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Abstract: Several random phenomena have been modeled by using extreme value distributions. Based
on progressive type-II censored data with three different distributions (i.e., fixed, discrete uniform,
and binomial random removal), the statistical inference of the generalized extreme value distribution
under liner normalization (GEVL distribution) parameters is investigated in this study. Since there is
no analytical solution, determining the maximum likelihood parameters for the GEVL distribution
is considered to be a problem. Standard numerical methods are frequently insufficient for this
dilemma, requiring the use of artificial intelligence algorithms to address this difficulty. Here, nonlinear
minimization and a genetic algorithm have been used to tackle that problem. In addition, Lindley
approximation and Monte Carlo estimation were implemented via Metropolis-Hastings algorithms to
carry out the Bayesian point estimation based on both the squared error loss function and LINEX loss
functions. Moreover, the highest posterior density intervals were applied. The proposed theoretical
inference techniques have been applied in a numerical simulation and a real-life example.
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1. Introduction

Extreme value theory (EVT) models hold significant relevance in a wide array of disciplines,
including environmental sciences, engineering, finance, insurance, and various other fields. In
finance, particularly, extreme price fluctuations of financial assets or market indices are defined as the
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highest and lowest prices within a specific time frame. For a more comprehensive exploration of this
concept, refer to the work in [1].

EVT studies the asymptotic behavior of extreme values that follow a well-defined pattern,
regardless of the underlying return mechanism. It is primarily concerned with providing a
probabilistic description of extreme occurrences within a sequence of random events. The
foundational principles of EVT are elucidated in [2]. According to the fundamental theorem of EVT,
the maxima of independent and identically distributed random variables can be categorized into one
of three extreme value distributions. These include the Frechet distribution, characterized by an
unbounded upper heavy tail, the Gumbel distribution, distinguished by an infinite upper tail that is
lighter than that of the Frechet distribution, and the inverse Weibull distribution, which has a finite
upper tail. These three distribution forms can be interconnected within the cumulative distribution
function (CDF) family models known as generalized extreme value distributions under linear
normalization (GEVL distributions). Numerous authors have introduced studies on GEVL
distribution, detailed [3–8], and several others. A random variable denoted as X is said to follow a
GEVL distribution if its probability density function (PDF) and CDF assume the following forms:

f (x; µ, σ, ξ) =

 σ−1[ 1+ξ(x−µ)
σ

]−
1
ξ−1 exp

[
−[1+ξ(x−µ)

σ
]−

1
ξ

]
if ξ , 0,

σ−1 exp(− (x−µ)
σ

) exp[− exp(− (x−µ)
σ

)] if ξ → 0,
(1.1)

F(x; µ, σ, ξ) =

 exp
[
−[1+ξ(x−µ)

σ
]−

1
ξ

]
if ξ , 0,

exp[− exp(− (x−µ)
σ

)] if ξ → 0.
(1.2)

where σ > 0 and −∞ < µ < ∞ are the scale and location parameters respectively, and ξ is the
shape parameter that represents the behavior of the tail. Sub-models can be defined by ξ → 0, ξ > 0,
and ξ < 0, corresponding respectively to the Gumbel, Frechét, and Weibull distributions, which are
mentioned above.

The hazard rate (HR) and reversed hazard rate (RHR) for GEVL distribution respectively obtained
as follows:

h(x; µ, σ, ξ) =
f (x; µ, σ, ξ)

1 − F(x; µ, σ, ξ)
=


[ 1+ξ(x−µ)

σ ]
−1
ξ −1

σ[exp[ 1+ξ(x−µ)
σ ]

1
ξ −1]

if ξ , 0,

exp(− (x−µ)
σ )

σ[exp(exp(− (x−µ)
σ ))−1]

if ξ → 0,
(1.3)

rh(x; µ, σ, ξ) =
f (x; µ, σ, ξ)
F(x; µ, σ, ξ)

=

 σ−1[ 1+ξ(x−µ)
σ

]
−1
ξ −1 if ξ , 0,

σ−1 exp(− (x−µ)
σ

) if ξ → 0.
(1.4)

In this study, we only considered the distribution form at ξ , 0. Notice that, the GEVL distribution
can be readily adapted to various models, as shown in plots of the PDF, CDF, HR, and RHR for some
parameter values in Figure 1. These plots illustrate how the PDFs and CDFs respond to alterations
in parameters, revealing their sensitivity and the resultant changes in the behavior of the parameter ξ
configuration.
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(a) PDF of GEVL distribution (b) CDF of GEVL distribution

(c) HR of GEVL distribution (d) RHR of GEVL distribution

Figure 1. Plots of the PDF, CDF, HR, and RHR of the GEVL distribution for several values
of (µ, σ, ξ).

Over the years, both maximum likelihood estimation (MLE) and Bayesian methods have become
widely recognized as crucial statistical techniques for parameter estimation. Moreover, the asymptotic
properties associated with these statistical approaches have significantly contributed to their popularity.

In MLE, the parameters are treated as fixed but unknown values, often representing a measure such
as the mean. On the other hand, Bayesian methods adopt a different perspective, treating the
parameters as random variables with known prior distributions. This distinction allows Bayesian
analysis to incorporate prior knowledge or beliefs about the parameters, resulting in a flexible and
powerful approach to statistical inference.

For a comprehensive exploration of these methodologies and their applications, we recommend
referring to the work of [9, 10]. In the present study, we study both MLE and Bayesian methods to
investigate parameter estimation within the context of the GEVL distribution under a type-II
progressive censored sample.

According to [11, 12], there is no analytical solution for the maximum likelihood
equations (ML.eqs) by the classical root-finding algorithms, such as the Newton-Raphson, Broyden’s
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methods, and thus, some artificial intelligence algorithms were used. Therefore the maximization of
the log-likelihood function can be obtained by using a standard numerical optimization algorithm like
Non-linear minimization (NLM). Moreover, we compare the result obtained via the NLM method
with one of the most popular algorithms in artificial intelligence genetic algorithm (GA).

