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model. We show the existence of the extinction, interior, and boundary equilibrium points and examine
their stability. When the rate of increase of hosts is less than one, the zero equilibrium is globally
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1. Introduction and preliminaries

In this paper, we investigate the following general May’s host-parasitoid model:

axy,
Xn+l = T 7, o
T Ty ()
(1.1)
1o —
Yn+1 n 1 +y,,f (xn) )

where f is a sufficiently smooth and strictly decreasing function such that f : [0, +00) — (0, +00),
f(0) > 0, f has only one positive root of the equation bxf(x) —a = 0, and x_;, xy € [0, +o0) are the
initial conditions. In this model, x, represents the host density and y, represents the parasitoid density
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at the nth generation. Obviously, the solutions of the system are positive for all initial conditions from
R2.
Model (1.1) is a special case of the following general model that describes the host-parasitoid behavior

in discrete time:
{ Xn+l = a-an) (Xn, yn) ,

Yn+1 = bxn (1 - (I)(xmyn)) s

where a > 0 is the rate of increase of hosts in the absence of parasitoids, » > 0 is the average number
of adult female parasitoids emerging from each parasitized host, ® (x, y) represents the probability that
a host escapes parasitism, and 1 — @ (x,y) is the probability of parasitized hosts (O (x,y) = m in the
model (1.1)). Models of this type were constructed by Thompson in 1922 [1], Nicholson and Bailey in

1935 [2] and May [3]. May’s model has the following form:

-m
Upy1 = QU (1 + %) s

Voot = Bty (1 B (1 N ,%)—m), (1.2)
where the parameter m > 0 is the aggregation of parasitoid attacks and u > 0 describes the efficiency
of the parasitoids’ search. Note that the model (1.1) is a special case of May’s model (1.2) with m = 1
and u = f(x,). Here, the function f describes the efficiency of the parasitoids’ search. Host-parasitoid
interaction represented by the model (1.1) can be considered as a May’s host-parasitoid model of
biological control where the hosts represent pests.

The essential characteristics of the local and global behavior of May’s model (1.2), depending on the
values of parameters m and u, can be found in [4]. The case when m = 1 and a > 1 is fascinating, and
when using the Kolmogorov-Arnold-Moser (KAM) theory, the conclusion is reached that the positive
equilibrium is stable (but not asymptotically) [5]. In [6], the author proved that when @ > 1 and m > 1,
solutions with the initial conditions in the complement of a bounded subset of the positive quadrant are
unbounded. Also, host and parasitoid populations oscillate for these initial conditions with infinitely
increasing amplitude. In [4], using the KAM theory, the authors investigate the stability of May’s
host-parasitoid model’s solutions with proportional stocking of the parasitoid population. KAM theory
applications can be seen in [7-10].

Recently, numerous authors have investigated host-parasitoid models with different characteristics.

Ladas et al., in [5], considered the following May’s host-parasitoid model:

_ax,
Xn+l = 1 +ﬁyn’
Yns1 = ﬁxnyn 5

1+ By,

where a and B are positive numbers, and the initial conditions x, and y, are arbitrary positive numbers.
This model is a special case of model (1.1). Among other methods, the authors used KAM theory to
show that the observed model exhibits very complex behavior.

Jang, in [11], presents two general discrete-time host-parasitoid models with Allee effects on the
host:

Ny =aN,g (Ny) f (P))
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P =bN; (1 - f(P)),
and

Ny =aN,g (Ny) f (Py),
Py =bN,;g (N)) (1 = f(P)),

where Ny > 0, Py > 0, a > 0, b > 0, and the function g satisfies certain conditions.

The author showed that both models exhibit similar asymptotic behavior. The parasitoid population
will go extinct if the maximal growth rate of the host population is less than or equal to one, regardless
of whether density-dependence parasitism occurs first. If this maximal growth rate exceeds one, the
fate of the population is dependent on the initial condition.

KalabusSi¢ and Pilav, and their collaborators considered several host-parasitoid models, especially
those with immigration in the population. Among others, they considered the following May’s host-
parasitoid model with stocking (in [4]):

ax,
Xn+l = ,
Ty,
bx,y,
n+l = + CYn,
Yn+1 1 +yn Y

where a and b are positive numbers. Using the KAM theory, the authors investigated the stability of
solutions of the May’s host-parasitoid model with proportional supply of the parasitoid population.
They showed the existence of the extinction point, the limit, and the internal equilibrium point. When
the intrinsic growth rate of the host population and the release coefficient are less than one, both
populations are extinct. They showed that there is an infinite number of equilibrium limit points,
which are non-hyperbolic and stable. They also showed that 1:1 non-isolated resonant fixed points
appear under certain conditions, and they described their nature of stability in detail. The stability of
the internal equilibrium was demonstrated by using the KAM theory.

By eliminating y, from the first equation of (1.1) and substituting in the second equation, we obtain

a’x,

T abxy f () — b ()X

This is a crucial feature of this model because in [12], the authors noted that proper oscillations
in population dynamics can only occur in density-dependent evolution in which delayed negative
feedback regulates the evolution. Also, see [13].

In Section 2, depending on the parameters a and b, we describe the equilibrium points and local and
global stability of extinction equilibrium and boundary non-hyperbolic equilibrium points. Also, we
show the existence of a 1:1 non-resonant equilibrium point and describe the dynamics of system (1.1)
about this equilibrium. In Section 3, we describe the local behavior of the interior equilibrium point.
For the case when the interior equilibrium is elliptic, in Section 4, we use the Birkhoff normal form
and the twist KAM theorem ( [12, 14—16]) to determine the stability of the interior equilibrium point.
Also, we describe a structure that is close to a non-degenerate fixed point £,. In Section 5, we apply
our result to a special system of difference equations with f(x) = ﬁ Through numerical computation,
we confirm our analytic results.
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To determine the stability of an elliptic fixed point, we use an appropriate coordinate transformation
to simplify the nonlinear terms, that is, to obtain the use of the so-called normal form of the map.

