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Abbreviations

The following abbreviations are used in this manuscript:
FD Fractional differential
FDEs Fractional differential equations
SFD  Sequential Fractional differential
l.s.c  lower semi continuous
c.c completely continuous
u.s.c  upper semi continuous
HU Hyers-Ulam

1. Introduction

In recent times, fractional differential (FD) equations have garnered substantial attention as a
pivotal area of research. Numerous applications of fractional-order derivatives can be found in various
scientific and engineering fields, where they are used to mathematically model physical and biological
phenomena. A wealth of literature exists, containing a wide range of results on initial and boundary
value problems related to FD equations and inclusions. For recent findings, see [1-4] and the
accompanying references can be consulted. Specifically, differential inclusions have proven to be
highly advantageous in the investigation of dynamic systems and stochastic processes. Instances
encompass processes like sweeping phenomena, nonlinear dynamics pertaining to wheeled vehicles,
granular systems, and control quandaries, among others. Comprehensive insight into pertinent topics
within stochastic processes, control theory, differential games, optimization, and their practical
implementation across domains such as finance, manufacturing, queuing networks, and climate
control can be found in the reference [2]. For a more detailed exploration of the utilization of
fractional differential inclusions in synchronization processes, reference [5] offers further
information. Notably, efforts in the literature concerning boundary value problems involving FD
equations and inclusions have undergone substantial expansion, encompassing a diverse array of
outcomes. On the other hand, researchers have also made multiple attempts to establish sufficient
conditions for the existence and uniqueness of solutions concerning different classes (inclusions) of
initial and boundary value problems incorporating the Caputo fractional derivative.

Integral boundary conditions give rise to a fascinating and significant class of problems,
encompassing two, three, multipoint, and nonlocal boundary value problems as distinct
instances [6-8]. These boundary conditions find application in diverse fields, including population
dynamics [9] and cellular systems. In the initial phase of the study, the authors employed the
Bohnenblust-Karlin fixed point theorem to establish the existence of solutions pertaining to a specific
category of FD inclusions characterized by separated boundary conditions. Subsequently, the
endeavors extended to establishing the existence outcomes for a boundary value problem associated
with FD inclusions, wherein fractional separated boundary conditions were considered. Notably,
anti-periodic boundary conditions have garnered considerable attention and found utility in various
domains, such as blood flow problems, chemical engineering, underground water flow, and population
dynamics. Ahamad and Otero-Espinar [10] delved into fractional inclusions with anti-periodic
boundary conditions, establishing certain sufficient conditions for the existence of solutions using the
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Bohnenblust-Karlin fixed-point theorem. In addition to the aforementioned investigations, the study
encompassed an examination of existence outcomes concerning FD inclusions of higher order,
considering nonlocal boundary conditions. Moreover, the research included the reporting of existence
results for FD equations of higher order, involving multi-strip Riemann-Liouville fractional integral
boundary conditions.

The exploration of coupled systems of fractional differential equations (FDEs) holds immense
prominence within the realm of mathematics and across various applied disciplines. These systems
manifest across a diverse array of real-world predicaments, imbuing them with relevance and value in
unraveling intricate phenomena. For a more profound comprehension of the significance and
applications inherent to coupled systems of FDEs, one can turn to the citations [11-15]. These
references furnish intricate details and exemplars that spotlight the extensive spectrum of
predicaments where such systems retain relevance and practicality. Scientists spanning an array of
fields, including physics, engineering, biology, and economics, have duly acknowledged the merits of
delving into the study and resolution of these coupled systems to glean insights into multifaceted
dynamic processes and occurrences. Inspired by these advancements, considerable headway has been
achieved in delving into the existence, uniqueness, and stability of solutions for the coupled system of
FD equations featuring distinct boundary conditions.

Furthermore, coupled systems of FDEs manifest in diverse applied problems. For instance, HIV, a
retrovirus, specifically targets CD4" lymphocytes, the predominant white blood cells of the immune
system. Perelson [16] formulated a basic model for primary HIV infection, categorizing cells into
four groups: uninfected CD4* T cells, productively infected CD4* T cells, latently infected CD4* T
cells and the viral population. Subsequently, Perelson et al. [17] introduced a fractional-order model
to describe the infection dynamics of CD4" T-cells. The coupled system is described by the following
set of fractional ordinary differential equations of order a, @, a3 > O:

D(T) = s — KVT — dT + b,
D(I) = KVT — (b + O)l,
D%(I) = NSI - ¢V,

In recent times, there has been a growing emphasis on exploring the existence and uniqueness of
sequential FD (SFD) equations and inclusions. This heightened attention stems from the recognition
that such investigations hold significant potential in advancing our understanding of complex
mathematical and applied phenomena. As a result, researchers have directed their efforts toward
unraveling the intricate characteristics and properties of these sequential equations and inclusions,
aiming to uncover novel insights and establish fundamental principles that contribute to the broader
landscape of mathematical analysis and its applications [18]. A notable correlation exists between the
SFDs as discussed in [19] and the nonsequential Riemann-Liouville derivatives documented in [11].
For recent advancements in the realm of SFD equations, readers are directed to peruse the works
presented in references [2,20-25]. Investigations undertaken in [26,27] have delved into the analysis
of SFD equations, encompassing various boundary conditions. Notably, an attempt has engaged in a
discussion concerning the existence of solutions pertaining to higher-order SFD inclusions,
incorporating nonlocal three-point boundary conditions. Furthermore, the examination of SFD
inclusions supplemented by nonlocal Riemann-Liouville-type fractional integral boundary conditions
has been documented in reference [28].
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We now move to a discussion of numerous studies that have previously addressed the exploration
of solution existences in scalar and coupled FD inclusions. These studies, characterized by diverse
boundary conditions, have served as a significant source of motivation for undertaking the present
research endeavor. For instance, in [29], the authors have considered the FD inclusions to explore
existence of solutions with boundary conditions:

CZ)QI(Dl(SD) €0i(p,Di(p), €T :=1[0,1],a1 € (1,2),
®,(0) =a, ©(1) =4,a,8#0,

where €D @, (¢) represents the Caputo derivative and the function ®, : J x R — R is continuous.
Subsequently, an attempt was made to investigate the existence of solutions for SFD inclusions [2]

CD" + XD HDi(p) € B1(p, Di(9)), TE[0,1], 2<a <3,
under the boundary conditions

, T -9
®,(0) = 0, @(0)=0,D,() = af M= g(s)ds, 0<p<i<l.
o T'(ay)

where y1, a, and a are positive real numbers, and the notation €D signifies the Caputo fractional

derivative of order a;. The constants 0 < n < { < 1 define the interval limits, while ®; : [0, 1] X R —

P(R) represents a multivalued mapping. The set P(R) encompasses all nonempty subsets of R.
Ahmad et al. [13] examined the existence of solutions in the coupled Caputo-type FD inclusions

CO™MD1(p) € O1(e, P1(9), Q (@), ¢ € T := 0,71,
CD™)Q(p) € Ox(p, Di(9), Q(9)),p € T = (0,71,
with involving the coupled boundary conditions:

®,(0) = viQ(T), @/'(0) =nQ(T),

©,(0) = 11 Q(7), @1'(0) = wQ|(T),
where the notations ¢ and D represent the Caputo fractional derivatives of orders a; and a,,
respectively. The functions ®;,®, : J x R? — R are multivalued mappings . ®; and ; are unknown
functions over an arbitrary interval (1, {) within the given domain [0, 7 ]. The set £(R) encompasses
all nonempty subsets of R. Moreover, the constants vy, v,, u;, and u, are real values. Furthermore,

in reference [11], the authors have addressed a set of boundary value problems concerning a coupled
system utilizing Liouville-Caputo type fractional differential equations,

CD")D(p) = O1(p, D1 (), A (), ¢ € T :=[0,T71,
D) (¢) = Oa(p, D1(9), (), ¢ € T :=[0,T],

with the coupled boundary conditions:
(@1 +Q)(0) = =(Dy +Q)(T),

4
f(d%—Ql)(f)df:ﬂ 0<n<(<T,
n
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where €D refers to the Caputo fractional derivative operator of order a;, with i = 1,2 . The parameters
a,ay € (1,2,0<n< ¢ <7,and ©,0; : [0,7] X R XR — P(R) represent continuous functions
and P(R) is the class of all nonempty subsets of R.

Recently, Subramanian et al. [14] investigated the coupled differential equations and inclusions
involving Caputo-type sequential derivatives

CD" + 1D D1 () € O, ©1(9), Q1(@), ¢ € T :=[0,71,
CD™ + ,¢ D> QD () € Ox(p, 1(9), Qi (9),p € T := 10,71,
(D) +Q21)(0) = (P, +Q))(T),

e
f (@) - Q)E)dE = A
n

where D" and €D are the Caputo derivative operator. aj,a, € (0,1], ©,0, : [0,7] x R* —
R,0,0, : [0,7]xR? — P(R) are continuous functions, and P(R) is the class of all nonempty subsets
of R.

Motivated by the abovementioned studies, in this work, we intend to consider a novel category of
boundary value problems to unearth the existence of Caputo-type coupled SFD inclusions

DY + 1D HD(p) € O1(p, P1(9), Q1(9), p € T :=1[0,771, (L)
CD™ + 2, D2 HQ () € Oap, Di(9), Qi (9)), 0 € T :=[0,T1, ‘
(D) + 2))(0) = =(D; + Q)(T),
(1.2)

é’ m n
f (©) - Q)OdE— Y 0 @1 = Q)(U) = Y 3,y — Q)W) = A.
n i=0 j=0

where, €D and €D* are the Caputo fractional derivatives of orders a; € (1,2] and a; € (1,2],
respectively. Further, for distinct indices i = 1,--- ,mand j = 1,--- ,n, the inequalities 0 < Ui < n <
{ < Wj < 7 hold, where 7 defines a specific time scale. The functions ®; and ®, are continuous
mappings on [0, 7 ]XR xR, and their values lie within the real number space R. Within the formulation,
the initial condition outlined in (1.2) is characterized by an anti-periodic property. Additionally, the
second condition delineates the influence of the disparity between the unknown functions ®@; and €,
over an arbitrary interval (1, {) within the given domain [0, 7], deviating from the cumulative effect
of such influences attributed to arbitrary positions at U;,i = 1,--- ,mand W, j = 1,2,--- ,n, where
a positive constant is involved. Further, within the framework, A is to be understood as nonnegative
values.

