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Abstract: Assume that the moment-generating function of the random variable Y exists in a
neighborhood of the origin. The aim of this paper is to investigate the probabilistic type 2 Bernoulli
polynomials associated with Y and the probabilistic type 2 Euler polynomials associated with Y ,
along with the probabilistic type 2 cosine-Bernoulli polynomials associated with Y , the probabilistic
type 2 sine-Bernoulli polynomials associated with Y , the probabilistic type 2 cosine-Euler polynomials
associated with Y , and the probabilistic type 2 sine-Euler polynomials associated with Y . We deal with
their properties, related identities and explicit expressions.
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1. Introduction

We discuss the probabilistic extensions of type 2 Bernoulli polynomials and type 2 Euler
polynomials, namely the probabilistic type 2 Bernoulli polynomials associated with Y and the
probabilistic type 2 Euler polynomials associated with Y . Here, Y is a random variable whose
moment-generating function exists in a neighborhood of the origin. Along with them, we also
consider the probabilistic type 2 cosine-Bernoulli polynomials associated with Y , the probabilistic
type 2 sine-Bernoulli polynomials associated with Y , the probabilistic type 2 cosine-Euler
polynomials associated with Y , and the probabilistic type 2 sine-Euler polynomials associated with Y .
We study their properties, related identities and explicit expressions.
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The details of this paper are as follows. In Section 1, we recall the type 2 Bernoulli polynomials
and the type 2 Euler polynomials. We remind the reader of the type 2 cosine-Bernoulli polynomials,
the type 2 sine-Bernoulli polynomials, the type 2 cosine-Euler polynomials and the type 2 sine-Euler
polynomials. We recall the Stirling numbers of the second kind and the central factorial numbers of
the second kind. Assume that Y is a random variable whose moment-generating function exists in
some neighborhood of the origin. Let (Y j) j≥1 be a sequence of mutually independent copies of the
random variable Y , and let S k = Y1 + Y2 + · · · + Yk, (k ≥ 1), with S 0 = 0. We remind the reader of the
probabilistic Stirling numbers of the second kind associated Y and the probabilistic central factorial
numbers of the second kind associated with Y , TY(n, k). Section 2 contains the main results of this
paper. We define the probabilistic type 2 Bernoulli polynomials associated with Y , Bn,Y(x), the
probabilistic type 2 Euler polynomials associated with Y , En,Y(x), the probabilistic type 2
cosine-Bernoulli polynomials associated with Y , Bc

n,Y(x, y) and the probabilistic type 2 sine-Bernoulli
polynomials associated with Y , Bs

n,Y(x, y). In Theorem 2.1, we derive some expressions of Bc
n,Y(x, y)

and Bs
n,Y(x, y) in terms of Bn,Y(x). We deduce one identity involving Bc

n,Y(x, y) and another involving
Bs

n,Y(x, y) in Theorem 2.3. We define the probabilistic type 2 Bernoulli polynomials of order α
associated with Y , B(α)

n,Y(x), the probabilistic cosine-Bernoulli polynomials of order α associated with
Y , B(c,α)

n,Y (x, y), and the probabilistic sine-Bernoulli polynomials of order α associated with Y ,
B(s,α)

n,Y (x, y). For any positive integer k, we show that B(−k)
n,Y = B(−k)

n,Y (0) = 1
(n+k

k )TY(n + k, k) in Theorem 2.4.

In Theorem 2.5, we find certain expressions for B(c,α)
n,Y (x, y) and B(s,α)

n,Y (x, y) in terms of B(α)
n,Y = B(α)

n,Y(0).
For any positive integer k, we derive explicit expressions for B(c,−k)

n,Y (x, y) and B(s,−k)
n,Y (x, y) involving

TY(n, k) in Theorem 2.6. We define the probabilistic type 2 cosine-Euler polynomials associated with
Y , Ec

n,Y(x, y), and the probabilistic type 2 sine-Euler polynomials associated with Y , E s
n,Y(x, y). In

