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Abstract: In this paper, we proposed a higher-order uniform accuracy scheme for nonlinear y/- Volterra
integral equations in two dimension with weakly singular kernel by using the modified block-by-
block method. First, we constructed a high order uniform accuracy scheme method in this paper
by dividing the entire domain into some small sub-domains and approximating the integration function
with biquadratic interpolation in each sub-domain. Second, we rigorously proved that the convergence
order of the higher order uniform accuracy scheme was O(h;™" + hfwz) with 0 < 01,0, < 1 by using
the discrete Gronwall inequality. Finally, two numerical examples were used to illustrate experimental
results with different values of ¢ to support the theoretical results.
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1. Introduction

Volterra integral equations (VIEs) are important in many fields and they have been studied
extensively. The purpose of this paper is to investigate the higher-order uniform accuracy numerical
solution of nonlinear ¥-VIEs with weakly singular kernel in two dimension,

~ 1 " w(s, £, 7,17, (7, 17))
Y0 = 8D R SR f f W(s) = Y(@)= 1 1) = i)'

dy(m)di (), (1.1)

where (s,1) € H,0 < 01,03 < 1, v(s,t) is an unknown function defined in H = [a, b] X [c,d]. g, w are
known functions and defined in H and Q = H X H X R, respectively. ¢ is a monotonically increasing
function and ¢’ > 0.
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Various numerical methods for solving the spectral form of the ¥-VIEs (1.1) have already been
constructed by the direct quadrature methods [1, 2], spectral methods [3, 4], difference methods [5],
operational matrix methods [6, 7], block-by-block method [8], and Taylor polynomials [9]. More
numerical methods are available for readers to read [10-14]. For the numerical solution for the
general ¥-VIEs (1.1), many researchers have studied this topic and achieved some research results.
For example, in [16], the Chebyshev wavelets were employed to establish a computational procedure
for -VIEs. In [17], they established a Maxwell model with the -Caputo fractional derivative.
In [18], they presented a novel pharmacokinetic/pharmacodynamic model with y-Caputo fractional
derivatives for the induction phase of anesthesia. In [19], they presented a generalization of the
Y-Hilfer fractional derivative. In [20], they investigated the existence, uniqueness, and Ulam-Hyers
stabilities of mild solutions of y-fractional differential equations. They investigated the multiple
Y-type stability of fractional-order quaternion-valued neural networks in [21]. In [22], they studied a
new class of impulsive boundary value problems with the generalized y/-Caputo fractional derivatives.
In [23], the stability of the autonomous linear a € (0, 1) order y-Caputo fractional differential system
was investigated. In [24], they presented a numerical method for solving the y-Caputo fractional
differential equations. In [25], they solved a nonsingularity kernel VIEs by the fourth order Lagrange
basis function.

Therefore, the main aim of this work is to propose an efficient high order time uniform numerical
scheme for nonlinear -VIEs with weakly singular kernel in two dimension (1.1) by using biquadratic
interpolation in each sub-domain with the convergence order O(hf”1 + hfwz) with 0 < 01,0, < 1.
The modified block-by-block method is introduced to discrete nonlinear y-VIEs with weakly singular
kernel in two dimension. The proposed scheme can avoid convergence accuracy degeneracy near
the two boundary layers by coupled calculating the numerical solutions, which achieves the sharp
convergence order without the fine mesh near the boundary layer. The proposed scheme is efficient and
does not require coupled solutions in the other sub-domains. The numerical scheme will be established
in this article to provide a paradigm for establishing a high-order scheme of the nonlinear ¢-VIEs with
weakly singular kernel in two dimension and analyzing its convergence and stability of a high-order
numerical scheme. It can also provide readers with a feasible method for constructing high order time
numerical schemes and their theoretical analysis for similar nonlinear ¥-VIEs with weakly singular
kernel in two dimension.

The article follows this structure: A higher-order uniform accuracy numerical scheme is introduced
in Section 2. Section 3 estimates the truncation error of the higher-order uniform accuracy numerical
scheme. Section 4 analyzes the convergence of the higher-order uniform accuracy numerical scheme.
In Section 5, we demonstrate the efficiency of the higher-order uniform accuracy numerical scheme
and supports our theoretical findings through two numerical experiments. Finally, some conclusions
are drawn in Section 6.

2. Higher-order numerical approach for nonlinear y-fractional VIEs in two dimension
In this section, we will consider the following nonlinear y-fractional VIEs in two dimension (1.1)

based on the idea of [26,27]. For w(s, t, 7,1, v(T, 7)), we assume that it satisfies the following Lipschitz
continuity for the fifth variable

|(,()(S, t9 T, 779 VI(T’ 77)) - Q)(S, ta T, 779 VZ(Ta 77))| < L|V1 (Ta 77) - VZ(Ta 77)|, L> O (21)
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Next, we will approximate the nonlinear y-fractional VIEs in two dimension of (1.1) by using
biquadratic Lagrange interpolation. Denote positive integers L, K, and s, = "2‘—L”, h, = %. Lets;=a+
ihy(0 <i<2L),t; = c+ jh(0 < j < 2K), v; ; be the numerical solution at (s;, ¢;), and w"/(7,n,v(7,17)) =
w(s;, tj, 7,0, v(T,1m)), & ; = &(si,1;). By using simple calculations, one can obtain that v;o = g(s;,0),
v, = 8(0,1)).

Let f,i(s),p = 0,1,2,0 < i < 2L -2 and f,j(1),q = 0,1,2,0 < j < 2K — 2 be the quadratic
Lagrange basis functions at points s;, Si+1, Six2 and ¢, 1.1, tj+2, respectively,

Fodr) = W(T) = Y(sir))W(T) — Y(sir2)) i) = W (1) = ()W () — Y(5i12)) ’
’ W(si) = Y(sie))W(s) = ¥(si02)) W(siv) — Y)W (siv1) — Y(sis2))
Frlr) = W (1) = ()W () — Y(5i11)) o) = W) — @i )W) — Y(t42))
! W(sis2) — W))W (siz2) = W(sis1)) " () = Y(t)W(t)) — Y(t12))
W) =y )W) — Y(2):2) ) =) (W) — Y(2j41))
fl,j(’)) = ’f2,j(77) =

W) — @) W(tj41) — Y(2j42)) W (tjs2) =YW (tj12) = Y(tj41))

Let Vijs Vi2k+1s> Vi2k+2> V2I+1,j> and Vai42,j be kIlOWH, where 0 <i < 21, 1<I<L- 1,0 < ] < 2k, 1<
k < K —1,i, j,k,[ are integers. We will construct an approximate scheme for vy, i k1, V21412425

V2I+22k+15 and V2I+22k+2-
For v(sa141, thk+1), we have

V(S21415 Lake1) = &2141.2k+1
+ " (w(SZHI) - lp(T))U -l 2[+1 2k+1
F(O'l) F(O'z) W (tosr) — )t~ @

W) — Y@ Q212K
d d
Zf ftz,1 (W(tarse1) — Y () @ (T, 7, v(T, M)y (mdy(7)

f L @) = WO o
Wltser) — Y

1 1 < 2 (Y(sa41) — (7))
+F(0'1)F(0'2) ;;L 1 [ (W(taxs1) — ()2

X v, )y (A (T) = gar okt + Dy + Dy + D3 + Dy (2.2)

(T, n, v(T, M)y (mdy(7)

F((Tl) I'(o)

r(m) rm) L (7,1, V(T )Y (7)

For D, one can obtain that

! ! " W) Y@ 12k
D, = J J
'S TenTon . ) Wown—wapy = @ vEmdiendi)

- N ((sas1) — YD) G o
[o) Io2) Ja W (tans1) — Y()' = g Zo 0(7) fg.00m)

xR (g gy q)dz//(n)dw(r)

2

2
— p.0 20+1,2k+1
= Z ZAZIHBZkHw (ps 19> Vp.g)s (2.3)

p=0 ¢=0

X
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where Aglgl, ngoﬂ are defined by
1 51 o
Aé’gfl = m f W (s211) = () fro(@dw(r), p = 0, 1,2, (2.4)
BY | = o )f W(tars1) — W@ fro(mdy(n),q = 0,1, 2. (2.5)