The primary objective of this study is to establish criteria for solutions to the problems (1.1)
and (1.2), specifically addressing both convex and non-convex valued multivalued maps denoted
by ®, and ®,. This will be achieved by employing standard fixed point theorems. The subsequent
sections delineate the organization of this paper. Section 2 provides essential foundational concepts
along with an auxiliary lemma that are indispensable for resolving the presented problem. The main
results are developed in Section 3, wherein we leverage fixed point theorems, notably the
Covitz-Nadler theorem and the nonlinear alternative to the Kakutani fixed point theorem, to establish
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our main findings. In Section 4, a specific illustrative example is presented, which aligns with the
studied systems and serves to demonstrate the application of the fundamental theorems. We conclude
our outcomes in Section 5.

2. Preliminary work

In this section, various definitions of multivalued maps and essential lemmas are explored, which
are imperative for substantiating the main results [19,30-32].

For a normed space (%, |I.|l), let #. (%) = {Y is closed }, #.,(%) = {Y is compact }, and
Wep () =1{Y is compact and convex }.

A multivalued map denoted by y : % — # (%) adheres to the following properties:

(a) It is categorized as convex valued if y(w) is convex for every w € % .

(b) It is considered upper semicontinuous on % if, for each wy € %, the set y(wy) is a nonempty
closed subset of %/ and if, for every open set 7~ within %/ that encompasses y(wy), there exists an
open neighborhood 7 of wy such that y(7¢) Cc 7.

(c) Itis termed lower semicontinuous (l.s.c.) if the set m € % : y(m) N A # @ remains open for any
open set ‘A within ©.

(d) It is classified as completely continuous (c.c) if y(A) is relatively compact (r.c) for every A €
W b(U ), where W b(% ) signifies the ensemble of bounded multivalued maps M € # (%).

Define %7 = C(J,R) x C(J,R) as the Banach space endowed with norm [|((®1, Q1))|| = sup, ||
+sup,. ¢ [Q, for (0, Q) € % .

A multivalued map x : [c,d] — #.(R) is categorized as measurable if, for every m € R, the
function ¢ — d(m, x(¢)) = inf |m — k| : k € y(¢) is measurable.

In the case of a multivalued map y : [c,d] X R = #'(R), it is designated as Caratheodory under the
following conditions:

(1) The function ¢ — x(¢, s, m) is measurable for each s, m € R.
(i) The mapping (s, m) — x (¢, s, m) is upper semicontinuous (u.s.c) for almost all ¢ € [c, d].

Furthermore, a Caratheodory function y earns the title of £'-Caratheodory when it satisfies the
subsequent criteria:

(i) For every € > 0, there exists a nonnegative . € L!([c,d],R*) such that
(o, s,m)| = sup|s|: s € x(p,s,m) <) for all s,m € R with |s|,|m| < €, and this holds for
almost every ¢ € [c, d].

Next, we proceed to revisit fundamental definitions in the realm of fractional calculus.

Definition 2.1. [/9] The fractional integral of a function ®@; with a lower limit of zero, and of order
@, is formally expressed as:

F 0
I'@) Jo (-
This expression holds true under the condition that the right-hand side is pointwise defined over the
interval [0, c0). Here, I'(-) represents the gamma function, which can be mathematically denoted as

Ia) = fooo e ledp.

T®(p) = dé. (2.1)
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Definition 2.2. [/9] The Caputo derivative of fractional order a for an @, : [0, c0) — R can be written
as
n—-1 ¢
Coyr _ e _\N 2 oW _
Dy @1 (@) = Dy | P1() k'(l)1 O, &;>0,n—-1<r<n.
k=0 °
Throughout the rest of this article, we will employ the notation “O® instead of “Df, for the sake of
simplicity and convenience.

Lemma 2.1. [31] In the event that G : X — P.(Y) is u.s.c, then Gr(G) is established as a closed
subset within X X Y. This implies that for any given sequences {X,},en C X and {y,}nen C Y, if x,
converges to x, and y, converges to y, as n approaches infinity, and if y, € G(x,), then it holds that
V. € G(x.). Conversely, in the scenario where G is both completely continuous and exhibits a closed
graph, the function is demonstrated to be u.s.c.

Lemma 2.2. [8] Consider a separable Banach space X. Let G : [0,T] x R?> — Pepc(R) be an
L'- Carathedory multivalued map and let X be a linear operator from L'([0,T],R) to C([0, T],R).
Under these conditions, it can be established that the mapping forms a closed graph within the space

C(0,T,R) xC([0,T],R).

Lemma 2.3. (Nonlinear alternative for kakutani maps.p.no.14) [33] Let & be a closed convex subset
of of a Banach space H and ©, be an open subset of & with 0 € O,. In addition, @, : & = J..,(E) is
an u.s.c compact map. Then, either

* O, has fixed point in & or
* du €00, and u € (0, 1) such that u € u®,(u).

Definition 2.3. /2] A multivalued y : % — # (%/) mapping is called

(i) o-Lipschitz if 36 > 0 > I1;(x(c), x(d)) < dd(c,d) for each ¢,d € % ; and
(i1) a contraction if it is d-Lipschitz with 6 < 1.

Lemma 2.4. [20] Let (H,d) be a complete metric space. If y : H — J,(H) is a contraction, then
adopt x to have at least one fixed point.

Lemma 2.5. Let g > 0 and (1) € AC"[0, o) or C'*. Then

n—1 (k)
TCDf) (1) = f(1) - Z ! kfo)#,r >0,n—1<gq<n. (2.2)
k=0 :

The following lemma deals with the linear variant of the problem.

Lemma 2.6. Let a),a; € (1.2],0;,9; > 0.and ¥,,¥Y, € C(J,R), then the solution of the following
system:

CED" + D" HDi(p) = Pi(9), €T :=1[0,T],

D" + .’ D HQ () = Palp), ¢ €T :=10,T],

(@1 +Q1)(0) = —(D1 +Q)(T), (2.3)

J m n
[[@i-an@de- e - o0 - Y 9,00 - 0wy = a
n i=0 =0
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is defined by

D(p) = 2

-
_ f e—Xz(‘T—f)(
0 o Ixm
1 ¢ f o r (/
—|Aa- x1(=_7) (f
+A2( I,(oe 0 F(a'l_l)
+f((fe—)(2(f—/) (f
n 0 0
. i X1 (U;=§)
§@f€ (0 I'(a;

—+

1=l

1=l

_i@j%e
- 0

( F (€ - /)“‘
0

e[ 1
Q(p) = [

=
m

=

n W,
_ Z ﬂj f e—Xz(Wj—f) (
7=0 0 0
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—Xx1 T
e [i (_f e—mfr—g)(
A 0 o I'la

-x2(U;=¢) (
0

U,

0

U;
Qif e
i=0 0
n W;
[ e

,
B (
A1 ( »f()‘ 0

p
_f e—Xz('T—tf)(
0
1 ' f L /(/
—— |A- x1€-_7) (f
Az( f;(oe o I'lar—1)
[ %
n 0 0 F(Q'Z )
m U;
+ZOQ5£ e
U;
_ZQif e
i=0 0
n W;
+Z():qi£ e

a)—2
& - /) (/)d/)
CE- gy

AVM/Mﬂ%)

)(l] 2

)az -2

(/-
Iy —1)
- 7)m
— )
- )
Iay—1)

‘I’z(m)dm) d g )dg
Wy (_7)d /)dg

‘PQ(/)d/)df

-2
f%ﬁl—m/mﬂ%

(f j)@ -2
F(az

x1(W;=§) (
0

—x2(W;=§) (
0

‘Pz(/)d/)df]

1(/)d/)d§ 2.4)

I(ay -

/)al -2

I'(ay -

‘I’z(/)d/)df)

)a/] -2

1(/)61/)

CE- FH)m?
o Ilax-1)

1(m)dm) d/) dé

)a’z 2

‘I’z(m)dm)d 7 )df

-2
S g ae

S (- /)“22
o I'la

a)—2
%ﬁﬁ—%wwﬂﬁ

- )=
I'(ay —

—x1(U;=§) (
0
—x2(Ui=¢) (

Tz(/)d/)df

—x1(Wj=§) (
0

‘I’z(/)d/)d.f)
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(£ - j)“”
Ia;

2
+ f e—)(z(so—é’) (
0 0

A= +ex7)

AzzfA —ledé: Qe)(l('u) ﬂeXl(w)i()
(evsie- e 3

‘Pz(/)d/)

where

I,
T ay— 2

_f e—,\(z(‘r—f)( (5 f) ‘Pz(/)d/)df)
0 o I'xm

e ¢ ’ (/
I, =|A- —Xl(f—/)(f
’ g( fn (f: ‘ o T@-D
e 7 (f —m)®
Y2(é- 7)
+fn (f . (fo T, 1)
S Ui (- )
. X1 (Ui=£) =)
D), (]
m U,
_Z@ f e—xz(%—é")(
- 0 0
n Wi
qu" f e—mwj—a(
=0 0 0

)<1| -2

(€ - /)"‘ B
I'(a,

(£ - /)“22
Ia,

I(a; - 1)

(€ - /)“2 -
n W;
Zﬁf e—)(z(Wj—f)(
= " Jo 0

I'(a,
=

(2.5)

T @ — 2
(_fo e—m(fr—a( - /) ‘{f(j)d/)df

‘Pl(m)dm)d /) dé¢
‘I’z(m)dm)d /)dg

‘Pl(/)d/)d.f

(2.6)

‘Pz(/)d/)dg
1(/)d/) d§
‘Pz(/)d/)df]

Proof. Applying the operator J{ and 7% on both sides of FDEs in (2.3), respectively, and using

Lemma 2.5, we obtain

() = coe™'¢ + fo“’ e—)(1(<p—§)(
Q1(p) = dye ¥ + f“’ e—)(z(so—f)(

where ¢y, Dy € R. Usmg the boundary COIldlthIlS (D + Q)0 =

® (s— a)(l -2)
0 [I(a1—

W()d 7 )dé,
0(/J (sr_(tlz)z—zl) T2(/)df)d§
—(Dy + Q)(T),

2.7)

f (@ - Q) - ZQ,«m o«m—Zﬂ(ch 0)(W,) = A in () and () we obtain

¢+ =1,
CQ—DOZIQ.

