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Abstract:  This paper introduced a novel class of bivariate A-Bernstein operators defined on
triangular domain, denoted as Bl f:x,y). These operators leverage a new class of bivariate
Bézier basis functions defined on triangular domain with shape parameters 4; and 1,. A Korovkin-
type approximation theorem for Bi"2(f;x,y) was established, with the convergence rate being
characterized by both the complete and partial moduli of continuity. Additionally, a local
approximation theorem and a Voronovskaja-type asymptotic formula were derived for B 2(f; x,y).
Finally, the convergence of By "2(f; x, y) to f(x, y) was illustrated through graphical representations and
numerical examples, highlighting instances where they surpass the performance of standard bivariate
Bernstein operators defined on triangular domain, B,,(f; x,y).
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1. Introduction

Bernstein polynomials and their associated operators have been a cornerstone of the approximation
theory, attracting significant research attention in recent years. Researchers have explored diverse
generalizations and extensions of these operators, establishing their approximation properties [1-6].

In 1963, Stancu [7] introduced a collection of bivariate Bernstein operators denoted as B, (f; x, y),
designed for functions f : § — R:
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where S represents the triangular domain {(x, y)|x,y > 0,x +y < 1}, and p,,; j(x,y) are the associated

bivariate Bernstein basis functions:
i

P j(X,¥) = (T)(m]_ )xiyj(l —x =y, (1.2)

Since then, researchers have actively explored various generalizations of Bernstein-type operators to
the triangular domain.

In 2018, Cai et al. [8] introduced a novel generalization of Bernstein operators termed A-Bernstein
operators, defined as:

mwm=2hmmdg,mmﬂmwfmuL
k=0

where Bn,k(/l; x) represent Bézier basis functions with a shape parameter A € [-1, 1] [9]:

En,O(/l; .X) = bn,O(-x) - ﬁbn+l,l(x),
Buad(; %) = bug(x) + A2 b1 4(0) = 2 by ()], 1<k <n-1),

n2-1 n?-1

Bn,n(/t X) = bn,n(x) - n%brwl,n(x)

where b, ;(x) = (Z)xk(l —x)"*, (k=0,1,...,n) are the Bernstein basis functions. This generalization
reduces to the classical Bernstein operators, B,(f;x), when 4 = 0. Recent years have witnessed a
surge in interest surrounding A-Bernstein operators B, ;(f; x) [10-16], attracting numerous researchers
to explore their properties and applications.

The main purpose of this paper is to construct and study the approximation properties of bivariate
A-Bernstein operators on the triangular domain S. The paper is organized as follows: In Section 2, we
present a novel class of bivariate Bézier basis functions on triangular domain S with shape parameters
Ay and A,, denoted by piii”j”(x). These functions serve as the foundation for constructing a new kind
of bivariate A-Bernstein operators, B,’}; A2 (f;x,y). In Section 3, we delve into the fundamental
properties of pffij”(x), including nonnegativity, partition of unity, and endpoint properties.
Furthermore, we present estimations for the moments and central moments of Bl f;x,y). Section 4
establishes theoretical results pertaining to the approximation capabilities of B"2(f; x,), including
the Korovkin-type approximation theorem, the rate of convergence of Bj(f;x,y), the local
approximation theorem, and a Voronovskaja type theorem. In Section 5, we provide empirical
evidence for the convergence behavior through graphical representations and numerical examples,
showcasing how B"(f; x,y) approaches f(x,y) under various parameter configurations. Finally, we

summarize the key findings of this paper in Section 6.
2. Construction of new bivariate 1-Bernstein operators on triangular domain

Building upon the construction of Bézier basis functions with a shape parameter A presented in [9]
and the bivariate Bernstein basis functions on triangular domain defined in (1.2), we introduce a novel
class of bivariate Bézier basis functions on the triangular domain S with shape parameters A; and A, as
follows:

A1,4 1 1
Pt 06 ) =pmij(6 ) + Al Pmeri (%)) = ALy iPuet e (5, Y)
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+ Aiz,jpm+l,i,j(-x’y) - A1'2,j+1pm+l,i,j+](x’y)’ (X,}’) € S, (21)

1 2 .
where A; ; and A7 are given by

1 _ 2 _ . .
AO,j_Ai,O_O’ 0<i,j<m,

Al =40 I1<i<m, 0<j<m-—i, 2.2
A =" 1<j<m 0<i<m—j,

1 — A2 — ; P —

Al+1] Al]+1_0’ I+ j=m

with |4;] < 1 , o] < 1 . Motivated by the newly introduced class of bivariate Bézier basis functions
P (xy), we formally define the associated bivariate A-Bernstein operators on the triangular domain.

mlj

Definition 2.1. Let f € C[S] and |1,] < %, |45| < % The bivariate A-Bernstein operators on the
triangular domain S are defined as:

—i

3

BYt(fan = 3 pliPenr (5 L), wyes, (23)
. m m
i=0 j=0
where pf;'l jz)(x y) are the new bivariate Bézier basis functions on triangular domain defined in (2.1).

