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Abstract: The Wiener index W(G) of a graph G is one of the most well-known topological indices,
which is defined as the sum of distances between all pairs of vertices of G. The diameter D(G) of G
is the maximum distance between all pairs of vertices of G, and the conditional diameter D(G; s) is
the maximum distance between all pairs of vertex subsets with cardinality s of G. When s = 1, the
conditional diameter D(G; s) is just the diameter D(G). The authors in [18] characterized the graphs
with the maximum Wiener index among all graphs with diameter D(G) = n — ¢, where 1 < ¢ < 4.
In this paper, we will characterize the graphs with the maximum Wiener index among all graphs with
conditional diameter D(G; s) = n —2s — ¢ (—1 < ¢ < 1), which extends partial results above.
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1. Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). The order and the size of G
are n = |V(G)| and m = |E(G)|, respectively. The distance between two vertices u# and v, denoted
by d(u,v) = dg(u,v), is the length of the shortest path connecting u and v in G. There are plenty
of distance-based topological indices, which are widely used in mathematical chemistry in order to
describe and predict the properties of chemical compounds. One of the most well-known topological
indices is the Wiener index, which was introduced in 1947 by Wiener [20]. The Wiener index W(G) of
a graph G is defined as the sum of distances between all (unordered) pairs of vertices of G, that is,

W(G) = Z d(u, v).
{u,v}CV(G)

Mathematical properties and applications of the Wiener index have been extensively studied, see [1,3,
5-7,9-12,16,17,21,22] for references.

The diameter D(G) of G is the maximum distance between all pairs of vertices in V(G), that is,
D(G) = maxyev()d(u,v). For two nonempty vertex subsets V| and V,, the distance between V; and
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V», denoted by d(Vi,V,) = dg(Vi, V>), is the minimum of the distances d(x,y) among all x € V; and
y € V,. Given a graphical property P satisfied by at least one pair (Vi, V,) of nonempty subsets of
V(G), the conditional diameter Dp(G) of G is

Dp(G) = max{d(V\, V) : 0 # V|, V, C V(G), (Vy, V,) satisfies P}.

Note that Dp(G) = 0 holds if and only if V; and V, overlap for every (V;,V,) € V(G) x V(G) that
satisfies . Conditional diameter measures the maximum distance between subgraphs satisfying a
given property. So, their consideration could be of some interest if in some applications we need to
control the communication delays between the network clusters modeled by such subgraphs.

The first choice of such a graphical property #; is defined as follows: (V;, V,) satisfies #; if and
only if |V|| = |V,| = s, where s is a positive integer. In this case, the conditional diameter is denoted by
D(G; s), which is defined as

D(G; s) = max{d(Vy,V2) : Vi, Vo S V(G), V1] = |V2 = s}

Clearly, D(G; 1) is the standard diameter D(G) of G. Thus D(G; s) can be seen as a generalization of
the diameter D(G). When |V(G)| < 2s, then D(G; s) = 0. Moreover, when |V(G)| > 2s, it is easy to see
that the inequality D(G; s) < n —2s + 1 holds.

Although the Wiener index has been extensively studied, there are still some unsolved interesting
questions. For example, Plesnik [15] posed the open problem “What is the maximum average
distance among graphs of order n and diameter d?”; DelLaVifia and Waller [8] conjectured that
W(G) < W(Cy441) for any graph G with diameter d > 3 and order 2d + 1, where C,,4, is the cycle of
length 2d + 1. Some results related to the Wiener indices of graphs with given diameter can be seen
in [13, 14, 19]. Particularly, Cambie [4] gave an asymptotic solution to the open problem of Plesnik,
and Sun et al. [18] characterized the graphs with the maximum Wiener index among all graphs with
diameter D(G) = n —c, where 1 < ¢ < 4.

Motivated by the results above, we will investigate the maximum Wiener index among all graphs
with given conditional diameter in this paper. Specifically, we will characterize the graphs with the
maximum Wiener index among all graphs with conditional diameter D(G;s) = n — 2s — ¢, where
—1 < ¢ < 1. Some lemmas will be given in the next section. Main results will be presented in the
last section.