Solving (2.8) and (2.9) together for ¢y and by, it is found that

_1 1 7 -Xx1(T=6) (f /)al 2
c‘)‘i{A_l(_fo < ( s Jae
T -2
_ f e‘Xz(T—f)( ((fF( /) ‘I’z(/ )d_ g )df)
0 0

AIMS Mathematics
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1 (A e (f —mn~
+E(ﬂ-ﬁ(f6x (fo Ak ‘Pl(m)dm)d/)df
U e (f —m)=?
2E-7)
+£ (f:e)( (‘f(; @D ‘I’z(m)dm)d/)d‘f

m U; a2
+Zgl~f e—xl(%—f)( (é;( ) ‘Pl(/)d/)df

i=0 0 0
m U; ar—2

_Zgij; e‘Xz((Ll,-—f)( : (scr( /) ‘Pz(/)d/)df
i=0
n Wi -2

+Yq, fo e_X'(Wi‘f)( (e € ) Vi F)d /)df
i=0

n W; ay—2

S fo oW, f>( 0 (é;( /) ‘Pz(/)d/)d§]}
0

and

Ly T T €~ /)a'
i i o AR VA e R
T ar—2
_f e—)(z('f—,f)( (6 j) ‘Pz(/)d/)déf)
0 o Il
Ul (5 [Feven( [7 Lo
_A_z(ﬂ_fn (f ¢ (fo Far— 1) “m)dm)d/ )df
¢ o (Fe f(/ m)®22
2E-7)
+fn (fex (fo =D ‘Pz(m)dm)d/)df

m U; ar—2
+Zgif e—m%—f)( —(ff( ) 1(/)61/)515

i=0 0 0
m U; ar—2

_ZQ"L e_)(z('ui_f)( i (é;_‘( /) IPZ(/)dj)df
i=0

C Vi ew, -7
+Z;qif0 eXl(W./ f)( , ]“'(/ \Pl(/)dj)dé:

i=

n W ar—2
_Zﬁjfo e—mw,-—a( 0 (é;(a/) ‘I’z(j)d/)df)}

j=0

By inserting the values of ¢y and dy from (2.7), we derive the solutions (2.4) and (2.5), respectively.

3. Main results
Assume that (@, Q) € C(J,R) X C(J,R) satisfying

é’ m n
f (@ = QEE = D 0i(®) = QU = D 9,(®) = Q)W) = A
n i=0

J=0
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and there exist functions

Hi, Hr € L1(T,R) 3H(p) € O1(p, D1(¢), Qi (p)
Hy(p) € Or(p, Di(¢), 21(¢)),

aeonyp € 9 and

_eid T e €=
D(p) = 3 [A_l (—j(; e ( o (- Wl(/)d/)
T ar—2
—f e_“(T_f)( (fr( /) Wz(/)d/)d‘f)
0 0

1 - &~ 7) (f -
+A_2(5q-fn (f: (fo Ak Wl(m)dm)d/)df
U e S F -
+fn U:em /)(fo —{(a 5 %(m)dm)d/)dg

m U; a;—2
+ZQif e‘*'((”"‘f)( (‘fr(/) ‘H(/)d/)df

i—0 0 0

m U; ar—2
_Zglf e‘)(z(ﬂi_f)( (f /) 7_{2(/)d/)d§
o I'(az—

i=0 0

S Ry i A € )C“2
+§O]q,-f0 ema(o F(/ Wl(/)d/)d§

i=

n W -2
_Zﬁjﬁ e—Xz(Wj—f)( i (é;(a//) Hz(j)d/)d-f)

J=0

;-2
+f0¢e_)“(9"_f)( ) - /) Wl(/)d/)df 3.1

I

and

el Y N A e S
Qi(p) = 5 [A_l (—f(; e ( o T(a) - 7’{1(/)01/)
T -2
_L e—)(z('r—f)( i (é: ( /) Hz(/)df)df)

1 ¢ —x1(E-_2) (/ )al -
_A_z(ﬂ—fn (j:ex (fo e ﬂl(m)dm)d/)df
e o (/ m)e2- -2
26 7)
+fn (fex (fo e Wz(m)dm)d/)df

m U; ;-2
e [ e ([FE s

I'(a, -

i=

m U,; ay—2
_Zgifo e—xz(ﬂ:-—@( O (é;( A Wz(f)d/)df
0

i=
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n W -2
+ ; qiﬁ e X1Wi=8) ( (ff( /) 7‘{1(/)61/)

0

n W; ay—2
—Zﬂj fO e—m(‘W.f—a( 0 (é; - / ) %(/ )d g )d§]
0

Jj=

ay—2
[ e-w-@( € %(/)d/)dgf (32)
0 o [I'(a

is referred to as a coupled solution for a system (1.2).
For the purpose of simplifying calculations, we introduce the following notation:

e_Xl‘p
V= 2 s
T = 1 Tm—l | T 1 é'fm—l _ n(xl—l iy o \s
1 =V (1+e—X17') XIF(CY1)( —e€ ) +A_2 W (§X1+€ c—xin-—e ) ( . )
(Llcn 1 m al 1
! athy ; -1 Wi ,
;Q [X IO ] Zo: ! (xlnal) e )]}
Y, =v 1 gax-1 (1 — e—Xz’T) + i M ({ + e—Xz( _ _ e—Xzﬂ) (3 4)
2 (1 + e_XZT) XQF(QZ) AZ X%F(alz) X2 xX2n .
7/{&2 1 m (W(_lz_l
i 1- XU + i d 1 - -2 Wi ,
IZ(;Q [er(az)( ¢ )] ; ! {le“(aq)( ¢ )]}
Let
YVo,@.0) ={H: € LT, R) : Hi(p) € O1(p, Di(¢), Qi()), foraeqpeJ),
and

Ve, = (Ha € L(T,R) : Hap) € Os(p, ®1(¢), Qi(9)), foraepe T}

describe the sets of @, ®, selections for each (@, Q) € % X % . By using Lemma 2.6, the following
operators A, Ay : U XU — W (U X U) by:

A D, Q)(p) ={g1 €Y X : AH € Vo,0,.0) Hz2 € Vo,,.0) 3 01(D1, Q1)) =Pi1(D1,Q1)p), Yoe T} (3.5)
and
Ao (@, Q) @) ={ € % XU : AH € Vo,0,.0) H2 € Vo,,.0) 2 02(P1,Q1)(p) = Pa(D1, Q1) (), Yo e T}, (3.6)

where

xie [ 1 T a2
Pl((Dl,Ql)(go):ez [A_l (_fo e—wr—a( 0 %%(j)d/ dé
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T ar—2
_ f e—)(z(‘f—f)( ¢ - / ) 7{2( Ad g )dg)
0 o I'(a;

1 ¢ S xiE= ) (j e 2
+A_2(ﬂ_.[7 (j:e X (fo @ - D Wl(m)dm)dj)df
U e [f S
x2(E=_7)
+j; (fe (f(; 1) ﬂz(m)dm)d/)df

m U; )—
+Zgif e—Xl((L(i—‘f)( ) (i( /) W](/)d/)df

i=0 0
m U, ar—2

_Zgij; e_/\,/z('ui—f)( 0 (é;( ) 'Hz(/)d/)dg
i=0

n (W] a)—2
e [ e (M LI i g ae
= Jo o I'a

n Wi _ -2
S, fo e—xz%—@( 0 %%(/)d/)d&)
j=0

p ~ - /)(}'] -2
+f e f>( ﬂl(/)d/)df (3.7)
0 o I'a -

and

¢ [ ] T - -2
(D1 Q) = = [AT (— fo e‘*l“f-f)( 0 %%(/)d/)df

T -2
- [Fereo( [ s ae)
0 o I

1 ‘ e[ [T I
_A_z(ﬂ—fn (fe)( ‘ (fo @ -1 ﬂl(m)dm)d/)dg
(e (f =y
26-7)
+f” (f:ex (fo e %(m)dm)d/)dg
2

U; a2
+ Qlﬁ e—Xl(ﬂi—f)( ) (g /) ﬂl(f)d/)dg

I(a,
m U; ay—2
Mo fo e—w,--_a( €S 2 /X —H( ) )df

i=0 0
n

Wi »(f—/)‘“
+Z(;qff0 oW, a( 0 F(a—_lﬂl(/)dj)df

i=

n W B ~ (g /)az -2
— E ﬂ Z(W/ £ (‘H ;‘:

Jj=

i=

ar-2
N fso e_)(z(w—f)( My{z( Fd /)df (3.8)
0 o I
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Following that, the operator A : % X % — W (% x %) is described by

A (D, Ql)(‘ﬁ))

A(D, Q) (p) = (Az(cpl, Q)(p)

where A and A, are defined in (3.5) and (3.6), respectively.
4. Existence results via the Carathéodory function

Now, we establish the existence of solutions for the BVPs (1.1) and (1.2) by utilizing the nonlinear
alternative of Leray-Schauder. Subsequently, we introduce the assumptions that form the basis for
illustrating the main findings of this study.