Similarly, for D,, D3, and D,, we have

kK 2 2
D, = Z Z Z A;S]B%szm,zml(sp’ Dj-1+g> Vp2j-1+g)> (2.6)
j=1 p=0 ¢=0
I 2 2
D3 ~ Z Z Z Agli,lBZk+1w21+1’2k+l(s2i—l+p’ lq, V2i—1+p,q)’ (27)
i=1 p=0 ¢=0
Ik 2 2
D, = Z Z Z Ag,ilBZ,fH Zl+172k+1(s2i—l+p’ Dj-1+¢> V2i—1+p,2j—1+q), (2.8)
i=1 j=1 p=0 ¢=0
where Aglﬂrl and ngj ', are defined as follows:
; 1 8§2i+1 | 2
AIZ)I’-H = r( ) (W(SZIH) - Q/I(T))O—l_ fp,Zi—l(T)dl//(T), p= 0’ 1’ 2’ [ = 1’ 25 ) la (29)
82—
) 1 t2]+1 .
Bg}(j+l - = (w(t2k+1) - l/’(’?))oz_ fq,2j—l(n)d¢/(n)7 q= 0’ 1’ 2’.] = 1’ 27 e 7k’ (210)
F(O-Z) fj-1

and Agl?rl, ng0+ , are defined by (2.4) and (2.5), respectively.
Bringing (2.3) and (2.6)—(2.8) into (2.2), we have

2

.0 2+1.2k+1
Z AL Bl @ (8p>1g> Vpg)

q=0

M

Vo1 2k+1 = 82+12k+1 T

1l
(=]

p

PO pg.j 212k
Ay By w (8ps 12j-14g> Vp2j-1+g)

—+

M-~ M=~

M- 1M 1M
DM 1M

pii 20+1,2k+1
T A21+1sz+1w (82i-14ps Ig> V2i-14pg)
i=1 q=0
! 2 2
Pl 20+1,2k+1
+ Z Z A21+1BZk+1w (S2i—1+pa t2j—1+qa VZi—1+p,2j—1+q)- (21 1)
i=1 j=1 p=0 ¢=0

For v(s2142, tok+1), V(21415 toks2), and v(821.2, Iris2), We have

I 2 2
~ B0 222k
V(S242: Doke1) R Qars22k+1 + Z Z Z A21+2 e W ($2i4ps> Lgs Vaitp.g)
i=0 p=0 ¢=0
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Ik 2 2
Dii 20+2,2k+1
+ Z Z Z Z A21+2sz+1w ($2i4ps> 12 j—14q> Vaitp2j—14¢)s (2.12)

Ap 0 Bq Ni 2[+1,2k+2

V(521+19 z‘2k+2) 21+1 2k+2 (Sp’ t2j+qa Vp,2j+q)

8

5

¥

&

o

+
M-
[
B

Ik 2 2
§ Pl 20+1,2k+2
+ Z Z Z A21+1BZk+2(1) (S2i—1+pa t2j+q’ V2i—1+p,2j+q)a (213)

Ap N Bq g 20+2,2k+2

V(521+2’ t2k+2) 2042 P W (s2i+p7 t2j+q, V2i+p,2j+q)7 (214)

8

%

e

§

o

+
g
.M»
1+
[

where Azz 2 and BZkJ , are defined as follows:

1 $2i+2

Al

22 = Ty W(s22) = Y@ foi@dp(), p = 0,1,2;i = 0,1,...,1,  (2.15)

82i

) 1 12j+2 ~ '
By, = —— f W(tas2) = @)™ foofdyp(n).q = 0,1,2;j=0,1,....k,  (2.16)
T(02) Jo,

and Agl?rl’ A12711+1’ B;’kOJr], and B‘2’k’+] are defined in (2.4), (2.9), (2.5), and (2.10).

Similar to the same line of (2.11), we can obtain the other point’s numerical scheme. A detailed
derivation is given in Appendix A.

Combining with (A.1), (A.4)—(A.6), (A.9), (A.10)-(A.12), (A.13)-(A.16), (2.11)—(2.14), we obtain
a high-order numerical scheme for (1.1) as iy, j; = 1, 2,

2 2

= E E po 610 W

ViLjg = glljl+ A (Sp,tq’vp,q)a
=0 q:O

2 2
— po qO 20+1 ]|
Vol = 8+ t Z ZA21+1B (SpsIgs Vpg)
p=0 ¢=0
! 2 2
Pl qO 21+1,
+ Z Z Z A21+1B JI(SZi—1+p’ tq’ V2i—l+p,q),
i=1 p=0 ¢=0
[ 2 2
_ pii qO 21+2,
Vo, = &g t E g Ay B w (8214 ps Lgs Vaie pig)s
i=0 p=0 ¢=0

2 2
_ E .0 pg,0 R
Vi1,2k+1 - gi|,2k+l +Z A BZk+l b (sp,lq’vp,q)
p=0

q=0
ko2 2
q.j t 2k+1
+ZZZA By W (Sps Bje14gs Vp2j-144)s

J=1 p=0 ¢=0

kK 2 2
— p.0 i1,2k+2
Viioke2 = gi1,2k+2+Z E E A B2k+2w‘ (Sps 12j4gs Vp2j+q)s

Jj=0 p=0 ¢=0
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2 2
— q, 21+1,2k+1
Va1 2kl = 8+12k+1 Tt Z ZA21+1B i@ (Sp> 1> Vpg)
p=0 ¢=0
k 2
PO pag.j  20+1,2k+1 ) )
+ } i ZAZHIBZkH (8ps 12j-149> Vp2j-1+¢)
j=1 q=0
!
Dsi 2[+1,2k+1
A21+1sz+1‘“ (S2i-14ps Igs Vai-14p.g)

=1

~

M- 1M 1M
M- 1

M

+ AP N Bq oJ 21+1,2k+1

i=1 j=1 p=0 ¢=0
I 2 2
— P q.0 204+2,2k+1
Vor22k+l = 8a+22k+1 Z Z g A5 B w ($2i4p» Lg» V2itp.g)
i=0 p=0 ¢=0
Ik 2 2
2422k+1
+ Z Z Z Z A21+232k+1w (s2i+p’ z‘2j—1+q’ V2i+p,2j—1+q)’
i=0 j=1 p=0 =0
I 2 2
— PO pg.j W2 12k+2
Vasioke2 = 8a+12k+2 T Z Z E A B ,w (Sp> 12jigs Vp2jiq)
j=0 p=0 ¢=0

/ kK 2 2
z : z : z z Pl 21+1,2k+2
+ A21+IBZk+2a) (Sli—l+p, l2j+qa V2i—1+p,2j+q)a

Ik 2 2
— E : pi pa  2042.2k+2
Voo k2 = 821422k+2 T Z Z Z A2,+232k+2 (s2i+p’ Djrg> V2itp2 j+q)-

i=0 j=0 p=0 ¢=0

3. Truncation error

Let E; ; be the truncation error of scheme (2.17) at point (s;, ;) as follows:

Eij:=v(si,tj) — Vi,

2141 P2pr 1 W (S2i-14p> 12j-14g> V2i-14p2j-1+¢)>

(2.17)

3.1

where v; ; is the numerical solution for v(s;, ;). For instance, at the point ($2.1, f2e+1), Vi 1s defined as

follows:

2
p0 g0 20+1,2k+1
ZAZIHBZkH (Sps Lg> V(Sp, 1))

M

Vo1 2k+1=82141,2k+1 T

p=0 ¢=0
kK 2 2
p0 20+1,2k+1
+ Z 2 ,ZA21+1BZI<+1“’ (8ps 12j-14g> V(Sp> 12j-144))
j=1 p=0 ¢=0
I 2 2
pii q,0 21+1,2k+1
+ Z § Z A2[+132k+1 (S2i—1+p9 ty V(SZi—l+p’ tq))
i=1 p=0 ¢g=0
Ik 2 2
p.i Jj 204+1,2k+1
+ § E ZA 21+1 2k+1w (SZi—l+pa t2j—1+qa V(SZi—1+p’ t2j—1+q))'
i=1 j=1 p=0 ¢=0

(3.2)
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In order to analyze error estimation for the scheme (2.17), we will introduce the following lemmas.

Lemma 3.1. For all € C'(I), an increasing function such that y'(s) > 0, we have
f W(sas1) — WD) dy(r) < 27771+ 1) TR,
1]
f W(tasr) — ) dy(m) < 21772722k + 1) R,

where

= max ¢'(s), 7 = max ¢/ (¢). 3.3
d se[a}?(] w (S) r f€[6,51(] '70 ( ) ( )

Proof. Using the integral mean value theorem and Lagrange mean value theorem, one can get

f W (s211) — () (1) = Wsa41) — 007 7 W(s1) — Y(a))

W(s2141) = W) W(s1) — (@) = @ 0n1) ™ (5201 — )7 W (01)(s1 — @)
W Be)” " QLAY (0)) (51 — a)
WHMMVHQHJW*W”WWMMZ%TW*sT”WW%+H”%$

IA

where 0, € (Y(a), Y(s1)), G241 € (51, S241), 61 € (a, 1), and r is shown in (3.3).
Similarly, fL " W(ts1) — Y tdy(m) < 21772722k + 1) 'h72, where 7 is shown in (3.3).
Therefore, Lemma 3.1 has been proven. m]

Lemma 3.2. Let E; ; be defined by (3.1), w(-,-,-,-,v(:,)) € C*([a,b] X [c,d)), and v(-,-) € C*([a, b] X
[c,d]), then

|Eij| < C(R + B,

where C is a constant independent of hy, h,.

