems 3.1 and 3.2, through some particular
examples, where its graphs show the dynamics of the solutions around the equilibrium points.
Furthermore, we can observe that as the order of the derivative @ moves away from 1, the length
of the trajectories increases. For this purpose, we use the analytical solution given in (4.5).

Example 5.1. (See Figure 1) Fori =2, fixa; =c; =p=r=1,¢c,=d =k =k =2, ¢;3 =25
a, =5 m=50,te€[0,0.5], (16,8,5) is the initial condition, and P = (39,20, 11.875) is an unstable
equilibrium point.
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Mesopredator

’ 180 e a=0.7

160 Superpredator o 7—0 85

40
] a:1

120

Figure 1. Unstable equilibrium point P.

Example 5.2. (See Figure 2) Fori = 3:
e letay=c;=d=ky=p=r=1,r=5 m=100,t € [0,1)], (2,1,7) is the initial condition, and
P, =(1.61803,0.5,6.54508) is an unstable equilibrium point.
o Wetakea; =c;, =d=ky,=p=r=5m=100, t € [0,1], (1, 1,2) is the initial condition, and
P, = (1.38197,1.11803,2.13525) is a locally asymptotically stable equilibrium point.

Mesopredator
0.8
10 ‘“ e a=0.7
; Ty
9
Superpredator e 0=0.8
o a=1
Prey
Mesopredator
o a=1
e =08
e a=0.6

Figure 2. Unstable equilibrium point P; and asymptotic stability around P,.

6. Conclusions

In this work, the local stability around the coexistence equilibrium points of two tritrophic fractional
models were studied, with Holling type II and III functional responses, respectively. Under certain
conditions of the parameters, it was found that only the second model has a stable equilibrium point
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P,, when « € (0, 1]. The multistage homotopic perturbation method was used to obtain the solution
of the tritrophic fractional model with Holling type III function response, and it was observed that the
trajectories tend faster toward the equilibrium point when @ < 1. These results reveal the possibility
of tritrophic coexistence when the interaction is Holling type III. A future work is to use the analytical
solution, obtained via the homotopic perturbation method, to solve the inverse problem associated
to system (1.1); that is, to estimate the parameters involved in the system, from a Bayesian analysis
perspective, which is important to model experimental problems in ecology.
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