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Abstract: In this article, the investigation into the Lie symmetry algebra of the geodesic equations
of the canonical connection on a Lie group was continued. The key ideas of Lie group, Lie algebra,
linear connection, and symmetry were quickly reviewed. The focus was on those Lie groups whose Lie
algebra was six-dimensional solvable and indecomposable and for which the nilradical was abelian and
had a one-dimensional center. Based on the list of Lie algebras compiled by Turkowski, there were
eight algebras to consider that were denoted by Ag20—Ag27. For each Lie algebra, a comprehensive
symmetry analysis of the system of geodesic equations was carried out. For each symmetry Lie algebra,
the nilradical and a complement to the nilradical inside the radical, as well as a semi-simple factor, were
identified.
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1. Introduction

Any Lie group is equipped with a natural linear connection V, and therefore, a canonical system of
geodesic equations. This connection was introduced in 1926 by Cartan and Schouten [1]. Recently, a
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lot of work has been done on the symmetries of the geodesic equations of the canonical connection.
Ghanam and Thompson considered the problem for all three and four-dimensional indecomposable
Lie algebras [2]. They also considered six-dimensional nilpotent Lie algebras [3]. Almusawa et al. [4]
considered the probelm for the five-dimensional indecomposable Lie algebras with co-dimension one
abelian nilradical.

Recently, Almutiben et al. considered the problem for the case where the nilradical is of
co-dimension two. In dimension four, there is only one such indecompsable Lie algebra with
co-dimensional two nilradical, namely, A4, in the Winternitz list [5]. In dimension five, there are
three five-dimensional Lie algebras with co-dimension two abelian nilradical. These algebras are
As33—Asss in [5]. In all these cases, a comprehensive analysis of the symmetries of the geodesic
equations was performed. Almutiben et al. [6] also considered the problem for the six-dimensional
solvable indecomposable Lie algebras. Following the classification given by Turkowski [7], there are
forty classes of non-isomorphic six-dimensional Lie algebras. Among these forty algebras, the first
nineteen Ag—Ae 19 have a four-dimensional, or equivalently co-dimension two, abelian nilradical and
a two-dimensional abelian complement. Almutiben et al has given a comprehensive analysis of the
symmetries in these nineteen cases [6] .

In this paper, we continue to study the symmetries corresponding to the eight algebras Ag20—As27
in [7]. These algebras are characterized by the property that they have a four-dimensional abelian
nilradical and a one-dimensional center.

An outline of the paper is as follows: In Section 2, we provide some background material that helps
to motivate our analysis. We do not give very specific details, but do provide some useful references.
In Section 3, we give the definition of the canonical connection V on a Lie group and a summary of
its properties. In Section 4, we review the symmetries of differential equations and the Lie invariance
condition. In Section 3, for each algebra Ag »0—A¢ 7 in Turkowski’s list, we give the geodesic equations,
a basis for the symmetry algebra in terms of vector fields, and, finally, we identify the symmetry Lie
algebra in terms of the nilradical and its complement. We will use > to denote a semi-direct product
and @ for the direct sum of algebras.

2. Background concepts

In order to motivate some of the material, we shall sketch a few of the key ideas encountered below.
We shall be considering certain systems of second order ordinary differential equations. The space of
independent variables that occur serve as a system of local coordinates on a Lie group G. We shall take
for granted the basic definitions and properties of Lie groups. One may think of a Lie group as being
an object that is intermediate between a vector space and a differentiable manifold. In particular, on a
Lie group, one may make sense of various geometric objects (vector fields and one-forms primarily)
as being left or right invariant. We refer the reader to [8—10] for readable introductions to the topic,
that will be helpful in understanding the present article. In addition, these references help to explain
the relationship between Lie groups and Lie algebras in a pragmatic way. Although the differential
equations treated here technically “live” on a Lie group, in practice, all of our calculations are done at
the Lie algebra level. Another more advanced source that covers the same material is [11].

As regarding precise definitions related to Lie algebras, we refer in the first instance to [12] and also
to [11]. For a solvable Lie algebra, one should think roughly of a subspace of upper triangular matrices
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and for a nilpotent Lie algebra, a subspace of the strictly upper triangular matrices. Nonetheless,
abelian sub-algebras are nilpotent, so subspaces of diagonal matrices are also nilpotent.

An important construct that we shall make use of is the semi-direct product of Lie algebras. The
idea can be understood in various ways, but perhaps the simplest is to say that an algebra is a semi-
direct product of Lie algebras if it is a vector space direct sum of a sub-algebra and an ideal. Solvable,
not nilpotent, Lie algebras are only semi-direct products when there is an abelian complement to the
nilradical. In this article, we shall be concerned with the Lie algebras Ag20—As27 in [7]. Of these eight
classes, only three, Ag22,As23, A7 for which € = 0, are semi-direct products. However, we shall see
the appearance of semi-direct products again when we analyze the symmetry algebras in Section 5.
In general, a symmetry algebra need not be solvable, but rather will have a Levi decomposition, that
is, it will be a semi-direct product of a solvable ideal (that itself may or may not be a semi-direct
product) and a semi-simple sub-algebra. All of the algebras Ag,0—As27 studied in Section 5, produce
semi-simple sub-algebras.

Concerning the definition of a linear connection, one may refer to [11] among a host of many
excellent references. In relation to the current paper, one really only needs to understand that a linear
connection produces a system of second order ordinary differential equations, the geodesics. These
systems are similar to equations encountered in particle mechanics; the simplest example arises from
the flat connection on Euclidean space (in arbitrary dimension), and the corresponding differential
equations are the equations of motion of a free particle. More general connections introduce, as well
as second order terms, first order terms that are quadratic in velocities.

Finally, we come to the notion of symmetry of a differential equation. Lie’s original idea was that
a differential equation that could be integrated explicitly must possess an underlying symmetry. By
the term “symmetry”, we understand a change of variables may be both independent and dependent
variables, such that after applying a finite transformation, the differential equation remains invariant.
For a determined system of ordinary differential equations, and later, partial differential equations, the
set of such symmetries comprises what was to become known as a Lie transformation group. Very
quickly it was realized that the underlying structure need not be associated to a differential equation at
all, and led to the idea of an abstract Lie group. It was also understood by Lie and his contemporaries,
that it would be virtually impossible to calculate Lie transformation groups explicitly, even in some of
the simplest cases. That circumstance led Lie to another great insight: that it would be far easier to work
at the infinitesimal level and find not the Lie group, but rather its Lie algebra. In fact, Lie frequently
uses the term “group”, whereas today we would be more careful and refer to the “Lie algebra”.