Proof. For a detailed proof, see Appendix B. O
4. Convergence analysis

Lemma 4.1. The coefficients are estimated as follows:

AP < Ch', |AR°| < CRY', |AYY | < ChT' (21— 2071 |AD ) < ChT (21 +2 = 20)7 7,

21+1 20+2
A o1}, i o0 0 o 0 o W o ~oo—1
A% < C27R, 1A, < C27R|BYY| < Ch?, 1By < Ch?, |BY || < ChT*(2k = 2))77,
IBY ol < CHP(2k +2 =277, By, | < C277, |BYY | < C27hT,

where C is independent of hy and h,. In equation (A.2), (A.7),‘ (2.4),_ (2.9), (2.15) and (A.3), (A._8), (2._5),
(2.10), (2.16), we have the definition of A?°, AL, AP AP AP and B?°, BY°, BY) , BY/ ., BY/ .,
where p,q =0,1,2,i=0,1,...,/1-1,j=0,1,...,k—-1,1=1,2,...,.L—1,andk=1,2,...,K - 1.
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Proof. By employing the Lagrange mean value theorem, we have

A% f W(s1) — @) foo(D)dy(1)|

o W) — D)D) — Y(s2)
o >f s = ) = W) W50 = ¥(52)

F( 1)

IA

|di(T)

-1 1 o
< oD f W(s1) =Y ()7 " dy(t) = To 7 )(w(sl) ¥(a))
1 ’ (o] ; 011,01 o

B m(w €)1 —ap™ < I'(o + l)r hyt < Ch',

where r is defined by (3.3), &; € (a, 51), and

A = F( 5 f (W (s2) = Y@ foo(D)dy(r)
o1—1 _ 1 (on]
o f Ws2) = $(O)" ™ d(T) = G Ws2) — Y(a)
1yt o1 1 01,01 ol
= m(lﬂ (€o)(s2 —a))™" < o 1 D) 1)(21’) h$' < Chit,

where & € (a, 52).
In the same way, we can get

ALY < ChTr, 1A < Che, 1AY° < ChOY, 1AZC < ChO.

For the estimation of |A%" |, we can use the integral mean value theorem and Lagrange mean value

20+10
theorem,
A | = f W(s2s1) = W) foo(T)dy (D)
F( 1)
o—-1 o1
< r( 1)f W(s2141) — (1)) ds!/(T)_r( 5 W' (s1)
< ot < —— @7 < chr DT

F( ) F((fl)

Similarly, we have
Ay | < ChT' @D, 1AS | < ChT 2D

We can use the integral mean value theorem and Lagrange mean value theorem to get

$2i+1

A2 W(s2101) — (@) fr2i1 (T)d(T)|

20+1 = |I“( 1)

$2i—
A21+I

oy J,, W(s2141) — Y@ Y (T)dr < F( )

= 2n W' G R 20+ 1= i+ D]
I'(oy)

o1—1

IA
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2h;

< r TN 21 - 207 < ChTY 2L - 207,
L(oy)

where &;_1 € (52i-1, $2i+1)-
In the same way, we have

AN < ChT @I+ 2-207 7 i= 1,2, 01— 1.
When i =1,
A5 = s [ @ = w e e
: F(i‘l) S:Tl(‘”(sﬂﬂ) ~ @) N fp 21 (Dld (D)
< 1—(;1) S:l:l(lﬂ(szm)—lﬂ(T))‘r'_ldl//(T) = To 11 )(l/,(521+1)_l/,(S21_1))<n
- = 11+ 1)(!& (&) (S241 — $21-1)7" < r(hl—m)(zr)fn < C2THO,

Similarly, we have |A21 +2| < C27'h{'. Using the same approach, we can estimate |B‘1”0|, |B‘21’0|,

q,0 qsJ qsJ q.k q.k
1Byeils 1Boiei s 1Boiials 1By |5 1By, | to be

|B‘f’0| < Ch", 1B < Ch,|BY.
1BY | < Ch7*(2k +2 - 2j)77,|BY,

= ChP@k=2))"",

£ 1< 2R, |BY | < C27

2k+ 2k+ 2k+
The proof of Lemma 4.1 is then completed. O

Theorem 4.1. Let v(s;, ;) be the exact solution of formula (1.1) and v; ; be the numerical solution. If
w satisfies condition (2.1), w(-, -, -, -, v(-,)) € C*([a, b] X [c,d]), and v(-,-) € C*([a, b] X [c,d]), the step
size satisfies the following formula:

2T CLTRT < 1, 27°CLihThT < 1,
d ) 4.1
e <1, L= onn <1, @D
g2
We have
V(sint) —visl < C3* + B2),i=0,1,...,2L; j=0,1,...,2K, (4.2)

where C is independent of hy and h,.

Proof Yi=0,1,... ,2L,] =0,1,...,2K;let €= V(Sl', lj)—V,',j = V(S,', tj)_f/i,j‘i')_/i,j_vi,j = )_/i,j_vi,j"'Ei,j-
When i, j = 1,2, we have e; ; as follows:

2 2
0 g0 i,j i,j
erj = Y O AL B W 5y 1, V(s 1)) = W (51, vp )] + Ei .
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According to (2.1) and Lemma 4.1, there is

2 2
leil < CLUT R " > lepgl + 1Eijlis j = 1,2.
p=0 ¢=0
Combining the above four inequalities, we have
leijl < CLi(|Ev 1| + |Exi| + |Era] + |E2ol), i, j = 1,2.
That is,
leij| < COR™ + B7%),i0,j = 1,2. (4.3)

Wheni >3, j=1,2, we have

2
€20+1,1 = g
r=0 ¢
I
+ D,

2
i=1

0 pgOr 20+1,1 2+1,1
AL BT (8, 1, V(Spa 1)) = 0™ (8, g, Vi g)]

M

Il
[«

MN

O, 20+1,1 W2
ZAZIHBq [ ($2im 142 Igs V(S2i-14p5 1g)) — " ($2i-14p> 1gs Vaici+p )] + Enig115
q:

2
€2+12 = §

p=0 ¢

o

S

2[+1,2
2[+1 (Spa tq’ V(sp9 tq)) —w " (Spa tqa Vp,q)]

M

Il
[«

I 2 2
Or  20+1,2 21 1,2
+ Z Z ZAQH_]Bq [w i (SZZ 1+p> tq, V(SZI I+p> q)) " (s2i—l+pa tq’ V2i—l+p,q)] + E21+1,2,
p:

i=1 q=0

I 2 2
_ i pgOp, 21421 20+2,1
€421 = Z § Aj B w (82i1ps 1g> V(S2i4ps 1)) — @ ($2i4ps Igs Vaiepg)] + Eoiio 1,
i=0 p=0 ¢=0
I 2 2
— q.0r  20+2,2 20422
€21422 = Z Z A2,+ZB [w (Szi+p, Iy, V(S2i+p, fq)) —w (52i+p9 L V2i+p,q)] + Esp22,
i=0 p=0 ¢=0

where Aé’lgl , Aé’l:] and B‘f’o, BZ’O are defined in (2.4), (2.9) and (A.3), (A.8), and it satisfies with Lemma
4.1 that we have

2 2 -1
-1
et SCLy > R D7 gl + CLy Y
p=0 ¢g=0 i=1
2 2
+CLy D > 27 sy 1 pgl + |Earer i,
p

=0 q:O

2
L= 207 W esictipg

q=0

M

b
[«

-1

2 2 2 2
e SCLL D > W21 +2)" ep l + CLy D Z T Q2L+ 2 = 207 P esis ]
q=

p=0 ¢=0 i=1 p=0

2 2
+CL, Z Z 27 WS P ears pgl + | Enia g,

=0 q:O

3

AIMS Mathematics Volume 9, Issue 6, 14325-14357.



14335

where k; = 1, 2.
For the sake of convenience, we take

2l = max{le;l. le;al.i = 0,1,..., 2L}, || E| = max{|E;l. |E;l.i = 0,1, 2L)}.

Therefore, we get

21
@il < CLiAT B Z(Zl + 1= )7 eill + 27 CLihT W 1|l + B I, 4.4)

i=0

20+1
lexsall < CLiAT B Z(Zl +2 = )77 Ygll + 27 CLihS B2 ||earall + || Enall. 4.5)

i=0

For (4.4), we have
21

1@xs1ll < CLAT B 2(21 +1 =077 el + CllEypll. (4.6)

i=0
For inequality (4.6), use Gronwall inequality [28]. We have

2
a1l < CLiAT by 2(21 + 1= )77 il + CllEall
i=0
< CllEyllEq (CLiA7T(0n)((2L + Dh)™) < ClExyllEy, (CLi(b = @) BT (071)).
Using the same method for (4.5), we can get

a2l < CllEyllEs, (CLi(b — @)™ h*T(0))).