Remark 2.1. I7 is noteworthy that when 1, = 1, = 0, the operators Br"(f; x,y) coincide with the
classical bivariate Bernstein operators on triangular domain B,,(f; x,y) defined in (1.1).

3. Some preliminary results

Prior to delving into the properties of pf,f'l jZ)(x y), it is beneficial to recall the key characteristics of

their classical counterparts, the bivariate Bernstein basis functions p,,; ;(x,y).

e Nonnegativity:
DPmij(%,¥) 20, (x,y) €S8, 0<i+j<m.

e Partition of Unity:
D2 pmifxy = 1.

i=0 j=0
e Endpoint properties:
I, i=j=0, 1, i=m, j=0,
mi'O9O: mi'l’O:
Pmii(0.0) {O else, Pmii(1,0) {O else,
I, i=0, j=m,
m,i,j 0’1 =
PO, 1) {O else.

(A1,42)

We can demonstrate that p, /"

(x,y) inherit these fundamental properties.

Theorem 3.1. The bivariate Bézier basis function on triangular domain with shape parameters 1, and
A, p(ﬂ1 )(x, y), as defined in (2.1), have the following properties:

m,i,j
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e Nonnegativity:
(11/12)(xy)>0 (x,y)€S,0<i+j<m.

mlj

e Fartition of Unity:
DY ey = 1.

i=0 j=0
e Endpoint properties:
1, i=j=0, I, i=m, j=0,
(A1,42) 0,0) = (/11 A2) 1,0) =
Piij (0:0) {0, else, Piy (1:0) = 0, else,
1, i=0, j=m
(/11/12)0 1) = ’ ’ ’
Piig O 1) {0, else
Proof. (Nonnegativity) Within the triangular domain S, we can leverage (1.2) and (2.1) to express
ij‘lf”(x y) as:
PP 3) e [T+ AL —2 Loyl 2L
Pmi.j ! ““m+1l—-i-j N
m+1 m+1
+AZ, 1- —].
M1 — ]( Xy = ”“]+1y
Fori>1, j>1,and i+ j < m—1 cases, since |[1;| < 2,|/12| < %,Wehave
-2i+1 m-—2i—1
pl) ([ —_ l—x—y) - ———
m,] (-xy) sz](xy) 1( —1)(m+1—l—_])( X y) 1(m—1)(i+1)x
m—-2j+1 m—-2j—1
+A4 l-x-y-lbLb——————
S Dm+1-i=p TR TR
l-x-y x 1-x-y vy X+y
>l’l’ll ) 1_—___—__: m,i, ] ) —ZO-
2 Pim,i,j(X y)[ 7 5 > 7| = Pmii(6 )

Fori=0or j=0,andi+ j <m— 1 cases, we have

P e (%) =pmoo(e (1 = A1x = A2Y) > puoo(X.) [1 - —(x +y)] > 0;

1 1 1 1
fﬁiéﬁ(x Y) 2Pm,io(X,) [1 - 5(1 —x-y) - 3x- Ey] = Epm,i,()(x’y) > 0;
(/11 A2) 1 1 1
Pmoj X ¥) ZPmo j(x,y) [1 - 3%~ 3 —(1 —Xx-y)-= Epm,o,j(x,y) > 0.
For i + j = m cases, we have
(/11/12) l—-x-y Il+x+y
mOm (X y) >pm0m(x y) T = pm,O,m(xay)T 2 Oa
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l—x- 1+x+
Prind 5 ¥) 2P0 (%, ) [1 - Ty] = Pmmo(X, y)Ty >0,
1—x- 1—-x—
P Y) 2P im-i(X, ) [1 - ; z ; y} = Pmim-i(X, V(X +y) 20, i # 0, m.

Therefore, pu‘ AZ)(x, y) > 0 forall (x,y) € S and 0 < i+ j < m, proving the nonnegativity.