2. Preliminaries

The graphs considered in this paper are simple and undirected. For undefined notation and
terminologies, we follow [2]. For a graph G, we denote by G — u and G — uv the graphs obtained
from G by deleting the vertex u € V(G) and the edge uv € E(G), respectively. Similarly, G + xy is the
graph obtained from G by adding an edge xy ¢ E(G). The induced subgraph G[U] for a vertex subset
U C V(G)is G — V(G) \ U. The neighborhood of u in G is Ng(u) = {vluv € E(G)}. The degree ds(u)
of uin G is [Ng(v)|. If dg(u) = 1, then u is called a pendent vertex of G. Denote by P, and C, the path
and the cycle on n vertices, respectively.

The sum of distances between u and all other vertices of G is Dg(u) = 3 ,cy) d(u, v).

Lemma 2.1. ( [9]) Let G be a graph of order n, v a pendent vertex of G, and u the vertex adjacent to
v. Then W(G) = W(G = v) + Dg_,(u) + n— 1.
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Lemma 2.2. ( [13]) Let P, = viv,...v, be a path on n vertices, then Dp (v;) > Dp (v¢) for 1 < j <
k < |n/2].

Lemma 2.3. ( [13]) Let G be a non-trivial connected graph on n vertices and let v € V(G). Suppose
that two paths P = vwivy -+ vy, Q = vuju, - - - u; of lengths k, | are attached to G by their end vertices
at v, respectively, to form Gy, as shown in Figure 1. If | > k > 1, then W(Gy;) < W(Gi-1141)-

U1 U

Gy G111

Figure 1. Gk,l and Gk_l’]+1.

3. Main results

It was proved in [11] that W(P,) is maximum among all trees on n vertices. Since removing of an
edge from a connected graph results in an increased Wiener index, it is observed that the Wiener index
of a connected graph is less than or equal to the Wiener index of its spanning tree. Thus, W(P,) is
maximum among all connected graphs on n vertices. By D(P,;s) = n—2s+ 1 (n > 2s), we have the
following theorem.

Theorem 3.1. Let G be a connected graph on n vertices and D(G; s) = n—2s+ 1, where s is a positive
integer and n > 2s. Then W(G) < W(P,), and equality holds if and only if G = P,,.

Let T! be the tree on n vertices obtained from P,_; = x;x, - - - x,_1 by attaching a pendent vertex to
x;. See Figure 2 for an illustration.

X1 Z2 Tn—2 Tn—1

._—.—o..T...—.—.
w

Figure 2. Tree T".

Theorem 3.2. Let G be a connected graph on n vertices and D(G; s) = n — 2s, where s is a positive
integer and n > 2s + 3. Then W(G) < W(T**Y), and equality holds if and only if G = T5*!,

Proof. Letd(L,R) = n—2s,where L = {x;,...x;}and R = {x,_, ..., X,_1}. Assume P = XXz X,_g
is a path of length n — 25 connecting L and R in G. Denote M = {x1,...,X,—s_1}and W = V(G) \ (LU
M UR) = {w}.
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Claim. We can choose L and R such that w is adjacent to vertices in M.

By n > 25 + 3, w can not be adjacent to both vertices in L and R. If w is only adjacent to vertices
in L, then x,,; must be adjacent to another vertex w’ € L other than x;. Otherwise, the distance between
L — x;+w and R would be n — 2s + 1, a contradiction. Thus, we replace L by L” and W by W’, where
L' =L-w +wand W = {w'}]. The case w is only adjacent to vertices in R and can be analyzed
similarly. So, the claim holds.

Case 1. w is only adjacent to the vertices in M.

If w is adjacent to more than one vertex in M, then delete all but one of the edges incident with w.
Note that this operation does not change the conditional diameter and increases the Wiener index. So,
we assume that w is a pendent vertex. Without loss of generality, assume w is adjacent to x;, where
s+1<i<n-s-1.