In this work, Lie groups and Lie algebras appear at two levels. First of all, the differential equations
that we study constitute an intrinsic part of the Lie group on which they are defined. Second, the set of
symmetries of the differential equations itself forms a Lie group. However, the relationship between
the two Lie groups and, more importantly, their associated Lie algebras is not a simple one in general.
It is only in the case where the first Lie algebra has a trivial center that one can be sure that the first
Lie algebra is isomorphic to a sub-algebra of the second; the sub-algebra in question is then either the
algebra of left or right-invariant vector fields. In fact, the Lie algebras studied below in Section 5 all
have a one-dimensional center.
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3. The canonical connection on Lie groups

On left-invariant vector fields X and Y, the canonical symmetric connection V on a Lie group G is
defined by

VyY = % [X, Y], (3.1)

and then extended to arbitrary vector fields using linearity and the Leibnitz rule. The connection V is
left-invariant. One could just as well use right-invariant vector fields to define V, but one must check
that V is well-defined. Properties of the canonical connection have been studied in [11], and we will
summarize them in the following proposition:

Proposition 1. For the canonical connection defined by (3.1):

(1) The torsion is zero.

(2) The curvature tensor R is given by R(X,Y)Z = JT[[X, Yl,Z].

(3) The curvature tensor R is covariantly constant.

(4) The curvature tensor R is zero if, and only if, the Lie algebra is two-step nilpotent.
(5) The Ricci tensor is symmetric and in fact a multiple of the Killing form.

(6) The Ricci tensor is bi-invariant.

4. Symmetries of the geodesic equations

In this section, we explain the algorithm for finding the Lie symmetries of the geodesic equations.
In local coordinates and in dimension n, the geodesic equations are given by

d’x - dx’ dx*
— +I——=0, “.1)
dr? odt dt

where l";.k are the connection components or Christoffel symbols, where i, j, k = 1, ..., n. In dimension
six, let’s take our coordinates to be ¢, p, ¢, x, y, z, w, where ¢ is the independent variable and p, ¢, x, y, z, w
are the dependant variables, so are functions of ¢. Define I' to be

o 0 o o0 o 0
r=724p% 0% x% sv2 2% w2 42
ot ap+Q X T e e Vo “4.2)

where T, P, Q, X, Y, Z, and W are unknown functions of (¢, p, g, x, y, z, w). The first prolongation I'' and
second prolongation I'* of T are given by

0 0 0 0
' I“+Pt +Qt +X’6 +Y,ay+Z,aZ+W,aW, 4.3)
I’ r1+P +Q +X6+Y +z‘9+W‘9 (4.4)
tt tt It a 1t .. ay tt a It 6w .
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where
and D is given by
0 0 0
D,

:§+p%+q%+Xa+y5y+ az

P, = D(P) — pD(T),
O = D(Q) — gD(T),
X; = D(X) — xD(T),
Y, = DY) — yD«(T),
Z, = D(Z) — zD(T),
W, = D{(W) —wD(T),

0 g .0 0
2

+W—

ow

Ptt = Dt(Pt) - th(T)’

Qtt = Dt(Qt) - th(T)a
X, = Dz(Xt) - jC'Dt(T),

Finally, I is said to be a Lie symmetry of the system of the geodesic equations if

where

FZ(AEZ))lAf,Z):() = 0,

d2 i ) )
A(.2> — _)ZC _ fl(t, )Cl),

' dt

.. 4.5
Y, = DAY,) - $DT), *43)
Ztt = Dt(Zt) - ZDZ(T),
th = Dt(Wt) - WDt(T),
0 0 0 0 0 0
+pap+qaq+xax+yay+zaz+waw (4.6)
“4.7)
i=1,2,..,6. 4.8)

Equation (4.7) is called the Lie invariance condition. We equate the coefficients of the linearly
independent derivation terms to zero, and this yields to an over-determined system of partial differential
equations. For a good reference on symmetries of differential equations, we refer the reader to [13].

S. Lie symmetry algebras of A¢»0—A¢ 27

In this section, we consider the eight six-dimensional Lie algebras with co-dimension two nilradical
and one-dimensional center, Ag20—Ag27 in [7]. For each Lie algebra, we will list the nonzero brackets,
the system of the geodesic equations and, the symmetry vector fields. Finally, we analyze the symmetry

Lie algebra in terms of its nilradical, complement, and semi-simple sub-algebra.

5.1. Algebra Agf’zo (ab: a*> + b*> # 0)

The nonzero brackets for the algebra Ag{’zo are given by

le1,eq] = aes, [e1,e6] = €6, [e2,e4] =Dey, [e1,e2] =e3, [ea,e5] = es. (5.1)
The geodesic equations are given by
p=plaz+bw), g=qz, i=xw, y=2zw, 72=0, w=0. (5.2)
For the general case Agz%’bio, the symmetry Lie algebra is spanned by:

ey =D,, e =D, e3 = tDy, ey = Dy, es = tDy,
e6 = D), e7 = D, es = Dy, e9 = Dy, e = pD,,
ey = why, e =2zD;, e3=wD,, ey4=2zD,, eis = gDy, (5.3)
eis = xDy, e;7 = €Dy, eg=e"Dy, e =wz—2y)D;, ey =(wz-2y)D,,

e = e”e“D,.

AIMS Mathematics
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We make the following change of basis:

er=e, e=¢e, € =e, ey = eg, es = ey,

e =€y, er7=epn, eg=eps, €y = ey, e = €7,

e =e, epn=ey, ep=e +%, eu=e+3, es=e3— R,
el5 = e, €17 = €15, €13 = €, eg=e3+ 3, ey =es,

e = ejo.

The nonzero brackets of the symmetry algebra are given by

ler, e1s] = ey, [e1, e10] = ey, [e1, ex] = e3, [e2, €16] = €2,
[es, e15] = e3, [es, er9] = —es, les, e21] = —2ey, [es, e17] = ey,
les, e1s] = es, les, e13] = —ey, les, e15] = es, les, e19] = €6,
[es, ex0] = es, le7, e1a] = —ey, [e7, e15] = e7, [e7, e10] = €7,
[e7,ex0] = eo, les, e13] = —es, les, e15] = es, les, e19] = —es,
les, ea1] = —2es, [e9, e14] = —e3, [eg, e15] = e9, [eg, e19] = —eo,
leg, e21] = =2e7, [eio,e1s] = —ei0,  [er0,€17] = eio, le11, e13] = —eyy,
leir,eis] = e, [enn,e3] = —bey, [enn,es] = —aen, [en,es] = e,
[e10, e20] = 2e20, [e19,€21] = —2e21, [e20,€21] = —2e9.

We describe the symmetry algebra by the following proposition:

(5.4)

(5.5

Proposition 2. The symmetry Lie algebra is a twenty-one-dimensional Lie algebra. It is a semi-direct
product of eighteen-dimensional solvable Lie algebra and sl(2,R). The solvable part is (R'?> x R®) a
semi-direct product of R'? and R®. Therefore, the symmetry algebra can be identified as (R'? =< R®)

sl(2,R).

5.2. Algebra Ag ,,

The nonzero brackets for the algebra A ,, are given by

ler,es] = es, [er,es]=es, ler,es] =aes, [er,es]=es5, [er,e6] =es, [e1,e2] = es.

The geodesic equations are given by
p=pE+aw), Gg=wGg-xz)+zx, ¥=xw, Vy=2zw, 2=0, w=0.