(@) 01,0, : T xR? - # (R) are convex and £L'-Carathéodory functions.
(&) There exist continuous increasing functions yy, y», k1, k, : [0, 00) — [0, c0) and functions [y, [, €
C(TJ,R"), such that

181 (¢, @1, Q)lly = supl|Hi| = Hy € Or(p, D1, Q1)) < Li(@yi(I1P1l]) + ki (IQID] for each (¢, @1, Q) € T X R?,
18(¢, @1, Q))lly = supl|Hal : Hy € O, D1, Q1)) < L(@)y2(I@1I]) + ka(IQuID] for each (¢, @1, Q) € T X R,

(@Q3) There exists a constant Z > 0 such that

Z
CDILI1(D) + k(D) + LI + k()

where Y, T, are defined by (3.3) and (3.4).

Q) 0,0, : T xR? - #.,(R) are such that @;(-, @, Q) : I — V/Cp(RZ) and O,(-,®,Q;) : I —
%‘p(Rz) are measurable for each @, Q2; € R.

(@s)

1,

(@ (¢, 1, Q)), 01(p, D1, Q) < 51(0)( D) — Dy +1Q, - )
and
4(05(p, D1, Q)), 0x(p, D1, Q) < 52(0)(|D) — D[ +1Q; — T])

V ("2 € j and q)la Qb (I’)\l’ gil € R Wlth S, 8 € C(j9 R+) and d(O’ ®1(907 O’ 0)) < Sl(SD), d(oa ®2(¢’ Oa O)) <
() Veed.

Theorem 4.1. Under the assumptions (Q;)—(Qs), it can be asserted that the systems (1.1) and (1.2)
possesses at least one solution within the interval J .

Proof. Consider A\, Ay : U X U — W (U X %) the operators which are given by (3.5) and (3.6),
respectively.  Using the assumption (Q;), the sets Vg,@,0,) and Ve, 0, are nonempty for
each (®,,Q)) € % x % . Then, for H, € Vo, 0,0, and H, € Vo, @, ., for (P;,Q)) € % X U, we
have

-xie [ 1 T : _ @ -2
81(@, Q) (¢) 262 |:A_1 (—L €_X'(T_§)( ; %7’(1(/)61/ dé
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and

(P,

AIMS Mathematics

T ay—2
- e-“”-f)( € %(/)d/)dg)
0 o '

1 ‘ -x1E-_97) (/ - B
+A—2(ﬂ—fn (f” | (fo — ﬂl(m)dm)d/)df
s L (/ my@2- -2
2E-7)
+ fn ( f; X ( fo e wz(m)dm)d/)dg

m U; a)—
+29if e—m(%—f)( 0 (‘fF( #) Wl(/)d/)df

i=0 0
m U, ar—2

_ZQiL e—/\fz(ﬂi—f)( i (é‘r( /) ﬂz(/)d/)df
i=0

n Wj a1—2
+quf e—)(l((wj—f)( (é;_‘ /) Wl(/)d/)dg
2V J, 0 T

n W; B (é: j)az -2
. 2AW;=§)
Z;ﬂ]f < ( o Ila— 71(z(j)dj)dg]}

J=
s é—‘)( &- "

+
A

Wl(/)d/)df 4.1)

_eid " o[ (€=
Q) = ) [A_l(_j; e i ( . mﬂl(/)d/)df

T ar—2
_ f e—w—f)( O (‘fr = /) %(/)d/)dé)

1 ‘ x16-.7) 7 (/ m*” -
_A_(ﬂ—fn (fex (fo e Wl(m)dm)d/)df
e S (F —m)2?
2E-7)
+fn (f:e X (fo e Wz(m)dm)d/)df
m U; a)—
Zglf —Xl("Lli—f)( ('f /) W](/)d/)df
0 0 o I

U; -2
Qlﬁ e—/\,’z(ﬂi—f)( ) (é: j) WQ(/)d/)df

Iy

+

1=

i=

W a1—2
+Zfo oW §>( (é; ) 7{1(/)d/)d§
29, ) T

i=

Y N Wi - )
_Zﬁjfo oW, ( e ﬂz(/)d/)df
=0

-2
- ¢e-xz<¢-f>( L A %(/)d/)df 42)
: ) T
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where g; € A(D1,Q)), g2 € Ax(Dy,€2)), and 50 (81, §2) € A(Dy, Q).

We will establish that the operator A meets the criteria of the Leray-Schauder nonlinear alternative
through a series of steps. Initially, we will demonstrate that A(®;,€;) exhibits a convex valued
property. Let (g;,6;) € (A1,Az), i = 1,2. Then, 3 H;; € Vo, 0,0, Hai € Ve,.0. 1 = 1,2, 3 for
each ¢ € 7, and we achieve

0:() :e‘;mo [Ail (_ fo‘f e_)(l(fr—.f)( 0' %ﬂl(/)d/)df
_f(:re—/\(z(‘r—f)( O (5;( il Zﬂz(/)d/)df)
+Ai2(ﬂ— fn 4( f; e—m@—f)( fo 7 ({(m )Q;Zwl(m)dm)d/)df
([ s

- G (& )i
+Z(;Qij; e (Ui f)( i F(j Wl(f)d/)df

=l

m Ui ar—2
_ZQiﬁ e—Xz(‘ui—f)( i (é;'( /) ﬂz(/)dj)dg

i=0

n Wj -2
£ f e—wwj—a( €S #) %(/)d/)df
~ " Jo o I

n W; ay—2
Yy [ e ‘f)( 0 L %(/)d/)df]
0

J=

-2
+f‘0 o a( 0 - /) ﬂl(/)d/)dg (4.3)

and

cy e "o €=M
di(p) = > [A_l (—L e ( y T -1 (Hl(f)d/)
T -2
_ f e—xz("f—f)( &- o j ) 7{2( Ay g )df)
0 0

1 ¢ S €= ) 4 (/ e
—A—z(ﬂ—ﬁ (fe* (‘fov F(al ) (H](m)dm)d/)df
e L (f m)2- 2
2E=7)
+‘[7 (j;e X (j(; @1 Wz(m)dm)d/)df

m U, ;-2
+Z(;Qif; e—/\,’l(‘ui—‘f)( ) (é;_‘( j) Wl(/)d/)df

i=

m U; a@r—2
_Zgl\f(; e_XZ((MI_f)( i (i( /) WZ(/)d/)dg
i=0

AIMS Mathematics Volume 9, Issue 6, 15505-15542.
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n W =
+;qif0 e_X]((Wf“f)( L %(j)d/)df

0
n Wi ar—2
_Zﬂjf(; e—Xz(Wj—f)( i (i(a/) ﬂZ(/)dj)d‘fH
=0

ar—2
+ fo we—w—f)( ) e j ) 7—{2( d /)df (4.4)

Iy

Let 0 < v < 1. Then, for each ¢ € J, we arrive at

[var + (1 =v)a|9)

el T (T =&) (€ - /)m_z
2 A_l(_fo o ( o a1 [Vﬂ“(/)“l‘V)Wn(/ﬂcl/)dé
T _ ar—2
_f e—m(’r—f)( %[ﬂ{zl(/)ﬂl —V)7‘{21(/)]d/)d§)
0 0 F(a’z - 1)

1 4 ¢ (/ )(21 -2
+A_2(ﬂ_fn (fe—XI<f—f> (fo ey HIm + @ —V)Wll(m)]dm)d/)df
4 ar—2
(f e 2= (f (f —m) < [vH,;(m) + (1 — V)7'{21(m)]dm) d/)df
0 0

Ty - 1)
DY

f(u —x.(fu—a( fE-
0
U; _ a2
e[ e-m’f-f>( oIty 1 - v)%l(/)]d/)df
i=0

—+

sh

VHL () + (1 - V)Wn(/)]d/)df

3

o Ilai-1)
o I'(ap—-1)
W,

4 _ _ (é_“_ )a1—2
+;qi ; eI W f)( : %[vﬂn(/)ﬂl—v)%l(/)](/)d/)dg

Y W e [ [
_Zﬁjfo e W ( e [v7{21(/)+(1—v)?ﬁl(/)]d/)d.f
=0

LA (- F)yn?
+ f e SC)( — X [vHL( )+ (1 - V)W21(/)](/)d/)df, 4.5)
0 o I'(a;—-1)

and
[vdi + (1 = V2|

e [ d - =z 2

T ¢ _ =2 R n

! U e s f -mn? .
_A—z(ﬂ—ﬁ (\jje)((f /)(L F(al—]) [V7-{11(m)+(1—v)?—(lz(m)]dm)d/)df
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‘ —x2(6-.7) (/ m* ’ g g
+f ( 5 e X2, (f(; I"(a,z ~ 1) [v?—(zl(m) + (1 — V)?'{zz(m)]dm) d/) df
n

+i9'f% e‘xl(w—f)( w[‘ﬂ:{ (S)+ A -nH (/)]d/)d§
. i 0 0 F(al - 1) ! ;

i=

m U, o Uit) (g_/)az—z R A
_ZQ,'\[O e X2Hi ( ; W[VﬂZI(/)-l_(l —V)q{gz(j)]dj)dg

i=0

_,_Zn:q,ije—Xl(Wj—f) w[m (/)+(1—v)7:( (/)](/)d/ dé
_ ‘), . T -1 11 12

i=

n W W8 _(f_/)(zz—Z R .
_Zﬂjfo AW ( 0 m[V%l(/)+(1—v)%z(/)](/)d/)dg
Jj=0

é _ -2 R R
+ fw 6“(“"9( %[Vﬂm(/) +(1 - V)sz(/)](/)d/) dé¢. (4.6)
0 o Tla-1)