Consider the induced subgraph G[L U {x,,,}]. First, we transform it to a tree by removing edges.
Removing edges in this way does not change the conditional diameter and increases the Wiener index
(by removing an edge from a graph, the distance of the two ends of this edge must increase, and the
distance of other pairs of vertices does not decrease). Then, we transform it to a path as follows: We
take one of the longest paths from {x,,;} and gradually enlarge it to an even longer path by appending
the rest of the vertices in L U {x,;} to the current end-vertex on the other side of this path, one
after another. By Lemma 2.3, each such transformation increases the Wiener index and retains the
conditional diameter. Similarly, we can transform G[RU {x,_;_1}] to a path with one endvertex {x,_;_}.

Now the graph G is changed to the graph isomorphic to 7¢, where s + 1 < i < n—s— 1. Let
Tt = T — x;w + xgw. Since T5*' —w = T —w = P, |, by Lemmas 2.1 and 2.2, we have
W(T!) < W(T$*), and equality holds if and only if i = s + 1. Thus, W(G) < W(T:*!), and equality
holds if and only if G = W(T5*).

Case 2. w is adjacent to vertices in both L (or R) and M.

We only need to consider the case in which w is adjacent to vertices in both L and M. Since
P = Xxxg11 -+ x,— 1S a shortest path connecting L and R, we obtain that No(W) N {Xs11,..., X5} C
{X5i1, X542} Let X' = x40 1f x,0 € Ng(w) and let x’ = x,,; otherwise.

If X' = x,,2, then consider the induced subgraph G[L U {x,,1, x,,2, w}]. First, we change it to a tree
by removing some edges in E(G[LU {x,1, X512, W}) \ {Xs+1X5+2, Xs12w}. Then, we transform it to a path
such that x,,, is adjacent to one endvertex of this path as follows: We take one of the longest paths
from {x,,,} and gradually enlarge it to an even longer path by appending the rest of the vertices in L to
the current endvertex on the other side of this path, one after another. Note that x,,, is still adjacent to
vertices x,;; and w, and one of x,,; and w must be an endvertex of this path. Now we change G to a
graph isomorphic to 75*2. By Case 1, we get W(G) < W(T**).

If x' = x4, then, by a similar argument as above, we can change G to a graph isomorphic to 75!,
Thus, W(G) < W(T:*).

From the arguments above, we obtain that W(G) < W(T**!), and the equality holds if and only if
G =TS, m

Let T,’;’j be a tree on n vertices obtained from P,_, = x1x; - - - x,_» by attaching two pendent vertices
to x; and x;, respectively. See Figure 3 for an illustration.

AIMS Mathematics Volume 9, Issue 6, 15928-15936.



15932

T o) Tn-3 Tp—2

€T; ZL'J'
o———o—.oTT—o’—o
w1y w2

Figure 3. Tree T’

Let T,’;m be a tree on n vertices obtained from P,_, = x1x; - - - x,_, by attaching the endvertex of a
path of order 2 to x;. See Figure 4 for an illustration.

€y ) T Tp—3 LTp—2
._—_.— L] L] . * L] L] _.' .

Figure 4. Tree 72>

Theorem 3.3. Let G be a connected graph on n vertices and D(G; s) = n—2s— 1, where s is a positive
integer and n > 2s + 5. Then W(G) < W(T,"""*"), and equality holds if and only if G = T;*"" 72,

Proof. Let d(L,R) = n—2s — 1, where L = {x,...x;} and R = {x,_51,...,X,2}. Assume P =
XsXgi1 - Xp_s—1 18 @ path of length n — 2s — 1 connecting L and R. Denote M = {x1,...,X,—s—} and
W=V(G)\ (LUMUR) ={w;,w,}.

Case 1. Neither wy nor w; is adjacent to vertices in L U R.

Subcase 1.1. wiw, ¢ E(G).

Note that Ng(w;) C {xg41, -+, Xu—s—2} for i = 1,2. If w; is adjacent to more than one vertex in M,
then delete all but one of the edges incident with w;, where i € {1,2}. Note that this operation does
not change the conditional diameter and increases the Wiener index. So, we assume that w; is pendent
vertex for i = 1,2. Without loss of generality, assume that w; is attached to x, and w; is attached to x,,
where s+ 1 <a<b<n-s-2.