For the general case A%%’, the symmetry Lie algebra is spanned by

6,21
e, = Dy, e = Z‘Dy, e3 = Dy, ey = Dp,
es = Dy, es = Dy, e;=D,, eg =tD,,
ey = pD,, el =wbh,;, e =zD;, e = wbhDy,
€3 = ZDy, €14 = .X'Dq, €15 = ZDq +D,, €16 = qu + xD,,
e;7 =e"Dy,  eig=e€"Dy, e =(wz—2y)D;, ey = (wz-2y)D,,

— aw ,2
ey = e™e‘D,,.

(5.6)

(5.7)

(5.8)
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We make the following change of basis:

ep=e;, e =e;, e3 = ey, ey = es, es =ej, e5=ej,
e7=ep, ez=e;3, ey = ey, e = ejs, ey =ey7, ep=e,
- — - — (23] €13 - — €20 - — - — (5'9)
€13 =€, €y =€+ 5, es5=e7+5, €=~ 5, €7=¢€, €13= ¢,
€9 =6y, en=e+3, ey =ep.
The nonzero brackets of the symmetry algebra are given by:
ler,er5] = —ey, ler,eis] = ey, [e2, e13] = ea, [es, es] = ey,
les, e15] = —es, les, e8] = e3, les, e5] = ez, les, e14] = —e,
les, e13] = ey, les, e14] = —eo, les, e16] = es, [es, e19] = es,
les, e20] = es, le7,e15] = —e1o,  [e7,e16] = €7, [e7, ex0] = —e7,
le7,e21] = —2e12, [es,e14] = —e19,  [es, e16] = es, les, ex0] = —es, (5.10)
les, e21] = —2e6,  [e9, €16] = e9, [eg, e19] = €10, [eg, e20] = eo, '
[e10, €16] = €10, lei0, €20] = —e10,  [e10,€21] = —2e9, [er11,e17] = ey,
[e12, €15] = —eo, [e12, e16] = €12, [e12, €19] = €7, [e12, ex0] = €12,
le1s,en] = —e1s, ez, eis] = —aers, [ez,er7] = e3,  [er9, €] = —2eyo,
le19, e21] = —2e20, [e20,€21] = —2e2;.

We describe the symmetry algebra by the following proposition:

Proposition 3. The symmetry Lie algebra is a twenty-one-dimensional Lie algebra. It is a semi-direct
product of eighteen-dimensional solvable Lie algebra and sl(2,R). The nilradical is
thirteen-dimensional decomposable Lie algebra. In fact, the nilradical is a direct sum of As; in
Winternitz [5] and R®. The nilradical has a five-dimensional abelian complement. Therefore, the
symmetry algebra can be identified as

(A5 ®R®) % R’) = 5l(2, R),

where the nonzero brackets of As, are given by

les,es] =e1, [es,e5] = en. (5.11)
5.3. Algebra A, (ae: @ + € #0,e =0, 1)
The nonzero brackets for the algebra A%, are given by
le1,e3] = e3, ler,es] =es, [er,e4] = €4, [er,e3] = aes, [er,er] = €es. (5.12)
53.1. AS)
The geodesic equations are given by
p=zy, G=wq, ¥=iE+aw), y=0, =0, w=0. (5.13)
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For the general case AZE%E:O, the symmetry Lie algebra is spanned by
e = Dy, € = Dw, €3 = DZ,
es=D,, e = Dy, e7 =1tD,,
ey =Dy, el = xD,, e = wbh;,,
e = zDy, ey = wbh,, eis =yD,,
er7 = qDy, eis = pD, +yD,, el9 = €"Dy,
ey = 5D, + D, ey = (yz-2p)D,, ex = (yz—2p)D,,
ers = e™e*D,, ex = (’%2 — p2)Dy, + (yz — 2p)D;.
We consider the following change of basis:
e =ey, e =es, e3 = ¢, ey = eg,
e = eqy, e7=e13, eg=ey, €9 = €6,
e = e, e = ey, e;3=exs, ey = e,
el =ey+es, €17 =en, €s= e, el =eq+ %,
e = ep, en =ej5, ep =egten, ey =ey,
€6 = €.
The nonzero brackets of the symmetry algebra are given by
ler,e15] = 5, le1, e16] = e, le1, er0] =
ler, ex1] = e3, le1, ex] = ey, ler, exs] =
le1, ex5] = e, [e1, ex] = eqr, lea, e17] =
les, e6] = e3, [e3, e19] = e3, [e3, ex] =
les,ens] =er + 3,  [eq,e16] = ey, les, e10] =
les, e23] = —ey, les, e25] = —2es, les, ex] =
les, eg] = es, les, e14] = —es, les, e16] =
les, e19] = €6, les, e20] = es, les, €24] =
le7, e15] = —es, [e7, e16] = e7, le7,e10] =
[e7, e20] = eo, [e7,e24] = ey, les, e1a] =
les, e16] = es, les, e19] = —es, les, ex3] =
les, ex5] = —2eg, les, ex6] = —2eq2, [eg, e15] =
leg, e16] = eo, leg, e19] = —eo, leg, e23] =
leg, e25] = —2e7, leg, e26] = —2eqy, le0, e14] =
[e10, €18] = €10, le1r, e1s] = —ey — 25 le11, e16]
le1,ex1] = e7, [e11, €] = eo, le11, €]
le1a, e1a] = —e1 — 5, e, e16] = e1n, le12, e21]
[e12, €22] = eg, [e12, €23] = €12, le13, e14]
le13, e15] = —eys, [e13, e17] = ey3, [e19, €20]
lero, €21] = —eny, [e1o, €22] = €22, [e19, €24]
le19, e25] = —2e25,  [e19, €26] = —e2, [e20, €21]
[e20, €23] = —eno, [e20, €25] = —2e)9, [e20, €26]
[ea1, e23] = —eny, [ea1, e24] = —e19 + €23, [e21, e26]
[ex, €23] = —2e), [e22, €24] = —eng, [e22, €25]
[ex, ex6] = —2e23,  [e23,€04] = —en, [e23, €25]
[e23, 6] = —2e26,  [€24, €25] = —€26.

AIMS Mathematics

ey = tD;,
eg = Dp,
e =yD,,
e = 2D, (5.14)
€y = Z;Dp +zD,,
€yq = %DP + WDy,
es = e,
el = e,
eis =et (5.15)
€ = €7,
€5 = exp,
ey + éo,
€,
€4,
—€y4,
—261 — €9,
€e,
€12,
€7,
—€4,
—és,
—€4,
—e (5.16)
—€10,
€11,
€1,
€6,
—aeqs,
2e,
€24,
—€22,
—2e,
—€35,
—2ey1,
—€2s,

Volume 9, Issue 6, 14504—-14524.



14512

We describe the symmetry algebra by the following proposition:

Proposition 4. The symmetry Lie algebra is a twenty-six-dimensional Lie algebra. It is a semi-direct

product of an eighteen-dimensional solvable Lie algebra and sl(3,R). The solvable part is (R"
> RS) >

a semi-direct product of R"> and R>. Therefore, the symmetry algebra can be identified as (R'?

sl(3,R).