By virtue of the convex values associated with ®; and ©,, it follows that both Vg0, o,) and Ve,@, o))
inherently possess convex values as well. Clearly, for v € [0, 1], we have vg; + (1 — v)g, € A4,
vdr + (1 — v)d> € A,, and, thus, v(g;,d;) + (1 — v)(92,62) € A. For a nonnegative number 1, let
B, = {(D1,Q) € U XU : ||®1,Q| <1} be abounded setin % X % . Then A H, € Vo,
7'{2 € (V@2((D1,Q1) such that

e e[ 1 T -2
a1(Py, 1)(90)— [A_l (_fo e_)“((r_f)( S (é;(a//) 7{1(/)01/)

T ay—2
_ f e—m("r—f)( € - / ) 7{2( Fyd g )dg)
0 o I'(a

1 ¢ —x1(-_%) (/ - N
+A—2(ﬂ—fn (f;ex (fo o Wl(m)dm)d/)df
s L (/ m)@2- -2
2E-7)
+fn (f;e ¥ (fo e %(m)dm)d/)dg

m U,; ~ . (ég )01 -2
+2Qif e (U ‘9( T, / Wl(/)d/)df

i=0 0
m U, ar—2

-0 fo e—m-a( 0 @F — /) %(/)d/)df
i=0

n Wi a)—2
N f e—mwf—a( S #) %(/)d/)df
TN 0 T

i=

n W, ar—2
-, fo e—xz<w.f—s>( 0 (fr (j " i g )dé-’]}
=0

+ e_X1(<F—§)( (. /)al 2

~ Wl(/)d/)dg-‘ 4.7
0 ( ) —

0
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and

x1¢ [ 1 T - -2
(D1, Q)(p) = ‘ 5 [A_l (—j(; e_Xl(T_g)( ) %Wl(/)d/)df

T ar—2
_f e—)cz('f—f)( (é: /) Wz(/)d/)df)
0 o 'l

1 ‘ e n( I mmn
_A_z(ﬂ_fn (f e (fo (@ - 1) %(m)dm)d/ )dg
A O
x2(6=_7)
+I} (f:e (fo @1 Wz(m)dm)d/)df

U; a)-2
Qi\f(; e‘Xl(%—f)( 0 —(‘fr( ) Wl(/)df)df

m U; ar—2
_ ZQ,’f e_XZ(’Ui—,f)( (é;_‘( j) (Hz(/)d/)df

0

- Wi CE- )
+Z(;q,-f0 e X1V ‘f)( e / Wl(j)d/)df

i=

n W ar—2
-9 fo W) f>( 0 (i(af " g0 g g )df]
j=0

ar—2
e [Temea( [ na e “8)

Then, we obtain

e X% [ 1 T é _ -2
|91 (@1, Q1) ()] <2 [A1 (—fo 6_)“(7_5)( ) Mllhll(%@) + kl(f))d/)dé:

F(ozl—l)

N )
_ 2T=8) = L7
fo e (0 T ||z2||<y2<r>+kz<r>)d/)d€)

1 U e n( TSI
+A_z(ﬂ_fn (f: < ( fo Wnllnmm+k1<r)>dm)d/)df
e 7 (/ )az -2
+f (ﬁ e2E=S) (f ——————ILll(y2(v) +k2(f))dm)d/)d§
n \Jo o Tlaa-1)

m U; _ ;-2
+Y o fo e‘*“‘”"“f)( 0 Mnhnma)+k1<r>)d/)df

- I'a;—-1)
_ggi fo B e—xm—@( A %nzzumm + kz(r))d/)df
. Z; o [ " e—wwf—@( 0 %nhnm(o +l()d 7 )df
_gﬁj [ evvro( [ L o) + ka0 7 )df)
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) _ a2
¥ fo e-X'w-@( 0 %ullnm(r)+lq(r>)d/)df

<TillLlIr1 () + ki (0) + TallLll(r2(v) + ko (1)

and

182(@1, Q@) < TillL[ICy1 (1) + k1 (1) + L[| (y2(1) + ka(Y)).

Thus we get

llg1, g2l = llg1 (D1, QI + llgi (D1, Q)|
<2712l Cya (x) + ki (x) + 275 ||L||(y2(x) + ko (2)).

Subsequently, we proceed to establish the equicontinuity of the operator A. Let ¢;,¢, € J with
¢1 < ¢,. Then, 1 H, € (V®1(‘1>1,91)’ H, € (V@2(q>l,gl) such that

_XW[ ( —)n(T—:f)( —(6 j)m zﬂl(/)d/)
o I'a

) E— gy
_ 2T =€)
fo " ( o Tar—1) %(/)d/)df)

1 ¢ —x1é=_7) 7 (/ )al -
+A—2(ﬂ—j;(j:e)f» (f Ak Wl(m)dm)d/)df
U e TSI
x2(é=_7)
+‘fn (f:e (\fo @1 ﬂz(m)dm)d/)df
2

81(Py, Q))(p) =

U; a1—2
+ Qlf —Xl((u f)( (é;_' /) W](/)df)df
0 0 (

;1 U; ~ (é:_/)az -2
_ 2(U=§)
;:0 Qlj; e ( . T - D) ﬂz(/)d/)df

W ;-2
—m(%—f)( / ) 7{1(/ )d g )df
o e

+ q;
i=0

n B B (f /)az -2
2AW;=6)
E ﬁ]f X ( ) @ ‘Hz(j)d/)df]}

Jj=0
;-2
+fe—X1(¢—§)( (€ - j) W(/)d/)df
0 o Il

and

xie [ ] T a1 -2
B(Py, Q))(p) = ‘ 3 [A_l (—ﬁ 6_)“(7_5)( \ (é;( /) (H (f)d/)

T -2
- f e‘“(T‘f)( —(f ) Hy( F)d 7 )df)
0 o [I'lx
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1 ‘ X1E 1) (f —m
_A_z(ﬂ_fn (fex (fo e wl(m)dm)d/)dg

e ~ ) 4 (/ m)*2- 2
2= 7)
+f (f ' (fo F(az D %(m)dm)d/ )df

f " a( 0 (/)a' Zwl(fm/)df
sz o a( 0 (S(/)‘” 2%(%)01%)61f
N > f —XI(W_i—f)( O (i{ﬂ(ﬂ]( F)d /)dg
jzn(; f —/\,/Z(Wj—f)( O (i(a{ " 27{2( Ayd g )df]

ar—2
+f¢e—xz(¢—§)( (- j) W(/)d/)df
0 o lm

a1 (D1, Q1)(@2) — 81(D1, Qi) (1)

2 A I'(a;-1)

7 _ _ : (g - /)02_2
_ AT =€) A —

1 e ¢ ;-2
+A—2(ﬂ—ﬁ ([e_)“(f_/)(ﬁ ({( o )) ||11||(71(r)+k1(f))dm)df)d§

4 - -2
+f (f( e2E=S) (f - ||lz||()/z(r)+kz(r))dm)d/) dé
n 0 0 F( )

m

U; _ =2
+> 0 fo e-Wf-f)( 0 %uhnm(o+k1(r>>d/)d§

2 Fa,— 1)
m U; ~ _ (é‘-‘— /)02_2
_ ) 2(Ui=§) » g7
Do fo e ( R ||12||(72(f)+k2(f))d/)d§
n W, W (f_/)ahZ
+ ; ql‘[ov e x1(W; ‘f)( ; m”ll“(’yl(r) + kl(r))d/)df
n W; ay—2
Yo -Xz(w._a( ST ||zz||<yz<r>+k2<r>>d/)d§] }‘
= 0 0 0 ( )
;-2
f (e _ gt f>>( A on ) + k) )df
o I'(a—1)
;-2
+f e X2~ 5)( %Hllu(%(f)*‘kl(@)d/ d§|
1 0 F( )

X192 omX141 d _ "
- [ o [ S o + ko 7 ae
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Likewise, one can construct

|92(D1, Q1)(@2) — 82(D1, Q1) (1)

e N2 —exiv | ] . (T =€) (f_/)m_z
Sf[l(_ fo e ( 0 mnllnmm+k1(r>>d/)df

7 _ _ : (é‘: - /)02_2
_ AT =€) A —
L " ( o T(an—-1) WallCyate) + kZ(r))d/)dg)

1 4 ¢ 4 =2
—A—Z(ﬂ—fn (f:e_)“(f_f) (fo ({( m D ||11||(71(f)+k1(f))dm)df)d§
4 ¢ ar—2
+f (f e =) (f f —mm ——————ILlI(y2(v) + kz(r))dm) d/) d¢
7 \Jo o Tlax-1)

m U; ¢ _ ;-2
2o [ emmo( [T 0,0+ k7 ) de
0 0 0

2 T =1
m U; _ ar—2
- f ‘”‘”“@( LInE Q. & ||lz||<y2<r>+k2<r)>d/)d§
2 0 -1
-2
+;;qlf e Wi "c)( | ('fr( jj) D ||11||(71(r)+k1(r))d/)d§
f é _ ar—2
—Zﬁ f _Xz(w,_@( %nbn(n(r) +k2(r))df)d§ }‘
o Ilaex-1
ar—-2
f (e X1 @28 _ poxile f))( € /) 2 |IL|I(ya(x) + kz(r))d/)df
o T(ea-1)
ar—2
+f e X2 f)( - g ——————lL[I(y2(r) +k2(r))d/ df'
o o Tea-1)