Theorem 2.7, we get explicit expressions for Ec
n,Y(x, y) and Ec

n,Y(x, y) in terms of En,Y = En,Y(0).
Now, we give a brief account of the literature in the References. In [2, 6, 7, 16–18], one can find

general facts on probability, combinatorics, polynomials and functions. The r-Stirling numbers of
the first kind count restricted permutations, while those of the second kind count restricted partitions.
When r = 0 or r = 1, they reduce to the usual Stirling numbers of the first and second kinds. The
reader may refer to [3, 4, 12, 13] for the r-Stirling numbers, the degenerate r-Stirling numbers, and
probabilistic extensions of Stirling and degenerate Stirling numbers of the second kind. We refer the
reader to [1, 5, 9, 19, 20] for the Bell numbers and polynomials, and for probabilistic extensions of
the Bell, central Bell and degenerate Bell polynomials. We investigate probabilistic extensions of the
Bernoulli and Euler polynomials in [10]. In [8, 11, 14], we study the type 2 degenerate Bernoulli and
Euler polynomials (see [15]). The rest of this section is devoted to recalling the facts that are needed
throughout this paper.

It is known that the type 2 Bernoulli polynomials Bn(x) and the type 2 Euler polynomials En(x) are
respectively defined by

ext t
2

csch
t
2
=

t

e
t
2 − e−

t
2
ext =

∞∑
n=0

Bn(x)
tn

n!
, (1.1)

and

ext sech
t
2
=

2
e

t
2 + e−

t
2
ext =

∞∑
n=0

En(x)
tn

n!
, (see [11, 14]). (1.2)

When x = 0, Bn = Bn(0) and En = En(0) are respectively called the type 2 Bernoulli numbers and the
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type 2 Euler numbers. From (1.1) and (1.2), we note that

n−1∑
k=0

(
k +

1
2

)m

=
1

m + 1
(
Bm+1(n) − Bm+1

)
, (n ≥ 1), (1.3)

and
n−1∑
k=0

(−1)k
(
k +

1
2

)m

=
Em(n) + Em

2
, for n ≡ 1 (mod 2), (1.4)

(see [11, 14]). By (1.1), the type 2 Bernoulli polynomials of the complex variable x + iy are given by

t

e
t
2 − e−

t
2
e(x+iy)t =

∞∑
n=0

Bn(x + iy)
tn

n!
, (i =

√
−1). (1.5)

The type 2 cosine-Bernoulli polynomials Bc
n(x, y) and the type 2 sine-Bernoulli polynomials Bs

n(x, y)
are respectively defined by

∞∑
n=0

(Bn(x + iy) + Bn(x − iy)
2

) tn

n!
=

t

e
t
2 − e−

t
2
ext cos yt =

∞∑
n=0

Bc
n(x, y)

tn

n!
, (1.6)

and
∞∑

n=0

(Bn(x + iy) − Bn(x − iy)
2i

) tn

n!
=

t

e
t
2 − e−

t
2
ext sin yt =

∞∑
n=0

Bs
n(x, y)

tn

n!
. (1.7)

The type 2 cosine-Euler polynomials Ec
n(x, y) and the type 2 sine-Euler polynomials E s

n(x, y) are
respectively given by

2
e

t
2 + e−

t
2
ext cos yt =

∞∑
n=0

Ec
n(x, y)

tn

n!
, (1.8)

2
e

t
2 + e−

t
2
ext sin yt =

∞∑
n=0

E s
n(x, y)

tn

n!
, (see [11, 14]). (1.9)

For n ≥ 0, the Stirling numbers of the second kind are defined by

xn =

n∑
k=0

{
n
k

}
(x)k, (see [3, 4, 12, 13]), (1.10)

where (x)0 = 1, (x)k = x(x − 1) · · · (x − k + 1), (k ≥ 1).
Let n be a nonnegative integer. Then the central factorial numbers of the second kind are given by

1
k!

(
e

t
2 − e−

t
2
)k
=

∞∑
n=k

T (n, k)
tn

n!
, (n ≥ k ≥ 0), (see [11, 20]). (1.11)

From (1.11), we have

xn =

n∑
k=0

T (n, k)x[k], (n ≥ 0), (see [9, 11]), (1.12)
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where

x[0] = 1, x[n] = x
(
x +

n
2
− 1

)(
x +

n
2
− 2

)
· · ·

(
x −

n
2
+ 1

)
, (n ≥ 1).