5.32. AS)

The geodesic equations are given by

p=plaz+w), §g=qz X=yw, y=2w,

For the general case A‘gégf ! the symmetry Lie algebra is spanned by
e, = Dy, e, =tD,, e3 = Dy, e, =D,,
€5 = Dy, € = Dq, €7 = DW, eg = Dz’
ey = tD,, el = pD,, ey =wbhy, e =zDy,
e;3 =zDy, ey = wbhy, eis = qDy, e = yD, + 2Dy,
er7 = €Dy, eig =twDy, +2tD,, ej9= WTZD,C +wDy, ex = wzDy + 2zD,,
e = (022D, en=e"eD,, e = (wy—"F)D+(-wz+2y)D,.

We consider the following change of basis:

e = ey, e =e, e3=e;z, ey, =ey, 5= es,

e = e, e7=ey, eg=ejp, e =ep3, €= ey,
ey = e, e =ey7, €;3=epy, ey = ey, €j5= ey,
e = e, €7 =eg, eg=ey+ 3, eg=ey, €y=es,

2. — €23 > — > —
€ = €9 — 5%, €3 =€18, €23 = €.

The nonzero brackets of the symmetry algebra are given by

[e1,er] = ey, [e1,eis] = ey,

[e1, exn] = eo + 2es, [e2, e7] = —eqo,

[er, e13] = —es, [e2, e21] = —e,

[es, er9] = e3, [es,eq1] = ey,

[es, ex] = —es — 22, [es, ex3] = —2ey,

[e7,e16] = —ei, [e7,e1s] = e,

[e7,ex] = 2e3, [es, e17] = —ey,

[es, ex1] = es, [es, exn] = e,

[e10, e16] = —ea, le11, e13] = —eo,

[ei1,e7] = —es, lei,eis] = —ej + ey,

[e1r, en] = —2e,, le11, ex3] = —2eg,

[e12,ex0] = €1, [e13, e16] = —e10 — es,

[e13, ex1] = —ey3, [e13, ex3] = —2e,

[eis, e17] = —e10 — 2es, [e1s, ei3] = e,

[e14, e23] = —4eg, [e1s, ei6] = —eis,

[eis, e10] = €5, [eis, €15] = 9L — 42,
2 2

[eis, €] = e, [eis, €3] = es,

le17, e1] = %, le17, e23] = e7,

[ea1, €3] = —2e33, [ex, 23] = —4es.
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er, el = ey,

e, e8] = —eo,

e, ex] = 2ey — ey,
es, e8] = es + e'o

€6, €20] = e,

e7,e1] = e7,

es, e13] = eg,

e, e17] = —ey,

e, eq] = —eo,

e, e7] = —en,

eis, eiz] = eys,

s, €16l = —eo,

e, 1] = —ey,
eis,e17] = —ae;s,

el €21l = =3+ 5,
e17, e8] = %3,

[
[
[
[
[
[
[
[
[
le11, €] = e — e,
[
[
[
[
[
[
[
[

e, en] = 2ex,

= R?),

(5.17)

(5.18)

(5.19)

(5.20)
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We describe the symmetry algebra by the following proposition:

Proposition 5. The symmetry Lie algebra is a twenty-three-dimensional Lie algebra. It is a semi-direct
product of twenty-dimensional solvable Lie algebra and sl(2, R). The solvable part is (R¥><R>), a semi-
direct product of R" and R®. Therefore, the symmetry algebra can be identified as (R" xR>) = sl(2, R).

5.4. Algebra A‘6’33(a6: a>0,e=0,1)

The nonzero brackets for the algebra A¢’,; are given by

le,e3] =e3, [er,es]l =es, [er,es] =es, [er,e3] = ey, (5.21)
[ea, e4] = —e3, [ez,e5] = aes, [er,e2] = €es.
. Ara,e=0
5.4.1. Case I: Agos
The geodesic equations when € = 0 are given by
p=pi—db, §=pw+ds E=yE+aw), $=0, 1=0, W=0. (522)
The symmetry Lie algebra is spanned by
€ = D[, € = Dp7
€3 = an €4 = tha
es = D,, es = D),
€7 = DW’ €g = DZ,
e9 = tDy, el = wbhy,
ey =yDy, e =2zD;,
ei3 = yD,, ey = zDy, 593
eis = wD,, e = pD, + gDy, (5.23)
ei7 = xD, +yD,, eig = gD, — pD,,
_ Haw+z) —
el = ~“5=D, +1D,, ex = ((aw + 2)y — 2x)D,,
ey = WDX + WDy, €y = WDX + ZDy,
€3 = WQ, ex = cos (w)e*D,, + sin (w)e*D,,,
. @yl +yz—2 —
ex5 = sin (w)e* D), — cos (W)e*D,, ez = WDX + ((”W++)}2x)Dy.
We consider the following change of basis:
e =e, e =e, e3 = e3, ey = es, es = e, e = e,
€7 =¢€p, €3=2~eyy, €9 = €]5, €10 = €1, €11 = €, €12 = €4,
e3=ex, ey=e+ 5%, es=eg+ 5, e =e9tep, €7= e, es =ei5,  (5.24)
eg=e4, ex=e+F, ey =e, en = e3, ey =e17+ ey, €y = e,
€35 = €23, €36 = €26.
AIMS Mathematics Volume 9, Issue 6, 14504—-14524.
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The nonzero brackets of the symmetry algebra are given by

[e1, ei6] = e, ler, e10] = ey, [e1, ex] = ey,
[e1,e] = 52 +e5+ 2 [e2,e17] = €3, [e2, e13] = —es,
2 2
[e3, e17] = e, [es3, e3] = ea, [es, €16] = ea,
[es, e20] = —eu, les, €23] = —ey, [es, €25] = —2%,
2
[e4, e26] = —€g — % — ==, [es,e14] = 5, [es, e1s] = 5,
les, e16] = es, les, e0] = % + %8, les, e21] = ey,
[es, exn] = ey, les,ex] = aeg +es +es,  [es,exs] = < + e,
[es, e26] = <L + e, les, e14] = —ey, les, e16] = €,
[es, €19] = eo, [es, e20] = €6, [es, €24] = €0,
[e7,e15] = —ey, [e7,e16] = €7, [e7,e19] = e,
[e7,ex] = e7, [e7,ex] = ey, [es, e15] = —eq,
[es, e16] = es, [eg, ex0] = —es, [es, €3] = —es,
P 2
[es, exs] = —=2, [es, e26] = ==L, [eg, €14] = —ey,
a a
[eg, €16] = e, [eq, e20] = —e9, [eg, €3] = —ey,
2 2
Leg, 625] = %’ [eg, €26] = — 210, [e10, e14] = —a—? —e5— %8,
[e10, e16] = €10, [e10, e21] = eg, [e10, €22] = eo,
[e10,e3] = e [e11,e15] = =22 —es— 2, [eg,e165] =€
10, €23 10 11, €15 P 2 5 11, €16 11,
lei1,e2] = ey, [ei1, exn] = es, lei1,exs] = enr.
[e12, e14] = €13, [e1n, e15] = —ein, [ein, e17] = eia,
[e1n, eis] = ei3, [e13, e1s] = —era, [e13,e15] = —e3,
[e1s, e7] = eys, [ei3, e1s] = —eia, [e19,e20] = —2ey9,
2
lerg, e21] = —ex,  [e19, €23] = —e19, leo, e25] = —=2,
lerg, ex6] = =22, [ =~ =
19 €261 = ——~> 1€20, el = —ey, [e20, €22] = €22, (5.25)
[€20, €24] = €24, [e20, e25] = —2eys, [€20, €26] = —e€26,
[ex1,ex] = —ex,  [ear,eu] = —ex +ex3, [ear, ex] = —ess,
2
lexn, e23] = —2e22, [e22, €24] = —€19, lex, e25] = —=2,
P
[ex, e26] = —=2,  [e23, e04] = —e24, [e23, €25] = —eas,
[e23, €26] = —2e26, [€24, €25] = —€26.