Under certain conditions, system (1.1) has 1:1 non-isolated resonance fixed points for which we
thoroughly describe the dynamics. A fixed point of a planar map is said to be 1:1 resonant if the

1
Jacobian matrix of the map at the fixed point is similar to ) A fixed point of a planar map

1

01
is called isolated if there exists a neighborhood of the fixed point that does not contain any other
fixed points. In all other cases, each fixed point is called non-isolated. In [17], is given a complete
classification of all possible dynamical behavior scenarios that are valid in a neighborhood of non-

isolated 1:1 resonant fixed points for planar maps that are real and analytic.
2. The behavior of the extinction equilibrium point and the boundary equilibrium points

In this paper, we consider only non-negative equilibrium points. The equilibrium points (x,y) of
system (1.1) satisfies the following system of algebraic equations:

ax
1+yf ()

- 1

’ bx(l i +§f(7c))'
It is easy to see that system (1.1) always has an extinction equilibrium E, = (0,0), where both
populations become extinct. This equilibrium is unique if 0 < @ < 1 and b > 0. For a > 1 and
b > 0, system (1.1) has an interior equilibrium E, = ( 7 faC) G )) where X is a unique positive solution
of the equation bxf (x) — a = 0 (by assumptions), and where the populations coexist. If a = 1 and
b > 0, then there exist infinitely many boundary equilibriums Ez = (¥, 0), X > 0 of system (1.1), where
the host population survives and the parasitoid population becomes extinct.

X =

(2.1

The map associated with system (1.1) has the following form:

ax
X T (x,y) 1+ X
T[ ]:( i y]: byf() , 22)
y T, (x,y) boyf )
L+yf(x)
2 2 . . 0 0
where T : (0,00)” — (0,00)". It is obvious that 7" y =10 forn > 1 and y > 0. Also,

T”( ) ( )forn > 1 and x > 0, from which we obtain that
(@) " g —>(8),for0<a<1,n—>oo,
o7 F )= |fora>1,n— oo, and
0 0
n x — x —
T 0 —(O)fora—l.
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Based on the Jacobian matrix associated with map (2.2),

L+yf(x)—xyf(x) —axf (x)
(1 +yf(x)? (1 +yf (x)?
JT (X’ y) = )
byf (x) +y (f ()" + xf'(x) bxf (x)
(1 +yf(x)? (1 +yf (x)?

we obtain the following results about extinction equilibrium point Ej.
Lemma 1. The following statements hold for the extinction equilibrium point E:

(i) If 0 < a < 1, then E is globally asymptotically stable.
(ii) If a > 1, then E, is unstable (a saddle point) with

Wi ={xy):x=0,0<y<oo}, W, ={(x,y) : 0 < x <00,y =0},

as the subsets of the stable and unstable manifolds, respectively.
(iii) If a = 1, then E, is a non-hyperbolic point, which is stable but not asymptotically stable.

Proof. The Jacobian of the map T at the equilibrium E, = (0, 0) is given by

a O
JT(O,O):( ]
00

The eigenvalues of the Jacobian at the equilibrium Ey = (0,0) are 4; = a and A, = 0, which implies
that £y = (0, 0) is locally asymptotically stable for O < a < 1, but is unstable (a saddle point) if a > 1
and a non-hyperbolic point fora = 1.

(i) If 0 < a < 1, then the first equation of system (1.1) implies that x,,; < ax, < a"*'x,, which
means that x, — 0 asn — oo (since x, > 0 forall n = 0,1,...) . From the second equation of
system (1.1), we have that y,,; < bx,, which implies that y, — 0 as n — +oco (since y, > 0 for all
n=0,1,..), thatis, Ey = (0,0) is a global attractor. Since E, = (0, 0) is locally asymptotically stable,
we conclude that it is globally asymptotically stable.

(i1) The correctness of the statement follows directly from the discussion that precedes this lemma.

(111) Note that the positive y axis is in the same direction as an eigenspace E*. On the other hand,
the positive x axis is invariant under the map 7', and it is in the same direction as an eigenspace E¢. It
means that the positive x axis is a center manifold W*, on which x,,; = x, is valid foralln = 0, 1, ...,
and where every point is a fixed point of the map 7'. It implies that the equilibrium point E, = (0, 0) is
stable, but not asymptotically stable. O

If a = 1, then the Jacobian matrix for the equilibrium points denoted by E5 = (x,0), x > 0, have the
following form:

I =xf ()
Jr (x,0) = ;
0 bxf(x)
whose eigenvalues at equilibrium points are 4y = 1 and 4, = bxf (x). It implies that each of the

equilibrium points is non-hyperbolic.
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Lemma 2. For the non-hyperbolic equilibrium points denoted by Ex = (x,0),x > 0, the following
statements are valid:

(1) If 1, = bxf (x) > 1, then Ex is unstable.
(ii) If 1, = bxf (x) < 1, then Ex is stable.
(iii) If A, = bxf (x) = 1, then Ex is a 1:1 resonant fixed point.

Proof. Namely, it is obvious that the statement under (i) is valid.

If 1, = bxf(x) < 1, note that an eigenspace E® is in the same direction as the eigenvector

%, 1). Also, it is easy to see that the positive x axis is invariant under the map 7 and is in the

same direction as an eigenspace E¢. Thus, the positive x axis is a center manifold W¢. On this center
manifold, it is valid that x,,; = x, foralln = 0, 1, .., and that each point of this map is a stable fixed
point. Thus, the each boundary equilibrium E5 = (X, 0) of the map T is stable, but not asymptotically
stable.

If 1, = bxf (x) = 1, then 4 = A, = 1 and the equilibrium points denoted by Ex = (x,0), x > 0,
become E5 = (%, O). The Jacobian matrix at the equilibrium points is of the form

1 1 -
.] —_,0 =
T(bf(x) ) (0 1]
I matrix b
0 1 atrix pecause

1 - 11 b 0
=p! P where P = .
0 1 01 0 -1

Thus, Ex = (bf%, O) is a 1:1 resonant fixed point of 7 for all b > 0. To study the dynamical behavior
in a neighborhood of the 1:1 resonant fixed point, we will use a result from [17]. By performing the
following change of variables: x — x + X, y — y, the equilibrium point £z = (ﬁ, O) = (x, 0) shifts
to (0, 0). Now, we have

which is similar to the (

x—xyf(x+X)
F X I+yf(x+Xx)
y) | bG+Dyf(x+7%)
I+yf(x+Xx)
and
X b 0 X bx
MR MR
y 0 -1 ) y —y
Conjugating by P yields
bx +xyf (bx +X)
o IR () R (R ] B e A )
S[y]_(p ¢P)[y]_p T(—y]_P ~b(bx + D) yf (bx + ¥
1 —yf(bx+%x)
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1 bx +xyf (bx + Xx) bx +xyf (bx + x)
|z 0 1—yf(bx+%) | b -yfx+3)
0 -b(bx +x)yf (bx +X) b((bx+X)yf (bx+X)
I —yf(bx+%x) 1—yf(bx+%x)
b—%f (bx +X) — bxf (bx +X) — byf (bx + %)
XYy b f (bx+%) - 1)
- +yyf(bx+x)+b2xf(bx+7c)+bxf(bx+7c)—1