The NLM function is a valuable tool for numerical optimization, particularly for solving nonlinear
optimization problems. It provides flexibility, stability, and efficiency, making it an important function
for researchers, analysts, and practitioners working with complex optimization tasks. Moreover, the
NLM function can handle optimization problems with multiple variables, allowing one to optimize
functions of several parameters simultaneously. This makes it applicable in a wide range of fields,
including statistics, econometrics, machine learning, and scientific research more details see [13]. The
GA belongs to the field of artificial intelligence and specifically to the sub-field of Evolutionary
computation. Evolutionary Computation encompasses computational methods inspired by biological
evolution, and the GA is one of the prominent techniques within this domain. For more details in GA
see [14, 15].

In certain experiments, it can be challenging to observe the failures of all of the units under
investigation. This difficulty may arise from constraints such as limited time, budget constraints, or
other practical considerations. Consequently, censored schemes are frequently employed in such
situations. Censoring allows researchers to make inferences about the data, even when some of the
information about failure times is incomplete or unavailable.

One of the commonly used censoring schemes in the investigations of parameter estimation for
any distribution is the type-II progressive censored scheme. Type-II progressive censored data can be
described as follows: Let N units being subjected to an experiment, and only a predetermined number
of units, denoted as n (where n < N), be observed until their failure. After each failure represented by
x1:n:N , a specific quantity of units, R1, is chosen at random from the remaining units (N − 1).
Following this, with the second failure, x2:n:N , another batch of units, R2, is randomly taken from the
remaining (N − R1 − 2), and this sequence continues until the n failure, xn:n:N which is the endpoint of
the experiment. The type-II progressive censored scheme allows researchers to collect and analyze
data even when they are unable to observe the failure times of all units in the study. For more
comprehensive information on this scheme, you can refer to the work of [16].

This paper is organized as follows: In Section 2, we consider an explanation of all three cases
under investigation (i.e., fixed, discrete uniform, and binomial random removal). In Section 3, MLE
of GEVL distribution parameters based on type-II progressively censored samples, for the three cases
considered, are discussed for both point and approximate Confidence intervals. Section 4, Bayesian
estimation of GEVL distribution parameters based on type-II progressively censored samples, using
both Lindley’s approximation and Metropolis-Hastings (MH) algorithms for both informative and
non-informative priors that involve the use of squared error loss function (SELF) and LINEX loss
functions are presented. Moreover, the Bayesian estimation of GEVL distribution parameters is
carried out by adopting the Gibbs sampling method for both the point estimation and the highest
posterior density (HPD) confidence intervals estimation. The paper includes a simulation analysis in
Section 5 to demonstrate the practical application of the theoretical findings. Real data examples are
discussed in Section 6 to provide an application of the methodology in real-life situations. Finally,
Section 7 presents the study conclusions.

AIMS Mathematics Volume 9, Issue 6, 15276–15302.



15280

2. Cases under investigation

The associated sub-distribution hazards model, an established method for the regression analysis
of time-to-event data in the presence of conflicting risks, depends heavily on the censoring
distribution. Also, the features of the estimates from such a model when the censoring distribution is
misspecified are examined by generating competing risk data under a proportional sub-distribution
hazards model with various patterns of censoring. Models that correctly described the censoring
distribution outperformed those that did not, providing estimates of the sub-distribution hazard ratio
with less bias and risk. Estimates from the model based on these weights may not reflect the correct
likelihood structure and, as a result, may have poor accuracy, particularly when the covariate of
interest does not influence the censoring distribution but serves to calculate the risk set weights. In
this section, we will indicate the three cases that will be utilized in this paper for the progressive type
II censoring schemes given by R = (R1,R2, . . . ,Rn). Suppose that, X1:n:N , X2:n:N , . . . , Xn:n:N be the
progressively type-II censored ordering data from a GEVL distribution with the censoring scheme
R = (R1,R2, . . . ,Rn) and the observed data x = (x1, x2, . . . , xn).
Case 1. Fixed removal censoring scheme

For this case, the censoring schemes donated by R = (R1,R2, . . . ,Rn) are assumed to be
predetermined fixed numbers.
Case 2. Removals with discrete uniform distribution

For this case, we assumed that R is an independent random variable following a discrete uniform
distribution. The joint likelihood function of R is given by:

P(R = r) = P(Rn = rn|Rn−1 = rn−1,Rn−2 = rn−2

, . . . ,R1 = r1) . . . P(R2 = r2|R1 = r1)P(R1 = r1),
(2.1)

where

P(R1 = r1) =
1

N − n + 1
, (2.2)

where 0 < r1 < N − n and for i = 2, 3, . . . , n − 1,

P(Ri = ri|Ri−1 = ri−1,Ri−2 = ri−2 . . .R1 = r1) =
1

N − n −
∑i−1

j=1 r j + 1
, (2.3)

where 0 < ri < N − n −
∑i−1

j=1 r j and Rn = N − n −
∑n−1

j=1 R j.
Apply, Eqs (2.2) and (2.3) in Eq (2.1). Then the joint distribution of R = (R1,R2, . . . ,Rn) can be

easily obtained as follows:

P(R = r) =
1

N − n − 1

n−1∏
i=1

1
N − n − (

∑i−1
j=1 r j) + 1

. (2.4)

It is noticed that the joint PDF of R is parameter-free.
Case 3. Removals with binomial distribution

In this scenario, if the censoring scheme R = (R1,R2, . . . ,Rn) is assumed to consist of independent
random variables following binomial distributions with a probability of P, then the joint distribution of
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R can be expressed as follows:

P(R = r|P) = P(Rn = rn|Rn−1 = rn−1,Rn−2 = rn−2, . . . ,R1 = r1, P)
. . . P(R2 = r2|R1 = r1, P)P(R1 = r1, P),

(2.5)

where

P(R1 = r1|P) =
(
N − n

r1

)
Pr1(1 − P)(N−n−r1), (2.6)

where 0 < r1 < N − n and for i = 2, 3, . . . , n − 1,

P(Ri = ri|P) =
(
N − n −

∑i−1
j=1 r j

ri

)
Pri(1 − P)(N−n−

∑i
j=1 r j), (2.7)

where 0 < ri < N − n −
∑i−1

j=1 r j and Rn = N − n −
∑n−1

j=1 R j. Then the joint distribution of R =
(R1,R2, . . . ,Rn) can be obtained easily by applying with Eqs (2.6) and (2.7) in Eq (2.5) as follows:

P(R = r|P) =
(N − n)!

(N − n −
∑n−1

j=1 r j)!(
∏n−1

j=1 r j!)
P

∑n−1
i=1 ri(1 − P)[(N−n)(n−1)−

∑n−1
i=1 (n−i)r j]. (2.8)

3. MLE of GEVL distribution parameters

MLE method, which is a classical point estimation technique, combines both the overall distribution
information and the observed sample data to facilitate comprehensive inference analysis. In the context
of the GEVL distribution and type-II progressive censoring, we have discussed the MLE approach for
parameter estimation in three specific cases.

First, under the assumption that the sample size approaches infinity, we derived parameter
estimates by using the MLE method. Subsequently, we recognized that traditional numerical
optimization techniques such as the Newton-Raphson method, and Broyden’s method, among others,
are commonly employed. However, in our study, we employed both artificial intelligence algorithms
and optimization techniques to numerically compute the corresponding maximum likelihood
estimates.

Finally, we computed asymptotic confidence intervals to provide a comprehensive assessment of
our findings and their statistical significance.

3.1. Point estimation of GEVL distribution’s parameters from the perspective of the distribution of the
censoring scheme

Case 1. Fixed removals
For this case, the joint likelihood function could be given by

L(µ, σ, ξ) = C
n∏

i=1

f (xi; µ, σ, ξ)
[
1 − F (xi; µ, σ, ξ)

]Ri .

Then

L(µ, σ, ξ) ∝
n∏

i=1

f (xi; µ, σ, ξ)
[
1 − F (xi; µ, σ, ξ)

]Ri , (3.1)
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where x1 < x2 < · · · < xn and C is defined as follows:

C = N (N − R1 − 1) (N − R1 − R2 − 2) · · ·

N −
n−1∑
i=1

Ri − n + 1

 .
Case 2. Removals with discrete uniforms

For this case, the joint likelihood function can be obtained as follows:

L∗(µ, σ, ξ) = P(R = r)L(µ, σ, ξ).

Then

L∗(µ, σ, ξ) ∝
n∏

i=1

f (xi; µ, σ, ξ)
[
1 − F (xi; µ, σ, ξ)

]Ri , (3.2)

where P(R = r) and L(µ, σ, ξ) are as given in Eqs (2.4) and (3.1) respectively.
Case 3. Removals with binomial distribution

For this case, the joint likelihood function can be obtained as follows:

L∗∗(µ, σ, ξ, P) = P(R = r|P)L(µ, σ, ξ). (3.3)

Then

L∗∗(µ, σ, ξ, P) ∝
n∏

i=1

f (xi; µ, σ, ξ)
[
1 − F (xi; µ, σ, ξ)

]Ri P
∑n−1

i=1 ri(1 − p)(n−1)(N−n)−
∑n−1

i=1 ri . (3.4)

where, P(R = r|P) and L(µ, σ, ξ) are given as in Eqs (2.8) and (3.1) respectively.
Clearly, the ML.eqs for parameters µ, σ, and ξ for the three cases correspond to the same system

of equations and the difference between the three cases is the distribution of the censored scheme
R = (R1,R2, . . . ,Rn). In addition, for Case 3, the MLE of P could be easily obtained as follows:,

P̂ =
∑n−1

i=1 ri

(N − n)(n − 1) −
∑n−1

i=1 (n − i − 1)ri
. (3.5)

When obtaining the ML.eqs or parameters µ, σ, and ξ by substituting this Eqs (1.1) and (1.2) in
Eq (3.1), the likelihood function can be obtained as follows:

L(µ, σ, ξ) ∝
n∏

i=1

σ−1Z
− 1
ξ−1

i Ui(1 − Ui)Ri , (3.6)

where, Zi = [1 + ( ξ(xi−µ)
σ

)] and Ui = exp(−Z
−1
ξ

i ).
Then the log-likelihood function is given by

log(L) ∝ −n log(σ) −
n∑

i=1

(
1
ξ
+ 1) log Zi −

n∑
i=1

Z
− 1
ξ

i +

n∑
i=1

Ri log(1 − Ui). (3.7)
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The following three equations could be easily derived by taking the derivative of Eq (3.7) with respect
to µ, σ, and ξ respectively, and making them equal to zero:

δ log L
δµ

=

n∑
i=1

(
ξ + 1
σ

)Z−1
i +

n∑
i=1

σ−1Z
(− 1
ξ−1)

i +

n∑
i=1

RiZ
[ −1
ξ −1]

i Ui

σ[1 − Ui]
, (3.8)

δ log L
δσ

=
−n
σ
+

n∑
i=1

(ξ + 1) (xi − µ)
Ziσ2 −

n∑
i=1

(xi − µ)

Z
1
ξ+1
i σ2

−

n∑
i=1

RiUi(xi − µ)

Zi
1
ξ+1σ2[1 − Ui]

, (3.9)

and

δ log L
δξ

=

n∑
i=1

log(Zi)[1 − Z
−1
ξ

i +
RiZ

−1
ξ

i Ui

1−ui
]