Consequently, it follows that the operator A(®y, Q,) is equicontinuous. Therefore, in accordance with
the Ascoli-Arzeld theorem, the operator A(®y,€);) can be classified as a completely continuous
operator. As stated in [26], a c.c operator possesses a closed graph when it is also u.s.c. Consequently,
our task is to illustrate that A indeed possesses a closed graph. Let (®y,,Q,) — (®y,,Q1.),
(G- 6n) € A(Dy,,Q1,), and (8,,d,) — (g+,8.), then we must demonstrate (g.,d.) € A(Dy,, Q).
Remember that (g,, 9,) € A(Dy,, Q;,) implies that A H, € Ve, 0,0, and H, € Vo, @, .q,) such that

gn((Dln, an)(‘ﬁ) =

xie [ 1 T ;-2
62 [A—l (—fo e_X](T_g)( T j) Wln(/)d/)df

T -2
_f e—Xz('T—f)( %ﬂzn(j)d/) déf)
0 o I'(m

1 ‘ —x1(€-7) S
+A_2(ﬂ_ﬁ (fe x1(e=, (fo @ - D Wln(m)dm)d/)dg
U en| [f I
x2(6- 7)
+j; (j:e (j; a1 HZn(m)dm)d/)df
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m U; -2
+ Q’fo —Xl(W—f)( 0 F(i%n(/)dj)df
0

i=

m U; ar—2
_Zg’f e—m(%{—f)( 0 (61"( ) Wz(/)d/)dg

i=0 0
n W; a)—2

+ q’f —Xl(’W cf)( i (é}'( j) wln(/)d/)df
i=0
n -2

_Zﬁl f W —f>( 0 (fr(a{ ) Ho( F)d F )df]}
=0

-2
+f¢e‘*'<“"f>( € /) %n(/)d/)df
0 o I'(a;—

and

2 | A I'(a,
T ay—2
_ f e—)(z(’i'—sf)( - / ) B e ST /)df)
0 o Ila

-x1e [ 1 T ;-2
(D1, Q1,)(@) = ‘ [— (—f e’X‘(T‘f)( €- /) Wln(/)d/)
0 0

1 ‘ e[ TSI
_E(ﬂ—fn (foex (fo e Wln(m)dm)d/)dg

U; ¢ _ -2
+ Ql‘f; e—)(l((ui—f)( ) L_)l)q_{ln(/)d/)df

i=

LpE (F —mym?
2E-7) _
+»[n (f ¢ (fo [(ar-1) %”(m)dm)dj )df
2

m U; ar—2
_ZQ" fo e‘m(%—f)( (é:F( /) Wzn(/ yd 7 )df

i=0 0
n

W, . B (é; /)a. 2
+Zoqi£ eX(W_/ f)( i I-'(a/—q{ln(j)d/)df

i=

n W; ay—2
_Zﬂjfo e_XZ((Wj—f)( 0 (é?r( ) Wzn(/)d/)dg]
=0

ay—2
+ [ “’ew-@( ¢ Hzn(/)d/)df
0 o I'lx

Consider the IT;, 1, : LY (T, % X %) — C(J,% x %) continuous linear operators given by

e [ ] T a1-2
Hl((I)l,Q])(go):ez [A_l(_f(; e—Xl(‘T—f)( : (fr(iq{ (/)d/)df

T ar—2
- f e-X2<’f—f>( —(5 I g gy g )df)
0 0 e
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1 U e n( [T L
E(mfﬂ(fe»« ([ L tman)a s ae

d ~ s (7 —m)® -2
2= 7)
+f (f " (L Y ﬂg(m)dm)d/)df

a1—2
f e XU 6)( %Wl(/)d/)df
0

_ ar—2
sz _XZ((L{ é:)( 0 (6 ( /_)1) 7'{2(/)d/)d§

i=

-2
+ qlf —Xl((W_i—f)( i (é}‘( f) ﬂl(j)d/)d‘f
i=0
n ay—2
Z f W g)( O (é:F(OZV) HZ(/)d/)df]
Jj=0

;-2
. [ “’e-m_@( €/ W(/)d/)df
0 o I'(a;—

and

e X% [ 1 T a;—2
IL(®, Q))(p) = [Al (—L e_X](T_f)( 5 (é;(ajj_) D Wl(/)df)

T ar—2
_ f e—Xz(‘T—f)( C (€ / ) ey M) /)d.f)
0 o I'(az

1 ¢ —x1(E-_7) (j )“1 N
_A_z(ﬂ_\[] (fe X (‘f(; F(al ) ﬂl(m)dm)dj)dg

4 s I (/ m)e2- -2
26- )
+f (fe" ([) @1 Wz(m)dm)d/)df

n
m U, ;-2
+Zgi£ e_Xl(Wi_f)( 0 (fr( ) ?{l(j)d/)df

i=0

U,; -2
_Zgifo e—xz(u-—f)( O (SCF( ) Wz(/)d/)dg
=0
n W; -2
[ 'e—wwj—a( S Wl(/)d/)df
i=0 V0 0

n (Wj ar—2
Y, fo e—xm—a( 0 L dis (a/ ) Wz(/)d/)df]
=0

ar—2
+fe—)(2(90—§)( (‘f j) W(/)d/)df
0 o 'l

4.9)

(4.10)

It can be inferred from [8] that (®;,Q;) o (Ve,,Ve,) constitutes a closed graph operator.

Furthermore, we have (g,.d,) € (®1,Q)) o (Vo,@,.0,) Ve, @,.0,) for all n.

Since
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(D@1,, Q1) = (D1, Q1.), (85 61) = 9., 64), it follows that H, € Vo, @,.0,), Hon € Ve, 0,) such that

-xe [ ] T — a1 -2
8.1, 20)(0) = [AT(‘ | e-*“"‘«f)( 0 %(%)(/)d/)d&

T ~ (é;_/)az—Z
_ 2T=9)
f ¢ ( ) T 1) eSS )df)

Ul [ (Foien| 7 Lo
A_(ﬂ_fn (f” N (fo Mo = 1) (%*)(m)dm)d/)dg
e (F —my»?
2E=7)
+fn (f: X (fo e (Wz*)(m)dm)d/)df
2

U; ¢ _ ;-2
N Q’fo — a( %(%*)(/)d/)dg

0
m U; _ ay—2
- o fo et f>( i M('}{z*)(/)d/)df
i=0

: T, - 1)

I By Y A Gl
1(W;=§)
2 [ e ( e (Wl*)(/)d/)dé’

1

- W CE- )
2(W;=§) 7z
E ﬁjf % ( @D (WZ*)(/)df)df]

Jj=0

1

B B : (f /)m—z
1(p—=&) 2 g7 d

and

e[ ] T -2
.01, 02100 = [AT(‘ fo e-)“("'-f)( 0 (‘;;( ) (%)(/)d/)

T ~ ~ (5_/)02—2
_ 2T =€)
fo o (O e (WZ*)(/)d/)df)

1 ¢ -2 (f —myn
_A_z(ﬂ—j; (fex (fo e (Wl*)(m)dm)d/)df
s ar—2
N f ( f ) ( f (7 —m) (Wz*)(m)dm)d/)df
7 \Jo o Tla-1)

m U,; _ ;-2
+Zogijo‘ e—m(%—f)( : M(?—(l*)(j)d/)df

i= F( - )
m U; ay—2
_Zgif e_Xz((ui—f)( (‘fr F) ('HZ*)(/)d/)df
2%, o Tar—1D)
\ W x1(W;-§) e - /)m N H d d
+;Qi . e : . T -1 ————(H ) F)d 7 |d¢
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S0 (™ e (€=
—_ . Z(W] {") I 2
;ﬁ, fo e ( e (Wz*)(/)d/)d-f

B B ¢ (f /)az—z
2(p=&) _ d
¥ fe o ( 0 1 (02 1) (7_(2*)(%) /)dg,

(i'e)" (gn’ gn) € A((Dl*’ Ql*)
Finally, for a priori, let (®, Q) € vA(®,Q). Then A H; € Vo, 0,0, H2 € Vo,@,0,) such that

e xe [ 1 T -5 E- 7)™ -2
v =S| 1 (- [ o [ S s ae
T ar—2
_f e—)(z('f—f)( (f /) W(/)d/)df)
0 o Ix

o [ [ G
; f g( f e />( fo 7 ({(az )a2)2%<m)dm)d/)d§

) f -w'“f-@( O %%(/)d/)d&

2 0 f —Xz(%—é‘)( 0 @F(ﬂ%( F)d /)dg
+Zn01q"j; ' —)(I(Wj—f)( 0 @F(ﬂﬂ(/)d/)df

i=

n W ar—2
—Zﬂjfo 'e_“(wf‘f)( 0 (é:F( 7 ﬂz(/)d/)df)
0

Jj=

;-2
+f¢e—xl(w—§>( € - /) ﬂl(j)d/)df (4.11)
0 o I

and

xie [ T ~ ~ (é'; )al -2
Q) = = [A—l(—fo T f)( e L wm/m/)

T ar—2
_ f e—mrr—a( e 2 S ) () /)dg)
0 0

Ul (¥ (S en( [ =m0
_A_z(ﬂ_fn (f " (fo I — 1) Wm)dm)d/ )dér
U e S J -
20E-7)
+fn (f: " (fo I(a - 1) %(m)dm)df )df

m e (FE= )M
) (U= g
+Z.jgf0 e ( R oy %(/)df)df
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m U; e (é;_j)az—Z
_Zgif o2 é—‘)( O m71(2(j)d/)d§

i=0 0
W; _ a1-2
e‘Xl(Wf“f)( O —(é; (C{_) IRAAA )d§

+
i=0 0

Vi o[ [FE=
— . 2AW;j=6) > L7
;ﬂjfo e ( R e ﬂz(/)d/)df

n
q;
n

(o F(E- )
2(p=£) A
+f0we)( ¢ ( i @D ﬂz(/)d/)df. (4.12)

For each ¢ € J, we achieve

D1, ] = 11Dy 1]+ [1€2 ]
< 2T LD + ki (1€41D) + 272L (v (1P + k2(1€411)),
which signifies that

(D1, QI <1
201 L (i (1@i1D) + ki (1€41D) + 2C2L (2 (1P + ka(1Q1D) ~

According to (Q3), Z exists such that ||(Dy, Q))|| # Z. Let us adopt
E={(®, Q) € U XU : (D1, QDI < Z}

The operator A : E— Wer (U)X Wevep(% ) is c.c and u.s.c. There is no (P, Q) € 0E > (P, Q) €
UA(Dy, Q) for some v € (0, 1) by & selection. Consequently, based on the Leray—Schauder nonlinear
alternative [33], we can infer that A possesses a fixed point (®;, Q) € &, thereby serving as a solution
to the system (1.2).