1-yf(bx+%x)
Denote
b—(x+bx+by)f(bx+%x)
byfbx+x)-1) ’
(v + b2 + bX) f (x + %) - 1
vf(bx+x) -1
Calculating the partial derivatives of ¢ (x,y) and ¥ (x,y), we get

¢(x,y) =y

‘//(x,)’) ==y

¢(0,0)=0,¢(0,0) =0, D«¢(0,0) =0,

Dy (0,0) = W;J, D, (0,0) = 0, Dy (0,0) = bXf (%) — 1.

Thus, in order to apply Theorem 2 from [17], it must be that Xxf (x) — b = 0. Notice that b = Xf (X)
and Dbxf (x) = 1 implies that b = Xf (x) = 1. Assuming that b = Xf (x) = 1, we have ¢ (x,y) =
—y—(”;;g%if)_l and ¢ (x) = 0. Also,

Q(x)x' = Dy (%, ) lym=0 = =1 + X+ %) f (x + ).

To apply Theorem 2 [17], the last expression should be developed into a power series by taking some
specific function f that satisfies the above conditions. For example, consider the following map:
x(ax+1) Xy
ax+1+y ax+1+y

T(x,y):( ), x,y€[0,+00), a€(0,1), 2.3)

which we get from (2.2) for f (x) = L= (0 <a < 1).
Then, we obtain

,_ __(-orx
QWX =D, W =

=(1 —oz)zx—oz(l —a)3x2+a2(1 —0/)4x3+0(x4).

Therefore, / = 1 and Q(0) = (1 - @)? > 0, and, by Theorem 3 [17], the dynamical behavior of (2.3)
near (ﬁ, O) corresponds to (i) of Figure 4 from [17]. That is, there are four sectors, in either clockwise
or counterclockwise orientation, which are of elliptic, attracting parabolic, hyperbolic, and repelling
parabolic type. Also, the set ®\{(0, 0)} has two connected components ®,, and @, such that S _,(u,v) —
(0,0) for every (u,v) € ®, and S, (u,v) — (0,0) for every (u,v) € ®;, where @ is a real analytic curve

that represents the set of fixed points of S. See Figure 1. O
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Figure 1. Dynamical behavior near a 1:1 resonant fixed point (1%“,0) according to
Theorem 3 [17], with one hyperbolic sector, two parabolic sectors, and one elliptic sector
for @ = 0.5.

3. Local behavior of the interior equilibrium point

In this section, we consider the local behavior of the interior equilibrium E,, = (%, %) that exists
for a > 1. The Jacobian matrix evaluated at point £, is given by

_a-1_ _ —xf (%)

: _xaf(f)f 2 a
JT (Ep) = _ _ _ _
ba—l (1+xf’(x)) bxf (x)

a af (x) a?

Since x = %, then
La-13@® -1
a f® b
JT (Ep) = _ _
ba—l (1+xf’(x)) 1
a af (x) a

Note that det J7 (E,) = 1, and the complex conjugate eigenvalues of Jr (E, ) are given by
p p

f@@+)-f@x@-1)+ i\/4a2f2(x) ~(f@@+1D-f@x@-1)y
2af (%)
f@@+ D+ @OIA-a) i@+ EOD@- D@ A +3a) - f/@x(a-1)
- 2af (X) '

ﬂi:

Lemma 3. If a > 1, then the following statements are valid for the equilibrium point E,, = ()_c, %)

(i) If f (x) + f/(X)x <O, then E,, is a saddle point.
(ii) If f(x) + f'G)x = 0O, then E, is a non-hyperbolic point of parabolic type (1:1 resonant fixed
point).
(iii) If £ (X) + f'(%)x > O, then E, is a non-hyperbolic point of elliptic type.
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Proof. (1) Let us keep in mind the condition @ > 1 and the fact that f (x) is a positive decreasing
function for all x, that is, f(x) > 0 and f’(x) < O for all x. Now, under the assumption that f (x) +
f'(%)x < 0, we will prove that 4, > 1 and -1 < A_ < 1. Namely,

L>1= JE®+@@DA-a) (f @1 +3a)- f@x@@-1)>@-D(f® + @),

which is satisfied since (a — 1) (f (x) + f'(x)x) < 0.
Also, we obtain that

<l JE@+ @D -a)(F® A +3a) - X (a-1) > 1 -a)(f @+ f @)
= 4af () (1 -a)(f @)+ fX)x) >0,

which is satisfied.

On the other hand, the condition A_ > —1 is equivalent to

V@ + @D (1 -a) (f @ 1 +3a) - DX (@@—-1) < f® (1 +3a) - f@(a-1),

that is,
A>-1=dafx)(fxA+3a)-fx)x@-1))>0,

which is satisfied. Thus, E,, is a saddle point.

@) If fx) + f/G)x = 0, then A, = %{igm = %(1 - ffg)f) = 1. The Jacobian matrix at the

equilibrium point £, has the following form:

2a -1 -1
a b
Jr (Ep) = ,

(a-1) 1

b > -

a a

.. 1 1 )
which is similar to the 0 1 matrix because
2a -1 -1
a b 11 a 2(b-1)
=p! ( JP, where P = [ (@b
ba-1?% 1 0 1 (a-1)b -a

a? a

Thus, E, = (%, %) is a 1:1 resonant fixed point of 7 for all b > a > 1. Unfortunately, here, we

cannot successfully carry out the procedure based on Theorem 2 in [17] for the case of the equilibrium
points E5 since the condition ¢ (0, 0) = 0 is not satisfied (here, ¢ (0,0) = —f(‘i#albz < 0).
The proof of claim (iii) is obvious and will be omitted. |

AIMS Mathematics Volume 9, Issue 6, 15584—-15609.
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4. Stability of the elliptic interior equilibrium point via KAM theory

The following considerations will be based on the assumption that
fO+f(0)x>0= (xf (X)) |=z > 0. 4.1)