ξ−2 −

n∑
i=1

(xi − µ)[1 − Z
−1
ξ

i +
RiUiZ

−1
ξ

i
[1−Ui]

]

σZiξ
. (3.10)

The maximum likelihood estimators µ̂, σ̂ and ξ̂ based on type-II progressively censored data can
be obtained by setting Eqs (3.8)–(3.10) equal to zero and solveing them. The nonlinear characteristics
of those likelihood equations are considered to be a challenge due to their complexity and the
classical techniques like the Newton-Raphson method, failed to solve them. In such cases, numerical
optimization methods, and artificial intelligence algorithms are typically employed to find the
maximum likelihood estimators that best fit the observed data and likelihood equations. So, NLM and
one of the most popular algorithms in artificial intelligence, i.e., the GA, are employed as indicated in
Tables 1–4. A quick tour of GA is provided in detail the following website:
https://cran.r-project.org/web/packages/GA/vignettes/GA.html. NLM is explained on [17].
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3.2. Observed Fisher information and approximate confidence interval for the distribution of the
censoring scheme

The observed Fisher information can be computed based on both the full likelihood and the
approximate likelihood equations. These formulas serve as the foundation for the creation of pivotal
quantities, which are used to explore the coverage probabilities in the context of the limiting normal
distribution. To rigorously assess the performance of these pivotal quantities, Monte Carlo
simulations were conducted. In situations in which the sample size is sufficiently large (i.e., N and n
both exceed zero), we also consider the construction of approximate confidence intervals for the three
specific cases that have been previously discussed. These confidence intervals provide valuable
insights into the precision of parameter estimates and their statistical significance in various scenarios.

3.2.1. Observed Fisher information corresponding to with censored scheme cases

Under the assumption of censoring scheme distribution, the Fisher information matrix, based on
log-likelihood functions given in Eqs (3.1) and (3.2) for Cases 1 and 2 can be obtained as follows:

I∗ =


− log(L)µ2 − log(L)µσ − log(L)µξ
− log(L)σµ − log(L)σ2 − log(L)σξ
− log(L)ξµ − log(L)ξσ − log(L)ξ2

 , (3.11)

while, for Case 3 the fisher information matrix I∗∗(θ) is obtained as follows:

I∗∗ =


− log(L)µ2 − log(L)µσ − log(L)µξ 0
− log(L)σµ − log(L)σ2 − log(L)σξ 0
− log(L)ξµ − log(L)ξσ − log(L)ξ2 0

0 0 0 −δ(P)

 , (3.12)

where,

log(L)µ2 =

n∑
i=1

(1 + 1
ξ
)ξ2

Z2
i

−

n∑
i=1

(1 + ξ)

Z
2+ 1
ξ

i

+

n∑
i=1

Ri[1 + ξ − Z
−1
ξ

i −
(Z
−1
ξ

i Ui)
(1−Ui)

]Ui

Z
2+ 1
ξ

i [1 − Ui]
, (3.13)

log(L)µσ = log(L)σµ = −
n∑

i=1

(1 + ξ)[1 − (xi−µ)ξ
σZi

]

σ2Zi
−

n∑
i=1

[ (xi−µ)(1+ξ)
σ

− Zi]

σ2Z
2+ 1
ξ

i

+

n∑
i=1

RiUi[
(xi−µ)
σ

(1 + ξ − Z
−1
ξ

i −
Z
−1
ξ

i Ui

[1−Ui]
) − Zi]

σ2Z
2+ 1
ξ

i [1 − Ui]
,

(3.14)

log(L)µξ = log(L)ξµ =
n∑

i=1

[1 − (1+ξ)(xi−µ)
σZi

]

σZi
−

n∑
i=1

[ log(Zi)
ξ2
−

(xi−µ)[1+ 1
ξ ]

σZi
]

σZ
1+ 1
ξ

i

+

n∑
i=1

RiUi[
log(Zi)
ξ2

(1 − Z
−1
ξ

i [1 + Ui
[1−Ui]

]) − (xi−µ)
σZi

(1 + 1
ξ
−

Z
−1
ξ

i
ξ

[1 + Ui
[1−Ui]

])]

σZ
1+ 1
ξ

i [1 − Ui]
,

(3.15)
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log(L)σ2 =
n
σ2 −

n∑
i=1

(1 + ξ)(xi − µ)[2 −
ξ2

σZi
]

σ3Zi
−

n∑
i=1

(xi − µ)[
(xi−µ)(1+ξ)
σZi

− 2]

σ3Z
1+ 1
ξ

i

+

n∑
i=1

Ri(xi − µ)2Ui[2 − 2σZi
(xi−µ)

− Z
−1
ξ

i [1 + Ui
[1−Ui]

]]

σ4Z
2+ 1
ξ

i [1 − Ui]
,

(3.16)

log(L)σξ = log(L)ξσ =
n∑

i=1

(xi − µ)[ 1
ξ
−

(1+ 1
ξ )[1+ξ(xi−µ)]

σZi
]

σ2Zi
−

n∑
i=1

(xi − µ)[
log(Zi)
ξ2
−

(xi−µ)(1+ 1
ξ )

σZi
]

σ2Z
1+ 1
ξ

i

+

n∑
i=1

Ri(xi − µ)Ui[
log(Zi)
ξ2

(1 − Z
−1
ξ

i −
Z
−1
ξ

i Ui

[1−Ui]
) + (xi−µ)

σZi
(−( 1

ξ
+ 1) + Z

−1
ξ

i
ξ
+

Z
−1
ξ

i Ui

ξ[1−Ui]
)]

σ2Z
1+ 1
ξ

i [1 − Ui]
,

(3.17)

log(L)ξ2 =
n∑

i=1

[
(xi − µ)
σZi

(
2
ξ2 +

(xi − µ)(1 + 1
ξ
)