Assume that Y is a random variable such that the moment generating function of Y ,

E
[
eYt] = ∞∑

n=0

E[Yn]
tn

n!
, (|t| < r), (see [3, 9, 13, 18]),

exists for some r > 0.
Let (Y j) j≥1 be a sequence of mutually independent copies of random variable Y , and let

S k = S 1 + S 2 + · · · + S k, (n ≥ 1), with S 0 = 0.

For n ≥ k > 0, the probabilistic Stirling numbers of the second kind associated with Y are defined by{
n
k

}
Y
=

1
k!

k∑
m=0

(
k
m

)
(−1)k−mE

[
S n

m
]
, (see [3, 9, 13]). (1.13)

When Y = 1, we have
{

n
k

}
Y
=

{
n
k

}
.

The probabilistic central factorial numbers of the second kind associated with Y are given by

1
k!

(
E
[
e

Y
2 t
]
− E

[
e−

Y
2 t
])k
=

∞∑
n=k

TY(n, k)
tn

n!
, (k ≥ 0), (see [20]). (1.14)

The probabilistic Bernoulli polynomials associated with Y are defined by

βY
n (x) =

n∑
m=0

m∑
k=0

(
n
m

)
βY

n−m

{
m
k

}
Y
(x)k (n ≥ 0), (see [9]). (1.15)

When Y = 1, we have βY
n (x) = βn(x), where βn(x) are the ordinary Bernoulli polynomials given by

t
et − 1

ext =

∞∑
n=0

βn(x)
tn

n!
, (see [1, 2, 6, 17]). (1.16)

The probabilistic Euler polynomials associated with Y are defined by

EY
n (x) =

n∑
m=0

(
n
m

)
EY

n−m

m∑
k=0

{
m
k

}
Y
(x)k, (n ≥ 0), (see [9]). (1.17)

When Y = 1, we have EY
n (x) = En(x), where En(x) are the ordinary Euler polynomials given by

2
et + 1

ext =

∞∑
n=0

En(x)
tn

n!
, (see [1, 2, 6, 7, 17]).
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2. Probabilistic type 2 Bernoulli and Euler polynomials

Let (Y j) j≥1 be a sequence of mutually independent copies of the random variable Y , and let

S 0 = 0, S k = S 1 + S 2 + · · · + S k, (k ∈ N).

Now, we define the probabilistic type 2 Bernoulli polynomials associated with Y , Bn,Y(x), and the
probabilistic type 2 Euler polynomials associated with Y , En,Y(x), respectively, by

t

E[e
Y
2 t] − E[e−

Y
2 t]

ext =

∞∑
n=0

Bn,Y(x)
tn

n!
, (2.1)

and
2

E[e
Y
2 t] + E[e−

Y
2 t]

ext =

∞∑
n=0

En,Y(x)
tn

n!
. (2.2)

When Y = 1, we have Bn,Y(x) = Bn(x) and En,Y(x) = En(x). For x = 0, Bn,Y = Bn,Y(0) and En,Y =

En,Y(0) are respectively called the probabilistic type 2 Bernoulli numbers associated with Y and the
probabilistic type 2 Euler numbers associated with Y .

From (2.1), we note that

t

E[e
Y
2 t] − E[e−

Y
2 t]

e(x+iy)t =

∞∑
n=0

Bn,Y(x + iy)
tn

n!
. (2.3)

Thus, by (2.3), we get

∞∑
n=0

(Bn,Y(x + iy) + Bn,y(x − iy)
2

) tn

n!
=

t

E[e
Y
2 t] − E[e−

Y
2 t]

ext cos yt, (2.4)

and
∞∑

n=0

(Bn,Y(x + iy) − Bn,y(x − iy)
2i

) tn

n!
=

t

E[e
Y
2 t] − E[e−

Y
2 t]

ext sin yt. (2.5)