We can use the logarithmic change of variables to show that the map 7' transforms into an area-
preserving map with a non-degenerate elliptic fixed point (0,0). It is well known that the map 7 is
area-preserving if and only if the determinant of the Jacobian matrix of the map 7 is equal to 1 at every
point in (0, c0)?. Under the logarithmic coordinate change (x,y) — (u,v), the fixed point E » becomes
(0, 0). By using the substitutions given by

Xn
—

v, = ln)g,
y

u, = In

system (1.1) transforms into the following system:

Upy1 = In Xn+1 — h’l},

Vel = 111)’n+1 - lny,

1.e.,
ax
w1 =In———— —In¥,
e IR R
b nn n —_
puy = In 2 C) o
1+ y.f (x,)

or, equivalently,

Upe1 = Ina+u, —In(1 + ye f (xe")),

Vot =Inb+1Inx +u, +v, +In f (xe*) —In (1 + ye f (xe")) . 4.2)
Therefore, denote
K u\ lna+u—ln(1+§evf(3€”)) 4.3)
v] \Inb+InX+u+v+Inf&e)—In(l+ye'f (xe")) | ’

Lemma 4. The map K has the following properties:

a) K is globally area-preserving;

b) the map K in the (x,y) coordinates has an elliptic fixed point E, if a > 1 and b > 0. The
corresponding fixed point (x,y) in the (u,v) coordinates is (0,0) .

Proof. The Jacobian matrix for the map K is given by

_ xye'e' f" (xe") _ye'f (xe")
1 +ye'f (xe*) 1 +ye'f (xe*)
Jx (u,v) =
| XSG TS (Ge) | Fe'f (e
f (xe) 1 +ye'f (xe*) 1 +ye'f (xe*)
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Now, it is easy to see that det Jx (1, v) = 1 for all (u,v) € (0, 00)?, which proves statement a above.
Also,

@ V@
L+yf() L+yf()
Jx (0,0) =
N xf (%) A
fOA+yf ) L+yf ()
and, by (4.1), o
TrJx (0,0) = 2”{%}{; @ 0.
The equation S
/12_2+yf(x)—yXf (x)/1+1:0 4.4)

1+yf ()
is the characteristic equation of the matrix Jx (0, 0) with the corresponding characteristic roots A and
A, where

_ 2+3f @ =0 @ +iVy(f @+ 3 X)) Gyf X - f ) +4)
2 +yf () '

From (4.1) and given that f’ (x) < 0, it follows that the expression under the square root is positive.

A

Using the equality y = %, the Eq (4.4) can also be written as
po Lrem @, oy,
a
where |
1= (a - @+ 1+iVa@+5f ®-1DGa-xf @ +1)). (4.5)
a

Since || = 1, the point E, is an elliptic fixed point. Using substitutions u, = In2 and v, = In g
it is obvious that logarithmic coordinate change transforms E,(x,y) into (u,v) = (0,0). Hence, the
statement b above is also valid. O

Now, we apply the KAM theory in a small neighborhood of an elliptic fixed point to determine its
stability. For this purpose, we derive the Birkhoff normal form near the elliptic fixed point, and then
we verify the non-resonance and twist conditions.

o Rozzzilo, oo R14;3i11’ e R22-|C-l4i12’
where
Ry=1+2a-d -Xyf X (2a-5f X +2),
Li=(@-%f ®+1) @+ ®-DGa-5f @+
Ry =2(a—-%f ®+1)(-2a(a+mf ® - 1)+ @f ® 1)),
L=2(1-%f ®)Qa-5f @ +1) Va+3f @ -1 Ga-3yf @ + 1),
Ry=1+4a+2d" —4a’ - d* + 31 @) (5 ® - 2) (@ ® - 1) + 1)
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=205y f (@) (2(3 + a - &)+ f (¥ (—a + 2551 (%) - 6))
L=(a-%f ®+1)(1+2a-d -35f X (2a - Hf ) +2)) X

x Ja+3f @ —-1)@a-5f X +1).

Since a > 1 and f’ (%) < 0, it is obvious that Im (/12) > (0 and Im (/13) > 0, so A>3 # 1. Also, we have
1, then it should follow that I, = 0 and

that A* # 1. Namely, if we assume the opposite, i.e., A4
Ry = 1. Because @ > 1 and f’ (x) < 0, I, = 0 is only possible if

m =
14+2a-a*-%f X)(Q2a-xf (X)+2) =0. (4.6)
Equation (4.6) has only one positive solution:
(a+1-V2a) f )
, 4.7)

T A ®™@a-1

for a > V2 + 1. Above, we used the fact that y = ;% If (4.7) is satisfied, then A* = 1 implies that

R
—2 - | &R, =24

2a*
which is equivalent to
& @ -3a-1)(a+Xf @ -1)(a-mf @®+1) =0 (4.8)
Since (a — xyf’ (x) + 1)2 >0 and xyf’ (x) —3a — 1 <0, then (4.8), using (4.7), is equivalent to
(a+1- v2a) f ) (v3-2)
a+xyf X)) -1=0c=a+ f — -1=0= -a(V2-2)=0,
Y T ®a-n
which is impossible. Therefore, AA# 1
By usingy = %, the matrix of the linearized system at the origin is given by
a1y
af (x) a
Jo = Jg(0,0) = . 4.9)
PR R
af (x) a

The eigenvalue of (4.9) is of the form
@+ Df® = (a= DI ) +iy4a2(fR))? = (a + D) fGF) = (a = Dxf )
B 2af () ’

1.e.,

@+ Df® - (a-Dxf @ +iya-D(f®+xf @) (GBa+1) f & —(a— Dxf (x)
- 2af(x) '
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To obtain the Birkhoff normal form of system (4.2), we will expand the right-hand sides of the
equations of the system (4.2) at the equilibrium point (0, 0), as follows:

z)-on(:)os(:)

(a-DXf @ a-1

+ o u+ -
)_xf@)+a—1

af® " a4

from which we obtain

ma—h%1+ﬁiiwf@wﬁ
X)

-1
‘}(—z)er ()

K =
Y mb+mz+mf@wy4nb+

By using the eigenvector

_ ((a— D (f ) - xf" ) +iA 1)
af@+xf ) )

the associated matrix can be obtained as follows:

(@a-DUf®)-xfx) A
po L 2f@+3f @)  2af @ +If @)
VB
1 0
where
A - — —
B = 2af @ 5 @) A= a-D(f®+x @) (GBa+ 1) f@ - (a-Dxf (),
and det P = 1.
Now, we change the coordinates as follows:
u u 0 ! u
(2)=r (1) 2w ® @-num-v® ( ) )
A A
i.e.,
" (a—D(f ) —xf (E)).ﬁ_ A =
{ ) ] =| 2VBlaf®+3xf () 2VBlaf®+3xf ) |,
\;_IE

and bring the linear part into the Jordan normal form. The system, given the new coordinates, becomes
u Red —ImA \( 7 ~
I Bad . + K2 ( ) s
v ImA ReAd v

()= eels)
K2 = =P KIP
v gZ(IZT})

< =

with

=l
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ngﬁz + Q]]W‘i‘ Qozﬁ\;‘z + CY3()‘I/73 + @ u"v + Q]zﬂb‘t‘\‘/g + 00373 + O((rl;l + M)4)

- Bootl? + Biiiv + BoaV? + Baoll® + BV + Brauv* + Bozv° + O(([u] + )*)

where the coeflicients @y, @11, @o2, @30, @21, @12, @03, P20, P11 Pozs Bros Pais Pias, Pos are given in
Supplementary A.

Now, the complex coordinates z,z = u + iv yield the complex form of the system:
2o A+ EnT +ENT +EnT +ET + HEnTT+ENT + €z + 0 (|Z|4) :

Using the Mathematica package and

1

&y = g{(gl)au— (8w +2(g)i + i [(82)m — (82w — 2 (8wl
1

= 4_1 {(gl)gg + (81w + i[(gz)gg + (gz)w]} )
1

&2 = 3 {(gVm — (e — 2(g)m + il(g)m — (€2)w + 2 (gD)&]}

1
&= T3 1€ ) — @mw + (&) + (82w +il(82)imm + (82)mw — (8w — (81 )5}

we obtain the coeflicients as in the forms shown in Supplementary B.
The above normal form yields the approximation

(= A +al*l+o30dh

with ¢; = ida;, where a; is the first coefficient. The coefficient ¢; can be evaluated by using the
following formula:

CEpEn(A+24-3) el 20l
= - 22—+ =
@2-p(-1) 1-2 2-2

+ &1

derived by Wan in the context of Hopf bifurcation theory.
We apply
(a - 1)1,520,'511
16a°B (f(%)) (Xf"(%) + f (®)(af (%) + X (O)(f (®) + 3af (%) - (@ - DEf(F)

Exén =

Lz = (@+ D f(DQa=DEf (D)=id)~(a=D)Tf (R (@D (R)=id)+((@2)a=1) (f(D))
2 (f(D) (a=D R (R)+@+2) (f () )
x| +2f@f (D@D (D+Q2 + a=2a%) (f'()) ) +a+)x (D)) f/(%) |,
+Ha—- DX ((f'(0) >~ fR L (D) (a=1) (f () *=af (@) f" @)+ (f ()"

@- Loz

U8 = BT O G (D + 7 (0] () + 5 (O)Ga+ DF () — (@~ DEf ()’
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L e = ©(f@) ((a = DFRF® + @ +2) (F ®)) + (F®)*
+2 @) (D) (2@ = DFERFE) + (24 + a+2) (f ®))
Ha+ XD f(® + @ DES @) = FOL ) (@- D (D) -af®f ),

@1 Loz,

16a”B (f(%) Y (Xf/(%) + f () af (B) + Tf () Ba + 1)f () = (a = DEf (%)

fozé% =
and
Iz =% f® (F®) (@ 122" (®) + (@ +a-2)f (%)
+X(f(D)* ((-2d° + a + DEf"(®) + (1 = 2(a - a)f' (X))
+2 (f@) ((a - D@2 (£ (D)’ +((2a - 5)a* + )X (D f (%) + (al(a - 2)a + 2) + 2) (f (D))
+2 (F(B) (f' D) (a((5 - 2a)a - 2)f'(%) - (a — DQa* + 3)Ef" (%)
—(a—17F (f'(0) +af(®)’.
A tedious symbolic computation done with Mathematica yields

(@=D((a+ D@D (2(a=DIf (@ +ib)+a-Dif D (@=DIf @ -id) +(1-(@-Da)(f(D)?)
BaBf(DAES (®)+f D) af D)+ f R)(f(D)+2af(X)—(a-DEf (0))(i(a—)Ef (D)+A-i(a+1)f(2))

cl = 1619

where
1,=2((a=3)a-DE (f(X))’ ' ()+F (f(®)* Bla—1)a+1)f (X) f(x)+2(1-da)a (f'(D)?)
~(a=1)*2 @ @ FEL @ + O @) =2f () f/(®)-2a (f(x)*

—@- D7 ( (3 —4a)f(X) (F/ (D) £/ D)+ (F(D)* Ba +2) (f (0))> )
—(a+2)(f(X)f (X)) f (%) +2(a = 2) (f (D))

+2£(®) ((a = DQRa+ 1) (FE) £ (%) + (8 = 9a)a + DF®) f' (R f"(¥) + (8(a — Da - 2) (f '(56))3) :

Finally, after painstaking calculations in Mathematica, we get that

T = —ich,
i.e.,
= a1 1 (4.10)
ARG () + fF@)Qaf (R) + f(R) —(a- DEf(R) '
where

I, = 2(a=3)a-DE (f ()’ f (}) +¥ (f @) (3(a-DQa+1)f (¥) f” (%) +2(1-4a)a (f (D))
~@=1P2f @ (FO F @ F7 @+ @ (f (0)*-2f (@ £ () -2a (f ()"
Ba+2) (f (D) (f" (X)) +2(a - 2) (f (%) )
—(a+2) (f (D) f/ (X) £ () + B = 4a) f (X) (f () [ (%)
+2f (0) ((@-DQa+1) (f @) £ (B +(8(a=1)a=2) (f (D)’ +(8=9a)a+1)f (D) f' (%) f" (%)),
which implies that 7, # 0if (4.1),a > 1, f(x) > 0, and f” (x) < 0 hold. It means that E, is a non-

degenerative fixed point. By using Lemma 4 and the previous conclusion, we apply Theorems 2.26
and 2.27 from [18] for g = 4, s = 1, and 7, # 0 to get the following result.

—(a- l)x“(
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Theorem 5. Assume that f € C' ([0, +o0)) is a strictly decreasing function such that f : [0, +o0) —
(0, +00) and f(0) > 0. If (4.1) holds, where X is an equilibrium point of system (1.1), then E, is a
stable equilibrium point of the map corresponding to system (1.1).