σZi
) −

2 log(Zi)
ξ3 ]

−

n∑
i=1

Z
−1
ξ

i [
log(Zi)
ξ2 (

log(Zi)
ξ2 −

2(xi − µ)
σZiξ

− 2) +
(xi − µ)
σξZi

(
2
ξ
+

(xi − µ)(1 + 1
ξ
)

σZi
)]

+

n∑
i=1

RiZ
−1
ξ

i Ui[(
log(Zi)
ξ2

)2(1 − Z
−1
ξ

i ) + (xi−µ)2

σ2Z2
i ξ

2 (1 + ξ − Z
−1
ξ

i )]

[1 − Ui]

−

n∑
i=1

RiZ
−1
ξ

i Ui[
2 log(Zi)
ξ2

( (xi−µ)
σZiξ
+ 1 − (xi−µ)

ξσZ
1+ 1
ξ

i

)]

[1 − Ui]
,

(3.18)

and

δ(P) = log(L3)P2 =
−

∑n
i=1 ri

P2 −
(n − 1)(N − n) −

∑n−1
i=1 (n − i)ri

(1 − P)2 , (3.19)

where, Zi = [1 + ξ (xi−µ)
σ

] and Ui = exp(−Z
−1
ξ

i ).
Similarly, the observed Fisher information could be obtained by supplying the maximum likelihood

values ofthe parameters for Eqs (3.8) and (3.10).

3.2.2. The asymptotic confidence interval for GEVL distribution parameters

The variance-covariance matrix could be obtained by applying the inverse of matrices I∗ or I∗∗

given by Eqs (3.11) and (3.12) which depend on the case under study. According to [18], the
asymptotic distribution of parameter ν for the proposed cases (Cases 1–3) follows a normal
distribution ν̂ ∼ N(ν̂, I−1 where I−1 is the variance-covariance matrix. Therefore, the asymptotic
100(1 − ζ)% confidence interval for parameters ν with a significance level is given by

[ν̂ − z ν
2

√
I−1 , ν̂ + z ν

2

√
I−1]. (3.20)

AIMS Mathematics Volume 9, Issue 6, 15276–15302.



15290

Then the confidence intervals of distribution parameters are given by

[µ̂ − z ζ
2

√
I−1, µ̂ + z ζ

2

√
I−1],

[σ̂ − z ζ
2

√
I−1, σ̂ + z ζ

2

√
I−1],

[ξ̂ − z ζ
2

√
I−1, ξ̂ + z ζ

2

√
I−1],

(3.21)

where

I−1 =

I∗−1, For cases 1 and 2,
I∗∗−1, For case 3.

(3.22)

4. Bayesian estimation

The Bayesian estimation method is distinct in that it does not solely rely on the observed sample data
,as it also incorporates prior information about the distribution of samples. Consequently, Bayesian
estimation leverages both the available population distribution information and prior probabilities. This
approach allows for a more objective and rational description of unknown parameters. In the following
section, we consider the estimations of parameters by using Bayesian methods and, two different loss
functions: the square loss function and the LINEX loss function. These estimations are obtained under
two scenarios: one utilizing informative priors and the other employing non-informative priors. The
incorporation of these loss functions and prior information enables a comprehensive analysis of the
parameter estimation in a Bayesian framework.
Informative priors

Let the unknown parameters for all cases considered to be independent of each other. The method
of choosing parameter priors for the informative case depends on the parameter validation region, as
introduced by [19, 20]. Suppose that the parameters µ, σ, ξ follow an exponential distribution with
the hyperparameters a1, a2, and a3, while the random variable P follows a beta distribution with the
parameters [α, γ], Then the prior PDFs of parameters µ, σ, ξ, and P are given respectively by

π1(µ) = 1
a1

exp(−a1µ), a1, µ > 0,
π2(σ) = 1

a2
exp(−a2σ), a2, σ > 0,

π3(σ) = 1
a3

exp(−a3ξ), a3, ξ > 0,
(4.1)

and,

π4(P) =
1

B(α, γ)
Pα−1(1 − p)1−γ, α, γ, P > 0, (4.2)

where B(α, γ) is the beta function and all of the hyper-parameters (a1, a2, a3, α, γ) are estimated by
using the same method given in [21].
Non-informative priors

For this case, we assume that all prior PDFs of the parameters µ, σ, ξ, and P are equal to 1.
Based on type-II progressively censored data, for all distributions of the censored scheme discussed

above, Bayesian estimation is discussed in this section for both point and interval estimation.

AIMS Mathematics Volume 9, Issue 6, 15276–15302.



15291

4.1. Bayesian point estimation of GEVL distribution’s parameters according to censoring scheme
and prior distribution

According to the informative prior functions of parameters µ, σ, ξ and P. The posterior PDFs are
given by

π∗j(µ, σ, ξ) =
L(µ,σ,ξ) exp(−(a1µ+a2σ+a3ξ))∫ ∞

0

∫ ∞
0

∫ ∞
0 L(µ,σ,ξ) exp(−(a1µ+a2σ+a3ξ))dµdσdξ

, j = 1, 2

=
∏n

i=1 σ
−1Z

− 1
ξ −1

i Ui[1−Ui]Ri e−(a1µ+a2σ+a3ξ)∫ ∞
0

∫ ∞
0

∫ ∞
0

∏n
i=1 σ

−1Z
− 1
ξ −1

i Ui[1−Ui]Ri e−(a1µ+a2σ+a3ξ)dµdσdξ

∝
∏n

i=1 σ
−1Z

− 1
ξ−1

i Ui[1 − Ui]Rie−(a1µ+a2σ+a3ξ)

(4.3)