We define the probabilistic type 2 cosine-Bernoulli polynomials associated with Y and the probabilistic
type 2 sine-Bernoulli polynomials associated with Y as follows:

t

E[e
Y
2 t] − E[e−

Y
2 t]

ext cos yt =
∞∑

n=0

Bc
n,Y(x, y)

tn

n!
, (2.6)

and
t

E[e
Y
2 t] − E[e−

Y
2 t]

ext sin yt =
∞∑

n=0

Bs
n,Y(x, y)

tn

n!
. (2.7)

From (2.4)–(2.7), we obtain

Bn,Y(x + iy) + Bn,Y(x − iy)
2

= Bc
n,Y(x, y),
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Bn,Y(x + iy) − Bn,Y(x − iy)
2i

= Bs
n,Y(x, y),

where n is a nonnegative integer.
From (2.6), we observe that

∞∑
n=0

Bc
n(x, y)

tn

n!
=

t

E[e
Y
2 t] − E[e−

Y
2 t]

ext cos yt (2.8)

=

∞∑
l=0

Bl,Y(x)
tl

l!

∞∑
m=0

y2m(−1)m

(2m)!
t2m

=

∞∑
n=0

[ n
2 ]∑

m=0

(
n

2m

)
(−1)mBn−2m,Y(x)y2m tn

n!
.

From (2.7), we note that
∞∑

n=0

Bs
n,Y(x, y)

tn

n!
=

t

E[e
Y
2 t] − E[e−

Y
2 t]

ext sin yt (2.9)

=

∞∑
l=0

Bl,Y(x)
tl

l!

∞∑
m=0

(−1)my2m+1

(2m + 1)!
t2m+1

=

∞∑
n=1

[ n−1
2 ]∑

m=0

(
n

2m + 1

)
(−1)mBn−2m−1,Y(x)y2m+1 tn

n!
.

Therefore, by (2.8) and (2.9), we obtain the following theorem.

Theorem 2.1. We have the following expressions:

Bc
n,Y(x, y) =

[ n
2 ]∑

m=0

(−1)m

(
n

2m

)
Bn−2m,Y(x)y2m, (n ≥ 0),

and

Bs
n,Y(x, y) =

[ n−1
2 ]∑

m=0

(−1)m

(
n

2m + 1

)
Bn−2m−1,Y(x)y2m+1, (n ≥ 1).

By (2.1), we get

∞∑
n=0

Bn,Y(x)
tn

n!
=

t

E[e
Y
2 t] − E[e−

Y
2 t]

ext (2.10)

=

∞∑
l=0

Bl,Y
tl

l!

∞∑
m=0

xm tm

m!

=

∞∑
n=0

n∑
l=0

(
n
l

)
Bl,Y xn−l tn

n!
.

The next theorem follows immediately from (2.10).
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Theorem 2.2. For n ≥ 0, we have

Bn,Y(x) =
n∑

l=0

(
n
l

)
Bl,Y xn−l.

On the one hand, from (2.6) and (2.7), we have

etx cos yt =
1
t
(
E
[
e

Y
2 t] − E

[
e−

Y
2 t]) ∞∑

l=0

Bc
l,Y(x, y)

tl

l!
(2.11)

=
1
t

∞∑
k=1

(1
2

)k

E[Yk]
(
1 − (−1)k) tk

k!

∞∑
l=0

Bc
l,Y(x, y)

tl

l!

=

∞∑
k=0

(1
2

)k+1 1
k + 1

E[Yk+1]
(
1 + (−1)k) tk

k!

∞∑
l=0

Bc
l,Y(x, y)

tl

l!

=

∞∑
n=0

n∑
k=0

(1
2

)k+1 E[Yk+1]
k + 1

(
n
k

)(
1 + (−1)k)Bc

n−k,Y(x, y)
tn

n!

=

∞∑
n=0

1
n + 1

n∑
k=0

(1
2

)k+1

E[Yk+1]
(
n + 1
k + 1

)(
1 + (−1)k)Bc

n−k,Y(x, y)
tn

n!
,

etx sin yt =
1
t
(
E
[
e

Y
2 t] − E

[
e−

Y
2 t]) ∞∑

l=0

Bs
l,Y(x, y)

tl

l!
(2.12)

=

∞∑
n=0

1
n + 1

n∑
k=0

(1
2

)k+1

E[Yk+1]
(
n + 1
k + 1

)(
1 + (−1)k)Bs

n−k,Y(x, y)
tn

n!
.