The importance of Theorem 35, from a biological point of view, is that Theorem 5 guarantees that
all orbits starting near equilibrium £, of the system (1.1) are on the invariant curves surrounding the
interior equilibrium point E,,.

By using Theorem 4.3 from [13], we get the following theorem that describes the structure close to
a non-degenerate fixed point E,, in more detail.

Theorem 6. Assume that f € C' ([0, +00)) is a strictly decreasing function such that f : [0, +o0) —
(0, +00) and f(0) > 0. If (4.1) holds, where X is an equilibrium point of system (1.1), then, in every
neighborhood of E,, periodic points of T with arbitrarily large periods exist.

5. Special case with numerical simulations

In this section, we apply Theorem 5 to system difference equations of the form (1.1). We consider
the following system:

ax, (1 + x,)
Xppl = ——————
1+ x,+y,
bxnyn (51)
Ynat = 1+ x,+y,
where a, b are positive numbers. System (1.1) for f (x) = I]Tx becomes system (5.1).

The equilibrium points (%, y) of the system (1.1) satisfy the following system of algebraic equations:

_ ax(l+x _ bxy
X = - =  — > = .
l+x+y Y l+x+Yy
It is easy to see that the system (5.1) always has an extinction equilibrium E, = (0,0), where

both populations become extinct. For b > a > 1, the system (5.1) has an interior equilibrium
E, = (b“Ta, (“b__la)b ), where the populations coexist. If @ = 1, the system (5.1) has another boundary
equilibrium E; = (x,0), x € R*, where the host population survives, and the parasitoid population

becomes extinct.

Lemma?7. (i) If0 <a < 1or0 < b < a+# 1, then system (5.1) has a unique equilibrium point,
extinction equilibrium E,.
(ii) If 1 < a < b, then system (5.1) has two equilibrium points: the extinction equilibrium point E
and the interior equilibrium point E,,.
(iii) If a = 1 and b > 0, then system (5.1) has infinitely many boundary equilibrium points denoted by
Ez=(x,0),x>0.

For the stability of the extinction equilibrium point Ej, see Lemma 1, but, for non-hyperbolic
equilibrium points denoted by Ez = (X, 0), x > 0, the following result is valid (also, see Lemma 2).

Lemma 8. (i) If0 < b < 1, then E5 is stable.
(ii) If b > 1, then

AIMS Mathematics Volume 9, Issue 6, 15584—-15609.
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. —_ 1
a. Exis stable for x < —,

b. Ex is unstable for x > b%l,
c. Ex= (b—il, 0) is a 1:1 resonant fixed point.
Since f(x) + f'(X)x = (b;—f)z > 0, for x = 3%, the condition (4.1) is satisfied; thus, E,, is an elliptic
fixed point and (4.10) has the following form:

B a(b - 1)(a*—a+b)
2(a? +2ab — a + b)(a*> + 3ab —a + b)’

T =

This implies that 7y < 0 if b > a > 1. By Theorems 5 and 6, we have the next result.

Theorem 9. Assume that 1 < a < b. Interior equilibrium point E, of (5.1) is an elliptic fixed point. Let
T be the map associated with system (5.1). Then, periodic points of the map T with arbitrarily large
periods exist in every neighborhood of E,. In addition, E, is a stable equilibrium point of (5.1).

Figure 2 shows the phase portraits of the orbits of the map K with the non-degenerate elliptic fixed
point (0, 0) created by transforming the map 7" associated with system (5.1) for a = 2 and b = 4. Neither
of these two plots shows any self-similar characteristic. Figure 3 shows the bifurcation diagram and
corresponding Lyapunov coefficients for a € (0.9,3.0) and b = 3. In both figures, it is possible to see
the complexity of the behavior of the orbits for a neighbor of the positive equilibrium point.

Vn

Figure 2. Some orbits of the map K fora = 2 and b = 4.
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Figure 3. (a) Bifurcation diagram; (b) corresponding Lyapunov coeflicients for the map 7.

The eigenvalues denoted as A. at the elliptic fixed point are of the form A = ¢ with § =
arccos b‘%ﬁ’*“z and 0 < 0 < g Thus, in the case that b = 4, the period of the motion around the
fixed point must be greater than %” = 12,433, so the minimal possible period for a periodic orbit in a
neighborhood of the elliptic fixed point is 13; similarly, in the case that b = 3, the period of the motion
around the fixed point must be greater than %” = 14,762; see Figures 4 and 5.

Figures 6 and 7 show the times-series plots for the components x, and y, for the map 7.

o4 - 2T -
r. 2 _
I COS_1(a +3a+4)
220 - 8a -
20p - —
18 - _
16 - —
14 — _
12F a
[ I I I I Il I I I I Il I I I I Il I I I I Il I I I I Il I I I I Il
1.0 15 2.0 25 3.0 35 4.0

Figure 4. Minimal possible period for a periodic orbit in a neighborhood of the elliptic fixed
point (0, 0) for the map K (b = 4).
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Figure 5. Minimal possible period for a periodic orbit in a neighborhood of the elliptic fixed
point (0, 0) for the map K (b = 3).
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Figure 6. Time-series plot for the components x, and y, for the map 7 whena = 2, b = 4,

and (xo,yo) = (1.1,2.1).
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6. Conclusions

In this paper, we investigated the stability of a general host-parasitoid model of the form (1.1) with
the function f, the properties of which we assumed as detailed in Section 1. We confirmed the existence
of extinction, interior, and boundary equilibrium points. When the rate of increase of the hosts is less
than 1 (0 < a < 1), the extinction point of the equilibrium is globally asymptotically stable, which
means that the extinction of both populations occurs. When this rate of increase is @ = 1 and one
of the boundary equilibrium points is 1:1 resonant, the other equilibrium points to the right of it are
unstable, while those to the left are stable. Such behavior is illustrated in Figure 1 in the special case
when f(x) = ﬁ 0 < a < 1. Fora > 1, we showed that the interior point of the equilibrium is
elliptic, and that the corresponding map 7" associated with the model (1.1) has the property of being
area-preserving. After calculating the Birkhoff normal form, by using KAM theory, we concluded
that the internal equilibrium point is stable. As an immediate consequence, we obtained a conclusion
about the existence of periodic points with an arbitrary period in the vicinity of this elliptic equilibrium
point. Finally, taking the special case of f(x) = ﬁ, that is, when the model (1.1) takes the form (5.1),
we confirmed the previously obtained general results. In this case, our numerical simulations visually
show the answer to the central question of biological significance for the observed model, which is
demonstrated by the qualitative behavior of populations (hosts and parasitoids) over time, especially
the stability/instability of trajectories. If the initial state of the population represents a point on a
periodic orbit, on an invariant curve, or on some other invariant set, then the future evolution of the
population will remain confined to that invariant set for all time. If the initial conditions correspond to
a point between two invariant curves, the future evolution (the corresponding orbit) will forever remain
bounded between these invariant curves. In a rough sense, the behavior of this population is stable but
not asymptotically stable. On the other hand, if the initial condition lies on some invariant curve, the
evolution of populations can be regular. However, it can also be chaotic if the initial condition lies in
the stochastic region.