Wheni = 1,2, j > 3 computing e; ; is analogous to computing e, ; for i > 3, j = 1,2; hence, we
omitted it. According to the results above, combined with Lemma 3.2, we have

lleijll < C(R* " + 1)), i >3, = 1,2,
llei Il < CCRT™™ + 1™ )i = 1,2, j = 3. (4.7)

Next, for e; ;, i, j > 3, we obtain

2 2
— 0 pg.0 20+1,2k+1 20+1,2k+1
€20+12k+1 = Z Z A2]+182k+1 [a) (Sp’ tqa V(spa tq)) —w (Spa tqa Vp,q)]
p=0 ¢=0
kK 2 2
PO pa.j 20+1,2k+1
+ Z Z Z A21+1B2k+1 [w (Sp’ t2j—l+q’ V(sp’ t2j—l+q))
Jj=1 p=0 ¢=0
20+1,2k+1
w (sp, t2j—l+qa Vp,Zj—l+q)]
l 2 2
pii q.0 20+1,2k+1
+ Z Z A21+1 BZk+1 [(,() (S2i—l+pa tqa V(SZi—1+p, tq))
i=1 p=0 ¢g=0
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2U1,2k+1
—w T (S2ic14p B Vaic14p.g)]

Ik 2
i pdsj 204+1,2k+1
+ Z Z Z A5 B lw (S2i-14p> L2j-14¢> V(S2i-14p> 12j-14¢))
i=1 j=1 p=0 ¢=0
1,2k+1

2k+
—w ($2i-14p» 12j—14¢> V2ic14p2j-14¢)] + E2141 2k415

I 2 2
_ pi pa0 [, 20422k+1 242,2k41
€21422k+1 = Z Z Z A5 By [w ($2i4ps> 14> V(S2i4pr 1g)) — @ ($2i4ps Igs Vaiep.g)]

0
[k 2 2
pi nd.j 21+2,2k+1
+ Z Z Z Z A21+2B2k+1 [(1) (S2i+p7 t2j—l+qa V(S2i+p’ z‘2j—1+q))

i=0 j=1 p=0 ¢=0
1

2k+
—w (Szi+p, 1j-1+¢> V2i+p,2j—1+q)] + E21422k415

k2 2
_ PO pg.j 204+1,2k+2 204+1,2k+2
€20+1,2k+2 = E i E , 2 ‘A21+1sz+2[w (Sps T2jugs V(Sps 2jg)) — W (Sps 12j+gs Vp2jrg)]

0
Ik 2 2
i pdsJ 21+1,2k+2
+ZZZ § A5 Boolw (S2i-14ps D2 jrgs V(S2i-14p»> 12j44))

21 2k+2
($2i-14ps 12j1g> Vai-14p2j+g)] + Enip1 2042,

Ik 2
— Pi pdsJ 20+2,2k+2
€21+2.2k+2 = Z Z Z g A5 LB lw (S2i1ps 245 V(S2i1ps 2j44))

i=0 j=0 p=0 ¢=0

20+2,2k+2
—wW ($2i4p> 12 jgs Vairp2jrq)] + Eni2 k425

where ALY AN JAPY and BZ B%/ B4/ are defined in (2.4), (2.9), (2.15) and (2.5), (2.10),

(2.16), and they are satisfied with Lemma 4.1. We have the following estimates for e/, 2¢+1,

2
DR @D R 207 el

M

enriok+1l < CL

p=0 ¢=0
k-1 2 2
+CLy )" > h @D R 2k = 27 epajoieg
j=1 p=0 ¢g=0
2 2
+CLy Y Y K@Y 27 e 14
p=0 ¢=0
-1 2 2
+CLy Y- > 3 T 21— 207 WK™ ex 14
i=1 p=0 ¢g=0
2 2
+CLy Y Y K27 HH 2K ear11pg
p=0 ¢=0
-1 k-1 2 2
+CL R @L= 207 B2k = 2 ea14pajo1+g
i=1 j=1 p=0 ¢=0
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2 2
01702 1,01 1,02
+CL, Z Z 271272 W P lear—14p ak-14+gl + | E2ir1 2411

p=0 ¢=0

Therefore, we can rearrange into the preferred form:

2 2k
leairiokeil < CLy Z Z WML+ 1= )7 Rk + 1= )7 ey
i=0 j=0
2%
+CL A7 (217! Z 22k + 1 — j)02_1|€2z+1,j|
=0
2
FCLR K™ Y R L+ 1= )7 e
i=0

+CL 27772 h] hy 2 e ok+1 ]| + [ E 21 o1 |-

If letting |le;|| = max |e; jI,||Ei|| = max |E; |, then we have
0<j<2K 0<j<2K
2 2%k
et SCLy )" D TR+ 1= Rk + 1= )77 el
i=0 j=0

2k
FCLAT D7 Y Bk + 1= )7 el

j=0
21
FCLTO™ ) h @+ 1 =7 el + Cl|Egal
i=0
21 12k+1
<CLy ) W7 @+ 1 =7 el f (e = 1)
i=0 fo

1ok+1
HCLI ™ el [t =)
1o

21
+CLP 7 Y K QL+ 1= )77 el + C | Earea
i=0
21 to’z IO'Z
=CLy ) R+ 1= )7 leil] 225+ CLA 2D fleay || 2
i=0 72 o2
21
+CLiAT 2™ 3 W7 2L+ 1= )7 Jled + C | Eapll
i=0
d— o) & d — o)
<L IS @i 1 - el + €L =L @ e
() P (0a)
21
+CL 7 Y K@+ 1= )7 el + C 1Bl
i=0
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Since the above formula forall k = 1,2,..., K — 1, we can infer that it is universally applicable that

@=" .\ N -
lewll < CLy K Y@L+ 1= leill + CLy
g

2 i=0
2
+CLhT h*(2k) ™! 2(21 + 1= el + CllEyll-
i=0

d—o)” o o1-
@-o= R 207 (leasell
(oX

Hence,

d - )

()

21
lleziill < [CLy W'+ CLihJ b (2k) 77 2(21 + 1 =07 edl + CllEyll.- (4.8)

i=0
Through the use of the discrete Gronwall inequality [28], the inequality (4.8) becomes
(d-c)

A

lleasill < CllEyall Eq {ICL; + CL1A*(2k) > T(o (2L + 1))}

d - )™
2

IA

CllEyll E- {CLiI'(o)(b—a)”'[ + K72k

Combining with Lemma 3.2, the above estimate becomes
3
leatetaiet] < CRYTT + BT, (4.9)
Using the same approach, we can derive the result

etz il S CORT + ), learanal < CORTTT + ™2,

lesiirarial < CURTT + 1)), (4.10)

Combining (4.3), (4.7), and (4.9)—(4.10), we complete the proof of Theorem 4.1. O
5. Numerical example

In this section, we will verify the correctness of the theory by using several numerical examples.
We employ the proposed algorithm to solve the values of the VIEs with different values of y/(s) and the
error and convergence order. All numerical examples will be implemented using Matlab software.

Example 5.1. The two-dimensional linear y-type VIEs under consideration are as follows.

v(s, 1) = g(s,0) + S U, f S f WO + Y@ + YVl
’ T o) Jo Jo (ls) = @) @) - wp) -

where (s,1) € [a,b] X [c,d], and

dy(mdip(v),

576
(o1 +5)I (o2 +3)

WD ()7 ~

WD (1) 7>

2880
I'(oy +6)'(02+5)

g(s,0) = W) W®)* - T

2880

- o1+5 oo +4
T(o) + 5)(c, + 6) W))W @),
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with the exact solution v(s,t) = (Y(s))* (W ()"

In this paper, we give two groups of data where oy and o, take different values,which are o7y = 0.4,
0, =0.6 and oy = 0.3, 0, = 0.5, respectively. The steps in s-direction and t-direction are divided into
hy = %,h, = % Error is defined as follows:

en = max [v(si, 1) — vijl.

when y(s) = log(s), and take [a,b] X [c,d] = [1,2] X [1,2]. To evaluate the level of convergence
achieved by the numerical schemes developed for different values of oy and o, we conducted tests
as presented in Tables 1 and 2. The convergence order was determined using the formula logg(e%).
According to the analysis conducted in this study, the theoretical convergence order of the numerical
scheme developed is expressed as O™ + hf“’z). It can be observed that when hy significantly
exceeds h,, the convergence order simplifies to O(hi*""). The tables presented in this paper (Table 1
and Table 2) consider different values for parameters L and K. In Table I, we set K = 2L with a
corresponding order of 3 + o1, while in Table 2, we set L = 2K with a corresponding order of 3 + 0.
The values chosen for these tables are as follows: oy = 0.4,0, = 0.6 and oy = 0.3,0, = 0.5. From
our observations in Table 1, it can be inferred that when oy = 0.4, 0, = 0.6, the achieved order closely
approximates 3.4, similarly, when oy = 0.3,0, = 0.5, the achieved order is close to 3.3, which aligns
well with the theoretical expectation of 3 + 1. Similar conclusions can also be drawn from Table 2,

with the convergence order close to the theoretical order 3 + o,.