(Partition of Unity)

m  m—i m— m—1 m—i—1

Zm: AYR(ERY Zmei,-(x,yHi Al]pmﬂu(x y) - Z Z Ais1 jPrstin (X, Y)
j=0

3

i=0 j=0 =0 i=1 j=0 i=0 j=0
-1 m—i m—1 m—i-1
+ Z A me+1 l](x y) Z Z Al ]+1Pm+111+1(x )’)
=0 ]:1 i=0 ] =0

We can rearrange with common indices, letting i’ =i+ 1, j/ = j+ 1.

-

3

m—i

i Py =1+ i AL P jx,Y) - i DAL P f(2,)
=0

i=0 j i=1 =1 j=0

Il
(=]
,_

i m—

+ Z Aiz,jpm+1,i,j(x7y) Al ]'pm+1 ij’ ()C y) - 1
=1

m—i

i=0 j= i=0

~.

Therefore, we obtain the partition of unity property of p*(x, y).

m,i,j
(Endpoint properties) The endpoint properties of pfjll j”(x y) can be directly inherited from the
corresponding properties of p,,; j(x,y) due to their construction and relationship.

Figure 1 presents the graphs of p"'"*(x,y) form = 2, A; = 0.5, and A, = —0.5. These visualizations

m,i,j

effectively illustrate the nonnegativity and endpoint properties of P (x ).

m,i,j
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©) Pygy " V(x,y) (d) pSiy > (x,)

(0.5,-0.5) (0.5,-0.5)

(e) Paia (x,y) @) Paap (x,y)
Figure 1. The graphs of p"""?)(x,y) withm =2, 1, = 0.5, and A, = —0.5.

m,i,j

(41,42)
m,i, j

Remark 3.1. Building upon the nonnegativity and partition of unity of p (x,y), we can further

deduce that the associated operators By (f; x,y) possess the characteristic of linear positivity.

Lemma 3.1. Let f(s,1) = skt = ey, (s,t) € S, wherek,le Nand0 < k+1<4, then for the bivariate

AIMS Mathematics Volume 9, Issue 6, 14405-14424.
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A-Bernstein operators on triangular domain B"(f; x,y), we have the following equalities:

B,/;l’/lz(e()o;xay) :1, (31)
1=2x—-1(1- m+l _ + m+1+m+1+2 + m+1
BY(e10: x, y) =x + A, x—(1-x) (x+y) y x(x +y) , (3.2)
m(m—1)
1=2v—(1- m+1 _ + m+1+xm+l+2 + m+1
By e xy) =y + 2 LTI 2 D) YT (3.3)
m(m —1)
2 m 2 m—
B (o x.y) = + x(1 - x) ol 2x — 4x% = 2x(x + y)" + 4x3(x + y)y"!
m m(m —1)
1—=(1- m+1 _ + m+1 + m+1
R e | a4
m*(m—1)
1 - 2y —4y* =2 "4 4y? m-1
BY(egn; x,y) =y + y(I=y) N ok y(x+y)" +4y“(x+y)
m m(m — 1)
1—=(1 - m+1 _ + m+1 + m+1
1=-d=-y) (x+y) i § (3.5)
m*(m— 1)
—2xy —y(1 = )™ = y(x + )™ + y"™* + 2xy(x + y)"!
B (epr; x, y) =xy — L NN i) YA -0)" —y(x+ )" +y xy(x +y)
m m(m—1)
Yoy ="~y 4y
m?(m — 1)
) x = 2xy — x(1 —y)" — x(x + y)™ + X1 + 2xy(x + y)™!
? m(m — 1)
x = x(1 =)™ = x(x + y)™ + x"*! (3.6)
m2(m—1)
3x% - 3x° —3x2 +2x°
B (e30;x,y) =X + St 2 :
m m
) 3x% = 6x° = 3x%(x + y)" ! 4+ 63 (x + y)" 2 _ 6x% — 6x%(x + y)y"~!
: m? m*(m—1)
N 1 —2x— (1= x)"" = (x+y)y"™ +y" 4 2x(x + y)" , 3.7)
m3(m—1)
3y? —3y? -3y +2y3
B, (eg3; x,y) =y’ + Y Y + Yoo 3 4
m m
|30 3G )T O ) 6y = 6yt )"
: m? m*(m—1)
1=2v—(1- m+l _ + m+]+xm+l+2 + )"
N y-—(-y (x+y) y(x +y) , (3.8)
m3(m — 1)
o , 6 —6x  Tx? =18 + 11x*  x—T7x% +12x° — 6x*
B (eq0s x,y) =x" + + 5 + 3 +
m m
1 4x3 — 8x* —4x3(x +y)" 2 + 8x*(x + y)" 3
+ 44 )
N 6x% — 32x° + 16x* — 6x2(x + y)™ 1 4+ 32x3(x + y)" 2 — 16x*(x + y)" 3
m