π∗3(µ, σ, ξ, P) = P
∑n−1

i=1 ri+α−1(1−P)(n−1)(N−n)+
∑n−1

i=1 (n−i)ri+γ−1

B(
∑n−1

i=1 ri+α,(n−1)(N−n)+
∑n−1

i=1 (n−i)ri+γ)
π∗j(µ, σ, ξ), j = 1, 2, (4.4)

where π∗j, j = 1, 2, 3 depends on the case of the censoring scheme under study which was mentioned

previously, Zi = [1 + ξ (xi−µ)
σ

] and Ui = exp(−Z
−1
ξ

i ).
Then the Bayesian estimation of parameters of the GEVL distribution based on progressive type-II

censoring θ = (µ, σ, ξ) for Case (1,2), and θ = (µ, σ, ξ, P) for case 3 for the SELF loss function for the
informative prior is given by

θ̂S =
∫
θπ∗j(θ)dθ, j = 1, 2, 3. (4.5)

Also, the Bayesian estimation of GEVL distribution parameters is considered for the LINEX loss
function Llx(θ) = (exp(βθ) − (βθ) − 1) for the informative prior which is given by, (see [22])

θ̂lx =
−1
β

log(
∫

exp(−βθ)π∗j(θ)dθ), j = 1, 2, 3 (4.6)

where β is a shape parameter in which the negative value of β provides more weight to underestimation
than the overestimation while for very (small or large) values of β the LINEX loss function is almost
symmetric (see [22]).

For non-informative priors, the posterior PDFs are given by

π∗∗j (µ, σ, ξ) = L(µ,σ,ξ)∫ ∞
0

∫ ∞
0

∫ ∞
0 L(µ,σ,ξ)dµdσdξ

, j = 1, 2

=
∏n

i=1 σ
−1Z

− 1
ξ −1

i Ui[1−Ui]Ri∫ ∞
0

∫ ∞
0

∫ ∞
0

∏n
i=1 σ

−1Z
− 1
ξ −1

i Ui[1−Ui]Ri dµdσdξ

∝
∏n

i=1 σ
−1Z

− 1
ξ−1

i Ui[1 − Ui]Ri

(4.7)

π∗∗3 (µ, σ, ξ, P) = P
∑n−1

i=1 ri (1−P)(n−1)(N−n)+
∑n−1

i=1 (n−i)ri

B(
∑n−1

i=1 ri+1,(n−1)(N−n)+
∑n−1

i=1 (n−i)ri+1)
π∗∗j (µ, σ, ξ), j = 1, 2, (4.8)

where π∗∗j , j = 1, 2, 3 depends on the case of the censoring scheme under study, as mentioned above,

Zi = [1 + ξ (xi−µ)
σ

] and Ui = exp(−Z
−1
ξ

i ).
Then the Bayesian estimation of parameters of the GEVL distribution based on progressive type-II

censoring under the SELF and LINEX loss functions for the informative prior are given respectively
by,

θ̂S =
∫
θπ∗∗j (θ)dθ, j = 1, 2, 3, (4.9)
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θ̂lx =
−1
β

log(
∫

exp(−βθ)π∗∗j (θ)dθ), j = 1, 2, 3, (4.10)

Since the systems of equations given by Eqs (4.5), (4.6), (4.9) and (4.10) cannot be reduced
analytically, we solve them numerically. The most popular numerical techniques for Bayesian
estimation are Lindley’s approximation method and Gibbs sampling with MH algorithms which are
discussed in detail in the next subsection.

4.2. Numerical methods of Bayesian estimation

1) Lindley’s approximation method
Among the various methods suggested to approximate the ratio of integrals given in the systems

of equations given by Eqs (4.5), (4.6), (4.9) and (4.10) , e.g., the Markov chain Monte Carlo method,
Gibbs sampler, and Lindley’s approximation, perhaps the simplest one is Lindley’s approximation
method. The Lindley approximation method can be described as, finding the following expectation:

E(U(ϑ)) =

∫
U(ϑ) exp(L(ϑ) + ρ(ϑ))d(ϑ)∫

exp(L(ϑ) + ρ(ϑ))d(ϑ)
, (4.11)

where ϑ = (ϑ1, ϑ2, . . . ϑr), U(ϑ) is any function of ϑ, L(ϑ) is the log likelihood function of ϑ and ρ(ϑ)
is the log of the joint prior of ϑ. Then Lindley’s approximation of this integral is given by

E(U(ϑ)) = U(ϑ̂) + 1
2

∑r
i=1

∑r
j=1[Ui, j(ϑ̂) + 2Ui(ϑ̂)ρ j(ϑ̂)]I−1(ϑ̂)i, j

+1
2

∑r
i=1

∑r
j=1

∑r
k=1

∑r
l=1 Li, j,k(ϑ̂)Ul(ϑ̂)I−1(ϑ̂)i, jI−1(ϑ̂)k,l,

(4.12)

where Ui =
∂U
∂ϑi

, ρ j =
∂ρ

∂ϑ j
, Ui, j =

∂2U
∂ϑi∂ϑ j

, Li, j,k =
∂3L

∂ϑi∂ϑ j∂ϑk
, and I−1(ϑ̂)i, j is equal to the variance covariance

matrix. All of the partial derivatives are evaluated by using the MLEs of ϑ (see [23]). For our case
study, we considered U(ϑ) to be any parameter from θ for the proposed cases (Cases 1–3) and L(ϑ) is
given by at Eq (3.6). Additionally,

ρ(ϑ) =

exp(−(a1µ + a2σ + a3ξ)), f or Cases 1 and 2,
P

∑n−1
i=1 ri+α−1(1 − P)(n−1)(N−n)+

∑n−1
i=1 (n−i)ri+γ−1 exp(−(a1µ + a2σ + a3ξ)), f or Case 3,

(4.13)
2) MH algorithms

Gibbs sampling is a popular method and one of the commonly used Bayesian estimation methods
for estimating specific distribution attributes. If it is not easy to generate samples directly from the
posterior distribution, it is convenient to apply the Gibbs sampling method with MH algorithms. For
more details on MH algorithms see [24].