By a similar argument as in the proof of Case 1 in Theorem 3.2, we transform G[L U {x,,}] to a
path with one endvertex x,,, and transform G[R U {x,_;_»}] to a path with one endvertex x,_;_,. That
is, we change G to a graph isomorphic to 7" , where s+ 1 <a<b<n-s-2.

Let T2 = T% — xywy + X, oW, ky, = d(xg41, X,), and k,, = d(x,—5_2, X). Since T2 _ gy, =
T% — w,, we have

W(T*"572) — W(T*?)
=1+2+---+(n-5-2)+24+---+(s+1)+(n-s5s-a)

-1-2-----(n-s5-2-ky,)—2—---=(+1+k,)—-(n-s5s-a-k,,)
= D (=s5-2-ky+D)— > (s+1+D)+k,
1<i<hy, 1<i<ky,
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Since n — 2s — 3 — ky,, > 0, we have W(T:"™%) — W(T.’) > 0, and equality holds if and only if
ky, = 0.
Let 75717572 = 70m=5=2 _ v w1 + x,0wy. Since TS5 — = T2 _ |, we have
W(Tr‘:'+1,n—s—2) _ W(T,‘f’"_s—z)
=1+2+---+(+D+24+--+(n—-5-2)+(n-25-1)

—1=2——(s+14ky) =2 —(n=-s-2—ky)—(n—2s—1—k,)
== Y (s+l+d+ D (n=5-2—ky +i) +ky,.
1<i<ky, 1<i<ky,

By n —2s — 3 — k,, > 0, we have W(T;*""™*"%) — W(T*"~*"%) > 0, and equality holds if and only if
k,, = 0.

In this subcase, we conclude that W(G) < W(T;*'" %), and equality holds if and only if
G = T;lv+1,n—s—2.

Subcase 1.2. w;w, € E(G).

If both w; and w, have neighbors in M, then by deleting edge w;w,, we reduce this situation to
Subcase 1.1. So, we assume that only one of the vertices in W, say wy, has neighbors in M and the
other vertex w, is a pendent vertex adjacent to w;. If w; has more than one neighbor in W, then delete
all but one of the edges incident with w,. Here, the remaining edge satisfies the property that the end
other than w is farthest to the vertex set {x,;, x,—s—2}. Assume, without loss of generality, that w; is
attached to x;, where s+ 2 <i<n-—s-3.

By a similar argument as in the proof of Case 1 in Theorem 3.2, we transform G[L U {x,,,}] to a
path with one endvertex x,,, and transform G[R U {x,_;_»}] to a path with one endvertex x,_;_,. That
is, we change G to a graph isomorphic to Ti®, where s+2<i<n—s—3.

Let T,"P® = T, — x;wy + x,40wy and &, = d(x,4, X7). Since T™?® -

we have

~ T2
wi=wy =T, —w; —wy,

WD) - W(TO)y =1 +2+ - +(n—s—1)+3+--+(s+2)
+1+24+--+(n—-5s-2)+2+---+(s+1)

—1-2-+—(n-s-1-k,)-3—-—(s+2+k,)
—1-2——-(n-5-2-k,)-2--—(s+1+k,)
= > -s—1-k, +j)- > (s+2+))

1< j<ky, 1< j<ky,
Y =s=2-k, + )= ) (s+1+)).

1<k, 1< <k,

Sincen—2s—3— k;v , = 0, we have W(T,(,Hz)(z)) — W(T,ia)) > 0, and equality holds if and only if k;VI = 0.
In this subcase, we conclude that W(G) < W(T,(l”z)(z)), and equality holds if and only if G = T,(l”z)(z).
Case 2. Either w; or w, are adjacent to vertices in L U R.
If w; 1s only adjacent to vertices in LUR, then we can choose L and R such that w; is adjacent to some
vertices in M for i = 1,2. Owing to Case 1, we only need to consider three subcases in the following.
Subcase 2.1. Only one of wy or w,, say, wy is adjacent to vertices in L U R.
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We only consider the case that w; is adjacent to vertices in both L and M, and w; is not adjacent to
any vertices in L U R.