AIMS Mathematics Volume 9, Issue 6, 14405-14424.
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s 2x — 1627 = 2x(x + y)" + 16x%(x + y)™!

m3(m—1)
1_ 1_ m+1 _ + m+l+ m+1
RO R el | 59)
m*(m— 1)
6y> —6y* Ty — 18y + 11y* —7v? + 12y — 6y*
Bf,}’ﬂz(€04;)€,y)=y4+ Y y + y y2+ y +y y o+ %y )’+
m m-
4y — 8y* — 4y’ (x +y)" 2 + 8y* (x + y)"
+ A 2
m
N 6y2 — 32y3 + 16y4 — 6y2(x + y)’"‘1 + 32y3(x + y)’"‘2 — 16y4(x + y)’"‘3
m3
N 2y — 16y2 - 2y(x+y)" + 16y2(x + y)’"‘1
m3(m—1)
1 _ (1 _y)m+l _ (X +y)m+l + xm+l
_ 3.10
m*(m—1) (3.10)

The conclusions of Lemma 3.1 can be derived via more intuitive calculations, hence we omit the
proof process here. Based on Lemma 3.1, we present the following Lemma 3.2, established through
direct calculations.

Lemma 3.2. Let f(s,1) = (s — x)X(t = y)' = hy, where k,] € N and 1 < k + [ < 2, then for the bivariate
A-Bernstein operators on triangular domain Bl (f; x, y), we have the following equalities:

1 —2x— (1= x)™" = (x +y)y" +y™ 4 2x(x + y)™+!

By "2 (hyo; x,y) =4 : (3.11)
m(m—1)
1=2v—=(1-= m+1 _ + m+1 + m+1 +2 + m+1
By (hoy; x,y) =4 il Clnb)) (r+y) a yarty) , (3.12)
m(m—1)

BYY(hyo; x,y) = [4x°(x + y)" ' = 2x + 4x%)(x + y)" + 2x(1 — x)™*!

x(l—x)+/11[ 1

m(m—1)
1 _ 1 _ m+l _ m+1 m+1
+2X()C+y)m+l _2xym+1]_ ( )C) (x"‘)’) +y , (313)
m2(m—1)
1- 1
B gy x,3) =2y | a2 ) = @y )+ )+ 2300
m m(m — 1)
1-(1-=- m+1 _ m+1 xm+1
+2y(x + y)m+1 _ 2yxm+1] _ ( )’) (X + y) + , (314)
m*(m — 1)

X 1 - m
Bi (i 2y) == = 4+ Ay | ———[(1 =3y + 201 = x =) +3)"" = (1 =)
m m(m—1)

1 m __ m m+1
m[y—y(l—x) yx+y)"+y ]]

[(1 = 0™ + 2xp(1 —x = ))(x + )" = xy(1 = y)"

-y =x =y +y)"]+ —
m
1

/1 -
T m =D

[x = x(1 = y)™ = x(x + y)" + xm“]] . (3.15)

1
—x(1 —x—y)(x+y)"]+ m

AIMS Mathematics Volume 9, Issue 6, 14405-14424.
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Corollary 3.1. Consider a fixed point (x,y) € S. Under |4;| < % and |A;| < % we have

lim mB((s = x); x,y) = 0, (3.16)
lim mB, (1 = y): x,y) = 0, (3.17)
lim mB"2((s — x)*; x,y) = x(1 — x), (3.18)
Tim mB,*((r = y)* %,y) = y(1 = y), (3.19)
Tim mB (s = x)( = y)i x,y) = =y, (3.20)
lim m* Bl ((s — x)*; x,y) = 3x% — 6x° + 3x°, (3.21)
lim m*BU2((t - y)* x,y) = 3y* — 6y° + 3y (3.22)
Since

1= (x+y)™" >0,

1 —(1=x)"" = (x+y)"! 4yt >0,

1= (1 —yy™ — (x+y)™" + x™1 >0,

when (x,y) € S, combining (3.11), (3.13), and |4;| <
x); x,y) and B, ((s — x)%; x, ).

%, we obtain the upper bounds for Bl ((s —

B (s = 00:2.3) = [1 = (1= 2™ = (x4 )™ 4y = 20(1 = (x 4+ 3"
m(m—1)
_ oyt m+1 m+1 _ m+1
< 1-(1-x) X+ +y" +2x(1 = (x+y)") S )
2m(m — 1)
B ((s - x)%; x,y) Sx(l — 1 + ! [2x2(1 —x =P+ Y+ x(x 4 y)" = xymt!
m m(m—1)

1 - (1 _ x)m+1 _ (x+y)m+l +ym+1
2m2(m —1)
=YX, y). (3.24)

Similar steps yield the bounds for B"2((r — y); x,y) and BE((t — y)?; x, y).