Table 1. Change of maximum error with step size and order of convergence with K = 2L.

L o1 =04,0,=0.6 Order 01=03,0,=0.5 Order

8  9.7735973460x10~’ - 1.9542229570x107° -
16  9.9153270337x107%  3.3011574072 2.0826505593x10~7  3.2301023735
32 9.7507514562x10° 3.3460750454 2.1637356351x107%  3.2668246481
64  9.4336555234x107'0  3.3696245807 2.2198713909x107° 3.2849762407
128 9.0416826803x107 ' 3.3831537288 2.2624961626x107!° 3.2944888455

Table 2. Change of maximum error with step size and order of convergence with L = 2K.

K o,=04,0, =0.6 Order o1 =03,0,=0.5 Order

8  7.3163516254x1077 - 1.8606043702x107° -
16  7.1646985719x107%  3.3521464981 1.8824121970x10~7 3.3051168417
32 6.5863218074x10™° 3.4433611009 1.8075405187x107%  3.3804826808
64  5.8705672962x107'0 3.4879011751 1.6931334598x10° 3.4162603856
128 5.1399086376x107'"  3.5136853027 1.5651222679x107'° 3.4353484264

The Figure 1 below shows the error distribution of y(s) = log(s) when K = 2L and L = 128. The
left diagram shows the discrepancy distribution of oy = 0.4,0, = 0.6, and the right diagram shows
the discrepancy distribution of oy = 0.3,0, = 0.5. From the following two error graphs of Figure 1,
we can see that when oy = 0.4,0, = 0.6 and oy = 0.3, 0, = 0.5, although the errors are different, the
error graphs are similar, and the errors can reach 107'°, so it can be known from the error graphs that
the numerical method used can better approximate v(s, t).
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sigma1=0.4, sigm32=0.6, L=128 sigma1=0.3, slgma2=0.5‘ L=128

Figure 1. The error distribution for L = 128 is shown on the left with oy = 0.4,0, = 0.6,
and on the right with oy = 0.3, 0, = 0.5.

When yr(s) = s, wherey = 1,2, here we’re going to take y = 2 and take |a, b]X[c,d] = [0, 1]x[0, 1].
We list in the table the maximum errors and orders obtained for different values of oy, 0, h,, and h,.
In this case, the values of oy and o, are the same as in the Y(s) = log(s), and the values of K and L are
going to be the same as Y(s) = log(s). We can come to the same conclusion. When K = 2L, the orders
of Table 3 are close to 3.4 and 3.3, respectively, which is close to the theoretical order 3 + o;; when
L = 2K, the orders of Table 4 are close to 3.6 and 3.5, respectively. That is, close to the theoretical
order 3 + o5

Table 3. Change of maximum error with step size and order of convergence with K = 2L.

L o1=04,0, =0.6 Order o1 =03,0,=0.5 Order
8 1.3928479154x1073 - 2.8139154113x1073 -
16 1.5068097519x107% 3.2084685586 3.2493625228x10™* 3.1143503452
32 1.5407550712x107° 3.2897878307 3.5457774736x107> 3.1959828070
64  1.5258024479%x107% 3.3359974520 3.7451046675x107% 3.2430240537
128 1.4831735151x1077 3.3628088901 3.8830393190x10~7 3.2697478185

Table 4. Change of maximum error with step size and order of convergence with L = 2K.

K o,=04,0, =0.6 Order o1 =03,0,=0.5 Order
8 1.3674595288x1073 - 3.1438667735%x1073 -
16 1.3107931264x107* 3.3829862179 3.2368563952x107* 3.2798748162
32 1.1966003524x107° 3.4534267146 3.1643283054x107 3.3546221659
64  1.0624704478x107% 3.0003202069 5.1560512317x107° 3.3987109055
128 9.2828275511x10™® 3.5167145862 2.7953305426x10~7 3.4240256852
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The Figure 2 below shows the error distribution of Y(s) = s, where vy = 2 when K = 2L and
L = 128. The left diagram shows the discrepancy distribution of oy = 0.4,0, = 0.6, and the right
diagram shows the discrepancy distribution of oy = 0.3,0, = 0.5. From the following two error
graphs, we can see that when the values of o and o, are different, although the errors are not the
same, the error graphs are similar, the errors can reach 107, and the effect is better, so it can be seen
from the error graph that the numerical method used can better approximate v(s, t).

sigma1=0.4. sigma2=0.6, L=128 sigma1=0.3, sigma2=0v5‘ L=128

Figure 2. The error distribution for L = 128 is shown on the left with ooy = 0.4,0, = 0.6,
and on the right with oy = 0.3,0, = 0.5.

Example 5.2. Consider the following nonlinear equation:

WD) + (D) + )W)
= - d d
Vs ) =80+ s 1)r(0'2)f f W) — 9T @) — iy DD

where (s,t) € [a,b] X [c,d], and

17280

6.0 = WP W) = F—ae ) WD)
_ 86400 o145 o2+6 120960 o1+4 oo+7
T A L v v

with the exact solution is v(s,t) = (W(5))*(W(1))>. We're still divided into two cases: first of all, y(s) =
log(s), and second, Y(s) = s”.

Now, let’s consider the case Y(s) = log(s), and take [a, b] X [c,d] = [1,2] X [1,2]. For this example,
we repeat the calculation procedure of Example 5.1 using the appropriate scheme. The variation of its
maximum error and order with K = 2L or L = 2K is shown in Table 5 or Table 6, and the values of L
and K are the same as those in Example 5.1. These two tables again verify that the order is close to
the theoretical order 3.4, 3.3, i.e., 3 + 01, and 3.6, 3.5, i.e., 3 + 0.
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Table 5. Change of maximum error with step size and order of convergence with K = 2L.

L 0'1=0.4,0'2=0.6

Order

01=03,0,=0.5 Order

8 3.2646193718x107’
16  3.1941197659x1078
32 3.0647534788%107°
64 2.9079247343x1071°
128  2.7419067017x107!!

3.3534244812
3.3815754718
3.3977091981
3.4067385418

5.8807323880x10~’ -

6.0426050469x1078  3.2827532862
6.1160141951x107°  3.3045069883
6.1417454456x1071°  3.3158711313
6.1444627164x107'1  3.3212899496

Table 6. Change of maximum error with step size and order of convergence with L = 2K.

K o,=04,0,=0.6 Order 01=03,0,=0.5 Order

8 8.1677686153x107’ - 1.6145922298%107° -
16  7.5881499251x107% 3.4281219081 1.5779327084x107 3.3550622664
32 6.7981849594x107° 3.4805266643 1.4912196727x107%  3.4034709794

64  5.9532231922x1071°
128 5.1339349438x107!!

3.5134067255
3.5355340638

1.3807975596x107°  3.4329190728
1.2619894019x107'°  3.4517301201

Now, let’s think about y(s) = s7, y = 2 and take [a,b] X [c,d] = [0, 1] X [0, 1]. From the following
two tables, we know that the errors gradually become smaller and the order also tends to stabilize,

which is close to 3.4,3.3 and 3.6,3.5.

Table 7. Change of maximum error with step size and order of convergence with K = 2L.

L 0'1=0.4,0'2=0.6

Order

01=03,0,=0.5 Order

8 1.6250872088x1073
16  1.6880955354x107*
32 1.6830042009x107°
64 1.6319260485x107°
128 1.5567500733x1077

3.2670486824
3.3262858708
3.3663911902
3.3899664301

4.3711285405x1073 -

4.6795802277x10™*  3.2235547770
4.9400832297x107>  3.2437718682
5.0905853166x107°  3.2786318959
5.1643556231x1077  3.3011712925

Table 8. Change of maximum error with step size and order of convergence with L = 2K.

K 0'1=0.4,0'2=0.6

Order

01=03,0,=0.5 Order

8 4.7092542214x1073
16  4.6737446488x107*
32 4.3871206886x107°
64  3.9489534212x107°
128 3.4618023848x107’

3.3328477869
3.4132326141
3.4737321390
3.5118750743

1.4079854053%1072 -

1.3967936080x1073  3.3334416124
1.3909889695x10~*  3.3279359776
1.3364857961x10™°  3.3795945693
1.2497697712x107¢  3.4187102494
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6. Conclusions

In this paper, the modified block-by-block method is used to solve the numerical solution of
fractional - Volterra integral equations. The convergence of order of the high order numerical scheme
is analyzed rigorously by using the discrete Gronwall inequality. Through experimental verification,
we find that this method has high accuracy and stability and can effectively deal with high
dimensionality fractional - Volterra integral equations.