Since P = XxgXg41 - X,—s—1 1S the shortest path connecting L and R, we obtain that Ng(w;) N
{Xgt1s s Xnes) © {Xsh1, Xea2). Let X' = x40 1f x40 € Ng(wy), and let X' = x,,q otherwise. If X’ = xg .,
then by a similar argument as in the proof of Case 2 in Theorem 3.2, we can change G[LU{x1, X2, w}]
to a path such that x,,, is still adjacent to vertices x,,; and w, and one of x,,; and w; is an endvertex
of this path. If X" = x,,, then by a similar argument we can change G[L U {x,,, w}] to a path such that
xs4+1 1s still adjacent to vertices x; and wy, and one of x; and w, is an endvertex of this path.

Suppose w; is adjacent to some vertices in M. Then delete all edges incident with w, except for one
edge joining w; to a vertex in M. Then, G is changed to a graph isomorphic to Th Suppose w; is only
adjacent to wy. Then, G is changed to a graph isomorphic to Ti®.

Subcase 2.2. Both w; and w, are adjacent to vertices in L (or R).

We only consider the case that w; is adjacent to vertices in both L and M fori = 1, 2.

Since P = XxyXxg41 - X,—5—1 1S the shortest path connecting L and R, we obtain that Ng(w;) N
{ X1y o oo Xnes) C {Xg41, Xgqo} for i = 1,2, Let X' = x4, if X420 € Ng(wy), and let X' = x4
otherwise. Let x” = x,, if x4 € Ng(wy), and let X = x,,; otherwise. Here we only give
the proof when x' = x;, and x” = x,,. Other cases can be proved similarly. We consider the
induced subgraph G[L U {x,1, Xs42, w1, W, }]. First, we change it to a tree by removing some edges in
E(G[LU X415 Xme2, W1, Wa D) \ { X1 X542, Xs42W1, Xs02Wo}. Then, we transform it to a tree such that x,,,
is adjacent to two pendent vertices as follows: we take one of the longest paths from x,,, and gradually
enlarge it to an even longer path by appending the rest of the vertices in L to the current endvertex on
the other side of this path, one after another. Note that x,, is still adjacent to vertices x,,;, wy, and
ws, and two of x,., wy, and w, are pendent vertices adjacent to x,,,. Then, G is changed to a graph
isomorphic to Th.

Subcase 2.3. One of w; or w,, say wy, is adjacent to vertices in L and w, is adjacent to vertices in R.

Since P = XgXg41 - X,—s—1 1S the shortest path connecting L and R, we obtain that Ng(w;) N
{Xei1s oo os Xnes) € {Xg11, X500}, Let X' = xgp if x50 € Ng(wp), and let X' = xg.; otherwise. If
X' = Xg, then by a similar argument as in the proof of Case 2 in Theorem 3.2, we can change
G[L U {x4:1, X542, w1}] to a path such that x,,, is still adjacent to vertices x,,; and w;, and one of
xs+1 and wy is an endvertex of this path. If x* = x,,, then by a similar argument we can change
G[L U {x,:1,w;}] to a path such that x,,; is still adjacent to vertices x; and wy, and one of x; and wy is
an endvertex of this path. Similarly, if w,x,_;_3 € E(G), we can change G[R U {x,,_;_3, X,—s_2, Wa}] to a
path such that x,_,_3 is still adjacent to vertices x,_;_, and w,, and one of x,_,_, and w, is an endvertex
of this path. If wyx,_,_3 ¢ E(G), we can change G[R U {x,_;_, w}] to a path such that x,_,_, 1s still
adjacent to vertices x,_,_; and w,, and one of x,_,_; and w; is an endvertex of this path. Thus, G is
changed to a graph isomorphic to Th .

All cases lead to W(G) < W(TS"572) or W(G) < W(TS@). So, we only need to compare
W(TH" ) and W(T*??). Since W(T;™" %) = W(T™P) = In? — (s + 3+ s> + Ts > 0,
we obtain that W(G) < W(T:*'"*7%), and equality holds if and only if G = T;*""*"2. The proof
is completed. O
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4. Conclusions

In this paper, we characterize the graphs with the maximum Wiener index among all graphs with
conditional diameter D(G; s) = n —2s — ¢ (—1 < ¢ < 1), which extends partial results in [18].
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