+x(1 — )"+ x(x + y)m] +

_ _ yyn+l _ m+1 +1 _ m+1
By s LT S XA WA SO g, 325)
m(m—1)
BYY((t - y)*; x,y) Sy(l ) + ! [2y2(1 —x—YE+ "+ yx + y)" =yt
m m(m —1)
1-(1- m+l _ m+1 m+1
+y(1 = )"+ y(x + y)m] pzd=y 2m2(n(1x_+1)))) X
= (5.0, (3.26)

(A1,42)

m,i,j

Remark 3.2. By leveraging the endpoint properties of p (x,y), we can readily deduce the endpoint

interpolation properties of BL"(f; x,y).

B,"(£:0,0) = £(0,0), B,"(f;1,0) = f(1,0), B,""(f:0,1)=f(O.1.  (3.27)

AIMS Mathematics Volume 9, Issue 6, 14405-14424.
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4. Convergence properties

We begin by presenting a Korovkin-type approximation result for the bivariate A-Bernstein
operators on triangular domain B "2(f; x, y).

Theorem 4.1. For any f € C[S] and || < %, |4, < % the bivariate A-Bernstein operators on

triangular domain B (f; x,y) converge uniformly to f on S.
Proof. Due to the linearity and positivity of B2(f; x,y), Lemma 3.1 guarantees that for all (x, y) € S,

A1

lim B (1;x,y) = 1, lim BY"(s; x,y) = x,

lm B2 (rxy) =y, lim B2(s" + 71w y) = 2 + )7,

all holding uniformly. Applying the Korovkin-Type theorem from [17], it follows that By "2(f; x, y)
converges uniformly to f on S for any f € C[S].

Next, we analyze the convergence rate of Bi(f;x,y) approaching to f(x,y). We begin by
introducing several smoothness moduli for bivariate functions from [18]. For functions f € C[S],

e Complete modulus of continuity:

w(f;a,B) = sup{|f(x1,y1) — f(x2, y2)| - (x1,¥1), (X2, ¥2) € S, [x1 — X2| < @, [y — y2| < B},

e Modulus of continuity:

w(f36) = supf{|f(x1,y1) = (2, y2)| = (1, y1), (x2,¥2) € S, V(a1 — 120> + (v — y2)* < 6},
e Partial moduli of continuity:
w(f; @) = sup{sup{| f(x1,y) = f(x2, Y| & X1 = x| < @}, (x1, ), (x2,¥) € S},

wy(f5B) = sup{sup{|f(x,y1) — fOx, y2)I : [y1 = 2l < BL (x,y1), (x,¥2) € S},

where @« > 0,8 > 0,6 > 0. The following inequalities hold for the aforementioned smoothness
moduli (cf. [18]):

w(fya) £ (A +Yw(f;a), w,(f;yB) < (1 +y)wy(f;B),y >0, 4.1)
w(fsyia,y28) < (L + vy + y)o(fia,B),y1 > 0,2 > 0; 4.2)
w(f;a,p) < wi(f;a) + w(f;p); (4.3)

v = fO )l < (£l = xallys = 2l) < w(fr@.B) < w(f; a2 + B2, @4
when |x; — x| < @, |y; — y2| < B.

Theorem 4.2. For any f € C[S] and |1;| < %, |A5] < % we have

|BL(f:%,9) = £ 0] < 30 (f: Vim0, V(. 3). (4.5)

AIMS Mathematics Volume 9, Issue 6, 14405-14424.
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Proof. Consider the nonnegativity of pfi‘l.,’j.”(x, y) and B"2(1; x,y) = 1. This implies

|BE2(f;x,9) = fo, )| < BER(f(s,0) = fOx, )5 %, 7).
By the inequalities (4.2) and (4.4),

ls—x| [r=)l ls—x| -yl

1f(s,0) = fx, 9| < w(f; a, Tﬁ) <|l+ + T) w(f;a,p),

o

for @, g > 0. Thus,

1 1
B2 (fx,y) = f(x,p)| < [1 + EBf,J’”Z(Is - xl;x,y) + EBﬁ:’”z(lt -y x, y)] w(f;a,p).

Applying Cauchy-Schwarz inequalities, we get

BU (s — a3, ) < yBEE((s ~ 275 2.3) < W), (4.6)
Bt =yl x.3) <\ BE(E - 9% 29) € VB0 . “.7)

Hence,

|BER(f; x,y) = fx,y)| <

(1+ W"ix’y)+ ”w”;y’x) w(fsa,pB).