Let ϑ = (ϑ1, ϑ2, . . . ϑr) be a vector of the parameter we want to estimate. The MH algorithm could be
described as follows: suppose that our goal is to draw samples from some distribution f (ϑ|x) = νg(ϑ),
where ν is the normalizing constant which may not be known or very difficult to compute. The MH
algorithm provides a way of sampling from f (ϑ|x) without requiring any knowledge of ν.

For any ϑ j ∈ ϑ, let q(ϑb|ϑa
j) be the transition kernel (proposal distribution), that is the probability of

jumping from the current state ϑa
j to ϑb

j . The following steps will generate a sequence of
values (ϑ1

j , ϑ
2
j , . . . ) which form a Markov chain with a stationary distribution given by f (ϑ j|x).

(1) Choose an arbitrary starting point ϑ0
j for which f (ϑ0

j |x) > 0.
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(2) For i = 1, sample a candidate point or proposal ϑ∗j from the proposal distribution q(ϑ∗j |ϑ
i−1
j ).

(3) Calculate the acceptance probability ρ(ϑi−1
j , ϑ

∗
j) = min[1,

f (ϑ∗j |x)q(ϑi−1
j |ϑ

i
j)

f (ϑ∗j |x)q(ϑi
j |ϑ

i−1
j ) ].

(4) Generate U ∼ U(0, 1).
(5) If U < ρ(ϑi−1

j , δ
∗) accept the proposal and set ϑi

j = ϑ
∗
j. Otherwise, reject the proposal and set

δi = δi−1.
(6) Repeat Steps 2–5. If the proposal distribution is symmetric then the acceptance condition

becomes ρ(δi−1, δ∗) = min[1,
f (ϑ∗j |x)

f (ϑ∗j |x) ].

(7) We could get a set of Gibbs (MH) samplings of parameters ϑ1
j , ϑ

2
j , . . . , ϑ

10000
j . Now, the

approximate expectation of reliability ϑ j could be calculated as follows:

E(ϑ j) =
1

t − bb

t∑
k=bb+1

ϑk
j.

For our case of study, from Eq (4.3) the proper density function of parameters µ, σ and ξ can obtained
as follows:

f (µ|σ, ξ) ∝
∏n

i=1[1 + ξ (xi−µ)
σ

]−
1
ξ−1 exp(−(a1µ) − [1 + ξ (xi−µ)

σ
]
−1
ξ )[1 − exp(−[1 + ξ (xi−µ)

σ
]
−1
ξ )]Ri ,

f (σ|µ, ξ) ∝
∏n

i=1 σ
−1[1 + ξ (xi−µ)

σ
]−

1
ξ−1 exp(−(a2σ) − [1 + ξ (xi−µ)

σ
]
−1
ξ )[1 − exp(−[1 + ξ (xi−µ)

σ
]
−1
ξ )]Ri ,

f (ξ|µ, σ) ∝
∏n

i=1 σ
−1[1 + ξ (xi−µ)

σ
]−

1
ξ−1 exp(−(a3ξ) − [1 + ξ (xi−µ)

σ
]
−1
ξ )[1 − exp(−[1 + ξ (xi−µ)

σ
]
−1
ξ )]Ri .

(4.14)
Moreover, these proper densities cannot as be reduced analytically to a well-known distribution but
its plots show that as they are similar to a normal distribution. So, the Mh algorithm with normal
proposal distribution is used for Bayesian estimation of every parameter as by following the Steps 1–7
mentioned above.

4.3. HPD interval algorithm

To compute HPD credible interval of the parameters denoted by θ = (µ, σ, ξ), first order the
importance of MH samplings

(µ̂bb+1, σ̂bb+1, ξbb+1), (µ̂bb+2, σ̂bb+2, ξ̂bb+2), . . . , (µ̂t, σ̂t, ξ̂t),

Then we could obtain three sets of ascending order samplings:

µ̂aa+1 < µ̂aa+2 < · · · < µ̂t,

σ̂aa+1 < σ̂aa+2 < · · · < σ̂t,

ξ̂aa+1 < ξ̂aa+2 < · · · < ξ̂t,

(4.15)

Therefore, the 100(1 − α)% HPD credible interval of θ = (µ, σ, ξ) can be calculated as follows:

(µ̂( α2 )(t−aa), µ̂(1− α2 )(t−aa)),
(σ̂( α2 )(t−aa), σ̂(1− α2 )(t−aa)),
(ξ̂( α2 )(t−aa), ξ̂(1− α2 )(t−aa)).

(4.16)
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5. Simulation

In this section, a Monte Carlo simulation presented to evaluate as well as compare the efficacy
of different estimators in determining the parameters (µ, σ, ξ) of GEVL distribution, as introduced in
Sections 3 and 4. This simulation was conducted to rigorously assess various estimation techniques
and their performance in terms of accurately estimating these crucial parameters. To study the behavior
of the GA and NLM methods under small and large samples, 1000 samples each of size 50 and 1000
were generated for X. The MLE of (µ, σ, ξ) was contrasted with Bayesian estimators utilizing both the
SELF and the LINEX loss function. This comparison aims to assess the performance and robustness
of these estimation techniques in terms of the accuracy of parameter estimation.

we performed a comprehensive comparison between various estimation techniques by using
Bayesian approaches and MLE, considering different loss functions like LINEX and numerical
techniques such as The Lindley and MH. The method of selection of hyperparameters was explored
and derived by using a method previously employed in [21]. The comparison is based on estimated
values , the MSE, and 95% HPD for both informative and non-informative Bayesian estimation. The
LINEX loss function was examined across three parameter values: a very large value β = −5, a very
small value β = 0.5, and a positive value β = 5, detailed in Tables 1–4. All
computations�extcolorredwere executed by using the R program, assessing estimators with fixed
random removals. The censoring schemes involve a 10 percent elimination either at the beginning or
end of the sample. The algorithm for generating progressive censoring of type II can be seen in [16].