On the other hand, we also have

etx cos yt =
∞∑

l=0

xl

l!
tl
∞∑

m=0

(−1)my2m

(2m)!
t2m (2.13)

=

∞∑
n=0

[ n
2 ]∑

m=0

(−1)m

(
n

2m

)
y2mxn−2m tn

n!
,

and

etx sin yt =
∞∑

l=0

xl

l!
tl
∞∑

m=0

(−1)my2m+1

(2m + 1)!
t2m+1 (2.14)

=

∞∑
n=1

[ n−1
2 ]∑

m=0

(−1)m

(
n

2m + 1

)
y2m+1xn−2m−1 tn

n!
.

Taking (2.11)–(2.14) altogether, we obtain the following theorem.
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Theorem 2.3. For n ≥ 0, we have the following identities:

1
n + 1

n∑
k=0

(1
2

)k+1(
1 + (−1)k)(n + 1

k + 1

)
E[Yk+1]Bc

n−k,Y(x, y) =
[ n

2 ]∑
m=0

(−1)m

(
n

2m

)
y2mxn−2m,

and

1
n + 1

n∑
k=0

(1
2

)k+1(
1 + (−1)k)(n + 1

k + 1

)
E[Yk+1]Bs

n−k,Y(x, y) =
[ n

2 ]∑
m=0

(−1)m

(
n

2m + 1

)
y2m+1xn−2m.

For α ∈ R, the probabilistic type 2 Bernoulli polynomials of order α associated with Y are defined by( t

E[e
Y
2 t] − E[e−

Y
2 t]

)α
ext =

∞∑
n=0

B(α)
n,Y(x)

tn

n!
. (2.15)

For x = 0, B(α)
n,Y = B(α)

n,Y(0) are called the probabilistic type 2 Bernoulli numbers of order α associated
with Y . For k ∈ N and x = 0, we have

∞∑
n=0

B(−k)
n,Y

tn

n!
=

k!
tk

1
k!

(
E
[
e

Y
2 t] − E

[
e−

Y
2 t])k (2.16)

=
k!
tk

∞∑
n=k

TY(n, k)
tn

n!

=

∞∑
n=0

1(
n+k

k

)TY(n + k, k)
tn

n!
.

The next theorem follows readily from (2.16).

Theorem 2.4. For n ≥ 0 and k ∈ N, we have

B(−k)
n,Y =

1(
n+k

k

)TY(n + k, k).

For any α ∈ R, we define the probabilistic cosine-Bernoulli polynomials of order α associated with
Y and the probabilistic sine-Bernoulli polynomials of order α associated with Y , respectively, by( t

E[e
Y
2 t] − E[e−

Y
2 t]

)α
ext cos yt =

∞∑
n=0

B(c,α)
n,Y (x, y)

tn

n!
, (2.17)

and ( t

E[e
Y
2 t] − E[e−

Y
2 t]

)α
ext sin yt =

∞∑
n=0

B(s,α)
n,Y (x, y)

tn

n!
. (2.18)

Then we obtain

B(c,α)
n,Y (x, y) =

B(α)
n,Y(x + iy) + B(α)

n,Y(x − iy)

2
, (2.19)
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B(s,α)
n,Y =

B(α)
n,Y(x + iy) − B(α)

n,Y(x − iy)

2i
,

where n is a nonnegative integer.
From (2.15), we note that

∞∑
n=0

(B(α)
n,Y(x + iy) + B(α)

n,Y(x − iy)

2

) tn

n!
=

( t

E[e
Y
2 t] − E[e−

Y
2 t]

)α
ext cos yt (2.20)

=

∞∑
k=0

B(α)
k,Y

tk

k!

∞∑
l=0

[ l
2 ]∑

m=0

(
l

2m

)
(−1)my2mxl−2m tl

l!