Setting @ = \Y,u(x,y),8 = ¥y, x) yields the desired result
|BL2(f32,9) = £(x,9)] < 30(f3 (X, 3), Ay, 1).

Theorem 4.3. For any f € C[S]and || < 3, || < 1, we have

B (30 9) = £69)] < 2| 0ulf5 V(e 3) + @y(fs Vi, )] (4.8)

Proof. To begin, we have

By (f5 . 3) = (e p)| < B (1 f(s,0) = F(x, 9l ).
Utilizing the inequalities (4.1), (4.3), and (4.4), we get

s — |t =yl |s — x| |t =)l

B) < w(f; Ta)+wy(f; Vi B)

x|
a,

lf (s, 1) = f(x, )] <w(f;

a

)wx(f; o) + (1 + 't%')wy(f;ﬁ).

|s — x|

< (1 +
According to (4.6) and (4.7), we obtain

By (|s — x; x, y)] B, (It — yl; x,y)
o

B

1+ 1+

|BE-2(f;x,9) = fx,9)] <

wy(f;a) +

wy(f: )

AIMS Mathematics Volume 9, Issue 6, 14405-14424.
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<

w,(fra)+ |1

[1 VYl y] w,(f:B).

W}
B

Setting @ = ¥, (x,y),8 = \¥u(y, x) yields the desired result
B (f32,3) = 00| < 2|0ufs V(1) + 0y(fs Vim0

For f € C[§S], the Peetre’s K-functional measures smoothness and is defined as:
K(f;0) = inf {||f — gll + dllgllc2(sy, 0 > O},
geC2[S]

where

o C°[S] :={f € C[S]: f% € C[S],0 < i+ j<2}, f is (i, jth-order partial derivative with
respect to x, y of f.
o |If1l = sup, yes 1f (2 Y)I.

o Wfllewsy = A0+ 2, (|54 + |51}

It is known ( [19], page 192) that a constant C > 0 exists such that

K(f;6) < C|wa(f; V&) +min(1, $)lIf1l] (4.9)

for all f € C[S], where w,(f; V&) is the second order modulus of continuity. This property lays the
groundwork for a local approximation theorem for Bﬁ; 2(f: x, y).

Theorem 4.4. For any f € C[S] and |4,| < 2, || < 5, we have

Newes e,
|BE(fx,) - fxy)| <C [wz (f; #) + min1, 225 ||f||cz[s]]
o(f: Y0 + 800, (4.10)

where ©,,(x,y) = Yn(X,¥) + ¢2(x,Y) + Yu(y, X) + ¢2,(y, X).
Proof. Let

1=2x— (1 _ x)m+1 _ (x+y)m+1 +ym+1 + 2X(X+y)m+l

EN(x,y) =BUY(s;x,y) = x + A

2

m(m—1)
1=2v—(1- m+l _ + m+1+xm+1+2 + m+1
M2 y) =Bt 3, y) =+ e L= 2 (D) SRl
m(m—1)
Define the auxiliary operators
By (f5 2,3 = BB (fs 6 0) = f (€00 ) mi (6, ) + £(x, ). (4.11)
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From Lemma 3.1, we have

B (Lixy) =1, Bl (sixy)=x, B)e(nxy) =

For g € C*[S] and (s,1) € S, Taylor’s expansion yields
(x,y) 0g(u,y)
8(s.1) = g(xy)—gy(—>+f(—> 22 du

ag(x y) f(t_ )02 (x Y 4.12)

Applying operator Bl to both sides of (4.12), we get

. 9g(x,y) 5 . ’ & g(u,
Bt (g x,y) — g(xy) =B Bl _ sy 4 B ( f (s — T gy y)

Ox ou?
(? ! 0?
g(x )’)B/ll /lz(t Vix,y) + B/ll Ao (f (t—v) ga(xz, v)dv;x,y)

2 2
_B/ll/lz(f( _ )0 8( )’) u: )+Blll{2(f(l (9 g(x, V)dv,x,y)
o2 el (x,y) o2
([ 5= 05 i )—f (£ e ) - w) “ED g,
2 V2 () 2
+ B (f (- 6 g( V) ,XJ) - fn ' (Uﬁf(x,y) —v)(9 %(; v)dv.
y

Applying the triangle inequality and (3.23)—(3.26), we obtain

B/l]/lz(f( ag( )’) ’x,y) "
’ 2
+ |BYA (t—v)a 8L, v)dv; xy|| +
" y ov?