We describe the symmetry algebra by the following proposition:

Proposition 6. The symmetry Lie algebra is a twenty-six- dimensional Lie algebra. It is a semi-direct
product of eighteen-dimensional solvable Lie algebra and sl(3,R). The solvable part is (R"> < R®), a
semi-direct product of R'> and R>. Therefore, the symmetry algebra can be identified as (R'> = R>)
sI(3,R).

5.5. Case 2: A%!

6,23
a#0,e=1
5.5.1. Agh;
For Agzgf !, the geodesic equations are given by
p=pz+wq, §=-pw+qz, X=yZ+aw),
Vy=zz+aw), 2=0, W = 0. (5.26)

AIMS Mathematics

Volume 9, Issue 6, 14504—-14524.



14515

The symmetry Lie algebra is spanned by

er =D,, € = an €3 = Dp»
€4 = Dys €5 = tha €6 = DZa
€7 = st €y = tDta €9 = Dt,
eio = wDy, ey =zDy, e =wD,,
e =zDy, ey = yD, +zD,, eis = pD, + gDy,
_ _ tlaw+2)Dy _ (awz-%—zz—Zy)DX
e = —qD, + pD,, ey7 = —5—+1D,, ey = ———,
27 R (12”'27£ ’D' .
e = M, e =2 ;ﬂ) = +wD,, ey = sin(w)e*D,, + cos(w)e*Dy,,
. @1 LY (awz+z2—2y)Dy +22-2y)Dy
exn = —cos(w)eD, + sin(w)e’D,, ey = G +2)(‘””u” WOy | (”Wmu Ll
We consider the following change of basis:
ep = ey, e =es, e3=ey, ey = ey, 5= e,
e = ey, e7=ep, eg=e3, eg =ey, €= e,
ey = e, ep=e, e;3=es, ey = ey, €5 = en,
el = e, €17 =eg €13=e3— —06223, e = eys, €y = e,
e =eg+ 52, epn=e7, €3 =ep.
The nonzero brackets of the symmetry algebra are given by
2
le1, e0] = e3, le1, e10] = =2,
ler,en] = %3, le1, e8] = %‘*‘%4‘6’1,
[er,en]=—% — % —ey, [er,en] = -3,
[e2, e4] = —e3, [e2, e7] = —es,
[e2, e8] = —es, [e2, e13] = —e,
[es, e21] = —es, [es, ex3] = —eyo,
[es, e1s] = ey, les, e21] = ey,
les,en] =2+ 5 +e,  [es,es] = —es,
les, e17] = —e3, [e7,e16] = —ea,
[e7, e8] = e7, le7,ex] = e7,
le7,en] = St +eqy, les, e17] = —eq,
[es, e8] = es, les, e21] = es,
2
les, exn] = ae% + eo, [eo, e10] = —%,
leg,en] = = —es, leg, e17] = —ey,
[eg, e13] = aejg + e, leg, €21] = —aejp — eo,
€9,€22] = —€3, €9, €3] = ——~,
[es, €22] [eo, €23] = -2
2
lewo, e11] = 2, le1o, €16] = —es,
[e10, e17] = =2 —e5, [e10, e18] = —e0,
2
[e10, €21] = €0, [e0, e] = =2,
le11, e16] = —aes — ey, [€11,€|7]=%6,
lei1,e13] = e + e, lei1, e21] = —eip — ey,
2
lerr, exn] = —%2, le1r, exs] = —f,
[ei2, e19] = €2, [e12, e20] = —e13,
[e13, e10] = e, [e13, e20] = en2,
[e1s, e16] = eis, [e1s, e17] = —eua,
[e1s, e190] = ey, [es, e20] = ey5.

AIMS Mathematics

(5.27)

(5.28)

(5.29)
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leis, e16] = —ea,
leis, er0] = €15,
[eis, e18] = —
leis, €] = 57
lei7, e1g] = =<5
le17, €] = %2,
[ear, exn] = 2en,
[ex, 23] = —22L.

—aeyp — €o,

[eis, e17] =

—€15,

—€14,

2

a’eip | aey
7 T2
€3

S+ aey + eo,

(5.30)

We describe the symmetry algebra by the following proposition:

Proposition 7. The symmetry Lie algebra is a twenty-three- dimensional semi-direct product of twenty-
dimensional solvable Lie algebra S | 59 and sl(2,R). The nilradical a fifteen-dimensional nilpotant Lie
algebra Ny, ® R*, which is a direct sum of Ni11, an eleven-dimensional nilpotent Lie algebra, and
a four-dimensional abelian Lie algebra R*. The complement to the nilradical is a four-dimensional
non-abelian. Therefore, the symmetry Lie algebra can be identified as S | 59 > s{(2,R).

5.6. Algebra A6’24

The nonzero brackets for the algebra Ag,4 are given by

[e1,es] = es + es,

The geodesic equations are given by

The symmetry Lie algebra is spanned by

ey =D,

€4 = Dp,

e; =D,

ey = pD,,

e =wD,,

el = gD, + xDy,
el = (wz—-2y)D,,

We consider the following change of basis:

ep=e5, €=
es=ey5, €=
eg=ey, €=
ez =e3, €
ey7 =ep, eg=

€21 = €19,

AIMS Mathematics

[e1, es] = es,

p=pz G=w(g+x,

e = tDy,
€5 = Dq,
es =D,
ei = wbh,,
e4 = zDy,

€17,

€,
€12,

=e7+

€16,

X=xw, y=2w,

€3ZD

(WZ - Zy)Dy,

[e2, es] = es, [er,e2] = e3. (5.31)

=0, w=0. (5.32)

¥

€6 = D)n

eq = tD;,

e =zD;, (5.33)
=xD
=éeD,,

=w-1e"D, + e"D,.

q»

€4 = €71,
€3 = €4,
€12 = €14, (5 34)

— €20
€16 = €9 — 5,

- — €20
€ = €9+ 5,
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and the nonzero brackets of the symmetry algebra are given by

ler,eig] = e, [er,e15] = —en, [e2, e18] = e, les, es] = ey,

les,e1s] =3, [es,es5] = e, les, e15] = —e2 — eq, [es, 18] = eu,

les, e16] = €5, [eq,€19] = €7, [es, e20] = e, le7, e16] = €7,

le7,ex] = —e7, [e7,e21] = —2es,  [es,€17] = es, [eg, e15] = —es,

leg, e16] = €9,  [e9,e€19] = eyy, [eg, e20] = e, [e10, €14] = —es, (5.35)
[e0. €16] = €10, [e10,€19] = €12, [e10, €20] = €10, leir,eis] = —e,

ler1, ei6] = €11, [err,exn] = —eyy, lei1,ex1] = —2eo, le12, e14] = —e7,

le12, e16] = €12, [enz,ex0] = —e1n,  [enn,ea] = —2e10,  [e13,€14] = —€y3,

le1s, e17] = e13, [ero,ex0] = —2e19, [e19,€21] = —2e20,  [e20,€21] = —2e31.