5. Existence results under Lipschitz mapping

The subsequent outcome leverages Covitz and Nadler’s theorem for multivalued maps as presented
in [34].

Let (%, d) represent a metric space generated by the normed space (%, || - ||), and let I1, : #' (%) X
W (%) — R U {0} be described by

Hd(q)17 Ql) = max{sup d(xa Ql)a Sup d(q)l,)’)},

xed yEQl

where d(®,,y) = inf,cq, d(x,y) and d(x, Q;) = infy € Q,d(x,y).
Then, (#,,(% ), 11,) is a metric space and (#.(% ),11,) is a generalized metric space; see [2].

Theorem 5.1. Under the assumptions (Q4) and (Qs), it can be affirmed that the systems (1.1) and (1.2)
possess at least one solution within the interval J, provided that:

QCYDls I+ @ET)lls2fl < 1. (S.D
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Proof. Assuming (Q,) that the sets Ve, (0,.0,) and Ve,o, 0,) are nonempty for each (01, Q) € % X%,
H, and H, have measurable selections (see Theorem III.6 in [35]). Subsequently, we proceed to
establish that the operator A satisfies the theorem of Covitz and Nadler [34].

Next, we illustrate that A(D, Q) € #. (U ) X Wo(«) for each (P,Q) € % X X . Let (8,,8,) €
A(Dy,,Q,,) such that (g,,8,) — (9,9) in % X % . Then (3,8) € % x %, Hi, € Vo,,,0,, and
H,, € (V@l(q,lmgln) such that

X1 [ 1 T ;-2
gn(obln,gln)(so):ez [A_l(_fo e‘”"f‘f)( i (gr( /) (ﬂln)(/)d/)

T B ~ é (é:_ /)a/z 2 ) )
_ x2(T =) > L7 d d
fo e ( e (S Jde

1 U e (f —mm?
+A—2(ﬂ—fn (f:ex « (fo e (ﬂln)(m)dm)d/)df
4 L 7 (/ mye2- -2
2E=97)
+f (j;e x (j(; @D (HZn)(m)dm)d/)d.f

n
m U; ;-2
+Zgif em(%—;“)( (é; /) (Wln)(/)d/)df

P - 1)
m U; ar—-2

_ZQI.‘[Ov e_XZ((ui_(f)( ; (i( /) ) (ﬂzn)(/)d/)df
i=0
n W; _ ;-2

+Z qi‘fo‘ e_X‘(Wf_f)( i %(ﬂln)(/)d/)df
i=0

n W; ~ 3 A(é:_/)az—Z )
_ 9. x2(W;i=£) > L7 ., d d
120 ,fo e (0 =y (M) S | dé

— —, ’ (é: /)01—2
1(¢—8) _ d d
’ ‘f:e o ( 0 1 (al 1) (7—{1”)(/) j) g’

and

xie [ 1 T -2
@n(q)lnvgln)(‘p):ez [A_l (_ﬁ e_Xl(T_f)( o (é;-.(a;j) (ﬂlll)(j)df)

T ) ) ¢ (é_«_ /)(12 -2 ) )
_ x2(T =) > L7

1 ¢ —x1(-_7) (/ )al -
_A_z(.?(—fn (j:e : (fo — (Wln)(m)dm)d/)df
s -2
+f (f{ e X2E=7) (f (f —m (WZn)(m)dm)d/)df
7 \Jo 0 Iy - 1)

m U; ¢ _ ;-2
+Z(;Qifo e‘”’”"‘f)( i €-Sr (Wln)(/)d/)df

P I'(a;-1)
m U,; ay—2

_Zgifo e—xz(w,-—§>( 0 (é;( ) - (Wz,,)(/)d/)df
i=0
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n Wi -2
+Z qlf e—)(l((Wj—f)( (f /) (Hln)(/)d/)
i=0 0

o I'(ay

n W; ay—2
_Zﬂjﬁ e—m(wj—f)( 0 (EF( ) - (Wzn)(/)d/)df]
Jj=0

ay—2
+f:e—)(z(s0—§)( : €=/ ('Hzn)(f)d/)df

I'a, - 1)

As a consequence of the compact values associated with ®; and ®,, we proceed by selecting
subsequences (referred to as sequences) to guarantee the convergence of H,, and H,, to H| and H,,
respectively, in the space £'(J,R). Hence, H; € Vo, @,.0,) and H, € Ve, @, q,) for each ¢ € J such
that

Sn(P1n, Q1,)(@) = 9(P1, Q1)()

—X1 T . -
:e X1 [i (_I) e—)a(T—f)( ) (é?F( /) Wl(/)d/)

2 A

T ar—2
_‘[0‘ e‘)(2('f‘,f)( ) (é: ( j) ﬂ(/)d/)df)

! U e TSI
+A_2(ﬂ_fn(fo’ex (f s Wl(m)dm)d/)df
e o (/ m)a2- 2
2E-7)
+fn (fex (fo -] Wz(m)dm)d/)df
2

U, ¢ _ ;-2
+ Qi‘f(; e_Xl(%_f)( . %Wl(/)d/)df

i=

m U, @r—2
_ZQ"L‘ e_)(z('ui_f)( i (é;‘( /) ﬂ(/)d/)dg

i=0
n

W (- /)M
+Z;Qif0 e Wi ér)( T W(/)d/)df

i=

n Wi ar—2
o [ 'e-m<wf-f>( O €7 W(/)d/)df)

j=0 e

-2
" f‘p e—)m(so—f)( & - /) ‘Hl(/)d/)
0 o I'(a

and
Gn(P1,, Q1) (@) — (D1, Q)(@)

- T a;—2
:ew[i(_fo e‘)m(‘T—f)( 0 (‘fr( /) H(/)d/)

2 (A

T -2
_f e—Xz(T—f)( Mﬂz(/)d/)df)
0 o I
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! U e TSI
_A_z(ﬂ—fn (fex (fo T Hl(m)dm)d/)df
¢ o (7 (I =)
-x2(6-_7)
+fn (fe X (fo T D ﬂ{z(m)dm)d/)df

m U; -2
+Zglf e—Xl('Z/(i—f)( (i( /) ﬁl(/)d/)df

i=0 0 0

S v (& - >az2
—ZQif e X2 (Ui 5)( T /_ D ﬂz(/)d/)df

i=0 0

n W, ;-2
+) 0 fo e—mwf—@( 0 %%(/ ) g )df
0

i=

n W ~ 3 (é: )az -2
— Zﬁ‘,f e X2 (W f)( ; I"(a/;j WQ(/)d/)d«f)

=0 0

-2
+f‘pe—)(z(¢—§)( (f /) W(/)d/)df
0 o I

As a consequence, (g,3) € A, such that A is closed. Following that, we demonstrate that one gets
from (5.1)

IT(A(D), Q)), A(D, D)) < p(|D; — Dyl + Q) — & ]) for each @}, D, Q,,Q; € %.

Let ((I)l,(ﬁ]), (Q],Q]) € U X % and (g1,§1) € A((Dl,Ql). Then, 3 7’(11 € (V®1((I)1,Ql) and 7’{21 €
Veo,w,.0,) 3, foreach ¢ € 7, and we have

xie [ T o (& ) 2
01(P1,, Q1)) == [A—l(—fo e 9( ) %Wﬂ/ﬂ/)

T ar—2
- f e-m(T-f)( €7 7{21(/)d/)d§)
0 o e

! A N
+A_2(ﬂ_fn (f:e)( (fo e ﬂll(m)dm)d/)df
e / I (F —m)®” -2
-x2(é-7)
+fn (fe)‘ (fo e ﬂzl(m)dm)d/)df

m U; -2
+Zglf e_)(l('ui_f)( (i( /) Wll(/)d/)dé:

i=0 0 0
U; -2
_Zgif(; e—Xz(ﬂi—f)( i (i( /) WZ](/)dj)dé‘:
i=0

S R e )‘“
+Z;Qij; e X1 Wi Sc)( e / 7{11(f)d/)df

i=

: Wi (E-)n2
_ Z ﬁjj; e—Xz(wj—,f)( T WZI(/)d/)df]}
0

Jj=
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-2
+ qu e—)(.@p—g)( €- /) 'Hu(f)d/)
0 o Il

and

x| T -2
61(®1,, 01,06) =5 [AT(‘ fo e-X1<T-f>( 0 (é;(a/ ) m(/)d/)

T ar—2
_ f e—xz('f—f)( - / ) ey T /)dg)
0 o I'x

U (5[ [ emen( [/ Lm
—A_z(ﬂ—ﬁ (f@x (j(: F(a/] ) Wll(m)dm)d/)df

e - S (/ m)e2- -2
2E-7)
+f (f ' (fo (@, - 1) %‘(m)dm)d/ )dé

m a;—2

+ Q’f —Xl("ui—f)( ) %ﬂll(f)d/)dg
i=0
m ar—2
Zglf _X2('L(i_§)( ) (é;‘( /) WZI(/)d/)dg
i=0

n a)—2
+qu_f —Xl(W cf)( (i /) W]](/)d/)df
5 Jo 0 (o

i=

n W ar—2
-y, fo e—xm—a( O €S (a/ ) Wzl(f)d/)&]}

=0
-2
+ f¢ e_“(‘p_g)( €- /) 'Hzl(/)d/)df
0 o Iz

Utilizing (Qs), we acquire

(0, (g, @1, Q)),0,(p, D1, ) < 51()(D1 () — Dy ()] + 1€ () — Qi (),
and

1(®x(p, @1, Q)), Ox(p, Dy, ) < 52(0) (1D () — Di(p)] + Q) — Di(P))).
So, AH; € O1(p, D1(p), Q1(p)) and H, € Or(p, D1(¢), Q1(¢)) such that

[H11() — ul < 51()(P1() — B ()] + Q1 () — Li()D),

and

[Ha1(9) = VI < 52(0)(1D1() = D1(@)] + Q1 () — Qu(@))).