We furthermore discussed the sophisticated numerical scheme of high order for high dimensionality
fractional y-Volterra integral equations with singular solution by using graded mesh. We also noticed
that when the grid division is very fine, the computational complexity of the format is very high.
Therefore, we will plan to introduce the fast high-order algorithms for solving the high dimensionality
fractional - Volterra integral equations by using the fast Fourier transform.

Thus, we can apply it to a wider range of practical problems. There are still some limitations and
shortcomings in this study, that is, the calculation amount is too big. In the future, we can continue to
study that the modified block-by-block method can be further improved to enhance its computational
efficiency and stability [29]. Additionally, the modified block-by-block method can be applied to
practical problems and its application value in engineering and science can be explored.
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Appendix A: Construction of numerical scheme at points (s;,¢;) fori=1,20r j=1,2.

For v(sy, t;), one has

" Y(s) =@
NonT(o2) Jo Je @l0) — ()=

S L W) — )
v pz(; ; DoDT@2) Jo Je Wit) —wim)'~

W (T, 7, v(T, m)dyr ()i (7)

v(si, ) = gia+

Q

c

X fo 0 (D) f0(M " (5, 14, Vp AW (7)

2 2
= gt ) ) ANBI W (5t ), (A1)
p=0 ¢=0
where
A = s f W(s1) = Y)Y fro(Ddy(@), p = 0,12, (A2)
B = o [ - sy fratndun.a = 0.1.2 (A3)

Similar to (A.1), one can obtain v(s,, 1), v(s1, f2), and v(s,, f;) as follows:

2 2
V(SZ’t]) = 421 +ZZA§’OB11]’OU~)2’1(Sp’tqa Vp,q)’ (A4)

p=0 ¢=0

2 2
visih) & gt )L Y ATBEW (s 1 vpg), (A5)

p=0 ¢=0

2 2
V(b)) & gaa+ ) ) ALUBIW sy 1 vpg), (A.6)

p=0 ¢=0

where
Aé’ F( )f W(s2) = (@) fro(@dy(t), p = 0, 1,2, (A7)
BZ’O == (t/'(tz) — )™ fro(mdy(n),q = 0,1,2. (A.8)
F(Gz) ¢

Therefore, v 1, v2.1, V12, and v,, can be simultaneously solved from (A.1), (A.4), (A.5), and (A.6).
For v(sapsr s 1), 1= 1,2, ..., L=1 and v(s,,, tag+r,), 71,12 = 1,2,k = 1,2, ..., K—1, under assumption
thatv;,,,i=0,1,...,2land v, j, j=0,1,...,2k already known, we have

1 f " W(sae) — ()7 ! P H!
L(o)) (o) J, W(t) — ()=

L l f " W) =@ o
oo & s, Joo Qo) —y@)=

V(821415 1) =8o1s1,1 +

(T, n, v(r,n)dy(m)dy(7)

(T, n, v(T,m)dy(m)dy(t)
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203 1 1 T W) = (@)
F8aurrr F Z(; ; FlenTo) Jo Je Wn) —y(m)'=

X fpo(® a0 (n)wz’“%sp, o Vpa )V (DAY ()

i i Z L W) = Y@
S L T(o) r(m) ot Je W) = g(0) =
X, i1 (D) fromw®™ ! (Szi—1+p, tgs Vaic14p,)AW()d(T)

2 2
_ P00 g0 20+1,1
= &20+1,1 + Z ZAZHIBI (Sp, tq’Vp,q)
p=0 ¢=0

1 2 2
0 20+1,1
+ Z Z Z Agli_qu i (S2i—1+p’ tq’ V2i—1+p,q)’ (Ag)

where Bq is given by (A.3) and A%, +1’A[271:1 are defined by (2.4) and (2.9).

For V(521+2,f1) v($2141, 1), and v(sy142, 12), we have

1 $2i+2 11 . -1 .
V(S2142, 1) = garr2,1 + F(o‘l) (o)) Zf (l/g;iztll )2)_ '71’(7;;))1) = W (T, v(T, m))dy(mdi(7)
2
~ 821+2,1 + Z AZZ:-Z q 0 21+2 1(S2i+p’ tq’ V2i+p,q)7 (AIO)
i=0 p=0 ¢=0

1 1 S1 153 (l//(521+1) (//(T))O' -1 21+1 5
F(O'l) F(O'z) a ¢ (l//(fz) ‘/’(77))1 o

. 1 1 lfsz”‘ 2 (W(sa1) — ()7} 212
Do l(on) S Uy, Je W) —y()' =

(7, 1, v(T, )dyr(m)diy(7)

V(S241,0)=8gotr12 + =——

(T, 1, v(T, m)dyr(m)dy(7)

2 2
~ PO pa0 20412
~8u+12 t ZAZHIB (spalq, Vp,q)
p=0 ¢=0
I 2 2
E pi pa0 20412
+ Z Z A21+]Bz (s2i—l+p’ tqa V2i—1+p,q)a (Al 1)
i=1 p=0 ¢g=0
/
1 1

(T, 1, v(T, m)dy(n)dy(t)

V($2142, 1) = 8o +

f 22 R (Y(s9110) = ()7 W22

Moo 5 (1) = ()~

l 2 2
X Qw22 t Z AZLZBZ 02 2(S2i+p’ tqa V2i+p,q)a (A 1 2)
i=0 p=0 ¢=0
where B, B2%, ALY [ AP' and ALY are given by (A.3), (A.8), (2.4), (2.9), and (2.15), respectively.

For v(sl, t2k+1) similar to (A.10), one can obtain

2 2
1,2k+1
V(S1, bakr1) 81 2k+1 +Z g AP 32k+1w (Sp> 145 Vpg)
p=0 ¢=0
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POp 1,2k+1
A 2k+1a) * (Sps 12j14g> Vp2j-1+4)> (A.13)

-
MN

D- 1 I 1 T
M“ N

~.
Il

—
=
Il

(=]

A BqO 2,2k+1

MN
)
~
+

V($2, ops1)2822k+1 + (Sps14s Vpg)

k
p,0 2.2k+1
+Z A sz+1w i (Sp’IZj—1+q’ Vp,2j—l+q)’ (A14)
j:l q:O
2 2
0 1,2k+2
V(S1, i2) X 81 2ks2 + Z ZAP ng]ﬂ " (Sps L2jigs Vp2j+q)s (A.15)
p=0 ¢=0
2 2
0 2,2k+2
V(2. b)) ¥gazkir + ) D > ARBEL w5y, 1sg, Vpajg), (A.16)

~
1l
(=]
S|
Il
[«
=
Il
[«

where A”°, A?® are given by (A.2), (A.7). BL,, B%/,, and B%/ , are defined by (2.5), (2.10), and
(2.16).

Appendix B: The proof of Lemma 3.2.

Proof. Let O, O, be defined as follows:

0 =  max (102w(s, t, 7,0, v(T ), 8w (s, 1, 7,7, (T, M), (B.1)
t.nelc,d]

Qr = max (107 (s, 1, 7,7, v(z, ), |05(s, £, 7,1, (T, )] (B.2)

s,7€la,b
t.nelc, d]

For Eyy1 0141, Wwe have

E21+1 21 = V(20415 Dka1) = Vi1 2k+1
_ fﬂ " (W(SZIH) - w(r))‘”’l [w21+1,2k+1
1) I(o) (W (tors1) — ()=

2 2

Z D Fro @ f0m@™ ™ (s, 14, v(s 1))y (7)

p=0 ¢=0

(.1, v(7, 1))

12j+1 or-1
Z f W(s241) — (7)™ (22 (2,0 (7, )

1"(0-2) o Wtarer) —y()'=2

2 2

- Z 50D fy2 1 W 2 (S 111 V(S o1 o) VY () U(T)
=0

p q= l

(T, v(7, 1))

. 1 1 f‘””‘ " (Y(sae1) — lﬂ(T))m_l[ 2041,2k+1
w
Lo T(o) S Js, Je Wltasr) —y()' =
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2 2
3 Bt @ fro @ (5311 g, V(2111 E DAY (T)

0
! O sa100) = WO e
I)FWZZL f W) gyl @ @)

j—1

(
2 A
Z f 2i— I(T)fq,ZJ—l(n)w21+12k+1(S2i—1+p’ 12j- 149 V(S2i-14p> D jm14) AP () dis(T)

" W(sae) — () ! -
B F(a'l)F(O'Z) W(tosr) — Y(1))1-02 21+12k+1d¢’(77)d¢/(7-)

2 ((sae1) = () e
F<<71)F<frz>zf f W) — i |22t WO D)