We describe the symmetry algebra by the following proposition:

Proposition 8. The symmetry Lie algebra is a twenty-one-dimensional Lie algebra. It is a semi-direct
product of an eighteen-dimensional solvable Lie algebra and sl(2,R). The nilradical is a thirteen-
dimensional decomposable Lie algebra. In fact, the nilradical is a direct sum of As, in Winternitz [5]
and R®. The nilradical has a five-dimensional abelian complement. Therefore, the symmetry algebra
can be identified as ((As, ® R®) = R’) = sl(2, R), where the nonzero brackets of As., are given by

[es,es] =er, [es,e5] =en. (5.36)

5.7. Algebra A“l’25 (ab: a* +b*> £ 0)

The nonzero brackets for the algebra A6 ) are given by

ler,eq] = aes, [e1,es] =es, [e1,e6] = —es, [e2,e4] = bey, (5.37)
ler,es] =es, [er,e6] = €6, [e1,e2] = e5.
The geodesic equations are given by
p=pbw+az), g=-wz, X=xz—-yw, y=xw-yz, z2=0, w=0. (5.38)
a#0,b#0 . .
For the general case Ag,s" ", the symmetry Lie algebra is spanned by
€] :Dh eZZth’ 63:Dq,
€4 = Dy’ es =D,, €6 = Dp,
€7 = DW9 eg = Dz9 €9 = ch
(5.39)
€10 = pr, €11 = WDq’ €12 = ZDq,
e;3 = wbh,, ey =zDy, e;s = xDy +yD,,
eie = Wz +2q)D,, e17 = Wz +2q)D,, ej3 = e™e D,
We implement the following change of basis:
e =ey, e = e, ez =ep3, e4=eq,
es = —e;+ bes e = ey, e7=es, eg= e,
e =eq + am e =ep3+ am ey =es, e€p=eg— A, (5.40)
e3=eg+ 3, ey =e, e;s = eys, €6 = ey,
€17 = ey — %6, e = €7,
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and the nonzero brackets of the symmetry algebra are given by

[e1, e13] = ey, le1, e6] = e, ler,e17] = ey,

[ea, e13] = e, [e2, e17] = —ea, [ea, e8] = 2ey,
les, es] = ey, les, e13] = e3, les, e16] = ey,

[e3, e17] = e, les, e5] = e, les, e13] = ey,

les, e17] = —eq, les, e1s] = 2e3, les, enn] = 5,
[es,e3] = =22 + 22 [es,e7] = 22 — 24 [es, e15] = — 200 + 222
[es, e15] = es, le7,ei15] = e, les, e1a] = es,

leg, e12] = =52, leo, €13] = eq, leg, €17] = —eo,
leo, e18] = 2e10, le10, e12] = =2, Le10, €13] = €10,
[e10, €16] = €9, [e10, €17] = €10, le11, en] = —aeyy,
ler1, e14] = ey, leis, €17] = —2eys, leis, €18] = 2ey7,
[e17, e13] = —2eys.

We describe the symmetry algebra by the following proposition:.

(5.41)

Proposition 9. The symmetry Lie algebra is an eighteen-dimensional Lie algebra. It is a semi-direct

product of fifteen-dimensional solvable Lie algebra and sl(2,R). The nilradical

Is an

eleven-dimensional decomposable Lie algebra. In fact, the nilradical is a direct sum of As, in
Winternitz [5] and R®. The nilradical has a four-dimensional abelian complement. Therefore, the
symmetry algebra can be identified as ((As; & R*) = R’) = 512, R), where the nonzero brackets of As

are given by
les,es] = e1, [es, e5] = en.

5.8. Algebra A

The nonzero brackets for the algebra Ag ,; are given by
le1, es] = aes + es, [e1,ec] = aes —es5, [ex,e4] = €4, [er1,€2] = e3.
The geodesic equations are given by

p=pi G=wi ¥=iai-y), §=wii+a), =0, =0

For the general case Agz%, the symmetry Lie algebra is spanned by
ey =D, e, = tDy, e3 =D, es =Dy,
€5 = Dp, €q = Dy, e7 = DZ7 eg = DW,
€9 = tD,, el = pr, e = WDq, €1p = ZDq,
e;3 =wbh,, ey = zD;, eis =xD,+yD,, e5=¢D,,
ey7 = yD, — xDy, eig = (wz +2q)D,, ey = (wz+2q)D,,

ex = e™ cos(w)D, + e sin(w)D,, ey = e sin(w)Dy — e™ cos(w)Dj.

We consider the following change of basis:

el=e, e =e;, €;=es, ey = es, es = e,

e =e1, e3=epn, eg=es, €y = ey, €10 = €16,

ey =ey, ep=ey, €3=e+ %, €1y =eg+ %, €15 = €9 — %,
el = e, €17 =e5, €z = e, e = e, ey = ey + I,

ey = epo.

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)
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The nonzero brackets of the symmetry algebra are given by

[e1, e15] = ey,
[e2, e15] = e,
[e3, e17] = e,
[es, e17] = es,
[es, e15] = e,
[e7,e13] = —e,
[e7,e21] = —2ey,
[es, e19] = e,
[eg, e15] = eo,
[e10, €13] = —eqo,

leir,ei7] = enn,
[e12, e17] = era,
[

€19, e21] = —2en,

[e1, er9] = e,
[e2, e20] = —e3,
[e3, e8] = —es,
[es, e13] = es,
[es, €20] = —es,
[e7, e15] = e7,
les, e14] = —ey,
[es, ex0] = es,
[eg, e19] = €7,

[e10, €16] = €10,

leir, eis] = e,
[e12, e13] = —eir,
[e20, €21] = —2ey;.

We describe the symmetry algebra by the following proposition:

Proposition 10. The symmetry Lie algebra is a twenty-one-dimensional Lie algebra.