2
<BI((s = 0% x, Wlgllexsy + (é‘%] (x,y) - X) llgllc2gsy
+ B = 3% lgllezrs + (72Ge ) = ) llgllesgs
<|Wn(x.3) + @206, 3) + W3 %) + 63,0 0| lgllcais) = Ol igllcs-

On the other hand, we have

|Bi(g; x,) — g(x,))|

L () g
f (£ 0x) - ) L8,

'Iilz(x,Y) 6'2
g(x, V)
‘]y. (Uﬁf (-x’ )’) - ) a ) V

Bz y)| < B )| + 200 < IAIBL (L x,y) + 201711 = 31171
Therefore,
[Bi2(fx,3) = fCn )] = B (fixy) = FOe) + (60 )i () = f)|
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<

By o(f = g x5, y)| + 1£ (6, 9) = ge p)l + | B2 (g; x,y) — g(x, y)|
+ |7 (e, mi ) - foe)

<Alf = gl + OnCx, Vlgllcars) + 3 e 003) + 5200 ).

Taking the infimum on the righthand side over all g € C?[S], we obtain

0,
i) - 1] <ok (12252 ) o2 e + 630.0)

VO,.(x, y)) iy @)

min{1,
2 4

<C [wz (f; }||f||CZ[S]]

ro(f: B0 + £000).
Therefore, Theorem 4.4 is proved.

Theorem 4.5. For any f € C'[S], we have

B (fx,9) = £ | < IFNWmGe DI + A m(y, 012 (4.13)

Proof. For any fixed point (x,y) € §, we have

f(s,t) = f(x,y) = fs Sfo(u, t)du + f Sfi(x,v)dv. (4.14)
X y

§xa}’)~

Applying the operator B;" to both sides of (4.14), we get

By (s x,9) = flxy)] < Byt ( fs o, du

fs fi(u, t)du f fi(x,v)dv
X y

[B (3 6,3) = f (e )| SIFB, (s = s x,y) + 1B, = yi: x. )

<A VEm(x, Y) + 1Ty, 2).

DX, y) + BYA (

f fi(x,v)dv
y

Since

< AN Is — x, <IAN-1e =y,

we obtain

Therefore, Theorem 4.5 is proved.

Theorem 4.6. For any f € C*[S], we have the following Voronovskaja-type asymptotic formula:

x(1—-x) y(l

2 ) S, Y) = xp (X, y), (4.15)

Egm@ﬁ%ﬂ%w—fﬂdﬂ: 2

Ser(x, ) +

uniformly in S
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Proof. Let (x,y) € S be fixed. Utilizing the Taylor formula, we get

1 1
Fls,0) =f06 ) + £ 9)(s = ) + [0 =) + S L) = 07 + S £ (e ) = y)°
+ FED)s = ) = y) + r(s %) [(s = 07 + (£ = )] (4.16)
where r(s, t; x, y) is the Peano form of the remainder satisfying

lim r(s,t;x,y) =0. “4.17)

(80— (xy)
Applying operators By to both sides of (4.16), we obtain
B, (f1x,3) = f(.3) = £ B ((s = x)x,9) + f{(x, 9B, (= y)i x,Y)
+ % (X Y)B((s — )75 x,y) + %f;y’(x, VB2 ((t = y); x,y)
+ L0 B (s = 00 = ) %, 3) + By R (r(s, 5.2, 9) | (s = 07 + (1 = 3] 55,3,
By the Cauchy-Schwarz inequality, we get
By (r(s, 5:2,0) [(s = 07 + (1 = 3| 55,7)

< [BE 0205, 15,395 5,30 [ VBE((s = x5 x,3) + B - i, y)] .

Hence, combining (3.21), (3.22), and (4.17), we obtain

lim m | By (r(s, 1 x,0) | (s = x) + (1 = 3)*[s 5. 9)| = 0, (4.18)

uniformly in §'. By using Corollary 3.1 and (4.18), we obtain

x(1-x)
2

y(1-y)
2

Tim m [BY 2 (f5 %)) = f(x,0)] = fux,y) + froay) = wfuey), (419

uniformly in §. This concludes the proof.
5. Graphical and numerical analysis

This section numerically illustrates the convergence behavior of the bivariate A-Bernstein operators
on triangular domain B "2(f; x, y).