=

∞∑
n=0

n∑
l=0

[ l
2 ]∑

m=0

(
n
l

)(
l

2m

)
(−1)m × y2mxl−2mB(α)

n−l,Y

tn

n!
,

and
∞∑

n=0

(B(α)
n,Y(x + iy) − B(α)

n,Y(x − iy)

2i

) tn

n!
=

( t

E[e
Y
2 t] − E[e−

Y
2 t]

)α
ext sin yt (2.21)

=

∞∑
l=0

B(α)
l,Y

tl

l!

∞∑
m=0

(−1)m

(2m + 1)!
y2m+1x2m+1

∞∑
j=0

x j

j!
t j

=

∞∑
l=0

B(α)
l,Y

tl

l!

∞∑
k=1

[ k−1
2 ]∑

m=0

(
k

2m + 1

)
(−1)m × y2m+1xk−2m−1 tk

k!

=

∞∑
n=1

n∑
k=1

[ k−1
2 ]∑

m=0

(
n
k

)(
k

2m + 1

)
(−1)m × y2m+1xk−2m−1B(α)

n−k,Y

tn

n!
.

Therefore, by (2.19)–(2.21), we have the following theorems.

Theorem 2.5. We have the following expressions:

B(c,α)
n,Y (x, y) =

n∑
l=0

[ l
2 ]∑

m=0

(−1)m

(
n
l

)(
l

2m

)
B(α)

n−l,Yy2mxl−2m, (n ≥ 0),

and

B(s,α)
n,Y (x, y) =

n∑
k=1

[ k−1
2 ]∑

m=0

(−1)m

(
n
k

)(
k

2m + 1

)
B(α)

n−k,Yy2m+1xk−2m−1, (n ≥ 1).

For k ∈ N, we have
∞∑

n=0

B(c,−k)
n,Y (x, y)

tn

n!
=

k!
tk

1
k!

(
E[e

Y
2 t] − E[e−

Y
2 t]

)kext cos yt (2.22)

=

∞∑
l=0

TY(l + k, k)(
l+k
k

) tl

l!

∞∑
j=0

[ j
2 ]∑

m=0

(
j

2m

)
y2mx j−2m(−1)m t j

j!
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=

∞∑
n=0

n∑
j=0

[ j
2 ]∑

m=0

(
j

2m

)
TY(n − j + k, k)(

n− j+k
k

) (
n
j

)
(−1)my2mx j−2m tn

n!
,

and

∞∑
n=0

B(s,−k)
n,Y (x, y)

tn

n!
=

k!
tk

1
k!

(
E[e

Y
2 t] − E[e−

Y
2 t]

)kext sin yt (2.23)

=

∞∑
n=1

n∑
j=1

[ j−1
2 ]∑

m=0

(
j

2m+1

)
TY(n − j + k, k)(

n− j+k
k

) (
n
j

)
(−1)my2m+1xl−2m−1 tn

n!
.

Therefore, we deduce the next theorem from (2.22) and (2.23).

Theorem 2.6. For k ∈ N, we have the following expressions:

B(c,−k)
n,Y (x, y) =

n∑
j=0

[ j
2 ]∑

m=0

(
j

2m

)
TY(n − j + k, k)(

n− j+k
k

) (−1)m

(
n
j

)
y2mxl−2m, (n ≥ 0),

and

B(s,−k)
n,Y (x, y) =

n∑
j=1

[ j−1
2 ]∑

m=0

(
j

2m+1

)
TY(n − j + k, k)(

n− j+k
k

) (−1)m

(
n
j

)
y2m+1xl−2m−1, (n ≥ 1).

By using (2.2), we get

∞∑
n=0

(En,Y(x + iy) + En,Y(x − iy)
2

) tn

n!
=

2

E[e
Y
2 t] + E[e−

Y
2 t]

ext cos yt, (2.24)

and
∞∑

n=0

(En,Y(x + iy) − En,Y(x − iy)
2i

) tn

n!
=

2

E[e
Y
2 t] + E[e−

Y
2 t]

ext sin yt. (2.25)

Now, we define the probabilistic type 2 cosine-Euler polynomials associated with Y and the
probabilistic type 2 sine-Euler polynomials associated with Y , respectively, by

2

E[e
Y
2 t] + E[e−

Y
2 t]

ext cos yt =
∞∑

n=0

Ec
n,y(x, y)

tn

n!
, (2.26)

and
2

E[e
Y
2 t] + E[e−

Y
2 t]

ext sin yt =
∞∑

n=0

E s
n,Y(x, y)

tn

n!
. (2.27)

By (2.26) and (2.27), we get

∞∑
n=0

Ec
n,Y(x, y)

tn

n!
=

2

E[e
Y
2 t] + E[e−

Y
2 t]

ext cos yt (2.28)
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=

∞∑
l=0

El,Y
tl

l!