[e1,ex] = e,
[es, e21] = —2ey,
les, e16] = eq,
[es, e14] = —e,
les, €21] = —2es,
[e7, ex0] = —e7,
les, e15] = es, (5.47)
leo, €13] = —ey,
[eg, e20] = e,
le11, e1s] = —aeq + ey,
le12, e14] = —aer; —eqy,
[e19, €20] = —2ey,
It is a

semi-direct product of an eighteen-dimensional solvable Lie algebra and sl(2,R). The nilradical is
twelve-dimensional abelian Lie algebra and has a six-dimensional abelian complement. Therefore,
the symmetry algebra can be identified as: (R'> = R®) > sl(2, R).

5.8.1. Case 1: A%=°

The symmetry Lie algebra is spanned by

ey = Dy,
€4 = D,,,
e7=D,
€ = PDp,
e;3 = wbhy,
€16 — €ZDP,

el = (wz —2q)D,,

ex = (=cos(w)y + xsin(w))D, + (= cos(w)x — y sin(w))D,,
ex3 = (cos(w)x + ysin(w))D, + (— cos(w)y + x sin(w))D,.

We implement the following change of basis

AIMS Mathematics

e = ey,
es = e,
ey = ey,
213 =e7+
ey = e,
e = ey,

e
2

e = e,

es = eqy,

el = €,

€1y =eg— % + %,
ey = e,

ey = en,

e =tDy, es =D,

es =D,, e6 = Dy,

eg = D,, ey = tD,,

e =wDy, ein = zD,,

ey =zD,, eis = xD, +yDy,

e17 =yD, —xD,, e;3 = cos(w)D, + sin(w)D,,

ex = Wz —2q)D,, ey = sin(w)D, — cos(w)Dy,
(5.48)

e3 = ey, ey = es,

e7 = ey, eg = ej3,

€11 = €13, €2 = €y,

eis=e9g— 5, e =ep, (549

elg=eg+ 3, ey = ey,

€y = e,
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and the nonzero brackets of the symmetry algebra are given by

[e1,eis] = ey, [e1,eis] = e, [e1, ei0] = —ey, [62,615]—62,

[e2, e19] = —ey, [e2, ex0] = —2ey, [es, ei6] = e3, les, e14] =

[es, e17] = 64, [es, €21] = —es, [es, exn] = €12, [es, €3] = ey,
[es,es] = les, e17] = es, [es, ex1] = ey, [es, exn] = —eyy,
[es, ex3] = 612, les, e14] = —e, [es, e15] = es, les, e19] = —eg,
[es, ex0] = —2es, [e7,e13] = —en, [e7,e15] = e7, [e7,e19] = —e7,
[e7,ex0] = —2eq, [es,e14] = —ey, [es, e15] = es, les, e1g] = es, (5.50)
[es, e10] = es, leg, e13] = —ey, [eg, e15] = e, leg, e8] = e7,

[eg, e19] = e9, le10, e13] = —e10,  [e10,€16] = €0, le11, ens] = 2,
[eir, e17] = e, [e11,ex] = e, [eir, exn] = —es, [e11, ex] = ey,
le1n, e1s] = —%, [e12, e17] = enn, lenn, e1] = —enr,  [enn, €] = ey,
[e12, ex3] = es, [e1s, e19] = —es, [e1s, ex0] = —2e19, [e19,e€20] = —2e20,
[eai, en] = 2ex3, [ea21,ex3] = —2exn, [exn,exn] =—2e;.

We describe the symmetry algebra by the following proposition:

Proposition 11. The symmetry Lie algebra is a twenty-three-dimensional Lie algebra. It is a
semi-direct product of a seventeen-dimensional solvable Lie algebra and two copies of sl(2,R).
Furthermore, the symmetry Lie algebra has a twelve-dimensional abelian nilradical and
five-dimensional abelian complement. Therefore, the symmetry algebra can be identified as

(R'? xR = (sI(2,R) & sl(2,R)).

5.9. Algebra A¢ 627 (e=0,1)

The nonzero brackets for the algebra A¢ ,, are given by

ler,e3] = es, [er,es] =es, [e1,e6] = —es5, [er,es5] =es, [er,e6] =€, [e1,€2] = €e3. (5.51)
5.9.1. Ag; 2(;
The geodesic equations where € = 0 are given by
p=pw—-qz, g=pz+qw, ¥=0, y=xz, 72=0, w=0. (5.52)
The symmetry Lie algebra is spanned by
€1 = Dl’ € = tDy’
€3 = Dy, €4 = Dp,
€5 = Dq’ €6 = Dx’
€7 = DW’ €g = DZv
eqg = tD;, el = wbhDy,
ey = xDy, e = zDy,
e;3 =wbD,, ey = xDy, (5.53)
eis = zD,, e = pDy, +qD,,
e;7 = xDy +yD,, eis = gD, — pDy,
2
€19 = le + %Dy, ey = ZDX + %D s
ex = (xz = 2y)D,, en = (xz-2y)D,,
e = wD, + %Dy, ey = e" cos(z)D, + " sin(z) D,

exs = e"sin(z)D, — e" cos(z)D,, ez = (xz—2y)D, + (XTZZ - y2)D,.
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We implement the following change of basis:

el
es
€9
e
e
123
€

and the nonzero brackets of the symmetry algebra are given by

le1, e6] =
le1, ex4] =
[e2, €3] =
les, e17] =
les, e8] =
les, ex0] =
les, ex3] =
les, €14] =
les, e20] =
le7,e16] =
[e7,e24] =
les, e20] =
les, ex6] =
[eg, e20] =
[eg, e26] =
ler0, e21] =
le11, ens] =
le11, exn] =
[en2, e15] =
le3, e14] =
[e13, e1s] =
[e19, €23] =
[e20, €21] =
[e20, €25] =
[ea1, €] =
[ex, €] =
[es, e24] =
[e24, €25] =

23
€6

€,
€6,
e
ey =

€is,
€35,
€165
€11,
€1,

eg
€2
€26

€,

es + %9,
—€,

€s,

es,
€9

3
e5 + €9,
—e€i,
€6,

€7,

€10,
—€s,
—2eyy,
—€o,
—2eyo,

€7,
€9

—€5 — 2

€s,
€13,
—€13,
—€12,
—€19;,
—€21,
—2ess,
—e t+ €3,
—€19;,
—€24,
—€26.