Let f(x,y) = x> — V(1 — x — y)*> — 10xy. Figure 2 displays graphs of f(x,y) (yellow) and its
approximations by B2(f;x,y) (blue) for varying values of m with A; = 0.5,1, = —0.5. Table 1
shows the corresponding approximation errors, clearly decreasing with increasing m. This confirms
the convergence of the operators.
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1.0 10

© B(l)bs,—o.s (f: %) (d) BE O3 (f3 x,y)

Figure 2. The graphs of f(x,y) = x* — VI(1 — x — y)® — 10xy (yellow) and BE"2(f; x, y)
(blue) with 4; = 0.5, 4, = =0.5, and m = 2, 5, 10, 20.

Table 1. The errors of the approximation of BS>"*>(f; x,y) to f(x,y) = x> — V(1 —x—y)* —
10xy with different values of m.

1By~ (5 %, ¥) — f(x Yl
m=2 m=>5 m=10 m =20 m =50
1.3750 0.5500 0.2750 0.1375 0.0550

We investigate the function f(x,y) = sin(4x) + cos(7y). Figure 3 displays graphs of f(x,y) (yellow)
and its approximations by B,f; A2 (f; x,y) (blue) with m = 10 and different values of 1, and A,. Table 2
shows the approximation errors of Bl fix,y) to f(x,y) for m = 10 and various parameter
combinations (A, 4,). Similarly, Table 3 presents the errors for the function
f(x,y) = sin(4(1 — x — y)) + cos(7xy) under identical conditions.

Table 3 reveals that the bivariate A-Bernstein operators on triangular domain B’ll(‘)’l2 (f;x,y)
outperform the standard bivariate Bernstein operators on triangular domain B(l)é) (f;x,y) in certain
cases. For example, when 4; = 4, = —0.25 or — 0.5, the L™ error norm ||Bf(1)’h( %9 — f(x, )|l 18

AIMS Mathematics Volume 9, Issue 6, 14405-14424.
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smaller than that of B%) (f; x,y). This observation highlights the potential of Bf,} A2 (f; x,y) to achieve

better approximation accuracy in specific scenarios.

1.0 1.0

(©) By (f3 x,y) (d) Byy " (f3x,y)
Figure 3. The graphs of f(x,y) (yellow) and Bl f;x,y) (blue) with m = 10 and different
values of 4;, A,.

Table 2. The errors of the approximation of Bf(l)”lz (f;x,y) to f(x,y) = sin(4x) + cos(7y) with
different values of 4;, A,.

1B (f; %, 9) = F(x, )lleo

/11 /12 =-0.5 /12 =-0.25 /12 =0 /12 =0.25 /12 =0.5
-0.5 0.468442 0.464906 0.461370 0.457834 0.454298
-0.25 0.468442 0.464906 0.461370 0.457834 0.454298

0 0.468442 0.464906 0.461370 0.457834 0.454298
0.25 0.468442 0.464906 0.461370 0.457834 0.454298

0.5 0.468932 0.465395 0.461859 0.458323 0.454787
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Table 3. The errors of the approximation of Bf(')’ﬁz (f;x,y) to f(x,y) = sin(4(1 — x — y)) +
cos(7xy) with different values of Ay, A,.

1B (f5 %, 3) = £, Ml

A A =-0.5 A =-0.25 =0 A, =0.25 A =05
-0.5 0.204643 0.206170 0.207799 0.209639 0.211569
-0.25 0.206170 0.204761 0.206391 0.208220 0.210128

0 0.207799 0.206391 0.204982 0.206802 0.208734
0.25 0.209639 0.208220 0.206802 0.205435 0.207357

0.5 0.211569 0.210128 0.208734 0.207357 0.205994

6. Conclusions

This paper presents a novel construction of bivariate Bézier basis functions with shape parameters
A; and A, on a triangular domain. These functions exhibit key properties like nonnegativity, partition
of unity and endpoint properties. Building upon them, we introduce the new bivariate A-Bernstein
operators on triangular domain Bj,"(f; x, ), encompassing the classical bivariate Bernstein operators
on triangular domain as a special case (1; = A, = 0).

We derive explicit estimates for the moments and central moments of B "2(f; x, y) through direct
calculations. Furthermore, we establish the Korovkin-type approximation theorem for these operators.
Additionally, we estimate the rate of convergence of B ">(f; x, y) toward f(x, y), and rigorously prove
both the local approximation theorem and the Voronovskaja-type asymptotic formula for this family of
operators.

Numerical examples and diverse graphical representations showcase the convergence behavior of
BY2(f; x,y) under various parameter configurations. Notably, in specific scenarios, these operators
achieve superior approximation accuracy compared to the standard bivariate Bernstein operators on
triangular domain B,,(f; x, y), highlighting their potential for tailored applications.
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