Clearly, from Tables 1–4, the Lindley method gives a better estimate than the MH method. The
informative Bayesian estimation gives results that are very close to the non-informative Bayesian
estimation in terms of Bais and (MSE). Bayesian estimation under the LINEX loss function gives
results that are very close result to that under the SELF in term of Bias and MSE; the negative value
of β provides more weight to underestimation than the overestimation while, for very (small or large)
values of β the LINEX loss function is almost symmetric (see [22]). In most cases, the GA gives better
results than the NLM method. Moreover, for Case 1, the elimination at the beginning gives a better
estimate in terms of bias and MSE than the end. Concerning the sensitivity of the estimates for sample
size, we find that the behavior of both methods (i.e., the GA and NLM )gives a better result for large
sample sizes. In addition, MLE gives a better bais than Bayesian estimation. In Table 5, it’s obvious
that the 95% HPD credible interval of the Gibbs (MH) sampling method gives a better estimate for
informative beginning elimination for Case 1. In general, the GA gives a better estimate than NLM in
terms of the lower-length intervals containing the real value.
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6. Real data example

In this section, we discuss how real lifetime data were used to illustrate the above algorithms.
Extreme weather events like high temperatures are often associated with extreme weather events such
as heatwaves, droughts, and wildfires. Moreover, extremely high temperatures can have serious health
implications, leading to heat-related illnesses. After the recent global crisis due to the unexpected
rise in temperature degree, it became necessary to understand the historical highs for each country to
avoid some of the catastrophic events that occurred as a result of this increase , and to help in the
assessment of the frequency, intensity, and impact of these events, enabling better preparedness and
response strategies.

So, we applied a real data set that included the highest ten daily temperatures for Queensland
Australia from 1957–2022. It was obtained from the Australian government from the following
website: http://www.bom.gov.au/cgi-bin/climate/extremes/annual extremes.cgi?period=%2Fcgi-
bin%2Fclimate%2Fextremes%2Fannual extremes.cgi&climtab=tmax high&area=qld&year=1957.
This data set was fitted to the GEVL distribution by using the Kolmogorov-Smirnov (K-S) goodness
of fit test at the level of significance of α = 0.01. The K-S value was 0.0510 which is less than the
tabulated value of 0.0681. Also, we constructed the Q-Q plot and returned the level for this data set,
as in Figures 2 and 3. Figures 2, 3 and the K-S value verify that this data set isfit the GEVL
distribution. In Table 6 some basic statistics are presented for this data set including the, mean,
variance, median, and others.

Figure 2. Q-Q plots regarding the fitting of the GEVL distribution for Queensland Australia’s
extreme temperature data.
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Figure 3. Returned level and empirical quantiles of the GEVL distribution for the
Queensland Australia extreme temperaturedata.

Table 6. The basic statistics of the extreme temperature for Queensland (Australia) data sets.
Country Mean Median VAR Standard deviation Minimum Maximum Range Quartiles (25%, 50%, 75%)
Queensland(Australia) 45.3877 45.2 1.5019 1.2256 43 49.5 6.5 (44.5, 45.2, 46.1)

The real data serve as a practical example of the simulation technique, and we have used the
methodology previously described in the simulation section in the process of estimation of the
parameters and selection of the hyperparameters. The maximum likelihood estimate and Bayesian
estimates considered in Sections 3 and 4 for the GEVL distribution parameters were obtained as in
Tables 7 and 8 for elimination for the three cases considered above by using the two optimization
methods considered i.e., (NLM and GA) for MLE and Bayesian estimation. Bayesian estimation is
considered for informative and non-informative prior for both the Lindley and MH methods under the
SELF (sq) and LINEX loss function (lx(β=A) and A ∈ 0.5,−5, 5).
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7. Conclusions

In this paper, parameter estimation for GEVL distributions was derived under a type-II progressive
censored scheme by using optimization methods (NLM) ; also, artificial intelligence (GA) for MLE
parameters, and the Bayesian technique was studied. The Bayesian estimation of parameters has been
considered for two loss functions (symmetric and asymmetric loss functions) for informative and non-
informative priors. Furthermore, progressive censoring is considered for three cases of elimination (i.e.,
fixed, discrete uniform, and binomial), with random removal under 10% elimination from the sample
size. For a fixed random removal censoring scheme two cases were considered i.e., beginning and
end. A Monte Carlo simulation was performed to compare the performance of the different estimators
of GEVL distribution parameters; the results revealed that the Lindley method outperforms the MH
method in terms of estimation quality. Informative Bayesian estimation yielded results that are very
close to those of non-informative Bayesian estimation in terms of the bias and MSE. When it comes
to Bayesian estimation under the LINEX loss function, the results closely resembled those under the
SELF, with the negative value of β favoring underestimation over overestimation. However, for very
small or large values of β, the LINEX loss function exhibits nearly symmetrical behavior (refer to [22]
for details). Moreover, in most cases, the GA method outperformed the NLM method. Furthermore,
for Case 1, the initial elimination step provided more accurate estimates in terms of bias and MSE than
the final elimination step. Regarding the sensitivity of the estimates to sample size, both the GA and
NLM methods performed better with larger sample sizes. Additionally, MLE demonstrated superior
bias compared to Bayesian estimation. The 95% HPD credible interval obtained via the Gibbs (MH)
sampling method provided more accurate estimates with the informative initial elimination for Case
1. In general, the GA method yields more precise estimates than the NLM method, as indicated by
narrower intervals containing the true values.
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