∞∑
j=0

[ j
2 ]∑

m=0

(
j

2m

)
y2m(−1)mx j−2m t j

j!

=

∞∑
n=0

n∑
j=0

[ j
2 ]∑

m=0

(
n
j

)(
j

2m

)
(−1)mEn− j,Yy2mx j−2m tn

n!
,

and
∞∑

n=0

E s
n,Y(x, y)

tn

n!
=

2

E[e
Y
2 t] + E[e−

Y
2 t]

ext sin yt (2.29)

=

∞∑
l=0

El,Y
tl

l!

∞∑
j=1

[ j−1
2 ]∑

m=0

(
j

2m + 1

)
x j−2m−1y2m+1(−1)m t j

j!

=

∞∑
n=1

n∑
j=1

[ j−1
2 ]∑

m=0

(
n
j

)(
j

2m + 1

)
(−1)mEn− j,Yy2m+1x j−2m−1 tn

n!
.

Therefore, by (2.28) and (2.29), we get the following theorem.

Theorem 2.7. For n ≥ 0, we have

Ec
n,Y(x, y) =

n∑
j=0

[ j
2 ]∑

m=0

(−1)m

(
n
j

)(
j

2m

)
En− j,Yy2mx j−2m,

and

E s
n,Y(x, y) =

n∑
j=1

[ j−1
2 ]∑

m=0

(−1)m

(
n
j

)(
j

2m + 1

)
En− j,Yy2m+1x j−2m−1.

3. Conclusions

Let Y be a random variable such that the moment-generating function of Y exists in a neighborhood
of the origin. We investigated probabilistic extensions of the type 2 Bernoulli polynomials and the
type 2 Euler polynomials, namely the probabilistic type 2 Bernoulli polynomials associated with Y and
the probabilistic type 2 Euler polynomials associated with Y . Along with these, we also considered
the probabilistic type 2 cosine-Bernoulli polynomials associated with Y , the probabilisitic type 2 sine-
Bernoulli polynomials associated with Y , the probabilistic type 2 cosine-Euler polynomials associated
with Y , and the probabilistic type 2 sine-Euler polynomials associated with Y . We discussed their
properties, related identities and explicit expressions.

As one of our future projects, we would like to continue to study probabilistic extensions of many
special polynomials and numbers and to find their applications to physics, science and engineering as
well as to mathematics.

Use of AI tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

AIMS Mathematics Volume 9, Issue 6, 14312–14324.



14323

Acknowledgments

The first author of this work is supported by the Natural Science Basic Research Plan in Shaanxi
Province of China (2022JQ-072) and the second author of this research has been conducted by the
Research Grant of Kwangwoon University in 2024.

Conflict of interest

The authors declare no conflicts of interest.

References

1. M. Abbas, S. Bouroubi, On new identities for Bell’s polynomials, Discrete Math., 293 (2005),
5–10. https://doi.org/10.1016/j.disc.2004.08.023

2. M. Abramowitz, I. A. Stegun, Handbook of Mathematical Functions with Formulas, Graphs, and
Mathematical Tables, New York: Dover, 1992.

3. J. A. Adell, Probabilistic Stirling numbers of the second kind and applications, J. Theor. Probab.,
35 (2022), 636–652. https://doi.org/10.1007/s10959-020-01050-9

4. A. Z. Broder, The r-Stirling numbers, Discrete Math., 49 (1984), 241–259.
https://doi.org/10.1016/0012-365X(84)90161-4

5. L. Carlitz, Some remarks on the Bell numbers, Fibonacci Quart., 18 (1980), 66–73.

6. L. Comtet, Advanced Combinatorics: The Art of Finite and Infinite Expansions, Berlin: Springer,
1974.

7. R. L. Graham, D. E. Knuth, O. Patashnik, Concrete Mathematics: A Foundation for Computer
Science, 2 Eds., Massachusetts: Addison Wesley Publishing Company, 1994.