Our model is general since we also consider an arbitrary function f as an integral part of the
probability function that is associated with the host avoiding parasitism. The function satisfies the
conditions of the natural properties that arise from their biological meaning. In this way, this model
encompasses all similar models that use such specific probability functions for parasitoid avoidance
and release. Therefore, the results obtained for the concrete form of the function f are special cases
of the results obtained in this study. This means that, if the population of parasitoids released into the
existing population decreases or increases with other system parameters, it significantly determines the
model’s local and global dynamics.

The obtained theoretical results can be used for specific situations in biological control because they
can help managers to find pest control strategies, etc. Let us emphasize that, instead of the function f
used in this work, some known host escape probabilities can be observed. The dynamics of the system,
as shown by the results of numerical simulations, largely depend on the forms of these functions
and system parameters. This gives us ideas about the possibilities of further research regarding these
models (e.g., using the general Beverton-Holt function).

Also, we performed several significant visual simulations by using the Mathematica software
package.
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Supplementary A

@y =

0530

(a—1)
" 842 VB B(f®) (af @ +Xf )

(205

Loy = ~4(f@P(@f @) + T @) +4a - DIf@F @ Gf @ - f®) (af @ + 3 @)
+(a- DI(f@ - @) (1 - 207 (F @) +af @GS @ + £ @),

_ (a= DA = 20)% (f'@)° + X ®f @@xf”®) + Ba+ Df' @) + a (f@)° ('@ - Xf "(X)))
4a> VB (f(®) (af @) +Xf' @)

(a = Dx(xf' () + fO)(f(X) + 3af(x) = (a = Dxf'(x)) ((1 = 20)% (f'(%)’ +af®)Ef"®) + f ’(X)))

8a2 VB (f(%))* (af (X) + Xf'(X))>

(@a-1)
" 8B (af@ + 3 D)

(1/30 b

= 8(a—2) (f®)’ (af(®) + X (®)’ - 12(a - 2)(a - DX (F®)* [ @S @ — f@)afF) + %f (%))’

Ha = 13 @3 @) ( PFEPE () + 3%/ () + /() + 23a -3a + DF (/%) )
~3a(2a - DEFGS DES"() + /(%)
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~6(1-a)(a- DI f@(f@-T DN af @+T @) (2a-DE (f @) ~af@EF @+ @)).

~ (a — DXA 7
16a°B (f®)* (af® +Xf/ @)

an) =

Ly, = 2(a— DBa=3a + T (f @)’ +a (f@) (@ = DF £ @) = (@ = DI’ @) + (@ = 5)f )
~(a - D f® (f @)’ (3aQa - DXf"(® + (18a°~Ta - 4)f'(¥))
+3 (FO) (F®) (@ - DF @@ + (a - Da(15a - 2)%f"(®)+(11a’-3a’~10a - 2)f'())
+ax (D) f'®) (-2a - Da¥ f”(® + (-8a’+Ta + DEf"X) + (4a’~5a - I f (%))

_ @- IP3Gf@ + f@) (Ga+ D@ - (@@= DI D))
16a° B (f(X)* (af(X) + %' (X))’

apn

~
|

v = @ (FG) REFC+1" (D) ~f () +F 1D (' D) (Baa-DEf"®+(B3a-2)(da+1)f ()
—ax (f®) f/@ (ax £ @ + Qa-DEf" ®+3(a+1) f' D) -2(3a>-3a+ DT (f' @)

_ U= axxf" () + f(0) ) + 3af(x) = (a = Dxf'(x) A
484’ B (f(X))(af @) +Xf'(®))’

an3 -1

@p3

Loy, = ) (F @ + 3G @ + 31 (@) +203a"-3a + DT (f @)’
—3a(2a - Dxf)f' OGS () + f'(%)

(a-1)

= I y
P VB af )+ TR

I, = 4d(a+1)(f®) +@- 1% (fX)
+a2a + Dx (f®@)"* ((a —1’Xfr(x) + (@* +2a +5) f/(}))
+(a - DX @) (@)’ ((a = Daxfrr(X) + (-2a° + 3> - 6a - 3) f1(%))
+3 () (@) (aQa - 1)(a - D%f11(X) + (6a* = 17a° + Ta’ + 9a + 3) f1(3))
+3 (f®) 1 ((-6a* + 11a* + 9a® + 9a + 1) f1(X) - (a — D’a(4a + DXf /(%))

_ —(a-1x _
4> VB (f(D)’ (af () + Zf' (D)’

B

Iﬂn’

Ig,, = (a = DaxfX) f"O)(f ) —xf ())2afx) + xf' (%) + f(X))
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(—4d® + 642 + 5a + DX (fX))* f@)+ad® + a + 1) (fX))’ )

AY ( —(a - DX (@) +Qd*=3a*+3a + 2)x* f(%) (f' (%))

By = (a=DFAEL® £ D ((=2a2+a+1) f' D+aXf” () ) +aQa+D)(FOPE " O+ @)+ (D))
02 = 8a2 VB(f () (af O+%f' (X)) ’

48a° B (f(®))’ (af(® + Xf' (X))’ A

ﬁ30 Iﬂzo,

Ig,, = =8(a = d*(a+ 1) (f@) +2(a - 1@ +a- DF (@)
+@®5f (@)° (3Qa>+a+ 1)(a=1) T '@ +Qa+1)(a~1)' 2 f" @+(2a*~19a*+50* +4Ta+9) f' (7))