2j-1

" (W (s2e1) = Y(2) ! O
d d
+F(0'1)F(0'2)Zf W(tars1) — ()= T o Y(mdy (1)

S2i+1 12j+1 (l/’(s2l+l) l//(T))O'l (4)
F(O'l) F(O‘z) Z Z L jt; (W (tas1) — Y(p)) 1= Ty o1 a1 A ()dy ()

j—1

= E21+1,2k+1 + E21+1,2k+1 + E21+1,2k+1 + E21+1,2k+1~ (B.3)

According to the Taylor theorem, there is

2 2
T = @2 @nv@mm) = " Fro@ fuoma™ 2 (s, 15, v(s,1,))

p=0 ¢=0

2
21+1 2k+l(T 7, V(T 77)) Z O(T)Q)QM’Z"”(SP, 1, V(Sp, 77))

2 2
ﬂ,o(f)w”“’z"“(sp, V(sp D) = D D Fro@ o™ (s, 14, v(s), 1))

p=0 ¢=0

D}N

(=]

2
=3 6‘3 L2 (g1 (1), p v (1), 1) n(el'(T) —(sp))

p=0
2 A
f
2,75

where (£1(7),§1(n)) € [a, s1] X [¢, 11].
For (1,n) € [a, s1] X [tzj-1, t2j11], there is (e2(7), E1()) € [a, s1] X [12j-1, 12 j41],

2
(5 £10, V(s £ | | W) = pizy)), (B.4)
q=0

2
Ty a1 = 3,83 W 2"+‘(sz<r>,n,v(sz(r),n)>]—[o//(r)—w<s,,))
i Fro(T
p=0 !
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In the same way, we have (7,17) € [$2_1, $2i+1] X [c, 1], and (&;1(7), &) € [$2i-1, $2i41] X [c, 11],

2
T = 3,62 @ (@), v(En (@,m) | | @@ = wlsarp)
p=0

2
Zf”z’ O G321 5y ), Vst 1 X000 | [ W) — 01D, (B.6)

q=0
For Y(7,1) € [$2i-1, S2i41] X [12j-1, 2411, there 18 (i2(7), Ep() € [52i-15 S2i41] X [f2j-1, 1211,

(€]
T21+1 2k+1

1 2
T R CHO N RUENCR) ]_[(w(r) ~ U(s21-14p))

+Z prIE)'I(T)a?] 21+12k+1(le 149> €2 (1), V(20214 E2(11))) n(‘//(n) Y(t2j-149))- (B.7)

p=0 q=0
By putting (B.4) into the first term to the right of formula (B.3) gives the following result:
|E£l+1,2k+1|

|f (l//(SZZH)_l/’(T))UI ! 163 20+1,2k+1
F(U'l)r(o'z) W(tops1) — %//(77))1 Rk Thia

IA

(e1(7), 1, v(e1(7), 1))

" @(sann) = @) !
dy(n)d —
XHW) s+t [ [ e

Z fpo( )53 241241 (g p,gl(n),v(sp,fl(n)))]_[(w(n) = Y(ty))dy(mdip(7) |
q=0

= E} + E%. (B.8)

Using direct and simple calculations, we have

2
|| [o@ - s < Ph. (B.9)
p=0
Similarily,
2
[ [ - v <75, (B.10)
q=0

By Lemma 3.1 and (B.9), we have

Elo- - f g (lﬂ(szm)—;b(r))(’l‘ll
1 Col(o2)  Jo Je Wltars) — y(p)' =2 3!

1
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2
xR () (1), p, (a1 (D), ) | [ (@) = wis,Dduandy () |

p=0

1
0127 2L+ DT AT P R2 P 2k + 1) B

['(o)(02)
_ 22 Q r3+a’1;.0'2(2l + 1)0’1—1(2k+ 1)02—1h3+0'1h0'2
C(o (o)~ Co
where Q) is defined by (B.1).
By Lemma 3.1 and (B.10), we have

E} =

| f " (Y(Sare1) — YD) 12 ,0(7)
o) (o2)  Jo Jeo Wltagsr) — w()i-o2

p=0

2
X2 (5,6, v(sp, ) | | W) = wt)dyapdy () |
q=0
_
(oI (02)
22—0’1 -0

I'(o)I'(02)

012" 21+ DT 2R 2k + DT PR,

Qi 2L+ 17 2k + 1T T R

According to (B.11) and (B.12), we get E! , as follows:

20+1,2k+

] 2—-01-02
L] € o
2l+l,2k+1 1—*(0_1)1—‘(0_2)

Q121+ D7 2k + DT P FRRY TR + r T PR ),

(B.11)

(B.12)

(B.13)

Bring equation (B.5) to the second term to the right of equation (B.3), and we have the following:

1 a 2 (Y(sa) (@) 1
MY
| 21+1,2k+1| < (oI (0) ;l 4 fajo1 W (tahs1) — W(U))l T2 3'

X3 (ey(1), 7, v(Ea(T), M) H(w(ﬂ — Y(sp))dy(mdy ()|

p=0

2 (Y (spe1) — ()7 pr(T)
Iﬂ(O'l)F(O'z) Z f L/ o Wtaker) = ()= Z

2 585, W 00 | [0 — Wty D)
q=0

= E) + E5.
Using Lemma 3.1 and equation (B.9), we have

El < Zf ftzm W(s2s1) = Y(1)7™ |
t F<U1>F<ffz> W =) 31

J=

(B.14)

AIMS Mathematics Volume 9, Issue 6, 14325-14357.



14352

2
><63 20+, 2k+1(82(‘[') n, V(EZ(T) 7])) l_l(w(T) - W(Sp))ld'ﬁ(ﬂ)dlﬁ(T)

PR P (W(Szm) Y(1)7 !
- d d
= F(O'l)r(Uz) f [ (w(t2k+l) _ w(n))l -0 | ‘/’(TI) l/’(T)
_— 3p3pl-on 771 o1-lpo o _ o2—1
< F(O'])F(O'Q)er l’l 2 (21 + 1) h Z ‘ftzj 1 (lﬁ(l‘yﬁ_l) l//(n)) dw(n)
; 313~1-01 .01 oi—1p01 ke _ -1
< F(O’])F(O'Q)er 277 2L+ D)7k L W(tars1) — W) dyr(n)
— 1 3+01 1,3+01~91-0 o—-1 _ o
= Toro, s 27 2T DT W) — gi)
-0
<t Q12+ D71 — )R, (B.15)

[(oc)I'(os + 1)

For E3, we estimate this by adding one term and subtracting one term,

12j+1 op—-1 2 2
B2 - f f W(s241) — (7)) Ip. (T)
’ F(O'I)F(O' 2) Z i Wtuer) — ()= Z

2j-1 p:O

2
XA 2 (s, E51(), V(8ps €11 (D)) ﬂ(lﬁ(n) = Y(12j-144))db(m)di(7)|

q=0

k 12j+1 o1-
< o [ G 5,
XN (s, 1), V(s 1)) ]—[(t//(n) — U(t2j 1)) ()dy(T)
I

e o [ e e 2
X[By ™ P (5, £1(), V(s 51 () — By ! (sp, 12js V(Sps 12)))]

X ﬁowm) — Yt 1)) dY(mAY(D)] = L1 + L2. (B.16)
.

By definition of f,,(7) and 7 € (s;, sis2), p = 0,1,2;i = 0, 1,...,2l, we know |f,(t)| < 1; hence,

2 A
| Zofp,i(r)l < 3. We get
o

2 A

2 (Y(spe1) — () Ip. (T)
= F(O'l)r(O'z)lelf I (W (torsr) = Y ()t~ ‘TZZ

2j-1 p=

X ]_[o//(n) — Y210 AYDAY (D)
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IA

21—0’1(21+1)0'1—1 iy k 1 . ~ ot 2 ) t ]
oty 27" ;' ) =) 1]:0[0/’(’7) W21 D)

12j+1 2
# [ Wt - vy | [ - vt oo
153 qZO

J

15}

j 2
Wtae)) =)™ | | W) = witaj 1))

1j-1 q=0

IA

21-71(21 + 1)1~ S
Qi h )|
NCNCS N ;

12j+1 2
# [ Wt = v | [ = bt oo
153 L]ZO

J

2L+ Tt .
Totoy Q77| (i) = ) [ Twom - wtssig)dyan)

k-3 q=0

1k+1

2
A @) = v | @) = Ytaer vl
q=0

k-1
21—0’1

. o o1—171,0
= —F(O'l)r(()'z) er (21 + 1) hs [Lll + le]. (B17)

o2
Next, we will reckon L;;. To begin, we reckoned ft z%, [TW () — Y(t2j-14¢))dyr (). By the Lagrange
2j-1 (]:0

mean value theorem, the integral mean value theorem, and continuity of the function on a closed
interval, we have
)

[ TTwm - vty
Bj-1 ¢=0

5]

YW W W @)@ = 1))~ 1)1~ tay01)d

= Y@ ) Gy () _’ (1 — tj-1) (7 — 12)(] = taje1)dn)
— 12 1 —
= W (M — tj_1)(n — 1) — trj1)dn = Z[l//’(fj)]4h?, (B.18)

fj-1
where £/ € (t;_1,1),1 = 0,1,2; y; € (taj-1, 12)), {j € (t2j-1, 12)).