8. G. W. Jang, T. Kim, A note on type 2 degenerate Euler and Bernoulli polynomials, Adv. Stud.
Contemp. Math., 29 (2019), 147–159.

9. T. Kim, D. S. Kim, Probabilistic degenerate Bell polynomials associated with random variables,
Russ. J. Math. Phys., 30 (2023), 528–542. https://doi.org/10.1134/S106192082304009X

10. T. Kim, D. S. Kim, Probabilistic Bernoulli and Euler polynomials, Russ. J. Math. Phys., 31 (2024),
94–105. https://doi.org/10.1134/S106192084010072

11. T. Kim, D. S. Kim, L. C. Jang, H. Y. Kim, On type 2 degenerate Bernoulli and Euler polynomials of
complex variable, Adv. Differ. Equ., 2019 (2019), 490. https://doi.org/10.1186/s13662-019-2419-3

12. T. Kim, D. S. Kim, Some identities on degenerate r-Stirling numbers via boson operators, Russ. J.
Math. Phys., 29 (2022), 508–517. https://doi.org/10.1134/S1061920822040094

13. T. Kim, D. S. Kim, J. Kwon, Probabilistic degenerate Stirling polynomials of the
second kind and their applications, Math. Comput. Model. Dyn. Syst., 30 (2024), 16–30.
https://doi.org/10.1080/13873954.2023.2297571

14. T. Kim, L. C. Jang, D. S. Kim, H. Y. Kim, Some identities on type 2 degenerate Bernoulli
polynomials of the second kind, Symmetry, 12 (2020), 510. https://doi.org/10.3390/sym12040510

AIMS Mathematics Volume 9, Issue 6, 14312–14324.

http://dx.doi.org/https://doi.org/10.1016/j.disc.2004.08.023
http://dx.doi.org/https://doi.org/10.1007/s10959-020-01050-9
http://dx.doi.org/https://doi.org/10.1016/0012-365X(84)90161-4
http://dx.doi.org/https://doi.org/10.1134/S106192082304009X
http://dx.doi.org/https://doi.org/10.1134/S106192084010072
http://dx.doi.org/https://doi.org/10.1186/s13662-019-2419-3
http://dx.doi.org/https://doi.org/10.1134/S1061920822040094
http://dx.doi.org/https://doi.org/10.1080/13873954.2023.2297571
http://dx.doi.org/https://doi.org/10.3390/sym12040510


14324

15. M. Masjed-Jamei, M. R. Beyki, W. Koepf, A new type of Euler polynomials and numbers, Mediterr.
J. Math., 15 (2018), 138. https://doi.org/10.1007/s00009-018-1181-1

16. J. Riordan, Combinatorial Identities, New York: John Wiley & Sons, 1968.

17. S. Roman, The Umbral Calculus, New York: Springer, 1984.

18. S. M. Ross, Introduction to Probability Models, 13 Eds., London: Academic Press, 2024.

19. S. Soni, P. Vellaisamy, A. K. Pathak, A probabilistic generalization of the Bell polynomials, J.
Anal., 32 (2024), 711–732. https://doi.org/10.1007/s41478-023-00642-y

20. R. Xu, Y. Ma, T. Kim, D. S. Kim, S. Boulaarasp, Probabilistic central Bell polynomials, preprint
paper, 2024. https://doi.org/10.48550/arXiv.2403.00468

© 2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 9, Issue 6, 14312–14324.

http://dx.doi.org/https://doi.org/10.1007/s00009-018-1181-1
http://dx.doi.org/https://doi.org/10.1007/s41478-023-00642-y
http://dx.doi.org/https://doi.org/10.48550/arXiv.2403.00468
http://creativecommons.org/licenses/by/4.0

	Introduction
	Probabilistic type 2 Bernoulli and Euler polynomials
	Conclusions