2 =S = —3(8a2+4a+1)(a—1)3)'cf”()_c)—2a(3a+1)(a—1)3)'czf”’(%)
raxr (JOr s (x)( +(~12a°+16a*~39a° +45a> +71a+15) (%)

oo —da—- DR - 3aa? - 2a - 1)(a - 135 f"(%)
28 () (S (@) ( +(=16a° + 60a° — 55a* — 194° + 116 + 23a + 4) f'(%) )

A — IN24252 117 (% _ 2 _ 2= 1=
+Ha = DE (f(D) (f’()‘c))“( (a=12a’3f(X) +3(a = 1)(2a’ = 3a + 5)a’xf"(X) )

+(18a° — 49a* + 564> — a* — 36a — 12)f'(x)

ot —a [ 3a=1 @R (®)+3(a-1)22a-3)Ba+ D Ef (x)
PSS ( +(14a°=34a° +11a*~10a>+30a>+20a-+1) f'(¥)

~(a - 1P @) f () (3axf" (D)+(4a’ +4a>+19a+8) f (%))

B —(a—-Dx _
T 164’ Bf(®)1(af (F) + if' (%)

B Ip,,

Is, = -2(a-1)* (+a-1) £ (D +a- 1)’ f®O f (D (3axf” (D)+(4a’+2a’+13a+6)f'(¥))
(a-1)*@* 2" (%) -a(a—1)(6a>-9a>+10a+1)x (%)
+(—14a°+39a*-33a> 94’ +19a+6) f' (%)
(a-1)*a*Qa-DB " (X)+(a-1)a(18a*-25a>~4a+3)X f" (X)
+(184°—43a*+3a3+25a*+19a+2) (%)
+a (f(®) ((a-1)(6a>+a+DEf" (%) + (a1’ Qa+ DL () + (2a° — 3d® + 4a + 5) f'(®)

et e [ (@ DPada+ DR 7 (R)+a=1)Ba+1)(6a>~Ta- RS (%)
—ax (f(x)" f (X)( +(10a* = 7a® = 3a*> = 17a - 1) (%) )

+ B R (X (

+ BRI () (

) (1 — a)%A ,
T 168 BF (R af (D) + 1 (R)

ﬁ12

Iy, = =2(@’ = 2a+ D (£ (®)’ + (a - DX f® (f )’ (@a* +Ta+4) f (D)+3azf" (%))
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+ax (f(%))’ f(%) (2(a—1)a25c2 7 (®+(12a°-14a*~Ta+ DX f" (F)+(2a-3)(4a*+3a+1) f’(x))

+a () ((—2a*+a+DF " (B)+(~6a>+a+ D" (B)-2a*+a+1)f (D))

+ B (F())? (f (%) ((a—l)a%-c2 F(®)=(6a*-9a° +5a° +2a) i f (%) +(~10a* +17a* +a*~10a-2) f’()'c))
_ (@a=1PXEf (D) + f(®) (@ = DIf(D) = Ba+ D) !

Pos = 484°B (f(D))’ (af (%) + Xf'(D)° p

I, = +ax () (3 (3(-2a*+a+ DI f"(D)+(-6a>+a+3) f (¥)+as (%))
~2a+a-DF (f ()" +a*Qa+1) (F@) (R (@D+35f D)+ (7))
+2f(8) (f (D) ((da’-2a>+a+2) f (R)+3ax " (%))

Supplementary B

(a—1)

O T VB P @f (D + G

Ifzo’
Ley, = X (F(D) (@Xf" (DA + i(@’ +4a*~da — 3)E (f' (D) +f/(Z)((a + 1A + i(a — Daa + DEf" (%))

F(X)((=2a* + a+2)A —i(a — 1)*ax*f" (%))
—i(a — 1)(aBa - 1) = 3)E(f'(¥))* —(a — Daxf"(¥)A

+(f@) (ah +ix((@ - da = DF @) + (@ - Da'5f" (D))
+Ha - DPF (f/®) (A +ila - DIf (D)-iala + 1) (f)*,

+Bf(X)f (%) (

_ (a-1)
4a VB (%) (af () + £f/(D)A

&n

'1,511’

Ie, = (f(®) (-A +ix((@ = DQa + DIf"(®) + Qa* + a+ Df (D))
+2 (f (D) (A~ i(a = DX (D) +ila + 1 (fD)
+2 (D) (f" (DA +if (¥) (a = DEf" (%) + (3 = 2a)a + Df (%)),

@-1)
= / 02°
8a VB (f (D) (af (}) + Zfr®VA

o2

—@xXfr1(DA + f1(%) ((-24* + 4a + DA + i(a - D2 fr1(3))) )

— 32 )2 X
Iy, = X (fX))f ’(x)( +i(3a* — 6a + S5)ax (f1(x))*
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+3 f (%) fr(x) ((az +a+ l)A - i(a3 +a’ - 2) )'cf/()_c))

+xf (x) [

fr® (@ —a-DA+i(-2a> +a® + 1) 2 fr1(3)) )
—ia(a® — 6a — DX (fr(%))* + (@> — a — DIAf11(F)

+i(a — DE* (Fr(@)* ((a = DIfr(R) + iA) + ia(a + 1) f (X)°
+(f @) (-ah — i ((a = (@ + 3a + Dfr(%) + (@ - 3a® - 3a - 1) f1(¥)))

I, = )'czf(f)f’(i)[

+X (f(%))’ (

i(a — 1)(5a% = HE(F'(®)* + (a - DBa — X" (®A
+1/(%) ((a(3a—2)-2)A+i(a—1)’(Ba-2)2 (%))

F®(=a+a - 2)A — i(a - D2a® £ (%) - 2i(@® — 1)(3a - 2)F " (F))
—i(4d>—-aP—a — HF (F'(D)* —(a—1FA@E " (F) + Ba + 2)f"(F))

+(f@) (iGaP~a-2)F [ (D) +ia(@ - DF £ ()+i ((a-Da*+4) f ()+(a-2)A)
=2(a—17% (' (%)’ (A+i(a-1DEf (D) —i(a - 2)(a@ + 1) (FD)* .

@ AIMS Press

>

AIMS Mathematics

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Volume 9, Issue 6, 15584—-15609.


https://creativecommons.org/licenses/by/4.0

	Introduction and preliminaries
	The behavior of the extinction equilibrium point and the boundary equilibrium points
	Local behavior of the interior equilibrium point
	Stability of the elliptic interior equilibrium point via KAM theory
	Special case with numerical simulations
	Conclusions