) 2
Using the same method of (B.18), we estimate ft tzf” [TW() — ¥(t2j-14¢))dy (1) and obtain
2j q:0

2

ftz_m l_[
i

J q=0

1 - —
W (n) — Y(trj—14+9))dy(n) = Z['//’(Uj)]4h?, n; € (2, hj1)- (B.19)
Combining (B.18) and (B.19), we obtain

1 k=2 . ) _
L = g )10 e) = v @)™ W G = Wt = (@) 0 @)1
j=1
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IA

1 k=2 . _ .
i D Wt =y @) W DY = Wlemn) = w @)™ W )
j=1

+(W(tarer) = YA W NI = Wltaeer) — @) W G

1.8 3
th Z I DI W (tarsr) = W@ = Wltarer) — (@)
=

+(W(tus)) = W@ W ) + & T &)+ G &) = ' G

1 = )
i ;} (Wtze) = Y @)™ = W) = @)™

k=2

7 = —~ 1
+47° Z W taierr) = 9@ W' () — ' @HID = Zh?(,—ﬂyl T 472,

=1

First, we will estimate y1,

yl =

IA

IA

IA

<

k-2
D Wtk = @) = Wltan) = W)™

1
2

;N ~.

(02 = DW(tarst) — D)7 2 (W) — ¥(@ip))l

—_

=
k=2

(1 = op)F! Z(t2k+l —n)" ;- 1))
=
k=2

(1= 027 Y (bt = b)) 220,

J=1

12k-1
(1= )} f (tas1 — )7 2dn
fo

-1 - -
(1 = op)r’? [(Foke1 — tok-1)7>" = (Faks1 — 10)7 ']

0'2—1
—op—1 or—1 _ Aoa—1=03-1702-1
F7 (g — )™ = 2777 R,

where 7; € (t2j_1, 1)), 7 € (t2), tj+1), and i € (77;,77).
Second, we will estimate y2. If () satisfies the Lipschitz condition, i.e.,

then, we have

y2

AIMS Mathematics

J=1

IA

W' (m) = ' ()| < Ly — o), L > 0,

k=2
D NWt) =G| - W @) - v ()

k=2 k-2
L) Wltaw)) =w@))> - 20 <L ) @ltmen)) = (o)) - 2,
Jj=1

J=1

(B.20)

(B.21)
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IA

. ) k=2 ) - ) 12k+1 |
Lr7> Z(t2k+1 — 1) - 2h < LF7 f (tager =)™ dn

Jj=1 fo

— 1 1 —~
= L' —(ty1 — 10)™ < — L7 (d — ) h{". (B.22)
() o
Bring (B.21) and (B.22) into (B.20), and we have the estimation of L;; as follows:

1 4
Ly < —K[F277'7 '+ —FPL N (d - o) k]
4 ()

1 1 _
= ol e )T g, (B.23)
4 ()

For L,,, using (3.3) and (B.10), we have

12k-1

Ly < Pl (W) = )™ dyn) + f +(l/'(tzk+1)—tﬁ(n))‘”_ldlﬂﬂ)]

k-3 k-1

12k+1 492
= Ph f Wltarar) — W) dy(n) < 0—2#”%?*"2- (B.24)

k-3

Combine (B.23) and (B.24) to (B.17). Therefore, L1 is as follows:

21-0 1
Ll < o1 20+ 1 0'1—1h0'1 _—3+0'220-2—1h3+0'2
ooy 2 T ,

1, — 40
_I_O-_2’7,2+0'2L(d _ C)O'zh;HO'z + 0__27'3+0—2h?+0—2)
1= -1 1 —~ 402
— O QL+ DR R[— + —L(d — ¢)?h + —
T (o) O1r7'( ) r [ 4 Fo ( ) hy =

1S H T2, (B.25)
Using the mean value theorem and Lemma 3.1, we can estimate L2 as follows:
13 frol)
0(7)
Oxhy > p=0 8

d
Lo)l(02) Jo 3W(sae1) — Y(1)) -
2
t2j+1 | l—[()((»b(n) - w(t2[—1+q))|
q:

L2

()

k
d
X;LH (W (taks1) — W) =2 v
21-o o 1ol pot B pd k 12j+1 o
szr QL+ D)7 h{' P hy ]Z_;LH (W (tosr) — ()2 dy(n)
21—0’1

QZVUI(ZZ + 1)(r1—17,3+o'2(d _ C)O'zhg'l h;" (B26)

[(o)I(os + 1)

where Q> is defined in (B.2).
Combine (B.25) and (B.26) to obtain E2,

E2 LQ ro—l(ZZ + 1)0‘1—1’7.34'0'2[20—_2_1 + LZ(d _ C)O—Zh + ﬂ]ho'lh3+0'2
2 T(o)l(os) = 4 T e
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21—0’1
"To)los + 1)

Qor™' 2L+ D 'F(d — o) h B (B.27)

Take (B.15), (B.27) and put it into (B.14), and we have

B] 21-01(2 + 1)
20+1,2k+1 - F(O-I)F(O-Z + 1)
P e) B ) N o [ 42
TPt 4 —I(d - ¢)h, + — W W
Tonloy 27 T g+ 5 B =0 he U,
21-01(2] 4+ 1)71-!
+
[(o)l (o + 1)

3407 = +3
O\r’7'r(d — ¢)”*h{’

Q2r0'17.3+0'2 (d - c)o'zh(;lhf. (B.28)

E2

Next, we will estimate E21+1 oeyy @nd E21+1 i1 Similar to the estimate for E! el 2ke 10 by

putting (B.6) into the third term on the right side of formula (B.3), we have
1 ! S2i+1 Ul _ o=l
|E§l+12k+1| < —Zlf W(s2141) lﬂ(T))1 L
’ [(o)I (o) =1 VYsi1 Ve (W (tax+1) — (i)'~ 3!

2
xR P (g (2), 1, vien (0, ) | | @) = Ysri1p)dpmdy (o)
p=0

204+1,2k+1°

; fsz'ﬂ " W(sa) — Y(r) 7! i fp,zi—l(T)
F(0'1)F(0' 2) 523 W (tarsr) = ()t 3!

X2 (53114, E5(7), V(2111 (1)) n(df(n) — Yt)dy(mdy(7)|
q=0

< 2 01722k + 1)1 3W'[Zm_l + 1 Lb-a)"h
N N r T4 g T s
= T(o)(oa) = 4 T |
+4i]h3+m K2 4 2 Qor™* P2k + 177 (b = @) h{h”
ot (o + Do) o
1

+ 21—0’2 2k +1 oa=1_0133+02 b — O'Ih3+‘72_ B.29
C(oy + 1)1“(0'2)Q1 ( et o

Bring (B.7) to the fourth item on the right side of (B.3), and we have

1
S2i+1 1241 (lﬁ(s2l+1) _ w(.,.))crl 1 1
E
| l+12k+1| F(O’l)F(O'z) ZZ ‘fs\ f W (tons1) — ()= 3!

k
i=1 j=1 hj-1

X w2 (gn(), p, Y(En(T), 1)) ]_[(w(r) — Y (S2i-14p))dp()dip(7)|

Ik 2 A
S2i+1 12j+1 (w(SZHI) lﬁ(T))O—l 1 fp,Zi—l(T)
F<<71>F<<fz) 2. ,Z: f f W (tair1) = ()= 2, 3!

i= p=0

X8$w21+1’2k+1(s2i—1+p’ (M), v($2i-14p, E2(1)))
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2
x [ W = v ))dwmadpc)]

q=0

1 o, 2] 47
- O PN ¢+ —L(b-a) " hy + — B
1ﬂ((7'1)r(0'2)Q1r (o) ' 4 roy b-a) 0'1] ’

1 3+ 13:02 4
T2 — )N d - ) 2h
o s Dl D& T b -arid=oh,
1 —a)
+ 1r0-l(b a)
I'(o)I'(02) o

1 =3+0 4
T (b _ @) (d — ). B.
o sl 7 e-a (d=c)h (B.30)

20’2—1

1~ 4
PR + —L(d — ) + — B
ro, (o)

Plug (B.13), (B.28), (B.29), and (B.30) into (B.3). We get
|Eri1 k1] < C(hiwl " h?*‘”),

where C is independent of &, and A,.
The estimation of the other cases for E;; are similar to Ey. .. Here, we will omit them.
Therefore, we have already proven Lemma 3.2.
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