€3,
€10,

e3
e
ey, e
e7, e€is
e

e

€18,
€14,
€26,

[e1, e10] =
[e2, e16] =
[e2, e25] =
[es, e8] =
les, e15] =
les, e21] =
les, exs5] =
les, e16] =
les, e24] =
[e7, e19] =
les, e14] =
les, ex3] =
leg, e15] =
[eg, ex3] =
[e10, e15] =
[e10, e22] =
le11, e16] =
le11, exs] =
ler2, e17] =
leis, e1s] =
[e19, €20] =
[e19, €25] =
[e20, €22] =
[€20, €26] =
[ea1, e26] =
[ex, e25] =
[exs, ex5] =

€y,
€12,
€23,
eg +
€,
er7 + e,

ar
2 2

€7,
€2,
—261,

—€y,
(]

K
€1,
€7,
€6,
€11,
€9,
—€,
—es,
—€,
—€,

)

9
€5~ %

€9,
€11,
€11,
€12,
—€12,
—2e9,
—2ey,
€22,
—€26,
—€3s,
—2eyy,

—€2s,

ey = es,

eg = ej3,

e = ey,

E]ﬁ = ée9 + €17, (554)
e = ey + F,
€4 = €y,

[e1, exn] = ey,

[e2, e20] = —e,
[e2, e26] = —2e5 — e,
les, e17] = eq,

les, e16] = es,

les, exn] = e,

[es, exs] = ey,
[es, e19] = eg,

le7, e15] = —ey,
[e7, e20] = €7,

[es, e16] = es,

[es, eas] = —2es,
[eg, e16] = eo,

leg, e25] = —2e7, (5.55)
[e10, €16] = €10,
[e10, €23] = €10,
le11, ea1] = e,
[e12, e1a] = —ena,
[e12, e8] = ei3,
[e13, e17] = ei3,
[e19, €21] = —e2,
[e19, €26] = —2e24,
[e20, €24] = €24,
[ea1, €23] = —ea,
[ex, 23] = —2e2a,
[e22, €26] = —2e23,
[e23, e26] = —2e26,

We describe the symmetry algebra by the following proposition:

Proposition 12. The symmetry Lie algebra is a twenty-six-dimensional semi-direct product of an

eighteen solvable Lie algebra and eight-dimensional semi-simple sl(3,R). Furthermore, the symmetry
Lie algebra has a thirteen-dimensional abelian nilradical. Therefore, the symmetry algebra can be
identified as: (R" = R>) = sl(3,R).
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59.2. AL

6,27

The geodesic equations where € = 1 are given by

P=aw, G=iw, I=ii—wy, F=iy+wi, :=0, =0 (5.56)
The symmetry Lie algebra is spanned by
ey =D, e;=D,, e3=D,, ey =D,
es =D,, es = Dy, e; =tDy, eg = Dy,
ey =1tD,, e =zD,, el =wD,, e = wbhy,
e;3 =zD;, e = gD, +zD,, eis = xD, + yD,, eie =yDy—xD,, (5.57)
ei7 = twD, + 2tD,,, ey = %Dp +wD,, el =wzD, +2zD,, ey = (wz—2q)D;,
ey = e-cos(w)Dy + e* sin(w)D,, exn = e sin(w)D, — e* cos(w)D,,
€23 = (qw =)D, + (~wz + 29)D,.
We implement the following change of basis:
e = e, e = e, e3=eg, €4 = ey,
es = e, es = ey, e =ep, eg=e3,
f9 = €14, flo = €13, 511 = €19, 512 = é3, (5.58)
€13 = és, €14 = €1, €15 = €2, €16 = €],
€17 = ey, eg=e;+ 3, e =es, €= e,
€y =e7— %, en = ey, €3 = e,
and the nonzero brackets of the symmetry algebra are given by
[e2, e9] = ey, [er, 18] = e + 3, ler,e21] = —e2 — 2,
[e2, e23] = —2e;3, [es,eq] = ey, [e3, e8] = e3,
[es, ex1] = e, [e3, exn] = 2e; + eg, [es, e7] = —eg,
[es, e5] = —es, les, e8] = —eq, les, e21] = —ey,
[es, €3] = —e11 + 2e9, [e5,€16] = —ey, [es, e17] = —ey,
[e7, e17] = —es, [e7, e8] = e7, [e7,e21] = e7,
[e7, e22] = 2e, [es, e16] = —es, [es, e1s] = es,
[es, ea1] = eg, les, exn] = e, leg, e10] = —es,
leg, e11] = —2es, [eg, e16] = —ea, leg, e18] = €11 — eo,
leg, e21] = —e11 + €9, [, €] = —2ey, leg, 23] = —2es,
[ei0,e17] = —e2 — e, [e10, €18] = eio, [e10, €21] = —eio, (5.59)
[e10, €3] = —2e7, le11, e16] = —2e3 — €5, [e11,e17] = —es,
[e11, e8] = e, le11, ea1] = ey, [er1,ex3] = —4es,
[e12, e19] = €12, [e12, ex0] = —ey3, [e13, e19] = ei3,
[e13, ex] = €12, [e1s, e16] = —ei4, [ews, e17] = eis,
[e1s, e19] = ens, [e1s, ex0] = eis, leis, e16] = —eis,
le1s, e17] = —eu, le1s, er0] = eis, le1s, ex0] = —ei,
leis, €18] = =5, leis, €21] = 52, [e16, €23] = e7,
ler7,eis] = =5+, [emenl=5 -2, lem.en]=es,
[e17, e23] = es, lez1, e2] = 2en, [ea1, €3] = —2e3,
[en, €3] = —4ey.

We describe the symmetry algebra by the following proposition:
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Proposition 13. The symmetry Lie algebra is a twenty-three-dimensional semi-direct product of
twenty-dimensional solvable Lie algebra S,70, and sl(2,R). The nilradical is a fifteen-dimensional
nilpotant Lie algebra N, 1, ® R*, which is a direct sum of N»11, an eleven-dimensional nilpotent Lie
algebra, and a four-dimensional abelian Lie algebra R*. The complement of the nilradical is
four-dimensional non-abelian. Therefore, the symmetry Lie algebra can be identified as
52’20 e sl(2, R)

6. Conclusions and future work

In this work, we have investigated the symmetry Lie algebra of the geodesic equations of the
canonical connection on a Lie group corresponding to the eight classes of Lie algebra A¢o0—Ac27
in [7]. In each case, we list the nonzero brackets of the given Lie algebra, the geodesic equations, and
a basis for the symmetry Lie algebra in terms of vector fields. For every symmetry Lie algebra, we
identify its nilradical, solvable complement, and semi-simple factor; a summary of our results is given
in Table 1. In future work, we plan to study the symmetry Lie algebras for the rest of the
six-dimensional Lie algebras Ag,s—Ag40 in [7]. The results help to put symmetry Lie algebras into
context since they are of very high dimension. It remains to use the symmetries to help integrate the
geodesic equations. Another useful by-product is the construction of many large dimensional Levi
decomposition Lie algebras, which is a topic of independent interest.

Table 1. Six-dimensional Lie algebras and identification of the symmetry algebra.

Six-dimensional Lie algebras Dimension Identification

ALy (ab : a® + b* # 0) 21 (R % R®) = sI(2,R)

AZy 21 (A5 ® R®) % R%) = 51(2, R)
A 26 (R'? % RY) « 5i(3,R)

A 23 (R" = R%) > sl(2,R)

ALY 26 (R" = R%) = sI(3,R)

A 23 S 120 = sI(2,R)

Ag24 21 ((As1 ®R®) = R%) = sI(2,R)
ALy (ab: @ + b* #0) 18 ((As; ®RY) = R%) = sI(2,R)
Al s 21 (R % R®) > sl(2,R)

A 23 (R'? < R%) > (sl(2,R) ® sl(2,R))
A 26 (R = R%) > sl(3,R)

A 23 S20 = sI(2,R)
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