Define Q;,Q;, : J — #(R) by

Qi1(p) = {Hy € L'(T.R) : s1(0)(P1() — B ()] + 1Q1() — Qi (@)D},
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and

Qiy(p) = {Ha € LT, R) : s2(0)(1D1(9) = D ()] + 121 () — L1 (@)D}

There are functions Hi,(¢),H(p) that are an observable selection for Q;;,Q;, because the
multivalued operators Q;; N O1(p, Pi(¢), Q1(¢)) and Qp, N Oy, Oi(p), Qi(¢)) are
measurable  (Proposition III.4 in [26]). Also, Hix(p) € O1(p, Di(p), Qi(p)),
Hoo (@) € Os(p, @1(¢), Qi(¢)) such that ¥V ¢ € J, and we arrive at

|7’{11(90) - 7‘{12(90)| < s1(@)(DP(p) - ‘ﬁl(¢)| + Qi () — Q1(90)|),

and

[Ha1(9) — Han ()] < 52(0) (1@ (9) — Di(@)] + Q4 () — Qi(p))).

Let

e X1¢ a;—2
82(Dy,,, Qy,)(p) = [ ( _XI(T_@( ) (i“(a/) 7’(11(/)61/)

T ~ (é;_/)az -2
2T =€) Z
fo\ X ( e = Wzl(/)d/)df)

1 { ) S (/ my®—2
-|-—2 (ﬂ—fr; (fe X c (L F(axl ) ﬂll(m)dm)a’/)df
4 £ ~ I (/ )az -2
206=7)
[ ( f; - ( [ Wzl(m)dm)d/)df

U; -2
+Zgif e—m(%—f)( %7{11(/)0'/)616

0

m U; ar—2
_Z o f e—m(fu,-—f)( C € / ) 7{21( Fd g )df
: o I'la
n "Wj a)—
AN f e—mwj—a( e ) 7{“( 7 /)dg
= 0 ACS
n W, -2
-3, f e—){z(’Wj—f)( it ) Sy M /)df
- 0 0 F( ay —

a1—2
+f‘pe—/\’l(<ﬁ—f)( (g /) Wll(/)d/)df
0 o Ia

—+

and

X[ 1 T a1-2
@1, 0,)0) = [AT(‘ fo e-”‘f—@( O (fr( jf ) w11</)d/)

T -2
—f e_XZ(T_’E)( —(f ) Wzl(j)d/) d‘f)
0 o I'(m
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! U e (TSI
_A_z(ﬂ_fr, (j:e X (‘fo [ —1) Wll(m)dm)d/)df
e - ) S (/ m)e2~ -2
26-7)
+f (f X (L F(a’z ) Wzl(m)dm) d/)df

f —»aW—f)( 0 €- o /)a] lel(/)df)df

9'f —Xz('L(—E)( O - o /)az ZWZI(/)d/)df

N ) N f —mwf—f)( 0 (i{ﬂq—{n( A)d /)df
Zn; f ' —xzwj—@( 0 (é;(a{ " by g )df]}

-2
+ f‘p e—/\fz(<ﬁ—§)( & - /) Wzl(/)d/)df
0 o '

Hence,

191(D1, 21)(9) = 52(P1, Q1)()]

X[ 1 T -2
Sez [A—](—L 6_)“(7_9( ) (é:r( /) st (P F) - O () +1( 2) - 1(/)|)d/)d§

(N - )=
—j; e ‘9( e 2 NP F) = D) +1Q1(7) - 1(/)I)d/)d§)
1

“r S (f —mn : .
+= (ﬂ - f (f e (f — s ([@ (m) — @ ()] + €, (m) — Ql(m)l)dm) d/)dé"
Az n 0 0 F( a; — )

“(r e 2E=1) (/ m)*2 5 5
T 5, (M)(|P; (M) — D ()| + |Q(m) — Q;(m))dm |d _Z |dé
0 0 I'a; - 1)

—+

s S—

U; ;-2
+Z@,f0 et f>( O (é;( /) SICNDIF) = B +I(F) - 1(/)I)d/)d§

3

U, ot (f /)(122
-Zg,fo el f>( T AR - B+ () - 1</)|)d/)d§

W

;-2 .
+Zq, 0 [T E LI 001 ) - BN+ - B e

0
J ar—2
—Zﬁj fo e‘“‘“‘“f“f>( ) (fr( jﬁ 017 = B+ 1207 - 1(/>|)d/)dfﬂ

" e Gl /)mz
e ( e (NPT ) = O +1(F) - 1</>I>d/)d€

< Tillsull(ir = Oull + 11 - Qlll)+Tz||Sz||(|I®1 By ]| + 11 — ).

—+

S— 1
e [«
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Thus,

[H(D1, Q1) = Ha(@1, QI < Tillstll(IP; = Dyll + 1121 = i) + Tallsall(IDy — By + (1€ — ).
Similarly, we can define that

IF(@y, Q1) — Fo(@1, QDI < Tillsll(10; — Byll + 112 — Gyll) + Lallsa 1Dy — Dyl + 1€ — ).
Therefore,
(H, F), (Fo, FON < 271 [Is1[1(1Dy — By || + [1Q = 41) + 22l lI(1D1 — Dy | + 1€ — 4D

Likewise, by interchanging the positions of (@, Q;) and (@, Q,), we can acquire

ITL(P(@1, Qp), P, G| < 271 lIs 11D — Byl + 1 = 1) + 22llsall(ID1 — Byl + 1 — € )).

Given the provided assumption, it can be established that A satisfies the contraction condition (5.1).
Consequently, by virtue of Nadler’s fixed point theorem, A possesses a fixed point (®;,€2;), which
serves as a solution to the system (1.2).

6. An application

Aligned with the formulations of systems (1.1) and (1.2), and in accordance with the primary
theorems, we present illustrative examples within this section.

Example 6.1. Let us examine the following system:
ED™ + ) CD" D (¢) € O1(p, D1(9), Q(). ¢ € T :=[0,T],

CD™ + 2D HQ(p) € Oap, D1(9), A (9), ¢ € T :=[0,T1,
(@ +Q)(0) = —(D; + Q)(T), (6.1)

4 m n
f (@) = Q)OdE = > 0@y = Q)W) = ) B D) = Q)W) = A.
n i=0 =0

where @ = 3/2,8 = 4/3, = 3/4,{ = 3/2T7 =2,A = L3 = Ly = 1/5,q = 26/100,q, =
6/25, Uy = 1/4,Uy = 1/3, W) = T/4, W, = 47/25, Hilp, ©1,Q) = [7i12-,0] U [0, L lmel |,

ﬁ 1+|Dq]° > 16 1+]sin(Qq)|
and Hy (¢, @, Q) = [ | O] U [0 L _lcos(@u) ], and on the other hand,

-1
16 1+|Q]° > 16 14| cos(®y)|

—_ 1 — 1 — — —
Hd(q—{](‘p’ (D]agl)’?—[](‘p’ (D],Q])) S El(bl - (Dll + 1_6|QI - Ql|7 v (D]7 (D], QI7Q] € R,
—_— 1 — 1 — — —
ILi(Ho(p, @1, Q1), Holp, D1, Q1)) < E'q)l -0 + EIQI - Q, VO, D,Q,,Q; €R.
Implementing the abovesaid data, we calculate T; = 0.200876 T, = 0.0.156334 and (27;)®;; +
(27,)®1, = 0.04465125 < 1. Every assumption outlined in Theorem 5.1 is satisfied, thereby leading

to the conclusion that 9 is a solution to the system (6.1).
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7. Conclusions and future work

In this study, our focus has been on introducing a novel category of coupled nonlocal boundary
conditions as a means to explore coupled nonlinear SFD inclusions of the Caputo type. Through
the utilization of multivalued maps, we have successfully established the existence of solutions. By
harnessing established fixed point theorems tailored to cater to multivalued maps, we have obtained
intriguing solutions for the specified problem under conditions encompassing both convex and non-
convex values within the multivalued maps. The implications of the results presented in this paper
hold substantial importance for the scientific community. As an example, if we take & = (H)& in

e m n
f (@1 = QYOAFDE = > 0@ = Q)(U) = Y 3@ = Q)W) = A'in (1.1) and (1.2), our
n i=0 =0

findings align with those for novel coupled Stieltjes boundary conditions. Furthermore, this set allows
us to derive new existence results. We believe that the results discussed in this paper are of great
significance to the scientific audience. As a potential avenue for future research, the examination of
controllability and the dependency of solutions for a system of coupled SFD equations incorporating
a combination of Caputo derivatives could be considered as real applied problems. Also what are the
real applications of the considered model?
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